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FUZZY INITIAL VALUE PROBLEM

S. Melliani, L. S. Chadli, M. Atraoui and M. Bouaouid

Abstract. In this paper, we present the fuzzy solution concept of the initial value problem.
After introducing a metric between two fuzzy vectors, we prove that the system of fuzzy equations

has unique solution under some condition.

1 Introduction

The concept of fuzzy numbers and fuzzy arithmetic operations was first introduced
by Zadeh [11, 12], Dubois, and Prade [3]. We refer the reader to [4] for more
information on fuzzy numbers and fuzzy arithmetic. Fuzzy systems are used to
study a variety of problems including fuzzy metric spaces [8, 9], fuzzy differential
equations [6], fuzzy linear systems [10], and fuzzy partial differential equations [5].
In this paper, we give a concept solution for initial value problem of fuzzy linear
equations, we prove that the system of fuzzy equations has unique solution under
some condition.

2 Preliminaries

Throughout this paper, the notation R™ denotes n-dimensional Euclidean space and
the notation R™*™ denotes the set of all n x n real matrices. The norm in the space
R™ or R™ ™ is regarded as || o ||, that is

Ha;||oozlrg;a<>%]a:z\ for = (z1,...,2,)" €R"

and

1<i<n

4|, = max Zaij for A= (a;;) e R™"
j=1
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Let a = (aq,... ,an)T and b = (by,... ,bn)T. Define a < b if and only if a; < b; for
7=1,2,...,n. We denote

[a,b] = ([a1, b1] ..., [an, bu])T ifa<b
and

I"(R) = {[a,b], a<b, acR", beR”}
The addition, scale-multiplication and matrix-multiplication are defined as follows :
[ta,tb] ¢ >0
tb,ta] t <0

T'la,b] = (Z}Ll tijlag, bjl, ., 200 tnj [aj,bj])
where [a,b] € I"(R), [u,v] € I"(R), t € R, T' = (t;;) € R™"™. A metric d, in the
space I"(R) is defined as
a(fa, 8], [, 0] ) = masx (fla = uly , [0~ vl )

for [a,b] € I"(R) and [u,v] € I"(R). Obviously, the above three operations within
I"(R) are closed respectively, and I"(R) is a complete metric space with the metric

d.
The a-cut of a fuzzy set v in R™ is denoted by [u]” i.e.

[a,b] + [u,v] = [a + u, v+ b], [ta,tb]:{

[u]a:{ﬂtER”, u(t)Zoz}, a>0

Let
F"(R) = {u |u is a fuzzy set in R”, [u]® € I"(R) and [u]' # (B}

It is clear, F1(R), denoted by F(R) in short, is the set of all closed and convex fuzzy
numbers. According to properties and representation theorems of closed and convex
fuzzy numbers, we can easily obtain the following two lemmas

T
Lemma 1. Letu € F*(R). Then, u = (uy,...,u,)" and[u]* = <[u1]a  ua]® . [un]o‘) ,
a >0, where uj € F(R) (j =1,2,...,n).

Lemma 2. Let u, v € F'(R), a >0, a € R. Then [u+v]* = [u]® + [v]%, [au]® =
a [u]®.

n n

T

Let Au = (Zauuj, .. .,Zanjuj) for A € R™"™ u = (uy,ug,... ,un)T € F'(R)
j=1 j=1

where the addition and the multiplication are defined by Zadeh’s extension principle.

It is easy to see Au € F"(R). By Lemmas 1 and 2, we have

[Au]* = Au]* for u e F"(R) and A e R™"
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Let

= ] = ([uf 7] W’“%DT

where [u]” € I"(R), u* € R", u% € R", u® <u* and uf € R, u§ € R, uf
Define a mapping p : F*(R) x F*(R) — R as follows :

INA
i~
<B

pu,v) = supd ([u]" 1)) = sup max ( |uf — o] .[75 ~75] )

We have
Lemma 3. F"(R) is a complete metric space with the metric p.

Proof. According to Lemma 1, we obtain F"(R) = F(R) x --- x F(R). (F(R),d) is
a complete metric space with the metric d (see [...]), where

d(a,y) = sup (Ju* — |, |7~ °] )
a>0
for u € F(R) and v € F(R). Moreover,

p(u, v)—supmax(|u y?},‘ﬂ?—@ﬂ)
a>0 J

—maxsup<|u — 5 e ‘u @‘) = maxd (uj, vj)

J a>0 J
for u = (up,ug,...,u,)’ € F*(R) and v = (vi,v9,...,0v,)" € F*(R). Hence,
(F™(R), p) is a complete metric space. O]

Lemma 4. p(Au, Av) < ||A]| p (u,v) for u, v e F*(R), A € R"*"

Proof. According to the operation principle within I"(R), Lemmas 1 and 2, for each
a > 0, we have

[Au]® = A[u]® = A[u®, 7] = A ([u®,7],. .., [u®,7])"

T
= (Lol o 7))
n n n n T
_( D aysi(ui), Y argsi(u) | o | angsa(ug), > angsh(u;) >
j=1 j=1 =

where

us a;; >0
si (uj) = {ui U

y CLZ']'SO
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and
si (ug) = uj +u5 —si(ug), j=1,2,....n i=12,....n

Replacing v and w; (j = 1,2,...,n) by v and v; (j = 1,2,...,n) in the above
equalities, we can obtain a similar result. Therefore,

d ([Au]™ , [Av]¥) = max <1I21a}% Zal] si(uj) — si(v ,1I£I?<X Zal] —s;(vj)) >

E : v O O
max a max ‘ ‘u~—v~‘)
’ ZJ’ 1<<n 717 J

Al
which implies that

p (Au, Av) = supd( [Au]®, [Av]o‘> < ||All p (u,v)
a>0

The proof is completed. O

Lemma 5. p(u+ w,v+ w) = p(u,v) for u, v, w e F*(R)

Proof.
p(u+w,v+w)=supd ([u+w]*, v+ w]®)
a>0
= supd ([u]” + [w]®, [v]" + [w]?)
a>0
— supd ([Qa _'_wa’ﬂa _'_@a] , [Qa _’_MQ’EQ + @a])
a>0
= supmax ([[u® — v, [[a* =% )
a>0
= supd ([u], [v]*) = p (u,v)
a>0
O
In the following, we discuss the solution of fuzzy initial value problem
ou+ ANoyu=Cu+ D u (z,0) = ug (x) (2.1)
with A = diag ()\1, e ,)\n> a square matrix for which its terms are fuzzy numbers,

C a real square matrix and D a fuzzy function.
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3 Fuzzy Initial Value Problem

We consider the initial value problem (2.1)

Definition 6. The system (2.1) is called hyperbolic in the sense that the eigenvalues
Ai satify
A=A == A

i.e.
A > Xj forall ©<j with X\ = [g,-,x-]

Along a characteristic C; of the ith family

du Ou dxOu au
TR s T SL U

The ith backward characteristic C; through a point (X, T') has an equation
r=X-XN(T—-1t)=~(tX,T) (3.1)
obtained by solving the differential equation

dx

N
dt

with £ = X for ¢ = T. Then integrate along C;
A T
ui (X, T) = ug (X,T)+/ h; (t, X,T)dt (3.2)
0

with .
u%) (X’ T) = Uo (% (O)X7 T))
and

i (6, X,T) chkuk—i-d

where in the integrand = has to be replaced by ~; (t, X, T'). Formula (3.2) resembles
a system of integral equations except that the domain of integration is different for
each component of u. We write (3.2) symbolically as

uw=W + Su (3.3)

where W is the vector (considered known) with components
' T
Wi (X.T) = ul) (X, T) + / di (3 (£, X, T) ,t) dt
0
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and S is the linear operator taking a vector v with components uy, (x,t) into a vector
w = Su with component

T
wi (X,T) = /0 S ok (i (1, X, T) ) dt
k

Lemma 7. Foru, v e F*"(R), C & R"™, we have
p(Cu, Cv) < |Cll.e p (u,v)

Proof. According to the operation principle within I" (R), Lemmas 1 and 2, for each
a > 0, we have

[Cu]* = C[u]® =Cuu"]

= C ([Q?vﬂ?] PR [ﬂg’ﬂg])
n n
= | D ey ludwg]. ) ey [ufug]
j=1 J=1
= (Cn,...,C)T
where
n n
Ci= | Y cigsa(ug), Y cigst (ug) (3.4)
j=1 J=1
o <0
si (uj) = {u]a ‘=
uj Cij S 0
and
s; (uj) = uf +uj — s; (uy)
fori,j=1,...,n
Replacing u and u; (j = 1,2,...,n)by v and v; in the above equalities, we can obtain

a similar result. Therefore for

A = max ZCU (i (U]) — 5 (Uj))
7=1

1<i<n |4
n

B = lrélfgl Zlclj (s (ug) — 57 (v5))
]:

d([Cu]®,[Cv]*) = max (A, B)

1€ oo max (Ju® — v, (" — )

1€l £ (u,v)

IN
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which implies that

p (Cu,Cv) = supd ()" [Ov]%) < Ol p (.0)

The proof is completed. O
Lemma 8. For u, v, z € F*'(R), we have

plu+20+2) = plu0)

Proof.
plutzv+z) = supd(fu+z®,v+2z%
a>0
= supd ([u]® + [z]*, [v]* + [2])
a>0
= supmax ([|u* — v, [[a* — 7% )
a>0

= supd([u]*, [v]") = p (u,v)
a>0

Since, the norm ||.S|| of the operator S obviously is bounded by the constant
q=T|Cll

In the following, the solution of a system of fuzzy linear equation u = W + Su. can
be regarded as the fixed point of a mapping :

u—gu=W+ Su

Theorem 9. The mapping g has unique fized point within F*(R) if ¢ < 1 (i.e. for
T sufficiently small)

Proof. By Lemmas 1 and 2, we know

p (gu, gv) < qp (u,v)

holds well for u, v € F"(R). Hence the mapping ¢ is contractive with respect to the
metric p.

Lemma 3 shows that (F"(R), p) is a complete metric space, therefore, there uniquely
exists a point u* € F"(R) such that gu* = W + Su* = u*, which completes the
proof. O
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