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O NEPNOANHECKIX TPYINAX
C Y3KNM CIEKTPOM
A. C. MamoHTOB, 9. db6apa

Amnnoranusa. Vsygaorcs rpynnsr 6€3 57eMeHTOB OOJBIINX MOPAAKOB. Jloka3bIBaercs,
9TO €CJIM MHOXKECTBO IIODSIIKOB ajieMeHToB rpynnsl G pasuo {1,2,3,4,p,9}, roe p €
{7,5}, To G 0KaIBHO KOHEUHA.
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1. BBenenue

Cnexmpom tiepuoamaeckoil rpynmbl G HasbIBaeTCst MHOXKeCTBO w(G) NOPsIJIKOB
ee asiemenToB. Ecin cuekrp G koHeveH, 10 nycthb (G) — MHOXKECTBO MAaKCAMAJIb-
HBIX 110 JIEJIUMOCTH 3jeMeHToB n3 w(G). B [1] npuBogurcst 0630p pe3ynbraToB O
CTPOEHWN MEPHOJMIECKUX TPYII C 3aJaHHBIM CIIEKTpOoM. B [2| mokazama JoKamh-
Hasl KOHEIHOCTH rpynnbl G, st kotopoit p(G) = {4,9}. OcHOBHBIM pe3ysibTaToM
pabOTHI SIBJISIETCSI JIOKA3ATEJBCTBO CIIEYIOIIEr0 yTBEPIK ICHUS.

Teopema. Ilycrs G — rpyma u u(G) = {4,p,9}, tuep € {7,5}. Tormap =Tu
G sBastercst pacmmuperueM 2-rpyrmbl ¢ moMompbio Lo (8). B wactaoctn, G okaabHO
KoHeYHa.

ITomyTHO HCCIeAYIOTCH IPYIIIBI, B KOTOPBIX HET 3JIeMEHTOB Hopsuka 6osbire 11.
b
Bezne namnee I, = I,(G) 0b603HaTaeT MHOXKECTBO 3JIEMEHTOB IOpanka n n3 G
)
A = {2 | 2 € Iy}. Bamucb z ~ y obo3HAMAET, YTO JIEMEHTHI T W Y UMEIOT
OJIMHAKOBbIE HOPsiAKU. O4YeBUIHO, UV ~ vU. 1'0BOPsI O BLIYHMCICHHUAX, MBI UMEEM B
Buty Berancsiennss B GAP 10 asropuTMy nepednciieHusi CMeXKHbBIX KJ1accos [3].

2. Ucnoabp3yemble pe3yabTaThl

JIemMma 1 (B. II. Ulynxkos [4]). Ecan nepuoxmaeckast rpynmna G conep>KuT uH-
BOJIOIIHIO ¢ KOHEYHBIM I[eHTPaIu3aTopoM, To G JIOKaJIbHO KOHETHA.

JIlemma 2 (B. II. Hlynkos [5, reopema 2;6, Teopema 2.4]). Ecau G — 6ecko-
HewHas 2-rpyia Konewunoro mepuoga u F — komeunas nomrpymna G, 1o Cq(F)
b6eckoHedHa.

JIemma 3 (A. X. XKypros [7]). IIycte T — nepuogudeckasi rpymina, geicTBy-
forrast cBO6OJIHO Ha HeTpuBHaJbHOI abesepoii rpymne u x € I3(T). Torma jsmbo x
nexnar B nentpe T, mibo (x1) mzomopdra SLy(3) mmm SLy(5). Bo Beex ciydasx
nearp 1’ HeTpuBHAaJIEH.
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JIemma 4 (A. X. ZKypros, B. 1. Maszypos [8, reopema 2|). Ilycrs T — rpymna,
st koropoit w(T') = {2,3} Uw, 11e Kaxkaplif 91eMeHT u3 w Jb0 B3AUMHO IPOCT C
qucjioM 6, inbo pasern 9. Torya T JoKaJIbHO KOHETHA.

Jlemma 5. Ilycrs x,y € Iy u zy € T,. Ecm n = 2k werno, to (zy)* nexnr B
nentpe rpymist {x,y). Ecamn = 2k + 1 mewerrno u z = (xy)*, To y* = z.

3. I'pynmbi 6e3 3;1eMeHTOB GOJBINNX MOPAIKOB

OcHOBHAS TEJIb JAHHOTO pasjesa — JOKA3aTeJbCTBO CJIEIYIONIEro IIPEIIozKe-
HUsI, KOTOPOE IIOTOM OYJIET UCHOJIb30BAHO B JOKA3ATEILCTBE TEOPEMBI.

O6ozmaumm wepes F rpymmy (z,t | 1 = 2t = 2 = (2%t)® = (2t)* = [z,]%).
Samerum, uro F asisierca rpyumnoit @pobennyca nopsiaka 36 ¢ gupom (a,a®) u
JIOLIOJTHEHHEM (T), TJe a = z2t. HeicTBUTEIHHO, U3 OMPEIEISIIONINX COOTHOIIEHUIT
cenyer, uto [a,a®| = (tz)* = 1, unBosmonust ¢ UHBEPTUPYET @ U a®, U BLIYHCICHUSA
nokasbiBawor, uto |F| = 36.

IIpengoxxenne. ITycrs nepmongumaeckast rpymmna G He CONEPIKUT TEMEHTOB TTO-
psaka bourbire 11.

(a) IIpeamnonoxmm, uro HaiityTes Takue x € 14(Q), t € Iy (G), uro 2%t € T3(G).
Torna rpymna K = (t,x) KoHeuHa m mzomopcpHa oxuoi uz rpymn Ss, F, Lao(7),
(A4 X A4) : 04.

(b) Iycte mopsiaku saemerToB rpynnsr G HeUeTHBI nan JessT 4, a cama rpyrnmna
G conepxur noarpymy H, uzomopdryro Lo(7), u He sSIBJISIETCS TOKAJIBHO KOHETHOI].
Torga G conepxur noarpyuity, uzomopguyo Lz (4).

(¢) Iycrp mopsiaku saemenTos rpynmnbl G medernsl i geaar 4 u G me coxep-
sxuT noAarpyni, uzoMopubix Lo (7). Ecom maiinytes x € Ty(G) u t € Iy (G) Takue,
yro 2%t € I3(G), To G JoKabHO KoHeYHa.

JIOKA3ATENILCTBO. (a) OGo3HaunMm vepe3 n mopsiiok siementa t*t. Ilycrs

cnauana n = 2k + 1 neuerno. Ho nemme 5 t(°0° = 7 nosromy (t7t)Fz—1 € Cq(t).
Ipymna K siasiercss romoMopdHbiM 06pasom rpymusl G(4, j, 1, n,h) = {(x,t | 1 =
ot =12 = (2%1) = (at)' = ((xt)>2%t) = ((xt)*23t)! = (") = ((t*t)k»2~)"), roe
ne {57911} k, = (n—1)/2,4,5,1 € {6,7,8,9,10,11}, h € {6,8,10}. Boruucie-
Hus oKa3biBaoT, uro G(6, 8,6, *, *) TpuBnaabHa wiu uzomopdua Sy, G(8,8,8,9,8)
uzomopdua F u G(i,7,l,n,h) HE CONEPKUT JIEMEHTOB MOPAIKA 3 IPU OCTAJILHBIX
BO3MOKHBIX 3HAUEHUSX HapaMeTPOB.

[Iycts mamee n werno. Torma K sBisieTcs roMOMOPGHBIM 0OPa30M TPYIIIIBI
G(h,i,j) = (z,t | 1 = 2* = 2 = (%)% = (at)! = ((xt)32*)7 = (t*)h), rme
i,7 € {6,7,8,9,10,11} u h € {6,8,10}. Boruncnenns nokaseBator, aro G(8,9,9) ~
L (17), uro mepo3amozkuo; G(8,7,6) ~ G(8,7,9) ~ Ly(7); G(10,6,8) ~ Ss; G(6,8,8)
~ (Ag X Ag) : Cy u G(h,i,j) HE CONEPKUT JEMEHTOB NOPsiJIKA 3 IIPU OCTAIBHBIX
BO3MOYKHBIX 3HAYCHHAX I1APAMETPOB.

(b) PacemoTpum MaTpuUIIbt

01 0 10 0
z=10 0 1], g=|0 1 0 (1)
100 1 0 1

u3 L3(2) ~ Ly(7). Boruuciienus ¢ MaTpuIiaMu oKasbiBatoT, uto (z,y) = L3(2); 3

g2 = (@) =2t =1, e 2 = [2,9]; CLy(F2) = (§,57); 7 7 € Ny, (5, 22));
_z2-22 —2\. =2 —(27)2
Yyt v e C’Ls(g)(yw); Z2y(m/) € FS(L3(2))
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Oroxaectsum H ¢ noarpymmoit (z,y | 1 = 2% = y? = (zy)” = 2%), vne z = [z, ).
ITo nemme 1 rpymma C = Cg(22) apnsercs Geckoneunoii 2-rpymmoit. Ilycrs S =
Cr(2?). o nemme 2 rpymma Ceo(S) 6eckoneuna. Ilycrs K — rpymma nopsika 16
3 Co(S), conepwamas S. Ecim K copiepsknT eIMHCTBEHHYT0 HHBOIoNm0 22, 10 K
SIBJIAETCS IUKJIMIECKON 1 0600IeHHOl TPy ol KBaTepHUOHOB [9, Teopema 12.5.2]
U IIOTOMY COJEPZKUT 3JIEMEHT IIOPSAIKA 8, YTO HEBO3MOMKHO. ILyCTh ¢ — MHBOJIIOIUS
us Cc(S), ormranast ot z2. 3amernm, ato S = (y, y*).

Iycts a = 2¥=*¥e* _ 3ement nopsaaka 3 w3 Hopmasmsatopa Ny ((y, 22)). Tlo-
CKOJIBKY t TleHTpasusyer rpymy (y, 22), To t* u % TaksKe IEHTPAIU3YIOT 3Ty IPYII-
my. CuresoBaTesbHO, <t<“>> SBJISIETCS 2-TPYIIOi, Ha KOTOPOIl JIEMEHT a JeHCTBY-
er 6e3 menoBKHBIX Todek. Ilo [10, memma 2| (H) = (t,t*) aGesesa, orkyma
(at)® = 1.

Banernm, uto i =y ¥ € Cp(y®). Tockombky [t,y®] = 1, To (it)* = 1. Tlycts
j = y(’”y)z, torga 22§ € Is. Bamernm, 4TO 2zt — 3JIEMEHT mopsaaka 4 Takoil, 4To
(2t)? = 22. Tlo . (a) zjt = (xy)3t € Ty UT.

Suauur, (x,y,t) aBiusercs roMoMopdHbIM 00pasom rpyuisl G(ri,re,rs,r) =
(,y,t | 1 = = y2 - (my)7 =2t =1 = [taZ] - [yvt] - (at)?) - (ti)4 -
(xt)™ = (t7t)"2 = (yti)™ = ((wy)3t)"), roe r1,72,73 € {4,5,7,9,11} u r € {4,7}.
BeruncsieHnst mokasbIBaloT, 4ro uHjueke G(ry, 9,3, ) 1m0 moarpynne (z,y) KOHeUeH
u 6o oH TpuBmasieH, oo G(7,4,9,4) ~ L3(4), mbo |G(9,%,9,7) : (z,y)| = 56.
B nocsennem ciaygae 56 - |{(x, y)| He geaurcsa Ha 9, HO3TOMY MOXKHO IIOJIATATh T = 3;
BBIYHCJIEHNS TOKa3bIBAIOT, uTo |G(3,%,9,7)| = 168; uporusopeune.

(c) Ipeanosoxum nporusnoe. 1o 1. (a) (¢, z) ~ F. Orciona (zt)* = (£°t)
(x%t)3. Tlo memmam 1 u 2 HaiiieTcss MHBOIONMSA Y, KOTOPas MEHTPAIU3YeT T W He
gexxut B (t,z). Odesnmmo, zy € [y u (zy)? = 22. o m. (a) (t,ry) ~ F, otkyna
(xyt)* = (t*¥t)®> = 1. Taxum obpasom, Tpymma (x,vy,t) ABjIfeTcs TOMOMOPMHBIM
obpaszom rpymmsl G(ry, 1) = (z,y,t | 1 = 2 = y? = 12 = (2%)3 = y%y = (at)? =
(t*)3 = (22t)® = (zyt)* = (%)% = (yt)™ = (2%yt)™). Beraucienus 1o anaro-
PUTMY IEPEUUC/CHUsT CMEKHBIX KJIACCOB MOKA3BIBAIOT, YTO Mg JIOObIX 3HAYCHUiT
ri,re € {4,5,7,9,11} mopanok G(ri,re) mubo memur 36, aubo He jenurcs Ha 3;
npoTtuBopedne. IIpeiorkenne JOKa3aHo.

3:

st moKa3aTenbCcTBa TEOPEMbl TaKyKe IMOHAI00UTCs

JIemma 6. Ilycrs w(G) C {1,2,3,4,5,7,9}, x € I3, t € A u G He siBiasiercst
Jtokasibao Koneunoit. Torga smb6o G comepxxur noarpymity Ls(4), gubo (x,t) ~ Ay.

JOKABATEJLCTBO. Ecmu mopsmok t*t meaut 9, To 1o cBOICTBAM IPYIIIBI JIH-
s1pa Hafijercst uHBoMONUsA ¢ Takas, uro tf € I3(G), u 10 npemoKeHnto Jaubo
G JIOKaJIbHO KOHEYHa, JIM0O COIEPKUT HOArpyImy, udomopduyo L3(4). Ilosromy
MOKHO CUHTATDb, YTO MOPAIOK t*t He mesmt 9. PaccMOTpUM HECKOJBKO CIydaeB.

1. IIycre crauwama at € Ty. Ecan nopsamok tt* vereH, 1o (x,t) sBIseTCS TOMO-
MopdHBIM 06pasoM mpoctoit rpyrnel Lo (7). Ecaun nopsimok tt* pasen 2k + 1, To
(t*t)kz~1 € Cg(t). Taxum obpasom, (z,t) aBIsIeTCS TOMOMOPhHBIM 06PA30M TPYTI-
met G(k) = (z,t | 1 = 2% =12 = (at)7 = ()% = ((¢t"t)*2~1)*). Boraucnenns
nokaszpiBaor, uro G(k) rpusnanbua upu k € {1,2,3}.

2. Ilycrs Teneps at € Ty. Hosnoxum y = ()3 u samernm, uro yt = stztr ~ t°t.
Takum o6pasom, 1o 1. 1 mopsiyiok 7t He jesur 7. CienosaresbHo, Tpynna (x,t)
apygeTcst romoMopdbubM obpasom H (k) = (z,t | 1 = 2® = t2 = (xt)? = (#%)F),
e k € {3,4,5}. Beruncienns mokassiBaior, 4to H(3) mukimdeckasi Hopska 3,
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3. Haxowner, nycrs nopsaok xt Menbire 7. Torma (x,t) sBisercs roMoMOPGhHBIM
obpazom K(ri,re) = (x,t | 1 = a3 = t2 = (at)" = (#°)"2), rne r1 € {3,4,5}
ury € {3,4,5,7}. Beruncienns mokaseisator, uro K (4,3) ~ Sy u K(5,5) ~ Aj
COJIEPKAT MOArPYIILY, B30MOPDHYIO S3, 9T0 HeBO3MOKHO; K (3,4) ~ Ay u K(r1,r9)
TPUBHAJILHA TIPU OCTAJBLHBIX 3HAYEHUIX MapaMerpoB. Jlemma jiokazana.

4. JloKa3aTeJIbCTBO T€OPEMBbI

JIemma 7. Ilycre G — nokambrO Komeunast rpymma ¢ pu(G) = {4,p,9}, rme
p € {7,5}. Torma p =7 u G saBjasercss pacuiupeHneM 2-rpynmsl ¢ HOMOIIBI Lo (8).

JOKABATENBCTBO. Ilycrs 2,y € I4(G),z € Iy(G) n t € T,(G). Torpa K =
(x,y,2,t) — goneunas rpymna u w(K) = w(G). Tpynma K TpunpuMapHa u He
COJIEPZKUT 3JIEMEHTOB CMEIIAHHOTO MOPSIJIKA, MO3TOMY OHA& He MOYXKET OBITH TpyIIIOn
Dpobennyca uin aBoitHoii rpymmoii @pobennyca [11, semma 1.1].

U3 kraccudbuKanuy TPUIPUMApHBIX rpynn [12] cremyer, wto p = 7 u K =
K/O3(K) ~ L2(8), rme O2(K) siBisieTcst IPsIMBIM TIPOU3BEJICHNEM MUHUMAJBHBIX
HOPMAJIBHBIX MOArpymn nopsajaka 28 B K| Kaskaas U3 KOTOPBIX Kak K-MOJIy/Ib M30-
mopdna ecrectsernomy GF(27)S Ly (2")-momymo.  Crenosarensro, 22 u y? mo-
poxgaior 2-moarpymmy. Crajno 6eith, (A) — HOpMaiabHas 2-noarpynina B G, u
G/{A) ~ Ly(8). Jlemma JoKa3aHa.

JIemma 8. Ilycrs x € I3(G) n 4 € w(G). Ecan ansa Becex a € A BBIIOTHEHO
ax € I's, To (A) j0Ka/IbHO KOHETHA.

JIOKA3BATEJNBCTBO. Ilo unaykuuun (A)l5 = T5.

Ecim h = x1...x, — 3JIeMeHT HOpsAAKa 3, LAe T1,...,Tn € A, TO N > 2 1
Tp = Tp—1...T2x1h € I3, uyro HeBodMOkHO. Takum ob6pazom, 3 & w((A)). Umeem
(A,z) = (A) X (x) u mo [10, nemma 7] (A) HUIBIIOTEHTHA CTYIIEHH HE BBIIE 2.

ITosTomy (A) yoKanIbHO KoHe4uHA. JleMMa JoKazaHa.

JIOKA3ATEJILCTBO TEOPEMBI. Ilycrs u(G) = {4,p,9}, rme p € {7,5}. Tlo
JieMMe 7 JI0CTaTOYHO JI0Ka3aTh, 9To (G JOKaJIbHO KOHedHA. IIpesmosoKuM npoTns-
HOe.

ITo npeggioxkenuio G ne cogepkuT noarpyiil, uzomopdubix Lo(7). Io npeso-
JKeHnto 1 jieMMe 8 (A) — JIOKAJIbHO KOHEYHAs 2-TPYIIIA.

Ecau T = G/(A) ne coaepxur nuposonuii, To T' qeficrByer cBOGOIHO Ha, IeH-
Tpe (A), 9T0 HEBO3MOXKHO 110 jleMMe 3. Taxnm o6pazom, T’ COIEPKUT HHBOJIOIHMIO,
JIEMEHT IIOPsKa 3 U HE COINEPKHUT JIEMEHTOB HOPsiaKa 4, CIeJ0BaTeIbHO, OHA JIO-
KaJIbHO KoHewHa 110 jJemme 4. Orciona G noKajabHO KoHeuHa 1o Teopeme IImura;
nporusopedne. Teopema J0Ka3aHa.
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