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A NEW CONCEPT OF DIFFERENTIABILITY FOR
INTERVAL-VALUED FUNCTIONS

Vasile Lupulescu and Donal O’Regan

Abstract. In this paper we propose a new concept of differentiability for interval-valued
functions. This concept is based on the properties of the Hausdorff-Pompeiu metric and avoids

using the generalized Hukuhara difference.

1 Preliminaries

Let us denote by I the set of all nonempty compact intervals of the real line R. If
A=[a",a"], B=[b",b"] € K, then the usual interval operations, i.e. Minkowski
addition and scalar multiplication, are defined by

A+B=[a",a" ]+ b, | =[a" +b ,a" +b"]

and
Aa=, Aa™] ifA>0
M = \a",a"]={ {0} ifA=0
Aat,Aa™] if A <O,
respectively. If A = —1, scalar multiplication gives the opposite

In general, A+ (—A) # {0}; that is, the opposite of A is not the inverse of A with
respect to the Minkowski addition (unless A = {a} is a singleton). The Minkowski
difference is A— B= A+ (-1)B=[a" —bT,a™ —b7].

The generalized Hukuhara difference (or gH-difference) of two intervals [a™,a™],
[b~,bT] € K is defined as follows (Markov [6]):

[a”,at] o b7,bT] = [min{a” — b ,at —bT}, max{a” —b",at —bT}.  (1.1)
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288 V. Lupulescu and D. O’Regan

We denote the width of an interval A = [a~,a™] by w(A) = a* —a~. Then, for
A=[a",a"] and B = [b~,b"], we have

[a= —b~,a™ —bt], if w(A) > w(B)
ASB= { [t — b+ am — b7, if w(A) < w(B). (1.2)

If A, B,C € K then it is easy to see that

A=B+C,if w(A) > w(B
AQB:C‘:’{ B = A+ (=C), if w(A) < w(B). (1:3)

If A,B € K and w(A) > w(B), then the gH-difference A © B will be denoted by
A © B and it is called the Hukuhara difference (or H-difference) of A and B. For
other properties involving the operations on /C, see Markov [6]. If A € I, let us define
the norm of A by||A|| := max{|a™|,|a™|}. Then it is easy to see that ||-|| is a norm
on K, and therefore (IC,+,-, ||-||) is a normed quasilinear space. A metric structure
on K is given by the Hausdorfl-Pompeiu distance H : K x K — [0,00) defined
by H(A, B) = max{la~ —b"|,|at —bT|}, where A = [a~,a™] and B = [b7,b"].
Obviously, the metric H is associated with the norm |-|| by [|A| = H(A,{0}) and
H(A, B) = ||AS B. It is well known that (K, #) is a complete.

Proposition 1. The H-difference © has the following properties (see [3]):
(a) AcO=Aand AcA=0 forall Ac K.

(b) (—4) & (—B) = —(A© B).

(c) (A+B)eoB=A.

(d) A+ (B A)=B.

(e) (B+C)cA=BoA+C.

(f) A e B+CeD=(A+C)e(B+D,).

(g) AeB+Be(C=AsC.

Proposition 2. The Hausdorff-Pompeiu distance has the following properties (see

[3]):

(i) H(A+C,B+C) =H(A,B),

(ii) H(AA,AB) = |\|H(A, B) for A € R,

(iii) H(A+ B,C + D) < H(A,C) + H(B, D),
(iv) HAA, pA) = [\ — u[H(A,0) for Au >0,
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(v) H(Ae B,C) =H(A,B+C),

(vi) H(A,B)=H(Ae C,BaC),

(vii) H(A© B,C © D) < H(A,C) + H(B, D),

(viii) H(A+ B,C+D+E©F)<H(A C+E)+H(D,B+F),
(ix) H(A© B,CS D+ E+F) <H(A,C+E) +H(D,B+F),
for all A,B,C,D,E,F € K.

Since K is a normed quasilinear space, the continuity and the limits of an interval-

valued function F : [a,b] — K are understood in the sense of the norm |[|-||. We recall

that if F': [a,b] — K is an interval-valued function such that F(t) = [f~(t), f1(¢)],

then lim F'(t) exists, if and only if lim f~(¢) and lim f*(¢) exist as finite numbers.
t—to t=to t—to

In this case, we have

lim F(¢) = | lim £~ (¢), lim f*(¢)| .

t—to t—to t—to

In particular, F' is continuous if and only if f~ and f* are continuous. If F,G :
[a,b] — K are two interval-valued functions, then we define the interval-valued
function F © G : [a,b] — K by (F © G)(t) := F(t) © G(t), for all t € [a,b]. If there
exist lim F'(t) = A and tli_th(t) = B, then tli_}r%(F © G)(t) exists, and

t—to

lim (F o G)(t)= Ao B.
t—to
In particular, if F,G : [a,b] — K are continuous, then the interval-function F' © G is
a continuous interval-valued function. Let C([a,b], ) denote the set of continuous
interval-valued functions from [a, b] into . Then C([a, b], ) is a complete normed
space with respect to the norm ||F||.:= sup ||F(¢)].
a<t<b

Definition 3. (Markov [6]). Let F : [a,b] — K be an interval-valued function and
let to € [a,b]. We define Dy F(tg) € K (provided it exists) as

DyF(to) = }L%F(toJrh})l@F(to)_ (1.4)

We call D F(to) the generalized Hukuhara derivative (gH -derivative for short) of
F at tg. Also, we define the left gH-derivative D F(tg) € K (provided it exists) as

_ . F(to)eF(to—h
DHF(tU) :hliggr ) h( )a'
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and the right gH-derivative D}, F(ty) € K (provided it exists) as

F(t h F(t
lim (to +h) © F(to)

D}SF(tO) - h—0+ h

We say that F is generalized Hukuhara differentiable (gH -differentiable for short)
on [a,b] if Dy F(ty) € K exists at each point t € [a,b]. At the end points of |a,b]
we consider only the one sided gH -derivatives. The interval-valued function Dy :
[a,b] — K is then called the gH -derivative of F' on [a, b].

Proposition 4. (Markov [6]). Let F : [a,b] — K be such that F(t) = [f~(¢), fT(t)],
t € [a,b]. If the real-valued functions f~ and f* are differentiable at t € [a,b], then
F is gH -differentiable at t € [a,b] and

Dur(o) = [min{ 10, 5000} max{ S G0} )

The converse of Proposition 4 does not true, that is, the gH-differentiability of F'
does not imply the differentiability of f~ and f* (Markov [6]).

2 A new concept of differentiability for interval-valued
functions

Let F : [a,b] — K be a given function. We say that F' is left differentiable at
to € (a, b] if there exists an element A € K such that

1
im —H(F(tg), F(to — h hA) =0 2.1
hg(f)l+h7'f( (to), F(to — h) + hA) (2.1)
or
1
Iim —H(F(tg — h), F(tg) — hA) = 0. 2.2
hgggh”hl( (to — h), F(to) ) (2.2)

The element A € K is called a left derivative of F' at ty and it will be denoted by
F' (tg). F is said to be left differentiable on (a,bl, if F is left differentiable at each
to € (CL, b]

Remark 5. Let F : [a,b] — K be a given function. If it exists, the left derivative
of F' at a point ty € (a,b] is unique. Indeed, suppose that A(ty), B(to) are left
derivatives of F at tg € (a,b]. Then from the properties of the metric H and (2.1)
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or (2.2) it follows that

H(A(to), Blto) = 1 H(hA(to), hA(to))
_ %H(F(to — h) + hA(to), F(to — h) + hB(ty))
< L4(P(to - h) + hA(t0), F(t0)

h
+%H(F(to — h) 4+ hB(to), F(t))

— 0ash—0"

H(A(to), B(to)) = %H(h(—A(to)),h(—A(to)))
= TH(F(to ~ h) ~ hA(to), Flto — h) — hB{to))
< SH(F(to ~ )~ hA(to), Fito)
FTH(F (o — ) ~ hB(to), Fl(o)

— 0ash—0T,

respectively. Therefore, H(A(to), B(to)) = 0 and so A(to) = B(to). Also, we remark
that the conditions (2.1) and (2.2) may not be equivalent as we see in the following
example.

Example 6. Consider the function F' : R — K given by F(t) = [0, [t|]. For A =
la™,a™] € K, we have that

lim +H(F(0— h), F(0) — hA) = hliré1+%7-[([0, h], [~ha™,—ha~]

h—0t+

= tim o {[ha* |, [h + ha~[} = max {|a*],[1+ @[} =0
—

only if a= = —1 < a™ = 0. It follows that (2.2) holds. Therefore, F is left

differentiable at to = 0 and F' (0) = [—1,0]. Since hlir&%?—[(F(O), F(0—h)+hA)=0
—

only if a= = 0 > a™ = —1, then there exists a contradiction with the assumption

that A= [a~,a™] € K, and so (2.1) does not hold.

We say that F' is right differentiable at to € [a,b) if there exists an element A € K
such that 1
lim *'H(F(to + h), F(to) + hA) =0 (2.3)
r—0th
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or

1
lim —H(F(to), F(to+h) —hA) =0. 24
Tim H(F(to), Flto +h) = hA) (24)

The element A € K is called a right derivative of F' at ty and it will be denoted by
F! (to). F is said to be right differentiable on [a,b), if F' is right differentiable at
each tg € [a,b).

Remark 7. Using the same reasoning as in Remark 5, we can show that if it exists,
the right derivative of F at a point ty € [a,b) is unique. Also, we remark that the
conditions (2.3) and (2.4) may not be equivalent as we see in the following example.

Example 8. Consider the function F : R — K given by F(t) = [0,[t|]. For A =
[a™,a™] € K, we have that

hlirg1+%H(F(0 + h), F(0) + hA) = lim +H([0, k], [ha™, ha]
_>

h—0t
= lim & max{|ha*],|h — ha"|} = LI1—a [} =0
i max {|ha*,[h — ha”|} = max {|a*],[1 -~}

only if a= = 0 < a™ = 1. It follows that (2.3) holds. Therefore, F is right
differentiable at to = 0 and F'_ (0) = [0,1]. Since hlir&%?—[(F(O), FO+h)—hA)=0
—

only if a= = 1> a™ =0, then there exists a contradiction with the assumption that
A=l[a",a"] €K, and so (2.4) does not hold.

We say that F' is differentiable at to € [a,b] if F' is left and right differentiable at
to, and F’ (to) = F' (to). The element F' (ty) or F’ (tp) will be denoted by F'(to)
and it is called a derivative of F' at to. F' is said to be differentiable on [a,b], if F
is differentiable at each ¢y € [a,b]. At the end points of [a,b], we consider only the
one-side derivatives.

Remark 9. From Remarks 5 and 7, it is clear if it exists, the derivative of F' at a
point to € [a, b] is unique.

Example 10. Let F' : R — K be the function given by F(t) = [0,|t|]. From Examples
8 and 10 we have that F' (0) # F'.(0), and so F is not differentiable at to = 0.
Theorem 11. If F': [a,b] — K is left (right) differentiable at to € (a,b] (to € [a,b)),
then F' is left (right) continuous at to. In particular, if F is differentiable at tg, then

F' is continuous at tg.

Proof. Suppose that F is left differentiable at to and F” (ty) = A and let € > 0. Then
from (2.1) or (2.2) it follows that there exists a ¢ > 0 such that for all h € (0, ) we
have

H(F(ty— h),Fto)) < H(F(to—h), F(to) + hA) + H(F(to) + hA, F(ty))
= H(F(to — h), F(to) + hA) + H(hA, 0)
eh+ hH(A,0)

N
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H(F(to— h),Fto)) < H(F(to—h),F(to) — hA) + H(F(to) — hA, F(ty))
H(F(to — h), F(to) — hA) + H(h(—A), )
< ch+hH(-A,0),

respectively. Therefore, hlimj—[(F (to—h), F(tg)) =0, and so F is left continuous at
—0

to. The proof is similar when it is assumed that F' is right differentiable at ¢t5. O

Remark 12. From the definition it follows that a function F' : [a,b] — K is
differentiable at ty € [a,b] if there exists an A € K such that one of the following
conditions is true

1 1
Jim S H(F(to+h). F(to) + hd) = lim -H(F(to). F(to —h) +hA) =0, (25)

1 1
Jim S H(F(t0), Fto + ) = hd) = lim -H(F(to —h), F(t) ~hA) =0,  (2:6)

lim ~H(F(to), Fto + h) — hA) = lim %’H(F(to), F(ty— h) + hA) =0, (2.7)

h—0+h h—0t

lim %’H(F(to 1 h), F(to) + hA) = lim %H(F(to _B),F(to) — hA) = 0. (2.8)

h—0t h—0t+

The element A € K is the derivative of F at to; that is, A = F'(ty).

Example 13. Consider the function F : R — K given by F(t) = [—t2,#%]. For
A=la",a"] € K, we have that

lim LH(F(t), F(t —h) + hA) =

h—s0+ "
= lim 3 max{|2th — h® + ha™|,| — 2th + h* + ha™|}
h—0+
=max {2t +a"|,|—2t+aT|} =0
only ifa= = —2t < a™ =2t and t > 0. Also, we have that

lim +H(F(t — h),F(t) — hA) =

Jim g H(E(t — R), F(t) )

= lim 3 max{|2th — h® + ha'|,| — 2th + h* + ha" |}
h—0+

=max{|2t +a"|,| -2t +a"|} =0
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only if a= = 2t < a™ = =2t and t < 0. It follows that F is left differentiable at
teR and
s o [=2t2t) ift>0
F(t) = { [2t,—2t] it <O0.

Further, we have that

lim FH(F(t+h),F(t) + hA) =

h—0t

= hlil(r)1+% max{| — 2th — h? — ha™|,|2th + h? — ha™*|}
—

=max{|—2t—a |,[2t —at|} =0
only ifa= = =2t < a™ =2t and t > 0. Also, we have that

lim LH(F(t),F(t+h) — hA) =
Jm g H(E (), F(t+ h) )

= hlir(1)1+% max{| — 2th — h? — ha™|,|2th + h® — ha™|}
—

=max{| — 2t —a™|,|2t —a"|} =0

only if a= = 2t < a™ = =2t and t < 0. Therefore, F is right differentiable at each
teR and

s =262t ift>0
Fi(?) _{ [2t, —2t] ift <O.

Since F (t) = F'(t) for allt € R, it follows that F is differentiable at each t € R.
We remark that

lim %H(F(t 4 ), F(t) + hA) = lim %H(F(t), F(t—h) +hA) =0

h—0+ h—0+

for A = [=2t,2t] and t > 0; that is, (2.5) holds for each t > 0, but (2.6)-(2.8) do
not hold for t > 0. Also,

1 1
lim — F(t),F(t+h)—hA)= lim —H(F(t—h),F(t) —hA) =
Jim o Hz (F(8), F(t+ 1) )= lim SH(F(t—h), F(t) )=0
for A = [2t,—2t] and t < O; that is, (2.8) holds for each t > 0, but (2.5)-(2.7) do
not hold fort > 0. Ift =0, then it is easy to check that F' is differentiable at t = 0,
F'(0) = {0}, and (2.5)-(2.8) are equivalent for A = {0}.

Remark 14. In [3], a function F : [a,b] — K is called differentiable at to € [a,b] if
there exists an element A € F such that

o1
lim —H(F(to + h), F(to) + hA) = 0.
h—0+h
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In this case, the element A € K is called the derivative of F' at ty. In [7] it is shown

that the function F : R — K given by F(t) = [e™%,2e7] is not differentiable in

this sense since, for a to € R and A = [a~,a™] € K, we have that hlim+%H(F(to +
—0

h), F(ty) + hA) = 0 only if a— = —e™ % > a™ = —2e¢7% which is a contradiction
with the assumption that A = [a~,a™] € K. However, for ty € R and A =
[—2e7t0, —et] € K we have that

hlggm%( (o), F(to +h) — hA) =

= lim LH([e 0, 2e7t0], [e~to—h 2e—to—h] _ p[—2e—to —e—to
Tim 14 N ) )

= lim ]117-[([ —to 2e7t0] [e~to 4 peTto, 2et0—h 4 2pet0])
h—07+

= hlim+% max { e~ — e~t0 4 pe~t0| 2[e7t0Th — et0 4 peto|}
—0

= lim 2|e_toe L et =0
h—0+

and

Jlim ZH(F (to = ), F(to) — hA) =

= lim 17-[([ —toth 9etoth] [e7to, 2e7t0] — h[—2e7t0, —et0])
h—o+ "

= lim $H([e7to 2e7t0Fh] [e7to 4 he~t0, 2e 70 4+ 2he~10))
h—0+

= lim § max {|e~foth — el — peto| 2le~toth — e=to _ pelo|}
h—0+

= lim 2|e” toehTfl —e | =0.
It follows that

Jim Lol(Fto), F(to + h) — hA) = Jim Lot(Ftto — b), F(to) — ha) = 0.

Therefore, (2.6) holds and so F is differentiable at to with F'(tg) = [—2e~", —e~0].

Theorem 15. Let F' : [a,b] — K be a given function. If there exists an A € KC such
that (2.1) and (2.2) or (2.3) and (2.4) occur simultaneously, then A is a singleton.
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Proof. Suppose that (2.3) and (2.4) simultaneously hold. Since
H(A—A,0) = +H(hA — hA,0) = 1 H(F(to) + hA — hA, F(to))
< H(F(to) + hA — hA, F(to + h) — hA) + +H(F(to + h) — hA, F(to))
H(F(to) + hA, F(to + h)) + +H(F(to), F(to + h) — hA)

=

—0ash— 0T,

it follows that H(A — A,0) = 0. Therefore, A — A = 6 and so A is a singleton. A
similar proof establishes the result if (2.1) and (2.2) simultaneously hold. O

Corollary 16. If for a given function F : [a,b] — K and ty € [a,b] there exists an
A € K such that at least two from the conditions (2.5)-(2.8) occur simultaneously,
then A is a singleton.
Proposition 17. If F : [a,b] — K is a given function and ty € (a,b). Then the
following statements are true.

(a) If there exists A € K such that (2.5) holds, then

1
lim —H(F(to+ h), F(to — h) +2hA) = 0. (2.9)
h—0+h
(b) If there exists A € KC such that (2.6) holds, then
1
lim —H(F(to — h), F(to + h) —2hA) = 0. 2.10
Jim - H(E (o — ), F(to + ) ) (2.10)
(c) If there exists A € IC such that (2.7) or (2.8) holds, then
1
lim —H(F(to +h) — hA,F(to — h) + hA) = 0. (2.11)
h—0+h
Proof. Suppose there exists A € K such that (2.5) holds. Then we have

Lat(Ft + 1), Pty — h) + 20 A)

h
_ %H(F(to) b B(to + h), F(to) + F(to — h) + 2hA)
< %H(F(to), Flto — ) + hA) + %H(F(to + R, Flto) + hA) — 0

as h — 07, and so (2.9) is true. With a similar reasoning we can prove statement
(b). Now, suppose that there exists A € K such that (2.7) holds. Then we have

%H(F(to +h) — hA, F(to — h) + hA)
_ %H(F(to) b F(to+h) — hA, F(to) + F(to — h) + hA)
%'H(F(to),F(to —h)+ hA) + %H(F(to), F(to + h) —hA) =0

IN
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as h — 07, and so (2.11) is true. If there exists an A € K such that (2.8) holds,
then we have

1
SH(E(to+h) = hA, F(to = h) + hA)
1

= E/H(F(to) + F(to+ h) — hA, F(ty) + F(to — h) + hA)

< %H(F(to) —hA, F(tog—h)) + %H(F(to +h),F(ty) + hA) = 0

as h — 0%, and so (2.11) is again true. O

Theorem 18. Let F' : [a,b] — K be a given function. If there exists an A € K such
that (2.7) or (2.8) holds, then A is a singleton.

Proof. Suppose that (2.7) holds. Then (2.11) is also true and it follows that
|Ld(F(to), F(to + h) — hA) — Ld(F(to), F(to — h) + hA)|
< +d(F(to+h) — hA,F(tog — h) + hA) = 0 as h — 0T;

that is,

1 1
Jim S d(F(to), Fto + h) = hA) = lim +d(F(to). F(to — h) + hA).  (212)

On the other hand, if we take in (2.1) ¢ = ¢t + h we obtain hliré1+%d(F(to),F(to +
—>

h) —hA) = 0. Then from (2.12) it follows that (2.8) also holds. Therefore (2.7) and
(2.8) occur simultaneously and thus by Corollary 16 we infer that A is a singleton.
A similar proof works if (2.8) holds. O

Remark 19. From Theorem 15 and Theorem 18 it follows that a function F :
[a,b] — K can be differentiable in the sense of (2.5) or in the sense of (2.6). We
will say that F is H'-differentiable if it is differentiable in the sense of (2.5). Also,
we will say that F is H?-differentiable if it is differentiable in the sense of (2.6).

Theorem 20. Let F,G : [a,b] — K be two given function.
(a) If F is differentiable and X\ € R, then the function AF is differentiable and
(AF) = \F'.
(b) If F,G € H' (i = 1,2) and FS G, F' © G’ exist, then F + G, FS G €
H (i=1,2) and
(F+GQ))=F+d,

(FoGY =F oG
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(c) IfFeH,GeH (i,j=1,2) fori#jand FO G, F'© (~G") exist, then
F+G, FoGeH and

(F+G) =Fo6(-G),
(FeG) =F+(-@G).

Proof. (a) is obvious. (b) Suppose that F,G € H!. Using Proposition 1 and
Propostion 2 we have

lim ~H((F & G)(t + h), (F & G)(t) + h(F' & &) (¢))

h—0t+h
= h1i>r(r)1+%H(F(t +h)©G(t+h),(F(t)+ hF'(t) & (G(t) + hG'(t)))
1 ,
< lim S HE(E+ ), F(0) + hE'(1)
1 o
+ lim H(G(+h), G+ hG (1) = 0
and
i S H(F © G) (1), (F -+ G)(t — ) & h(F' + ') (1)
_ hlg%%(p(t) FG(), (F(t— h) + hE'(£) © (G(t — B) + hG (1))
< h1i>r(r]1+%H(F(t), F(t—h)+hF'(t))
1 o
+ T S H(G(), Gt~ )+ hG (1) = 0.

It follows that F 6 G € H! and (F© G) = F/' 6 G'. Also, it is easy to check
that F + G € H! and (F + G) = F' + G’. A similar proof establishes the result
if ;G € H2. (c) Suppose that F' € H! and G € H?. Then using Propostion 2 we
have

hli)xgl+%H((F +G)(E+h), (F+G)(E) + h(F' & (—=G')(1)

- hlira1+%H(F(t + )+ G+ h), F(t) + G(t) + hF' (1)) & (=h@' (1))

lim l’H(F(t +h), F(t) + hF'(t))
h—0+h

+ lim SH(GE), G+ h) — hG'(#) = 0
h—0+h

IN
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and

lim %H((F +G)(B), (F + @)t — h) + h(F' & (=G)(1))

h—0t+

~ lim %’H(F(t) LG, (F(t—h) + G(t — h) + hE' (1)) © (—hG' (1))

h—0t+

lim lH(F(t), F(t—h)+ hF'(t))

h—0t+

+ lim SH(G(), Gt — h) — hG () = 0.
h—0th

IN

It follows that F 4+ G € H! and (F + G) = F' © (—G"). Also we have

lim ~H((F & G)(t + h),(F & G)(t) + h(F + (=G')(1))

A T
- hlian”lLH(F(t R OG(E+h),F(t) © Gt) + hF'(t) — hG'(1))
< Tim SH(F(+b), F(1) + hE' (1)

+hli>rg+%H(G(t), G(t+h) — hG'(t)) =0

and

Jim SH((F 0 G)(t),(F O G)(t =)+ h(F + (~G)(0)
_ hli)%l+%H(F(t) S G), Pt —h) & Gt — h) + hF'(t) — hG' (1))
< hlirg+%H(F(t —h),F(t)+ hF'(t))

+ lim SH(G(E— ), G(E) — hG' (1)) = 0.

It follows that F © G € H! and (F © G) = F' + (—G’). Now, we suppose that
F € H? and G € H'. Then using Propostion 2, we obtain that

lim SH((F + G)(t), (F + G)(t + h) — h(F' & (~G')(1))

h—0+h
- hli%l+%H(F(t) L G(), F(t+h) + Gt + ) + (—hF'(8) & (hG' (1))
< lim l’H(F(t),F(t +h) — hF'(t))

h—0t+h

1
. !
+ lim —H(G(t+ h),G(t) + hG'(t)) =0
h—0+ h
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and

i S H(F -+ G)(t— h), (F + G)(0) — h(F' & (~G)(1)

- hli%1+%H(F(t C )4 Gt —h), F(t) + G(t) + (=hF' (1)) & (hG' (1))

1 ,
lim SH(F(t = h), F(t) ~ hF'(1))

1 Sy
+ lim S H(G(8), G(t = ) + hG (1) = 0

IN

It follows that F + G € H? and (F + G)' = F' © (—G’). Finally using Propostion 2,
we have that

lim ~H((F & G)(1),(F & G)(t+ h) — h(F' + (=G))(1))

h—0th
- hli%l+%H(F(t) S G(), F(t+h) & Gt + ) + (—hF'(1)) + hG' (1))
1 /
< lim SH(F(), F(t+h) = hF' (1))
1 1oy
o+ lim 5 H(G(E+ 1), G() + hG (1) = 0
and
h1i>r(r)1+%H((F SG)(t—h),(F&G)(t) — h(F' + (~G")(t)
= h1i>r(l)1+%H(F(t —h)o Gt —h),F(t) o G(t) + (=hF'(t)) + hG'(t))
.1 /
< lim SH(F(t =), F(t) ~ hF'(1))
.1 0y
+ lim SH(G(8), G(t = h) +he/ (1)) = 0,
It follows that F © G € H? and (FO G) = F' + (-G"). O

Theorem 21. If F' : [a,b] — K is left (right) gH-differentiable at ty € (a,b]
(to € la,b)), then F is left (right) differentiable at ty € (a,b] (to € [a,b)) and
DyF(to) = F(to) (D F(to) = Fi (to)).

Proof. If F is left gH-differentiable at to € (a,b], then there exist an element A =
Dy F(tg) € K such that

lim FH(F(to). F(to —h) + hd) = lim FH(F(to) & F(to — h), hA)

: 1
= lim H (+(F(to) © F(to — h)), A) = 0.
h—0t
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or

lim +H(F(tg — h), F(to) — hA) = hgrg+%H(F(to —h) © F(ty), (F(ty) — hA) © F(ty))

h—0t

lim +H(F(to — h) © F(to), —hA) = lim +H(—(F(to) © F(to — h)), —hA)

h—0t h—0t

= lim H (L (F(to) © F(to — h)),A) = 0.
Jim 7 ((F (o) © F(to — h)), A)
It follows that F is left differentiable at ¢y € [a,b) and F” (to) = D F(to). A similar
proof establishes the result if F is right gH-differentiable at ¢y € [a, ).

O]

Corollary 22. If F : [a,b] — Q is H-differentiable at ty € |a,b], then F is
differentiable at tog € [a,b] and Dy F (ty) = F'(to).

Remark 23. The converse of the theorem is not true in general as we will show in
next example.

Example 24. Consider the function F : [a,b] — K defined by F(t) = (2+sint)[—1, 1],
t € (0,27m). Then for any t € (0,27) and U = [—1, 1], we have

lim %’H(F(t—i—h),F(t) + hcost-U)

h—0t

~ lim %7—[((2+sin(t+ W)U, (2 + sin U + (hcos£)U)

h—0t

~ lim %’H(sin(t + W)U, (sint + h cos )U)

h—0+
1
= hhjéiﬁ |sin(t + h) — sint — hcost| Hi (U, 0))
sin(t + h) —sint
h

= lim —cost| =0

h—0t

and

lim l”)’-l(F(t),F(t —h) + hcost-U)

h—0+
1
= lim —H((2+sint)U, (2 +sin(t — h))U + (hcost)U)
h—0+h
—  lim sint — sin(t — h) ~cost| = 0.
h—0+ h

It follows that F is differentiable (in fact, H>-differentiable) on (0,2m) and F'(t) =
(cost)U, t € (0,2m). On the other hand, F is not right gH -differentiable nor left
gH -differentiable on (0,2m) since diam(F (t)) = 2(2+sint) changes its monotonicity
on (0,27) (see [1, Theorem 4.1]).
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3 Riemann integral for interval-valued functions

Let F': [a,b] — K be a given function. For each finite partition A,, = {to,t1,...,tn},
a=ty <ty <..<ty,=n>b,of interval [a,b] and for arbitrary system & = (&1, &2, ..., &n)
of intermediate points & € [ti—1,t], ¢ = 1,2, ...,n, we consider Riemann sum

n

Rp(An, &) =) (ti —ti1)F(&) and [Ay| := max (t; — t;_1).

; 1<i<n
=1

We say that the function F': [a,b] — K is Riemann integrable on [a, b] if there exists
an A € K such that for each € > 0, there exists a § > 0 so that if A,, is any partition
of [a,b] and & an arbitrary system of intermediate points, then

H(Rp(An, ), A) <e.

We write A = f; F(t)dt. It easy to see that, if F : [a,b] — K is Riemann integrable
on [a, b], then the value of the integral is unique. We observe that, for each partition
A, of [a,b] with |A,| — 0 as n — oo, we have

b
lim Ry (A, &) = / Ft)dt.

n—oo

Theorem 25. If F' : [a,b] — K is a continuous function, then F is Riemann
integrable on [a, b].

Proof. As in the classical proof, the uniform continuity of F' implies that Rp(Ay, &)
is a Cauchy sequence for all sequences of partitions which have |A,| — 0 as n —
oo. Consideration of the interleaved sequence Rp(A1,€), Rp(A},E), Rrp(Asg,§),
Rp(AL,€),... shows that all sequences Rp(Ay,, &) and Rp(Al, &) for which |A,] — 0
and |A! | — 0 as n — oo, have the same limit. O

Let F,G : [a,b] — K be Riemann integrable on [a,b]. Then the following properties
are obvious by passing to the limit form corresponding relations for Riemann sums.

(a) For each «, 5 € R, aF + G is Riemann integrable on [a, b] and

/ ' (F () 1+ BC(E)dE = / " Fwydi 48 / Gy, (3.1)

(b) F'is Riemann integrable on each subinterval of [a, b] and

/bF(t)dt _ /CF(t)dt + /bF(t)dt, 0<c<b. (3.2)
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(c) t — H(F(t),G(t)) is Riemann integrable on [a, b], and

1" ( / bF(t)dt, / bG(t)dt) < / b?—[(F(t),G(t))dt. (3.3)

(d)
b i . /bF(tW € co{F(t);t € [a,b]}, (3.4)

where coM means the closed convex hull of subset M C K.

Theorem 26. If F': [a,b] — K is a continuous function on [a,b], then the function
G : [a,b] — Q, defined by

Gt) = / " F(s)ds, t € (b, (3.5)

is H'-differentiable on [a,b] and G'(t) = F(t) for each t € [a,b].
Proof. Let t € [a,b] and h > 0 such that t + h,t — h € [a, b]. Since

LaG@), Gt - h) + @) < & t M (F(s), F(t))ds,
h h Jin

%H(G(t —h),G(t) — hF(t)) < % th (0, F(s) — F(t)) ds,

1 1 t+h
UGG +hF) < 3 [ H(P). F) ds
1 1 [tth

SHGW, G+ ) —hF(1) < 5 | H(,F(s) = (1)) ds,

and
t

1 [tt+h 1
lim — F(s),F(t))ds = lim — F(s),F(t))ds =0
Jim o [ H PG F@)ds = lim & [ (FG).F0)ds =0,
we infer that G is H!-differentiable on [a,b] and G’(t) = F(t) for each t € [a,b]. O

Theorem 27. Let F : [a,b] — K be a differentiable fuction on [a,b] such that F' is
continuous on [a, b).

(a) If F is H'-differentiable, then

for any t € [a,b].
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(b) If F is H?-differentiable, then

F(t) = Fla) © (— / t F’(s)ds) (3.7)

for any t € [a,b].
Proof. (a) Suppose that F is H!-differentiable on [a,b] and F’ is continuous on [a, b].
If we put G(t) := )+ f F'(s)ds, t € [a,b], then G'(t) = F'(t) for all ¢t € [a,b].
Define m(t) := H(F(t), G(t)), te [a, b]. Then, we have
m(t+h) —m(t) = HE{E+h),G{t+h))—H(F(t),G))
< H(F(t+h),F(t) + hF'(t)) +

+H(F(t) + hF'(t),G(t) + hF'(t))

+H(G(t) + hF'(t), G(t + h)) — H(F(t), G(t))
= H(F(t+h),F(t)+hF'(t) +

+H(G(t+ h),G(t) + hF'(t)),

and thus
Dtm(t) = lim supm(t +h) = m(t)
h~>0+ h
< 1 H +h),F(t) +hF'(t
_h;noghu ). F(0) + hF' (1)

+ lim H(G(t + h),G(t) + hF'(t)) = 0.
h—0+
Therefore, DTm(t) < 0 for all ¢ € [a,b) and so m is a decreasing function on
[a,b]. Since m(a) = 0, it follows that m(¢) < m(a) = 0 for all ¢ € [a,b]. On
the other hand, we have that m(t) > 0 for all ¢ € [a,b] and so m(t) = 0 for all
€ [a, b]; that is, (3.6). (b ) Suppose that F is H2-differentiable on [a, b]. If we put

G( )= Fl(a ( f F'(s ), t € [a,b], then by Corollary 3 in [4] it follows that
G'(t) = F'(t ) for all t € [a,b]. As above we obtain that m(t) = 0 for all ¢t € [a, b];
that is, (3.7). O

Conclusion. This new concept of differentiability for interval-valued functions
avoids the use of generalized Hukuhara difference. It is well known that the generalized
difference Hukuhara A © B does not generally exist if A and B are compact sets
m R™ with n > 2 or if A and B are fuzzy sets. Therefore, this new concept of
differentiability can be much more efficient in these situations than the concepts
previously known. The extension of these results to fuzzy functions, as well as their
applications to differential equations, will be developed in a few future works. We
will also extend this concept to functions with valuesin much more general spaces,
namely to functions with values in quasilinear spaces [5].
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