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Awnnoranusi: Psg pe3ysnbraToB o mIkajgax BBIYHCIHEMOCTH N-3JIEMEHTHBIX ajrebp mepe-
HOCHUTCS Ha, IIKAJIbI BBIYUCIMMOCTHI N-3JIEMEHTHBIX M-apoB (aire6p, curHaTypHble byHK-
[[MU KOTOPBIX He GoJiee YeM m-apHbI).

KuroueBblie cJIoBa: MOTEHIMAJ BBIYUCIUMOCTH aarebpbl, PEIIeTKa, SJIEMEHTapHAasT TEOo-
pHsi, IPOrpaMMHO-BBIYUCINMAasd (DYHKIHS.

B pa6ore A. T ITunyca u C. B. 2Kypxkosa [1] oupezeseHo mossrue mKaJbl 10-
TEHIIUAJIOB BLIYUCIUMOCTH 7-3JIEMEHTHBIX a/ire0p, OCHOBAHHOE Ha PE3YJILTATAX TEO-
PHH YCIIOBHBIX TePMOB (0030p pe3yJbTaToB 3TOi Teopuu cM. B [2-4]). DTa mkasua
MPEICTABISAET COBOM IACTHIHO yHnopsamodeHHoe MHOKeCTBO (CT),; <) 1 B mocsemyio-
mux paborax [5-7| GbLT MOMyUeH psif pE3yIIbTATOR, CBA3AHHBIX C TIO0ATBHBIM U JIO-
KaJIbHBIM CTPOEHHEM 3TOH IKAJIbI, HAMIeHB HEKOTOPBIE TAPAMETPHI 9TOT0 YaCTHIHO
YIIOPSIIOYEHHOIO MHOXKECTBA: UUCJIO aTOMOB, KOATOMOB, JIJIMHA U JIP.

HanoMHMM OCHOBHBIE OlpejieieHnst cBsizaHHble co mKasoi (CT,; <), rae n —
IPOU3BOJIbHOE HATypasibHOe uncio. depes CT (A) 1jist pOU3BOJILHON yHUBEPCAJIL-
HOU ayre6ps! A 0603HAYNM COBOKYITHOCTH BCEX YCJIOBHO TEPMAJILHBIX (DYHKITHI aJi-
re6pel A = (A;0) (Bcex HpPOrpaMMHO-BBIYUCIUMBIX (DyHKIuil HAa MHOXKecTBe A,
IPOrPaMMBbl BLIMHCIEHUI KOTOPBIX MOCTPOEHBI U3 BBIYUCJICHNN CUTHATYPHBIX (DyHK-
Uil ¢ IIOMOIIBIO ONEPATOPA CYIIEPIO3UIMA U YCJIOBHOIO ornieparopa). Kak pokazano
B [8], auist nBYX yHuBepcasibHbIX anrebp Ay = (Aj;01), As = (Ag; 02) u Heko-
Topoit Guektmm T MHOKecTBa A; Ha Ap pasencrso (Brmouenme) 1 CT(Ax)m =
CT(Ay) (m71CT(As)m C CT(Ay)) umeer MecTo TOrja U TOJILKO TOIJIA, KOLJA
7(Sub A;) = Sub Ay u 7 Iso Ao = Iso Ay (m(SubA;) C Sub Ay m 7=t Iso Aam D
Iso A;), rme Sub A — coBokynHOCTH Beex nomasredp anredpsl A, a Iso. A — coso-
KYIHOCTb BHYTPEHHUX U30MOpdU3MOB ajreOpbl A (130MOphU3MOB MEXKIY HOIAJ-
reGpamvu anre6pet A). Onncannyio cuTyaruio (yCIOBHO PATMOHABLHYTO SKBUBAJIEHT-
HOCTB asrebp A; un Az) O6ynem obosnadars depes CT(Ay) ~ CT(Az). Hamee Bce
N-3JIEMEHTHBIC YHUBEPCAJIbHBIE aJIreOphl O0yIeM PacCMaTPUBATD HA OCHOBHOM MHOKE-
cree n = {0,1,...,n— 1}. Iycrs CT(n) = {CT(A | A — n-anemenTHas anrebpa}
u CT,, = CT(n)/ ~. Hopgmok < ma muoxkecrse CT,, UHIYIUPYETCs OTHOIICHU-
eMm Britouenust C Ha mHOXKecTBe CT'(n). Diement CT(A)/ ~, obo3HadaeMblil Ja-
jee Kak A, eCTeCTBEHHO pacCMaTPUBATH KAK MOTEHIMAJ BBIYHCIHMOCTH AIreOph!
A, a ornomenne < Mexy norennmanamu A; u Ay ecTECTBEHHO IIPOMHTEPIIPETH-
POBATh KaK CpaBHEHUE IPOrPAMMHO-BBIYHCINTEILHBIX BO3MOXKHOCTEH 3TUX aiarebp
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(A7 < Ay o3Hadaer, 4TO IIPU HEKOTOPON MEPEKOJMPOBKE 3JIEMEHTOB aarebper Aj
sjeMeHTaMu aiareOpsl As sobasi mporpaMMHO-BbrancmMast (yHKims aaredpor Ag
OyJeT IporpaMMHO-BBIYUCIUMOI u B airebpe As). Ilkaroli nomenyuaios evivuc-
AUMOCTIU N-3JIEMEHTHBIX aJrebp HA3LIBAETCA YACTHYHO yIOPSI0YeHHOEe MHOXKECTBO
(CTy; <). Kak ormevasioch Bbliie, B paborax [1, 5—7| BBISICHEHBI HEKOTOPBIE OCOOEH-
noctu crpoerns mkayn (CT,;<). B cBs3u ¢ 3TMM BO3HMKAET BONPOC 00 M3yHYEHUN
CTpOEeHUsT MOAMHOKECTB TKAIBI (C'T),; <) IpH HEKOTOPBIX €CTECTBEHHBIX OTPAHUYE-
HISX Ha aiare6pe! A, IOTEHIMAIBl BBIYHCIIMOCTH A KOTOPBIX BXOJAT B STH IOJ-
MHOXKeCTBa. Cpeay MoJOGHBIX OIPAHUYECHHN B NEPBBIX PAJAX CTOAT OrPAHUYCHUST
HA CUTHATYDBI PACCMaTpUBaeMbIX ajarebp A: Ha 4YUCIO CUrHATYDHBIX (DYHKIWI U
HA WX APHOCTH (MMCJIO apryMEHTOB, OT KOTOPBIX 3aBUCSAT CUTHATYPHBIE (DYHKIINM).
Kax mokaszano B pabore [5], mepBoe n3 yKa3aHHOrO OrDAHUYEHUEM HE SIBJIACTCS: JIJIst
Jiroboit asrebpst A = (n;o) cymecrsyer anrebpa A’ = (n;o’), curaarypa koropoii
COCTOWT U3 OJTHOIT eTMHCTBeH oM byHKImn, Takast, uto A = A’. B pabore [9] nauaTo
U3ydeHue TOTEHIINAIOB BEIYHCIUMOCTH N-3JIEMEHTHLIX YHApOB (aiarebp, CUTHATYD-
Hble (DYHKIME KOTOPBIX OJHOMECTHBI). B maHmHON paGoTe MpeANpUHATO U3ydeHHe
mkas (CT)"; <) NOTEHIMAIOB BBIMICIUMOCTH N-3JICMEHTHBIX M-apoB (aarebp, cur-
HATYPHBIE (DYHKIMA KOTOPBIX He GOJIEe IeM 1M-MeCTHBI).

Urax, CT™ = {A | A = (n;0) asaserca m-apom}. B paborax [8,10] mus
naper (S, I), Tne S — HEKOTOpasi COBOKYIHOCTH TIOJMHOXKECTE MHOXKECTBA N, a I —
HEKOTOpasl COBOKYITHOCTb OHEKITHI MesKLy HOIMHOXKECTBAME, BXOJIAIMUME B S, Hali-
JIeHBI HEOOXOIMMBbIE U JOCTATOUHBIE YCJIOBHUs (%) TOrO, YTOGLI MMEJIO MECTO paBeH-
crBo (S,I) = (SubA,Iso.A) mis Hekoropoii anrebper A = (n; o), st HEKOTOPOTO
yuapa A = (n;o). B 1o ke BpeMms, Kak ykazaHo Bbliie, napa (Sub A, Iso A) (¢ Tou-
HOCTBIO JI0 COTIPSI?KEHWsI TIEPECTAHOBKAME MHOYKECTBA 7) BBICTYIIAET WHBAPUAHTOM
norennuasa BeraucauMoctn A anre6psr A.

Haiinem ycnosus na napy (Sub A, Iso A), rine A — npoussosibHast n-3j1eMeHTHAS
anreGpa, IpH KOTOPLIX cymmectsyer m-ap A’ = (n, o) Takoit, uto A = A’. OrmeTnM
TaKzKe, 9TO JJI JIOOOTO N € W UMEIOT MECTO BKJIIOYCHUS

CTCCOT2C---CCT COT ™ C .- COT,.

Kpowme Toro, , ¢ yuerom onucanubix Boiiie uaBapuanTos (Sub A, Iso A) norenimasa
Boraucmmoctn A anre6pst A gocrarodno odesunno pasercrso CT), = cT).

Yepes P(A) 0603HaYUM COBOKYIIHOCTDH BCEX IIOAMHOXKECTB MHOXKecTBa A, a de-
pe3 Bi(A) — COBOKYIIHOCTb BCEBO3ZMOXKHBIX OUEKIUi MEXKy IOIAMHOXKECTBAMHE, BXO-
jgemmvu B P(A). Ilyers S = Sub A C P(A) aus Hekoropoit anre6per A. s
soboro B C A gepes S(B) oboznaunm N{C € S| B C C}, 1. e. S(B) — ocHOBHOE
MHOXKECTBO HOAAJIIreOpsl aarebpsl A, mopoxennoii MaoxkectsoM B. CoBOKYITHOCTD
S HazoBeM m-3amrnymotl, ecau st Jaobbix B C A, ¢ € A rakux, uro ¢ € S(B),
cymiectByioT | € w u orobpaxkenue f muoxkecrsa {0,1,...,0 — 1} B coBOKyIHOCTD
P(A) rakoe, uro f(0) = B, u nya moboro 0 < r < ! —1u moboro o’ € f(r)\ f(r—1)
cymecrsyer B’ C f(r — 1) rakoe, uto |B'| <mu a’ € S(B'), upu stom ¢ € f(I—1).
Cosokymmnocts I C Bi(A) mazoBeM m-samrnymot, ecau s jmoboit f € Bi(A)
Takoii, uro s Juoboro By C Dom f mepasencrso |Bi| < m Bieder BKJIOYEHUE
f1S(B1) € I, umeer mecro Briodenue f € I.

Teopema 1. Cuenyromue ycjioBUsl SKBUBAJEHTHBI JJIst JIIOOOH ajarebper A =
(A;0) m moboro m € w:
1) cymecrsyer m-ap A’ = (A;¢’) rakoii, aro (Sub A,Iso A) = (Sub A’ ,Iso A")

(r.e. Ae CT", ecim A = n);



IlIkaJjibl TOTEHIIHAJIOB BBIIUCIUMOCTH 179

2) cosokynuocru S = Sub A u I = Iso A m-3aMKHyTHI.

JIOKA3BATEJIBCTBO. WwMmiuukanus 1) — 2) oueBugna. [lokakem cupaseijiu-
BOCTH 06paTHOl uMITHKauu 2) — 1). Wjes JokasaTeberba BOCXoauT K onccomy
U aHAJIOTWYHA JOKA3aTeIbCTBY TeopeMbl 3 u3 [8].

it mOBBIX 9JIEMEHTOB a7, . ..,ar € A (K < m) n jmoboro a € S({a1,...,ar})
BBEJIEM B PACCMOTPeHHE k-MeCTHYIO QYHKIWIO f; () Ha MHOXKecTBe A (37€Ch @ =
(a1,...,ak) 1 T = (x1,...,Tk)), OUPEIEIEHHYIO CIIEIYIOMUM 00Pa3oM:

g(a), ecau cymecrsyer g € Iso A rakoe, 1aro
faa(br,. .. b) = bi = g(ar), ... bk = g(ax),

b1 B IIPDOTUBHOM CJIy4dae.

Bes tpyna 3amMedaeTcst KOPPEKTHOCTD OLpeIesIeHIsT DYHKIMA [z q-

IIycte A" = (A;fae | Tmek < m, a1,...,a5 € Aua € S ({a1,...,ax})).
B cuny onpenenenus anre6per A’ oueBmano pasencreo Sub,, A = Sub,, A, 31ech
Sub,,, B — coBOKymHOCTB BCex He H0Jjiee 14eM 1m-II0POXK IEHHBIX oA rebp ajredbpbr .
CoBoxkymnHoCTb Sub A m-3aMKHyTa IO YCJIOBHUIO, & COBOKYIHOCTH Sub A’ m-3aMKmy-
Ta, TaK Kak curaarypa anarebpor A’ cocrout u3 He 6ostee 9eM mM-MeCTHBIX (DYHKITHIA.
Pasencrso Sub,, A = Sub,, A’ u m-samkuyTocth copokymnnocreit Sub.A, Sub A’
BJIEKYT OYeBUIHBIM 00pa3oM paseHcTso Sub.A = Sub A'.

AnajorudHo B culy m-3aMKHyTOCTH coBOKynHOCTel Iso A u Iso A’ 3amedaerca
u pasenctso Iso A = Iso A’. Tem cambiM gy m-apa A’ uMeeT MecTo paBeHCTBO

(Sub A, Iso A) = (Sub A’,Iso A"). Teopema goxazama.

VTBep:KaeHue 3Toi TeOPeMBbI TIO3BOJIAET 3AMETHTD, ITO JJIs JII0O0r0 HATYPaJIh-
Horo n u Jmoboro 1 < k < m umeer mecro crporoe Bkmodenne CTF C CTFL.
HeiicrBurensro, nycrs S = P(n), Big(n) = {¢ € Bi(n) | |Domy| < k} u
I, = Bix(n)U{id¢ | C C n,|C| > k+1}. 3xecs ide — ToxKI€CTBEHHOE 0TOOPAKEHNE
muO)kecTBa C Ha cebsa. OueBuHo, uro napa (S, ;) ymoBierBopsieT ycioBusiM (%),
[IpU KOTOPBIX cyInecTByeT ajnrebpa A takas, aro S = Sub A, I = Iso A. Croub xe
oueBuHO, uT0 S U I); (k+ 1)-3aMKHyTBI, HO He k-3aMKHYTHI. CileoBaTe/bHO, CyIie-
creyer (k+1)-ap A’ = (n;¢’) Takoit, uro (S, I,) = (Sub A’,Iso A’), u ne cymecrsyer
k-apa A” = (n;0") Taxoro, uro (S, I;) = (Sub A" Iso A”), 1. e. A" € CTE 1\ CTk.
Taxum obpazom, ajist JI060ro N € W UMEeT MeCTO

CT'ccr?c---coTfcerttc...ccrrt cCrr = CT,.

ITycTs A — npon3BOJIbHAA N-3JEMEHTHas aiarebpa, U myCcTh S — COBOKYIHOCTD
MOIMHOKECTE MHOYKECTBA 7, BXOJAINX B M-3ambikarue COBOKymHOCTH Sub(A), T. €.
S ={Sn(B)| BCn}uSn(B)={cen]| cymecryor | € w u orobpazkenue g
muoxkectsa {0, 1,...,l—1} B coBokynuaocts P(n) Takoe, uro g(0) = B u jyisi iro6oro
0<r<l-1, moboroa € f(r)\ f(r —1) cymecrsyer B’ C f(r — 1) rakoe, uto
|B’| < m, a’ € Sub(A)(B’) = Sub,,(A)(B')uce f(I—1)}. Myers I C Bi(n) n
¢ € I Torma u ToIbKO TOrIA, Koraa s jgoboro B C Dom ¢ nepasenctso |B1| < m
Bieder BroveHue ¢ | Sub(Bi) € Iso,,(A). 3aech Iso,,(A) = {¢ € Iso.A | Dom ¢ =
Sub(A)(B), B C P(n), |B| < m}. HenocpencreenHo nposepsiercs, uro napa (I, B)
VJOBJIETBODSIET YCJIOBUIO (*) U SBJISETCS M-3aMKHYTOH. B CHJIy 3TOro CyIecTByeT
m-ap A" = (n;o’) Taxoit, aro (Sub A’,Iso A’) = (S, I). Ilpu stom ecim A aBnsercs
m-apoM, To ogesuaHo, uto (S, I) = (Sub A, Iso A), m ecrm A; < Ag, To Sub A} D
Sub Aj, Iso A} D Iso.A). Taxum obpasom, orobparkenne 1), onpenenernoe Ha CT,
cemytomumM obpazom: (A) = A’, aBISETCS MOHOTOHHBIM OTOGPAYKEHHEM ITKAJIBI
(CTy; <) Ha mKkaxy <CT,TL”; §>, ocrasJgromuM Ha Mecte Touku u3 CT)". Tem caMbiM
UMEET MECTO
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Caencteue 1. /Jlist jiobbix HaTypabHbIX yucega n u 1 < m < n mKaJaa mo-
TEHI[HAJIOB BBIYUCJUMOCTH N-3JEMEHTHBIX M-aPOB <CT,TL”; §> SIBJISIETCSI PETPAKTOM
mkassr (CTy,; <) u uMeer MecTo cieayrouias HelodKa CTPOIHX BKJIIOYeHHIT:

CT}ccCT? Cc--.cCTFcCcTF ' c...ccTr! cCcTr = CT.

OTMmeruM TakzKe, 9TO YCJIOBULA M-3aMKHYTOCTH COBOKyIHOCcTel Sub A u Iso A
npu m = 1 mpespaiarorcs B ycaoBusi u3 paborsl [10], onuceiBaronme yciaoBust Ha
napy (Sub A, Iso.A), npu KOTOpBIX KOHeYHAast ajirebpa A yCJIoBHO PAlHOHAIBHO K-
BHUBAJICHTHA HEKOTOPOMY YHApY.

B paGore [1] onucannr Bee koatombr mkael (CT),; <). Hamomumm, uto A sb-
Jstercst KoaroMoM 1mkadibl (CTh; <), ecau smbo

1) SubA = {n,B}, tne @ C B C nulIso A= {id,,idg},

60

2) SubA = {n}, Iso A = {p,p?,...,¢P}, nae p — IPOCTOl AeNUTETb YHCaa N |
HEepECTaHOBKA (0 HA MHOXKECTBE U €CTh OObEAMHEHUE P-TIUKJIOB.

OueBuaHBIM 06pa3oM I J106oro 1omobHoro kKoaroma A mapa (Sub A, Iso A)
SIBJIsIeTCsl 1-3aMKHYTOM M TeM caMbIM COBOKYIHOCTH KOaTOMOB B mkaiax (CTr; <),
(CTy; <) npu mo6om 1 < k < n oxau u Te xe. THCII0 Ke KOATOMOB B 9TUX IIKAJIAX
pasao (n— 1) + K(n), rue K(n) — 9ucio pa3imuHbIX IPOCTBIX JIEJINTEEH YUCIa n.

IlepBbiit Bonpoc, BO3HUKAIOMNN [IPA PACCMOTPEHUHU CBOMCTB IIKAJ <CT,’L”; §>,
9TO BOIIPOC O PA3PEIIMMOCTH 3JIEMEHTAPHO TEOPUH KJIacca

S = {<CTm'§> | n Ew}

n

BCEX IIKAJI IOTEHINAIOB BBIUUCIMMOCTH KOHEUHBIX 1M-apoB. JleiicTBUTEIFHO, B CITy-
Yae pasperuMOCTH STOW TEOPUH IPH HAXOXKJIECHUHN <«JIOBEPUTEILHBIX UHTEPBAJIOB>
JJI MOIHOCTEHM 3TUX IIKaJ, T. €. HEKOTOPOHl PEeKypCHUBHOU MOCJIEI0BATEIBHOCTHA
HATYPAJIBHBIX YUCET (1,03 - .., Gy, ... TAKOH, ITO |CT,TL”| <a, < |CT,’L”+1‘, BCe BO-
npocsl crpoerns mkaa (CT)"; <) pemaunch 6bI ¢ MOMOIIBIO OJHOTO AJITOPUTMA.
Ho, kax mOKa3bIBAET yTBEPXKIEHUE TEOPEMBI 2, 3JIEMEHTAapHAS TEOPHs Kjaacca Sp,
HepaspermMa pu Jiobom m > 1.

Hanee gepes Iso’ A Gynem obosmadath Takume @ € 1so.A, 9T0 ¢ OTIMYHO OT
idpom ¢ u |Dom | # 1.

Hanomuum, uro ecm A € CT} u B,C € Sub A, To BUC € Sub A.

Byzem cunrarhs HaTypaJbHOE YUCIIO 7 JOCTATOYHO OOJIBINNM, YTOOBI He JeIaTh
TPUBHAJIBHBIX OTOBOPOK.

Iycrs Cyy, — COBOKYIHOCTD yKA3aHHBIX Bblie KoaroMos mKaibl (CT); <) nep-
Boro tumna, a Co,, — BTOPOrO.

Jlemma 1. st e npocrbix n maOMKECTBO Ch,y SIBJISIETCS (DOPMYJIBHBIM HOJI-
MHO>KECTBOM IIKAJIbI <C’Té; §>, nmpudeM JJIst BCeX MOJ0OHBIX . COBOKYIHOCTH C1yp,
soitensiercss 8 CTH onnoit u Toit ke chopMystoit HezaBHCHMO OT N.

JTOKABATEIBLCTBO. Ilyers A € Oy, u B — HeKoTopoe Hu¥KHee TTOKPLITHE TOY-
ku A B mxane (CT}; <). Toraa anrebpa B mMeer ouH U3 CJIeIYIONUX BUJIOB:

1) SubB = {n,B,C}, Iso' B= @, tne @ C C C B;

2) SubB = {n,B,C}, Is0' B= @, rne BC C Cn;

3) SubB = {n, B}, Iso' B = {¢,..., 9971}, rme ¢ — mepectanoBKa Ha MHOMKe-
crBe B, ¢ — mpocroit gesurens ducaa |B| u ¢ ecTh 00beuHEHNE ¢-TIUKIIOB;

4) SubB = {n,B},1s0' B = {1,...,¢" "1}, rae ¢ — nepecraHoBKa Ha N, TOX-
JlecTBeHHasi Ha B, r — npoctoii gesurens uncaa n \ |B| n ¢ na muHOXKecTBe N\ B
ABJIsIeTcsl 0ObeIUHeHIeM T-IIUKJIOB.
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5) SubB = {n,B,C},1sd’ B=g,tme @ C BCnuC =n\B.

QuIbTPHI IMIKAJIBI <CT,}; §>, [TOPOXK/IEHHBIE TOYKON [3, UMEIOT COOTBETCTBYIO-
e caydasm 1-4 BHUBL:

1) A 2) A 3) 48 4) 1F
A’<>A A’<> ¥ 1
5 B

N

B B

e anrebpa A’ B ciayuasx 1, 2 Takosa, uro Sub A’ = {n,C}, Iso’ A’ = @.

Ouiprp mkansl (CT; <), HOpoxKieHHblil Toukoit B, B ciyuae 5 umeer BHJ,
COBIQIAIOIINI € BUJOM aHAJIOrHYHOTO huibTpa B ciydae subo 1 (korga |B| #£ |C)),
6o 3 (korma |B| = |C)).

IIycTs m — He IMPOCTOe HATYpAJbHOE HHCJIO, U HycTh Ternepb A € Co, u D =
{0,0(0),...,9P71(0)} C n. Iycrs anrebpa B Takosa, uto Sub B = {n, D}, Iso B =
{04, P~ U {0 0, ..., 0P}, Te 1) — orpaHumueHue TepecTaHOBKU (¢ Ha
MuOKecTBO D. OUeBHIHO, 9TO TOUKA B ABIAETCH HUZKHHUM IIOKPLITHEM TOUKH A.
Paccmorpum anre6per A, A" Takme, ato

Sub A’ = {n,D}, Isd’ A =@, SubA”={n,D}, Iso A" ={¢,... P71}

OueBnIHO, YTO DUIHTP IKAJIBI <C T} §>, TOPOXKIEHHBIN TOYKOM B, mMmeeT BU

A
VU

B
Tem cambiM bopmysibHOCTE MHOXKecTBA C1,, (IIPU HEIIPOCTOM 1) — HE CYIIECTBY-
€T HUKHEro HMOKPBITHH, PACCMATPUBAEMOIO KOATOMa TAKOTO, 9TO (DPHILTP, MOPOXK-
JICHHBIIT 9THM HOKPBITHEM, SBJIsIeTCs eHTaronoM — B mkanax (CTh; <) nokasaHa.
ITycrs 2sementapuble dhopMyibl ¢(z) u ¢1(x) BBLIEISIOT B IIKAJIAX <CT%; §>
(IIpK HEIIPOCTOM 7) COBOKYIIHOCTH BCEX KOATOMOB U MHOXKeCTBO C',, COOTBETCTBEHHO.
ITycrs dopmyna ¢ (z) currarypsr (<) TakoBa, 9TO

3 3
¢’(x)321,22,23< /\ ziyézj;&/\zi >x&Vy<y>x—> \/yzz>

1<i, <3 =1 =1
i

3
&Vu(z1 > u)& /\ P1 (zz)> .

=2

Ouesuzpo, uro ecim (CTY; <) |= ¢/(A), To Sub A = {n, By, B2}, Iso' A = ¢ u
¢CB1 C By C n qmbo B2:n\Bl u |Bl| 7& |BQ|
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Teopema 2. DjemenrapHasi Teopus Kjaacca S1 = {<CT&; §> | n € w} Hepas-
pelmmnmMa.

JTOKA3ATEJBCTBO. COBOKYIHOCTH HATYPAJIBHBIX YUCEST N1 < -« - < M) HA30-
BEM X-€680600M01, €I IJIst JOObIX Ny, - . ., Ny, Ny € {n1,...,nk} (1 < s < k) nmeer
MECTO HEPABEHCTBO N, + -+ + n;, 7 n;. OUeBUAHO CyIECTBOBAHUE Y-CBOOOIHBIX
COBOKYTIHOCTEH JTI000M JI/TMHBI.

Xopomio uzsecrua (cM., K upumepy, [11]) HaciencTBeHHAS HEPA3PENIUMOCTD dJIe-
MEHTapHOH Teopuu Kjacca K BCeX KOHEYHBIX JBAXKIBl JIMHEHHO yIIOPSAI0YEHHBIX
MHOKecTB. Takum 06pa3oM, JJIs J0Ka3aTebCTBa TEOPEMbI JOCTATOYHO MOCTPOUTE
OTHOCHTEJILHO 3JIEMEHTAapHYI0 HHTEpIIpeTanuio Kiacca K B Kiacce Si.

Iycrs (k; <1,<9) € K mig <y -+ <18k, j1 < -+ < Ji, & mist moboro 0 < p < k
UMEIOT MECTO PABEHCTBA P = ip(p) = Jq(p)- Bbibepem uucia n u 1 < myp < -+ <
mEp < np < - < ng <ly-- <l takamu, 910 N = Iy + -+ + [, COBOKyIHOCTD
{ma,....mg,n1,...,nk,l1,. .., Ik} X-cBobomua u ly > mq + -+ +mg+ny+-- -+ ng.

Paccmorpum n-snementasle arebpur A, A', A", A" taxue, uro Iso’ A = Iso’ A’
= Iso' A” = Iso’ A" = @ u Sub. A — COBOKYIIHOCTH IOJMHOXKECTB MHOXKECTBA 1,
ABJIAIOIIALCA 3aMbIKAHIEM OTHOCUTEILHO Ollepanuy obbeauHenus U COBOKYITHOCTH
MHOXKECTB

{Bl,.... By, B}, ..., B}y, B, ..., Bl
Cll,...,qu(l),cf,...,03(2),...,C{C,...,C(];(k),Dl,...,Dk}

TaKUX, 9TO MHOYKECTBA KaKJOH U3 COBOKYIIHOCTEM {B%, e ,Bf(k), ci,. .., C(’;(k)}
{D1,..., Dy} nonapHo AU3bIOHKTHBI U UMEIOT MECTO BKJIIOUEHHUSI B; CcD;, C} CD;
st mobeix 1 < i < k, 1< j <r(i), 1 <t <q(i); kpome roro, |D;| = i, | Bi| = my,
1G5 = ny,
Sub A" = {n,By,...,By}, rtme B, C---C By, |Bi|=m;,
Sub A" ={n,C1,...,C,.}, tme C; C---C Cy, |Ci] =n,,
Sub A" = {n,D},..., Dy}, tme Dy C---C D, |Di =|D;l.

Hycts T = {L € CT} | (CT}) = ¢1(L)&A" < L}. Torna ouenpno, uTO
T ={Ly,...,Lx},tneIso’ L; = @ u SubL; = {n, D}}.

Ornomenne <; Ha MHOXKecCTBe 1’ OIIPeIESIIM Ceayomei hopMyJIoit:
Py (z,y, AL A A) = ¢1(2)&oy () &A" < & A" <y
&Vz2|(¢ (2)&z < 2&z < A&z < A') — 2 < y).

B cuity ormeuennoro Beime ouesuano, uro (CTY <) |= oy (L;, L, A, A", A)
ayst gioboro 1 < ¢ < s Torma M TOJMBLKO TOorma, Korda Ajst joboro 1 < r < s
nepasenctso r < r(i) (1. e. Bkmouenne B! C D;) Bieder Hepasenctso 1 < 7(3)
(. e. Brmouenne BJ C Dj). Takum obpasom, (CTL; <) = ¢ (Li, L, A, A", A)
TOIJIa U TOJIBKO TOTAA, KOrja i <i j.

Amanormano 3amenoit B dopmyite 1; toukn A’ Toukoit A" ompemesmm mops-
nok <o ma MuHOXKecTBe 1. Taxum 0O6pa3oMm, MpHU JOCTATOTHO OOJIHIIIOM HE ITPOCTOM
HATYPAJLHOM 7, (POPMYJIBI

(bl(x)&zul <uw, ¢1(x7y7z/7-’7v”7z)7 ¢1($7y77w77l/”770

OTHOCHUTEJIFHO 3JIEMEHTAPHO OIPEJEJISIIOT B IIKAJe <CT%;§> mozenb (k; <y, <s).
Teopema mokaszama.
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AHayIornaHbIM 006Pa30M JIOKA3BIBAETCS HEPA3PEITUMOCTD JIEMEHTAPHBIX TEOPUi
KJIACCOB S,, — {<CT[L”; §> | n € w} npu m > 2. B mokasarenbcTBe amajora
JeMMbI 1 Tpebyercss pacCMOTPETh JIUIIb U3MEHEHHBIH cirydail 5 jyist ajarebpor B :
Sub B = {n, B,C},Is0' B =@, rne BNC = @. Hpu srom dbumbrp mkams (CTr; <
>, [TOPOKJIEHHBIH TO0OHON TOYKOIA E, nMeeT BULL

o

A A 6o A=A,

= B

/
rae aarebpa A’ Takosa, uro Sub A’ = {n,C}, Iso’ A’ = @. [lanee paccyxmenus
JileMMbI 1 1 TeopeMbl 2 COXPaHAIOTCA JOCIOBHO. TeM caMbIM HMeeT MEeCTO

Teopema 2'. Diemenraprast reopust Kjaacca Sy, = {<CT£”; §> |ne w} Hepas-
pemuMa opH JroboM m > 2.

B paGore [1] mokazano, uro juist aroboro n > 3 mkaga (CT,; <) He siBiseT-
csd HU HU2KHEH, Hu BepxHeil moJrypemnrerkoii. Ha camoMm jesie 3TO Ke mMMeeT MeCTO
U A JI000# U3 IIKaJs <CT,, ,§> mpu m < n un > 3. HelicTrBuTeabHO, pac-
cmorpum anredper Ajp, As, As, Ay, ompeznesleHHBIC Ha MHOXKECTBE 1 > 3 U Ta-

kne, aro Iso' A; = @ (i = 1,2,3,4), a SubA; = {n,{0}}, SubA; = {n, {0, 1}}
Sub A3 = {{n,{0},{0,1}}, SubA4 = {n,{0},{1,2}}. Ouesummo, uro A; € CT}
touku Az, Ay aBnsiores nokpbitusvu Touek Aj, Ay B mxane (CT,; <) u quBepKa
touex Aj, Aa, Az, A4 obpasyer apipy (cm. [1]) B mkamne (CT,; <), a 3HauuT, B CH-
Jy 3aMedeHHoro spime (0 ToM, 4o mKada (CTh; <) sBIAETCS PETPAKTOM IIKAJIbI
(CT<) mpu 1 < m < n) u B moboit mkaxe (CT; <) npu 1 < m < n. Tem
caMbIM JelicTBaTebHO mKayIbl (CT7; <) npu n > 3 He ABJIAIOTCS HI HUZKHUMI, HIT
BEPXHUMH I10JIY PEIIETKAMH.

B pabore [1] noxasano, uro jyis smoboii KoHewHol penterku L cymecTsyior Ha-
Typanbhoe n, snementsl A, B € CT,, taxue, uro unrepsan [A, B| mkamsr (CT;,; <)
ABJIAETCA PEIIeTKOl, 1 Bioxkenue 1) pemerku L (kak pemerku) B unrepsan |A, B).
Tak Kak CUIHATYpbI CTPOSIIIXCS B JOKA3aTEIbCTBE 3TOTO yTBeP:KAeHus aareop L,
s KOTOpbIX Toukn L BxoaaT B unTepsal [A, B|, coctoaT us ne 6o/iee ueM By xXMecT-
HBIX (PYHKIIHI, COOTBETCTBYIOMee yTBEPIK IeHIe nMeeT MecTo 1 115t mKag (CTo; <)
BMecTo mKajibl (CT,,; <) upu jaobom m > 2.

3aMeTHM, UTO 3TO JKe yTBepxienne BepHo u jyist mkane (CT; <). Jleiictsn-
TeJIbHO, IIyCcTh L — HeKoTopasi KoHeyHast pemerka. Kak usectro [12], L Baoxuma
B pelnerky pasbuennit HekoToporo muoxkectsa k = {0,1,...,k—1}. Tem cambiM J0-
CTaTOYHO TIOCTPOUTH BJIOYKEHUE 1) penteTkn pa3buenuit Part k muoxkecTBa k B 1oax0-
it unrepsad [A, Bl mxanst (CT); <) st nekoroporo n. Ilyers my, ..., my —
¥-cB06OIHAS COBOKYITHOCTD HATYPAIbHBIX YUCET U 1 = M1 + - - - +my. IlycTh momap-
HO JIU3BIOHKTHBIE TTOJAMHOXKECTBa D1, . . ., D) MHOXKeCTBa m TakoBbl, uto |D;| = my,

u mycts yHap A = (n;0) Taxos, ‘ITOISOA—@I/ISubA—{UD | R C k}, a
i€ER

yuap B = (n;o’) takos, uto Iso' B = @ u SubB = {n}. B cury Z-ceobomrocTn
COBOKYIIHOCTH HHCEJl M1, . . ., M), O4eBnjHO, aro uarepsan [A, B] mkanst (CT,; <)
usoMopdeH pemierke noapemerok pemerku Sub . A. s 1106010 OTHOIIEHUS K-
BuBajienTHocTH P Ha MHOXKecTBe k (pasbuenus muoxecrsa k) ynap Ap = (n;op)
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BEIGepeM TakuM, uTo Iso’ Ap = @ u Sub Ap ecTs 6yieBa anre6pa I0IMHOMKECTB MHO-

JKeCTBa N, aToMbl Kortopoit umetor Bug |J Dj, roe ¢ € n. Torma oueBunno, uro
i€’/ p

orobpazkenue 1 pemterku Part k B pemerxy |A, B|, onpenenennoe kax ¢ (P) = Ap,

U SBJIAETCH MCKOMBIM BjIOJKeHmeM permerku Part k B pemerxy [A, B]. Tem cambim

UMeeT MeCTO

Teopema 3. /s jiroboii koHeYHOI pernerku L jist 1F060ro HATYPAJIBHOIO M
CYIECTBYIOT HaTypaJbHOe n, uareppaJ A, B| mkajbr <C’T,’L”; §>, SABJISTIOIIHUIICS pe-
meTKoii, u Bioxenue @ pemerkn L (kak pemerkn) B pemerky | A, B).
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