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Preface

The present lecture notes contain results concerning elastic cusped Euler-Bernoulli beams
and Kirchhoff-Love plates reported by the author at workshops and minisymposia orga-
nized by TICMI and mostly belonging to him.

In practice, such plates and beams are often encountered in spatial structures with
partly fixed edges, e.g., stadium ceilings, aircraft wings, submarine wings etc., in machine-
tool design, as in cutting-machines, planning-machines, in astronautics, turbines, and in
many other areas of engineering. The problem mathematically leads to the question
of setting and solving boundary value problems for even order equations and systems
of elliptic type with the order degeneration in the static case and of initial boundary
value problems for even order equations and systems of hyperbolic type with the order
degeneration in the dynamical case.

To end this preamble, I would like to express my gratitude to Alois Kufner and Natalia
Chinchaladze for valuable comments and also to Mary Bitsadze and Mary Sharikadze who
contributed with efficiency to type this text on LaTex.

Finally, my special thanks goes to Nugzar Skhirtladze for his support in publishing
this issue.



Introduction

In 1955 I.Vekua [85]-[87] raised the problem of investigation of elastic cusped plates, i.e.,
such ones whose thickness on the part of the plate boundary or on the whole one vanishes.
Such bodies considered as three-dimensional models occupy three-dimensional domains
with, in general, non-Lipschitz boundaries. In practice, such plates and beams are often
encountered in spatial structures with partly fixed edges, e.g., stadium ceilings, aircraft
wings, submarine wings etc., in machine-tool design, as in cutting-machines, planning-
machines, in astronautics, turbines, and in many other areas of engineering. The problem
mathematically leads to the question of setting and solving boundary value problems
for even order equations and systems of elliptic type with the order degeneration in the
static case and of initial boundary value problems for even order equations and systems
of hyperbolic type with the order degeneration in the dynamical case (for corresponding
investigations see the survey [30], [53], and also I. Vekua’s comments in [87, p.86]).

The first works concerning classical bending of cusped elastic plates were done by E.
Makhover [61], [62] and S. Mikhlin [64]. Namely, in 1957, 1958 E. Makhover [61], [62], by
using the results of S. Mikhlin [64], had considered such a cusped plate with the flexural
rigidity D(x1,x2) satisfying

Dix3* < D(w1,22) < Dyxs™, Dy, Dy, 26 = const > 0, (1)

within the framework of classical bending theory. She particularly studied in which cases
the deflection (»r; < 2) or its normal derivative (s; < 1) on the cusped edge of the plate
can be given. In 1971, A. Khvoles [59] represented the forth order Airy stress function
operator as the product of two second order operators in the case when the plate thickness
2h was given by

2h = hox3?, hg, 35 = const >0, x5 >0, (2)

and investigated the question of the general representation of corresponding solutions.

Since 1972 the works of G. Jaiani [31]-[52] have also been devoted to these problems.
By using more natural spaces than E. Makhover had, G. Jaiani in [43] has analyzed
in which cases the cusped edge can be freed (31 > 0) or simply supported (s, < 3).
Moreover, he established well-posedness and the correct formulation of all the admissi-
ble principal boundary value problems (BVPs). In [36], [37], [42] he also investigated
the tension-compression problem of cusped plates, based on I. Vekua’s model of shallow
prismatic shells (N = 0). G. Jaiani’s results can be summarized as follows:
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6 INTRODUCTION

Let n be the inward normal of the plate boundary (i.e., of the boundary of the plate
projection). In the case of the tension-compression (N = 0) problem on the cusped edge,
where

oh
0< EP +0o (in the case (2) this means s > 1),
n
which will be called a sharp cusped edge, one can not prescribe the displacement vector;
while on the cusped edge, where

oh
o +o0o (in the case (2) this means s < 1),

n
which will be called a blunt cusped edge, the displacement vector can be prescribed. In
the case of the classical bending problem with a cusped edge, where

Oh =0(d* ") as d — 0, » = const >0 (3)
on

and where d is the distance between an interior reference point of the plate projection and
the cusped edge, the edge can not be fixed if s > 1/3, but it can be fixed if 0 < »¢ < 1/3;
it can not be simply supported if ¢ > 1, and it can be simply supported if 0 < s < 1
(here 1 should be replaced by % when the bending moment prescribed on the cusped edge
is not identically zero i.e., when we consider inhomogeneous boundary conditions); it can
be free or arbitrarily loaded by a shear force and a bending moment if > > 0. Note that
in the case (2), the condition (3) implies that dy = x5 and » = s = 5/3. The above
conditions are also reformulated as some integral conditions on the plate thickness.

For the specific cases of cusped cylindrical and conical shell bending, the above results
remain valid as it has been shown by G. Tsiskarishvili and N. Khomasuridse [80]-[82].
These results also remain valid in the case of classical bending of orthotropic cusped
plates (see [46]). However, for general cusped shells and also for general anisotropic
cusped plates, corresponding analysis is yet to be done.

As it was already mention the problems involving cusped plates lead to the problem of
correct mathematical formulations of BVPs for even order elliptic equations and systems
whose orders degenerate on the boundary (see [42], [47], [48]).

Applying the functional-analytic method developed by G. Fichera in [24], [25] (see
also [18], [19]), in [42] the particular case (A = p) of Vekua’s system for general cusped
plates has been investigated.

[.Vekua’s system in the N = 1 approximation in the case (2) is investigated in [17].

The classical bending of plates with the stiffness (1) in energetic and in weighted
Sobolev spaces has been studied by G. Jaiani in [43], [46] (see also Sections 2.2, 2.4, and
2.5 of the present book). In the energetic space some restrictions on the lateral load has
been relaxed by G. Devdariani in [16]. G. Tsiskarishvili [80] characterized completely the
classical axial symmetric bending of specific circular cusped plates without or with a hole.

In the case (2), the basic BVPs have been explicitly solved in [38] and [48] with the
help of singular solutions depending only on the polar angle.
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If we consider the cylindrical bending of a plate, in particular of a cusped one, with
rectangular projection a < 1 < b, 0 < x5 < [, we actually get the corresponding results
also for cusped beams (see [44], [38], [9]-[11], [49], [50]).

In 1980-1986 S. Uzunov [83] numerically solved the problem of bending of the cusped
circular beam on an elastic foundation with constant compliance. The moment of inertia
of the beam had the form

7T7“4

I(xg):T, r=cxy, ¢,y =const >0, v<1

(r is the cross-section radius). The cusped end was free and the non-cusped end was
clamped.

In 1990-1995 the bending vibration of homogeneous Euler-Bernoulli cone beams and
beams of continuously varying rectangular cross-sections, when one side of the cross-
section is constant, while the other side is proportional to z%, sz = const > 0, where z5 is
the axial coordinate measured from the cusped end, were considered by S. Naguleswaran
[65 - 68]. Firstly, the concrete cases of » = 1,1/2, and finally, the general case of k
were investigated. In these investigations the cusped end is always free; direct analytical
solutions were constructed for the mode shape equation and the frequences were also
tabulated.

In 1999-2001 two contact problems were considered by N. Shavlakadze [77], [78§],
namely, the contact problem for an unbounded elastic medium composed of two half-
planes x1 > 0 and x; < 0 having different elastic constants and strengthened on the semi-
axis x5 > 0 by an inclusion of variable thickness (cusped beam) with constant Young'’s
modulus and Poisson’s ratio. It was assumed that the plate is subjected to plane defor-
mation, the flexural rigidity D had the form

D = Dyx¥, Dy, » = const > 0,

and the cusped end x5 = 0 of the beam was free.

The second contact problem considered in [77], [78] was the problem of bending of
an isotropic plate of constant thickness reinforced by a finite elastic rib (beam) with the
flexural rigidity D of the form

D = (a® = 3)" "2 P(2y),

where a = const > 0, n > 1 was an integer and P(x3) was a polynomial which satisfied
certain restrictions. It was assumed that the rib was not loaded.

In the fifties of the twentieth century, I.Vekua [85] introduced a new mathematical
model for elastic prismatic shells (i.e., of plates of variable thickness) which was based on
expansions of the three-dimensional displacement vector fields and the strain and stress
tensors of linear elasticity into orthogonal Fourier-Legendre series with respect to the
variable of plate thickness. By taking only the first N + 1 terms of the expansions, he
introduced the so-called N-th approximation. Each of these approximations for N =
0,1, ... can be considered as an independent mathematical model of plates. In particular,
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the approximation for N = 1 corresponds to the classical Kirchhoff plate model. In the
sixties of the XX century, I. Vekua [86] developed the analogous mathematical model
for thin shallow shells. All his results concerning plates and shells are collected in his
monograph [87]. Works of I. Babuska, D. Gordeziani, V. Guliaev, I. Khoma, A. Khvoles,
T. Meunargia, C. Schwab, T. Vashakmadze, V. Zhgenti, M. Avalishvili, G. Avalishvili,
and others (see [1], [2], [26], [28], [58], [59], [63], [76], [84], [90] and the references therein)
are devoted to further analysis of I.Vekua’s models (rigorous estimation of the modelling
error, numerical solutions, etc.) and their generalizations (to non-shallow shells, to the
anisotropic case, etc.).

In [53] variational hierarchical two-dimensional models for cusped elastic plates are
constructed by G. Jaiani, S. Kharibegashvili, D. Natroshvili, and W. Wendland. With
the help of variational methods, existence and uniqueness theorems for the corresponding
two-dimensional boundary value problems are proved in appropriate weighted function
spaces. By means of the solutions of these two-dimensional boundary value problems,
a sequence of approximate solutions in the corresponding three-dimensional region is
constructed. This sequence converges in the Sobolev space H' to the solution of the
original three-dimensional boundary value problem. The systems of differential equations
corresponding to the two-dimensional variational hierarchical models are explicitly given
for a general system and for Legendre polynomials, in particular.

The direct and inverse problems connected with the interaction between different
vector fields of different dimension have been recently given much attention and intensively
investigated in the mathematical and engineering scientific literature. They arise in many
physical and mechanical models describing the interaction of two different media where
the whole process is characterised by a vector-function of dimension k£ in one medium
and by a vector-function of dimension n in another one (e.g., fluid-structure interaction
where a streamlined body is an elastic obstacle, scattering of acoustic and electromagnetic
waves, interaction between an elastic body and seismic waves, etc.).

A lot of authors have considered and studied in detail the direct problems of interaction
between an elastic isotropic body, which occupies a bounded region 2 and where a three-
dimensional elastic vector field is to be defined, and some isotropic medium (fluid, say),
which occupies the unbounded exterior region, the compliment of €2 with respect to the
whole space, where a scalar field is to be defined. The time-harmonic dependent unknown
vector and scalar fields are coupled by some kinematic and dynamical conditions on the
boundary 0f2, which lead to various types of non-classical interface problems of steady
oscillations for a piecewise homogeneous isotropic medium. An exhaustive information in
this direction concerning theoretical and numerical results can be found in [3]-[5], [20]-[23],
[56], [27], [29], [69].

Some particular cases when the elastic body under consideration is an anisotropic one
have been treated in [55].

Various authors dedicated their works to the solid-fluid (see e.g., [75], [88], [89], [73],
[74], [6]-[8]) contact problems but interaction problems when the profile of an elastic part
is cusped one on some part or on the whole boundary of its projection was not considered
there. In [9-15] cylindrical bending of a plate with two cusped edges under the action of
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a fluid has been considered by N. Chinchaladze: the peculiarities of setting of boundary
value problems of the classical bending theory caused by sharpening of plates are es-
tablished; the well-posedness of these problems have been studied; admissible dynamical
problems are also investigated; general and harmonic vibration of such plates are stud-
ied; the setting of boundary conditions at the plates edges depends on the geometry of
sharpenings of plate edges, while the setting of initial conditions is independent of them;
in some cases the solutions of these problems are represented explicitly either by integrals
or by series; the transmission conditions of interaction problem between an above elastic
cusped plate and a fluid are established; the bending of such plates under the action
of incompressible ideal and viscous fluids has been considered, in particular, harmonic
vibration is studied.

The present lecture notes contain results concerning elastic cusped Euler-Bernoulli
beams and Kirchhoff-Love plates reported by the author at workshops and minisymposia
organized by TICMI and mostly belonging to him.

This book is divided into two Chapters.

The first Chapter is devoted to elastic cusped beams. In section 1.1 the elastic cusped
Euler-Bernoulli beam is introduced. Section 1.2 deals with the properties of the general
solution of the degenerate Euler-Bernoulli equation. In Section 1.3 we solve all the ad-
missible boundary value problems of cusped beam’s bending. In section 1.4 we study
dynamical problems, namely the existence of weak solutions to vibration problems.

The second Chapter is devoted to cusped elastic plates. In Section 2.1 the elastic
cusped Kirchhoff-Love plate is introduced. Section 2.2 deals with the admissible bending
problems in the energetic space. In Section 2.3 we prove a modification of the Lax-Milgram
theorem. In Section 2.4 and 2.5 we study cusped plate’s bending and bending vibration
problems in the weighted Sobolev spaces.



Chapter 1

Cusped Euler-Bernoulli Beams

The aim of the present chapter is to consider an elastic cusped beam with a continuously
varying cross-section of an arbitrary form.

Section 1.2 is devoted to the investigation of properties of solutions of degenerate
Euler-Bernoulli equation (see Theorem 1.2.1).

Section 1.3 deals with the well-posedness and correct formulation of all admissible
bending BVPs for cusped elastic beams. In contrast to the case of non-cusped beams,
when the beam end can always be either clamped or freely supported, for cusped beams
this is not the case. The admissibility of these boundary conditions (BCs) depends on the
geometry of the beam end sharpening, which is expressed by the convergence-divergence of
the integrals I?, I, k =0, 1,2, ... (see Theorem 1.3.1). For the indicated cases of the beam
end sharpening some BCs completely disappear and are replaced by the boundedness of
the deflection and its derivative. In particular, mechanically free ends are also free of
mathematical BCs (see Remarks 1.3.3 and 1.3.4). The BVPs formulated in Theorem
1.3.1 are solved in the explicit form.

A bending vibration of the cusped beam is considered in Section 1.4 (see also [54]). The
investigation is based on the Lax-Milgram theorem. It is established that BCs preserve
their peculiarities from the static case, while the presence of cusped ends does not affect
the setting of initial conditions.

1.1 Cusped Euler-Bernoulli beam

Let the barycenters of cross-sections lie on the axis x5 of the Cartesian system of coor-
dinates Oxyzo2z3. The dynamical bending equation of such a beam (i.e., Euler-Bernoulli
beam) has the following form [52]

2

)
(D(22)w, 2 )2 = f (2, 1) — ,0(7(1:2)8—;0, 0<a<l, (1.1.1)

where w(z3,1) is a deflection of the beam, f(z3,t) is an intensity of the load,

D(x9) := E(x2)1(x2), (1.1.2)

10



PROPERTIES OF THE GENERAL SOLUTION... 11

E(x9) is Young’s modulus, I(z5) is the moment of inertia with respect to the barycentric
axis normal to the plane zoz3, p(x2) is a density, o(x3) is the area of a transverse section
lying in the plane zyx3, and index 2 after comma means differentiation with respect to
x9. Such a beam will be called a cusped one if I(z5) vanishes at least on one of the ends
x9 = 0, [ of the beam (see Appendix, Figures 1-19).

Let us remark that if we consider a cylindrical bending of the cusped plate (see Chapter
2) with the flexural rigidity
o 2E($2)h3($2)
31 —w?)

where v is Poisson’s ratio and 2h(x5) is a thickness of the plate then the bending equation
for the plate coincides with (1.1.1), where o(z5) should be replaced by 2h.

In the case of a beam vibration with a frequence w = const (i.e., w(xq,t) = w(wy)e™?,
f(xa,t) = f(x9)e™), from (1.1.1) we obtain the following vibration equation

D(z3) : (1.1.3)

(D(x2)w, 92 )92 —w?p(2) o (w2)w(m3) = f(w2), 0< 29 <. (1.1.4)

1.2 Properties of the general solution of the Euler-
Bernoulli equation

In the static case, the equation (1.1.1) becomes

(D(@2)w,22),22= [(x2). (1.2.1)

But (1.2.1) coincides with the equation of cylindrical bending of the cusped plate with
the flexural rigidity (1.1.3) and projection

w:=A{x1,1y: —00 < < 400, 0 <29 <}

on the plane x3 = 0.

The well-posedness of BVPs for such plates when the thickness can vanish only at
points (—oco < x1 < 400,z = 0) was investigated in [46]. After reformulation of the
corresponding results for (1.2.1) (see Chapter 2 bellow), where D is given by (1.1.3), the
case I(0) =0, I(l) # 0 will be completely studied. Below in an analogous way we consider
the general case when both 7(0) = 0 and I(l) = 0 are admissible. Obviously, the results
will be applicable also for cylindrical bending of a plate (1.2.1), where D is given by
(1.1.3), with the cusped edges, i.e., both h(z1,0) = 0 and h(xy,l) = 0 for arbitrary z; will
be admissible.

Now, let us consider (1.2.1), where D is given by (1.1.2), with D(z5) € C([0,1]) N
C#(]0,1[) and recall that the bending moment and shearing force are (see also (2.1.6)-
(2.1.9) below):

M2 = —Dw,gg, (122)
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Q2 = Map. (1.2.3)

At the ends of a beam, where I(zy) vanishes all quantities will be defined as limits from
inside of ]0, {].
From (1.2.1)-(1.2.3) follows

Q2,2 = —f(372), M2,22 = —f(l'2),

where a fixed z( €]0,([ and Cy, Cy = const.

Hence,
Q2 = —/f(t)dt+01, (1.2.4)
My, — —/(mz—t)f(t)dt—i—Cl(xg—xo)—i—Cg, (1.2.5)

Zo

taking into account (1.2.2),

Wo = —/MQ(T)D_l(T)dT+Cg

Zo

_ / K\(7)D~ Y (7)dr + 72K2<7)701(7)dr Oy

- / K(r)D\()dr + s, (1.2:6)
w = — /(ZBQ — T)MQ(T)D_l(T)dT + 03(1‘2 — 3?0) -+ 04

o
T2

= /(:1:2 — 7Ky (1)D Y (1)dr

o
2

+ /(xg — ) Ky (1)t DN (1)dT + C3(29 — 20) + C4

Zo
€2

= /(xg — 1)K (1)D Y (7)dr + Cs(x5 — x0) + C4, (1.2.7)

o
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where
K(7) = Ky(7) + 7K5(7) (1.2.8)
with
Kl(T) = Cl.fCO—CQ—/f(t>tdt, (129)
Ky(r) = —C'l—l—/f(t)dt. (1.2.10)
Clearly,

K'(1) = Ky(1).
From (1.2.4), (1.2.5), (1.2.8)-(1.2.10) we conclude that
Ky(1) = —=Qa(7), K(1)=—Msy(1), Ki(1) =7Q2(T) — Ms(7). (1.2.11)
For f summable on ]0,1], i.c., f € L(]0,1[), obviously,
Q2. My € C([0,1]); w, wz € C(0,1[);

the behavior of
wy and w when 9 — 0+, [—

depends, in view of (1.2.6), (1.2.7), on the convergence of the integrals
€ l
I?:= [ D7 (7)dr, Il:= [(l—7)'D7}(7)dr,
0 l—e

1=20,1,2,..., [ >e= const > 0.
Evidently, for any nonnegative integer 7 :
if 'Y< o0, then I < 400, i>0,
and

it Iio(l) = +o00, then IZ-O_(ll) = +o00, 1> 1.

Theorem 1.2.1 Let f € L(]0,1[), D € C?*(]0,1]) N C([0,1]), and w € C*(]0,1]) be a
solution of equation (1.2.1).
Case L. If I{ (1)) < +o0, then

w, ws € C([0,1]) (C0,1)). (1.2.12)
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Case II. [§ (I}) = +o0, I? (Il) < +cc.

If either D € C?([0,1[)(C?(]0,1])) or the value of
the first or second order derivative of D

tends to infinity as xo — 0+ (I—) and f is bounded (1.2.13)
in some neighbourhood )0, ¢]([l —&,1[) of 0(1),

then

w e C([0,1]) (C(]0,1])). (1.2.14)
If

K(0)=0(K()=0), (1.2.15)

then
w,,=0(1) as xg — 0+ (I-) (1.2.16)

(condition (1.2.15) is necessary and sufficient).

Case IIL. [f I?(1!) = +oo, I9(1}) < 400, and either D € C3([0,1[) (C3(]0,1])) or the
value of the first, second, or third order derivative of D tends to infinity as xo — 0+ (I—),
and f is bounded with its first derivative in some right (left) neighbourhood of the point
0() then

w=0(1) as 22 — 0+ (I-), (1.2.17)

if and only if (iff) (1.2.15) is fulfilled.
Case IV. If IY(I}) = +oo and, moreover, for a fized k > 2

(L) = +00, IRy (L) < +00; (1.2.18)
fO0)=0 (f91)=0), j=0,1,....k=2
(1.2.19)
5 (zy) is continuous at 0(1),
then (1.2.17) is valid iff
K(0)=0, Ky0)=0 (K(I)=0, Ky(l)=0) (1.2.20)

hold.

Case V. If I?(I!) = +oo and either (1.2.18), (1.2.19) are fulfilled for k > 2 or
(1.2.18) is fulfilled for k = 1 and f(xq) is continuous at 0(), then (1.2.16) is valid iff
(1.2.20) holds.

In order to prove Theorem 1.2.1. beforehand we prove some lemmas

Lemma 1.2.2 [f
I3(1}) = +oo (1.2.21)

and moreover, for a fived integer k > 0

(1) = +00, I (Iiyy) < +oo; (1.2.22)
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f90)=0(f9U(1) =0), j=0,1,....k — 2 (for the case k > 2);

FED(25) s continuous at 0(1) (for the case k > 1),

then

T2

< const < +o00 Yy €]0,20] (V 22 € [x0,!])
iff (1.2.15) and (1.2.20) are fulfilled for k =0, and k > 1, respectively.

Proof. Obviously, in the case k = 0

T

7K(T)D_1(T)d7 < /‘ K@) ’ D7} (r)dr

< C/TD_l(T)dT = const < 400 Vx5 €0, x¢],

0

since, by virtue of K(0) =0 and K'(7) = Ky(7),

lim K(7)

— / R—
0+ T =K (0) - KQ(O) < +OO,

ie.,

< C V1 E]O,ZL'()]

‘K(T)

T

Analogously,

(I—7)D ' (1)dr

l—7

fK(T)Dl(T)dT < ﬂK(T)

< C/(l —7)D ! (7)d7 = const < +o0  Vay € [x0,]]

Zo
since, using the substitution | — 7 = &,

lim K(r) = lim M

__/ [
Jim = i S = K = Ko (l) < oo,

le.,

K
‘£ S C vVt e [l’o,l[.

[ K@D (ndr| < [IK@ID ar | |K<r>|D—1<T>dT>

15

(1.2.23)
(1.2.24)

(1.2.25)

(1.2.26)

(1.2.27)
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In the case k > 1, evidently,

?K(T)Dl(T)dT g]o K

T2

0

< C/Tk+1D_1(T)dT = const < +oo0 Vay €]0, 2], (1.2.28)
0

since, in view of, (1.2.20), (1.2.23), (1.2.24),

o K(r) . K)o K(7)
e e A
. fE0() 1 -
- 1 — (k=1)
s s e T E A
) K(t
ie., Tk(“)' < C V1 €]0,x0).
Analogously,

xr2 2
/K(T)D_l(T)dT < /\K(T)| D7 (7)dr < const < +o0 Vg € [20,1], (1.2.29)
xo xo

since, using the substitution [ — 7 = &,

. K(r) .. K-
M e = M

“K(-8) . Kl

= lim

o+ (k+1)ek 0 (k+1)¢k
=D ey
i.e., ‘(li(—s:g’)ﬂ'i‘l S C Vr e [I'(),l[.

Let us consider the end x5 = 0 and show that the condition (1.2.15) is also necessary for
(1.2.25). In fact, if we assume that (1.2.25) takes place and at the same time, without loss

of generality, suppose that K(0) > 0, then K (7) > C' = const > 0 in some neighbourhood
[0,¢] of 0, and

+00 > const > /K(T)D_I(T)dT > 5/D‘1(7)d7, (1.2.30)

x2
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whence,
3

/D_I(T>d7' < const < 400 for xq €]0,¢].

But the last inequality would contradict (1.2.21). Thus, K(0) = 0.

Analogously, we can show the necessity of the conditions (1.2.20) for the case k > 1.
The necessity of K(0) = 0 follows from the previous assertion. Now, let (1.2.25) be valid
and let K(0) = 0 but K5(0) > 0. Then, in view of (1.2.8), from K(0) = 0 we have
K;(0) = 0. By virtue of K{(z3) = —zof(x2), similarly to the proof of (1.2.28) we can
show that

Zo
/Kl(T)Dl(T)dT < const < 400 Vg €0, 2], iff K1(0) =0. (1.2.31)
72

From (1.2.25) and (1.2.31), because of 7Ky(7) = K(7) — K1(7), we immediately get
z0
/TKQ(T)D_I(T)CZT < const < 400 Vo €0, 0. (1.2.32)

But the necessary condition for (1.2.32) is the condition K5(0) = 0. Indeed, if K5(0) > 0,
then similar to (1.2.30) we get

/TD_l(T)dT < const < 400 Vzy €]0, €],

T2

which contradicts I? = +o00. Thus, K»(0) = 0.

Let us now consider the end x5 = [. The proof of necessity of the conditions (1.2.15)
and (1.2.20) is similar to the case of the end x5 = 0. In this case, when k > 1, we use the
following identity

x2

/(l — 7)Ky(T)D Y (7)dr

Zo
2

_ / K, () + U (r)| DY (7)dr (1.2.33)

—/K(T)D—l(T)dT Vo € [x0,1].

Which is obvious in view of (1.2.8). Bearing in mind that

Ki(1) + 1K) = K(1) =0
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and, hence,
lim Ki(7) + 1K (T) ~ lim —f(n)T+1f(1)
AN ARV (o
T (M

S e+ D —1)F T ooy (k+ D)k

in the right hand side of (1.2.33) we prove the boundedness as xo — [— of the first integral

like the proof of (1.2.29). Therefore, taking into account that we assumed the validity of

(1.2.25), the left hand side is bounded for xy € [[ — €, 1], since such is the right hand side

of (1.2.33). But the necessary condition for it is Ky(I) = 0. O
Finally, let us note, that (1.2.25) implies

/K (r)dr € C[0, z0]) (C([0,1])).

Corollary 1.2.3 Under assumptions of Lemma 1.2.2 we have

Jim :EQ/K(T)D_l(T)dT =0, (1.2.34)
/K VDY (7)dr € C([0, 20)), (1.2.35)

/ﬁqfxbfﬂp—%ﬂdrecxumqy (1.2.36)

Lemma 1.2.4 If I = 400, I? < +00 (I} = +oo, I} < +00), then
1

/K T)dT| < const < +o00 Vg €]0, x] (1.2.37)

(29 — 1) /K T)dr| < const < +00 Vo € [z, ] . (1.2.38)
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Proof. Evidently,

x27K(7)D /K )Z2r D (r)dr

< C/TD_I(T)dT = const < 400 Vg €]0, o),

0

because of

K| <C Tel0z); 0<2<1,
T

since 0 < 9 < 7 < 2.
Taking into account that

0<-——22<1,
-7
because of
0 <o <7 < 29,
ie.,
l>l—l‘0 l—7'>l—l‘2>0
we analogously prove (1.2.38). O

Lemma 1.2.5 If [) = +oo, I? < +oo (I} = +o0, I} < +00), and either D € C*([0,1[)
(D € C?(]0,1])) or the value of the first or second derivative of D tends to infinity as
xe — 0+ (I—), and f is bounded in some neighbourhood ]0,¢] ([l — ¢,1]) of 0(1), then

lim ZEQ/K(T)D_l
r2—0+

B if K(0)=0; if K(0)#0 and either D'(0) #0

N { or D'(0) =00 or D'(0)=0 and D"(0) = oo. (1.2.39)

The case D'(0) = 0, D"(0) = 0, K(0) # 0 and the case D'(0) = 0, D"(0) # 0 cannot

occur;

lim (52— 1) / K(r)D"!

_ if K(I)=0; if K(I)#0 and either D'(l) # 0 1940
N or D'(I)=o00 or D'(I)=0 and D"(l) = . (1.2.40)
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The case D'(I) =0, D"(l) = 0, K(I) # 0 and the case D'(l) = 0, D"(l) # 0 cannot occur;
Proof. Let us note that because of IJ = +o0, evidently, D(0) = 0. If K(0) = 0, then
according to Lemma 1.2.2 for k = 0 we have (1.2.25), and, hence,

r2—0+

T
lim Ig/K(T)Dl(T)dT:O.
2

Let, now, K (0) # 0. By virtue of
KI(QJQ) = KQ(Z‘Q), (1241)
we obtain

To

2

. -1 s 3K (13)

i, / K(r)D™! ()i = lim T2
€2

— lim 2I2K(SL’2) + .T%KQ(Z’Q)
z2—0+ D/(JZQ)
0 if D'(0)#0 or D'(0) = oc;

N 2K (2) + 4w K (x0) + 3 f(x2) L., (1.2.42)
lim if D'(0) =0.
z2—0+ D”(I’Q)
Therefore, when D’(0) = 0, we obtain
20 0 if D”(0) = oc;
. 1 .
legIng IQ/K(T)D (T)dT B 2K<O) if D//<O) 7£ 0
T2 D”(O) ’
and
)
hr%+ xQ/K(T)D_l(T)dT =oo if D"(0)=0, K(0)#0. (1.2.43)
To—
Z2

But D”(0) cannot be equal to 0, when K(0) # 0, otherwise (1.2.37) and (1.2.43) will
contradict each other. Hence, (1.2.43) is excluded. Also the case D'(0) = 0, D"(0) # 0
cannot occur since, otherwise,

(DT (v Lyt 2
Tli)r[l)lJrT D™ (1) = Tli%l+ D'(r) oo D" (1) ~ D"(0)

>0 for y=1.

Hence, I? = +oco. But the latter contradicts the assumption I < +o0.
Similarly, we can prove (1.2.40). If K(I) = 0, then according to to Lemma 1.2.2 for
k = 0 we have (1.2.25), and, hence,

To—l—

lim (g —1) /K(T)D_I(T)dT = 0.
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Let, now, K(I) # 0. Then, by virtue of (1.2.41), we obtain

lim (o —1) /K(T)DI(T)dT — lim —(x9 — 1)2K(x2)

To—l— Ta—l— D(ZEQ)

_ g 2@ = DK (x2) + (22 — 1)*K(s)
ol D' (z)

0 if D'(1)#0 or D'(l) =+4o0;

= 1.2.44
2K () + (s — DEalws) + (e = D3 () oo T2
— lim it D'(1) = 0.
To—l— D”([Eg)
Hence, when D’(l) = 0, we have
0 if D'(I) = oo
lim (2o —1) /K T)dT =
xo—l— 2K(l) .
2 g DO #0
and
lim (e~ 1) /K Pdr = oo if D'(1) = 0, K(1) 4 0. (1.2.45)
zo—l—

But D”(l) can not be equal to 0, when K(I) # 0, otherwise (1.2.38) and (1.2.45) will
contradict each other. Hence, (1.2.45) is excluded. Because of Il < +o00, the case D'(l) =
0, D"(1) # 0 cannot occur as well. O

Lemma 1.2.6 If K(0) =0 (K(I) =0), I? = +o0 and I < +oo (I} = 400, I} < +00),
then (1.2.37) ((1.2.538)) is valid.

Proof. Evidently, by virtue of I < 400, we have

y) xOK
{L‘Q/K(T)D_I(T)dT‘ = ‘/ 57) %T2D_1(T)d7'

< C/TQD_l(T)dT

0
= const < +oo Vo €]0, 7],

because of

0<ﬁ§1
T
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(since 0 < x5 < 7 < ) and

‘ K(r)

‘ <C VT €]0, 0] (1.2.46)
-

(since lirgl+ @ = K5(0) < +00).

Similarly, by virtue of I} < 400, we have

(xe — 1) IOK(T)D_I(T)dT = - xQ__l I —7)’D Y(1)dr
l Tl—7

c / (I — 72D (7)dr

= const < 400 Vry € [z, ],

IN

because of l
0<—*2

<1
-7

(since g < 7 <@y <l ie,0<l—x9 <l—7)and

l ‘ <C V1€ [x,]] (1.2.47)
-7
(since lir? Il(_(i) =— lirln K'(r)=— lir? Ky(1) = —Ks(l) < 400). O

Lemma 1.2.7 Let either D € C3([0,1]) (D € C3(]0,1])) or the value of the first, second,
or third order derivative of D tends to infinity as xoa — 0+ (I—). Let further f be bounded
with its first derivative in a neighbourhood |0,¢[ (]l —€,1] ) of the point x5 =0 (z2 =1).
If I? = +o00 and I < +oo (I = +o0 and I{ = +0), then

1.

(0 when D'(0 )#OorD’(O)
or D'(0) = 0 and D" (0) =

lim / K(t)D Y (r)dr = 2K(0) when D'(0) =0 (1.2.48)

xro—0+
and D" (0) # 0;
00 when D'(0) =0 and D"(0) =0

(0 when D'(1) # 0 or D'(l) = o0)
or D'(I) =0 and D" (1) = oo;
2K

llIIll xo —1) /K _2K(0) when D'(l) =0
To—l—

and D" (1) # 0;
00 when D'(l) =0 and D"(I) =0

(1.2.49)
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if
K(0) #0 (K(1I) # 0);

: -1
x2l£%+ xQ/K(T)D
T2
0 when K5(0) = 0; when K5(0) # 0 and
either D'(0) # 0 or D'(0) = oo
= or D'(0) = 0 and D"(0) = o0
or D'(0) = 0 and D"(0) # 0
or D'(0) =0, D"(0) =0, and D"(0) = o0
(the case D'(0) =0, D"(0) =0, D"(0) =0, K2(0) # 0 and the case D'(0) =0, D"(0) =
0, D"(0) # 0 cannot occur)

lim (52— 1) / K(r)D"!

zo
0 when Ky(l) = 0; when Ks(l) # 0 and
either D'(l) # 0 or D'(l) = o
= or D'(I) =0 and D"(l) = 0o
or D'(I) =0and D"(l) #0
or D'(1) =0, D"(I) =0, and D"(l) = oo
(

(the case D'(l) =0, D"(l) =0, D"(I) =0, Ky(l) # 0 and the case D'(l) =0, D"(l) =0,
D" (1) # 0 cannot occur)
if

(1.2.50)

(1.2.51)

K(0)=0 (K(l)=0).

Proof. In both the cases the reasonings (1.2.42), (1.2.43) are valid since by their
derivation it was not used that I (I!) < 4oo. Therefore, (1.2.48) easily follows from
(1.2.42) if K(0) # 0. If K(0) =0, when D’(0) = 0, from (1.2.42) we get

0 if D"(0)#0;

2 £/
lim 9 / K(t)D Y (1)dr = lim 6 Ko (12) + 622 f (22) + 23 f'(22)
x9—0+ z9—0+ D"’(Ig)
T Zf DH(O) —0.

Hence, when D’(0) = 0, D"(0) = 0, we have

2 0 Zf D///(Q):oo;
. -1 —
i o [ KD )i = i DO 0

lim x2/K T)dr = o0 if D"(0) =0, K,(0)#D0. (1.2.52)

z2—0+
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But D"(0) and K5(0) # 0 cannot take place at the same time, otherwise (1.2.52) and
(1.2.37) (see Lemma 1.2.6 which has been proved under the assumptions I{ = +oo,
I < +oo, without any requirment of differentiability of D(zy)) will contradict each
other. Thus, (1.2.52) is excluded. Also the case D'(0) =0, D"(0) = 0, D"'(0) # 0 cannot
occur since in this case I = 400 which is in contradiction with our assumption I3 < +oo.

Indeed,

2\ 7+l
lim 772D~ (7) = lim L+
7—0+ 7—0+ D/(T)
(v (v (vt 6 B
7o D" (7) = oy "0 for =t

But it means that I} = +00. When K5(0) = 0, then according to the Lemma 1.2.2 for
k =1, (1.2.25) holds iff (1.2.20) is valid. Therefore,

lim a:Q/K T)dr =0 if Ky(0)=0.

xo2—0+

So, (1.2.50) is proved.
Similarly, in both the cases the reasonings (1.2.44) are valid. Therefore, (1.2.49) easily
follows if K (1) # 0. If K(I) = 0, when D’'(l) =0, from (1.2.44) we get

lim (52— 1) / K(r)D~!

0 if D) 40;
= . 6K2($2) + 6(%2 - l)f(m2> + <x2 — l>2f/($2)

f D"(l)=0.
220+ D" (z5) if ()=0

Hence, when D'(l) =0, D"(l) = 0, we have

0 if D"(l)= o

hm (xy —1) /K = 6K5(1) . "
,1‘2—) — - D l 9
el i £
lin} x9 — 1) /K T)dr =0 if D"(l) =0, Ks(l)#0. (1.2.53)

But D"'(I) and K5(l) # 0 cannot take place at the same time, otherwise (1.2.53) and
(1.2.38) (see Lemma 1.2.6 which has been proved under the assumptions I! = +oo,
I} < 400, without any requirement of differentiability of D(x5)) will contradict each
other. Thus, (1.2.53) is excluded. Because of I} < +oo, the case D'(I) = 0, D"(I) = 0,
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D" (1) # 0 cannot occur as well. When K5(l) = 0, then according to the Lemma 1.2.2 for
k =1, (1.2.25) holds iff (1.2.20) is valid. Therefore,

lim ( xQ—l/K T)dr =0 if Ky(l)=0.

r2—04

So, (1.2.51) is proved. O

Lemma 1.2.8 If I? = +oo and I < +oo (Il = +00 and I} < +00), then

o

lnrol+ K(r)rD™(7)dr = /K )rD~H(7)dT < +00 (1.2.54)
T2 !
lirrll /(l —7)K(1)D™ ! (7)dr = /(l — 7)K(1)D7(1)dr < +00 (1.2.55)

if
K(O0)=0 (K(l)=0). (1.2.56)

Proof. By virtue of (1.2.46), for every 7 €]0, 9] we have
K
K@ ar = | KD oy < o). a2an)
T

But the right hand side of (1.2.57) is integrable on ]0, zo[, because of I3 < +o00. There-
fore, the left hand side of (1.2.57) will be also integrable on ]0, z¢[, and so, we arrive at
(1.2.54). The necessity of (1.2.56) can be shown with the help of (1.2.57) in a usual way
by contradiction (see e.g., (1.2.30)).

Similarly, by virtue of (1.2.47), for every T € [y, [ we have

K1 =)D (wdr| = [ g - r2D ()| < Ol =D ) (1.258)

But the right hand side of (1.2.58) is integrable on |z, [, because of I} < +oo. There-
fore, the left hand side of (1.2.58) will be also integrable on |z, [, and so, we arrive at
(1.2.55). The necessity of (1.2.56) can be shown with the help of (1.2.58) in a usual way
by contradiction (see e.g., (1.2.30)). O

Lemma 1.2.9 [f either I = +00 and IY < +oco (I} = +oo and I < +0), and (1.2.15)
is violated or I) = 400 and I}, < +00 (]l +o00 and I}, < +00), k € {2,3,...}, and
(1.2.20) is violated, then

o

lim%Jr (7 — 2) (Mow)(7) D} (7)d7 = o0.
To—
(z2—l—)x2
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Proof: Let first (Msw)(0) > 0, then on the one hand, both (1.2.15) and (1.2.20) are
violated for k > 1 and on the other hand, there exists an € = const > 0 such that

(Myw)(z9) > C = const >0 Vzy € [0,¢].

After substitution 7 — xy = t, we get

Zo

hm0+ (r— :vQ)(MQw)(T)D_l(T)dT
To—
To—T2

To—

€/2

: 0
xo

+ /t(Mzw)(t)Dl(t)dt = 400,

/2
since
c/2
i / H(Myw) (s + 1) D~ (s + )t
0
/2
> 5x215101+/tp—1($2+t>dt:+oo, 22t € [0,6/2],

0

because of x5 +t < € and I} = +00.
Let, now, (Maw)(0) = 0 but (Q2w)(0) > 0, i.e., (1.2.20) is violated for k£ > 2 and there
exists an € = const > 0 such that (Qaw)(z2) > C > 0 Vzy € [0,¢]. Similarly, in view of

T2(Qaw)(z2) = (Maw)(z2) + K1(22),

we obtain

x0

m;EI&+ (7 — 29)(Mow)(7) D~ (7)dr

To—T2

= lim / t(t + 22)(Qow) (mg + 1) — Ky (w3 + )] D™ (o + t)dt
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To—IT2
= lim / t(t + 22)(Qow)(wy + 1) D™ (2o + t)dt
To—
0
TO—T2
~ i / LR (s -+ £) D~ (2 + 1)t
’ 0
€/2
- lir%+/t(t+x2)(Q2w)(w2+t)D1(x2+t)dt
xro—r
0
xo o
+ /tQ(QQw)(t)D_l(t)dt— /tKl(t)D‘l(t)dt = 400,
€/2 0
since
e/2
hrr01+/t(t + 29)(Qow) (2o + t) D™ (2 + t)dt
0
€/2
> G llr%+/t(t+x2)D_1(x2+t)dt:+oo, ot € [0,6/2],

0

because of I = 400 and

z2

/tQ(ng)(t)D_l(t)dt < +00,
/2
/tKl(t)D—l(t)dt < +00

0

(the finiteness of the last term readily follows from (1.2.31)). Using substitution 7 — 2y =
t —1, the case x5 — [— we consider analogously. Thus, Lemma 1.2.9 is completely proved.
0

Proof of Theorem 1.2.1.

Case I is evident in view of (1.2.7), (1.2.6), and I{ (I}) < +ooc.

Case IL. I = +oo, IV < +oo (I} = +o00, Il < +00). Then, in view of Lemma 1.2.4,
the estimate (1.2.37) ((1.2.38)) is valid. Taking into account the fact that the other term

€2

- / TK(1)D™Y(1)dr

o
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n (1.2.7) is bounded on 0, z] ([zo,[) because of I? < +oo (I1 < +00), we conclude that
w(zy) =0(1) as x9 — 0+ (I-).

Moreover, if (1.2.13) is fulfilled then (1.2.14) is valid. Indeed, from Lemma 1.2.5 it follows
that

:cg/K Ndr € C([0,1) (C(0,1).

Obviously, the other term

2

- / K (r)D\(r)dr

Zo

of (1.2.7) is also continuous on [0,[ (]0,!]) and hence (1.2.14) is proved.

If (1.2.15) is fulfilled, then in view of (1.2.6), (1.2.25), obviously, w,; is bounded on
10,1 and, moreover, continuous on [0, (]0,1]) (see a note after proof of Lemma 1.2.2).
So, (1.2.16) is proved. The necessity of condition (1.2.15) for (1.2.16) readily follows from
(1.2.6) and Lemma 1.2.2 (see (1.2.25), (1.2.15)).

Case I1I. I? = +o0, I? < +oo (Il = 400, I} < +00). Then, according to Corollary
1.2.3 for the case k = 1 (see also Lemma 1.2.2), from (1.2.7) we get (1.2.17) and, moreover
(1.2.14). Let us note that in order to consider x9 — [— we represent (1.2.7) as follows

w= /[(;EQ — 1)+ (I = DK (r)D Y1)dr 4 Cs(z9 — ) + Cy.

zo

The necessity of condition (1.2.15) for (1.2.27) follows from Lemma 1.2.9.

Case IV. Proof immediately follows from Corollary 1.2.3 and Lemma 1.2.9 for the case
k> 2.

Case V is evident in view of Lemma 1.2.2 (see (1.2.6), (1.2.25), (1.2.15), (1.2.20)). O

Remark 1.2.10 In Theorem 1.2.1 the existence of k was assumed such that I} < +o0.
If I? = +o00 Vk, and K(7) := K,(7) + 7Ks(7) is analytic in a right (left) neighbourhood
of T =0 (l), then, obviously, w and wy are unbounded when o — 0+ (I—). We prove
this by contradiction. Indeed, e.g., consider (1.2.6):

132 /K d7'+03

Let this derivative be bounded when xo — 0+, and K (0) = 0; the last condition is necessary
for the boundednes of this derivative. Since the analytic function K (1) = 0, there exists
k such that

K90)=0, j=0,1,...,k—1, K®(0)#0.
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Further,
K(r
w,(xy) = 7'(k ) D7 (r)dr + Cs,
zo
where ") (k)( )
K(r K0
Tli%l—&- Tk B k! 7& 0

Then, taking into account the boundedness of w,, similarly to the proof of Lemma 1.2.2
(see (1.2.30)) we can show

/Tle(T)dT < +4oo  for x9€]0,¢],

T2

which would be in contradiction with Ij, = 400 Vk. Thus, w3 is unbounded when xo — 0+.

Remark 1.2.11 In the case of the cusped beam with only one cusped end xo = 0 Theorem
1.2.1 formulated in the slightly different form is proved in [54] (see also [46]). In our
general case of two cusped ends it looks like

Theorem 1.2.12 Let f € L(]0,1[), D € C?*(]0,1[) n C([0,1]), and w € C*(]0,1[) be a
solution of equation (1.2.1). Then:

1) If IX(I}) < +o0, then w € C([0,1[)(C(]0,1])).
[For I0(1}) = 400, we additionally assume that either D € C?([0,1[) (C*(]0,1])) or the

value of the first or second order derivative of D tends to infinity as xa — 0+ (I—) and

[ is bounded in some neighbourhood |0,¢€|([l — &,1[) of 0(1).]
2) If I2(1!) = +oo and I9(1}) < 400, then w € C([0,1]) (C(]0,1))) iff
(Mow)(0) =0 ((Maw)(l) = 0). (1.2.59)
[We additionally assume that either
D € C*([0,1]) or the value of the first, second, or third order derivative
of D tends to infinity as xo — 0+ (I—). Further, we suppose that

(see Remark 1.2.13 below) f is bounded with its first derivative (1.2.60)
in some right (left) neighbourhood of the point 0 (1).]

If (1.2.59) is violated, then w is unbounded as ro — 0+ (1—).

8) If IN(I;) = +oo and I} (I},,) < +oo for a fized k € {2,3,...}, then w €
c((o, 1) (€(o,m)) f
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(Myw)(0) =0 ((Maw)(l) = 0) and (Q2w)(0) =0 ((Qaw)(l) = 0). (1.2.61)
(We additionally assume that f90) =0 (f9()=0), j=0,1,...,k—2,
and f* Y is continuous at the point 0(1).] (1.2.62)

If (1.2.61) is violated, then w is unbounded as xo — 0+ (I—).
4) If 1§ (1)) < +oo, then wy € C([0,1]) (C(]0,1))).

5) If I (I)) = +oo and I (I}) < +oo, then wy € C([0,1]) (C(]0,1])) 4ff (1.2.59)
holds.

If (1.2.59) is violated, then w s is unbounded as xo — 0+ (I—).

6) If I} (I}) = 400 and I).(I},,) < 4oo for a fized k € {1,2,...}, then wy €
C([0,1]) €(J0,1)) #ff (1.2.61) holds.
[We additionally assume that f9(0) = 0 (f9(1) =0), 5 =0,1,....,k—2 (if k > 2),
fEV(2y) is continuous at the point 0 (1) (if k >1).]

If (1.2.61) is violated, then w s is unbounded as xo — 0+ (I—).
7) (Myw)(z2) € C([0,1]).

8) (Qaw)(w2) € C([0,1]).

Remark 1.2.13 In Theorem 1.2.12, the restrictions on f are not substantial; we could
take even f =0 on [0,1]. On the other hand, the above restrictions can be weakened without
influence on the kernel of this statement which consists in the clarification of the question
of boundedness/unboundedness of w,w o, Mow and Qw as xo — 0+ (I—) in dependence
on the behaviour (i.e., the nature of vanishing) of D(xs) at the point x4 = 0 (1).

Remark 1.2.14 The unboundedness of w o geometrically means that the azis of the beam
1s tangent to the axis x3 which mechanically seems hard to realize, but acceptable in some
sense. The unboundedness of the deflection is not acceptable from the point of view of
mechanics but can be justified like the case of concentrated forces.

Remark 1.2.15 Substituting (1.2.5) in (1.2.7), we rewrite (1.2.7) in the following two
forms:

w(zy) = (Crze— Cy) /(xQ —7)D7N1)dT — /(xg — T)/f(t)tdtD_l(T)dT
- /(:1:2 — ) D Y 71)dT + /(:1:2 —7) | f@®)dtrD ™ (7)dT

+ C3($2 — JIQ) + 04, (1263)
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2

U)(Q?Q) = [Cl(l'o - l) + Cll - 02] / [(iL‘Q - l) + (l — 7')] D71<T)d7'

_ / (22— 7) / F(tdtD (r)dr — Cy / (22— 1)+ (L - 7)) 7D (r)dr
+ /(xg —7) / f@)dtrD7 (7)dT + C3(wy — x0) + O (1.2.64)
Introducing the notation
Ik(l’g,l‘o) = /tkD_l(t)dt, Ik(QTg) = ]k(l‘Q,l), [k = [k(O), (1265)
i) E]O,Io], Zo G]O,l[,
I*(xg, 15) 1= /(z — ) D7 (t)dt, I"(xy) := I1%(0,25), I*:= I*(1), (1.2.66)

z0

xg € [xo,l[, o €]0,1],

from (1.2.63) and (1.2.64) we get

’lU(Q?Q) = —(leEQ — 02) [l’Q[Q(QTg,[EO) — 11(332,.170)] + Cl [ZUQ[l(.CL’Q, ZL‘()) — [2($2,l’0)]
+ Cyls—w0) + Ca— / (23— 7) / F(O)tdtD\()dr (1.2.67)

x2

+ /(CEQ—T)/Tf(t)dtTD_l(T)dT

and
IU(JTQ) = [Cl(l'() — l) — CQ] [(CBQ — l)]o(l'(), 1‘2) + Il(l'o, 1'2)]
+ Cl [(1‘2 — l)]l(l‘o, ZL’Q) + ]2(1‘0, ZEQ” + 03(1‘2 — .To) + 04 (1268)
— /(mg — T)/f(t)tdtD_l(T)dT+ /(xz —7) /f(t)dtTD_l(T)dT,
respectively.

Using obvious relations

Toly 2 (w9, o) = Irp12(w2, o), (I — 22) %2 (20, 22) = I 5 (w0, m2), k=0,1,...,.
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after differentiation of (1.2.67) and (1.2.68), we obtain

Wy (12) = 01530—02)10(352,950 )+ Ci1i (2, 20) + Cs (1.2.69)
//f t)tdtD™! dT—i—//f t)dtrD™!
(MQU))(.CEQ) = —D(.Cl?g)w,Qg (.2?2) :—(011’0—02)+Cl.%’2
+ / F)tdt — / F()dt. (1.2.70)
Qo)) = Cy — / Ft)dt, (1.2.71)
and
w,9 ({L‘Q) = Cl I’o—l) CQ] (l’(),l‘g —I—Ol (ZE0,172)+03
//f t)tdtD™! dT+//f t)dtrD~ (1.2.72)
(Mow)(x2) = —D(z2)w,2 (22) = — [Ci(zo — 1) — C] = Ci(l — 22)
+ /f(t)tdt—xQ/f(t)dt, (1.2.73)
Q) = G- [ st (1.2.74)
respectively.

On the other hand, evidently, (1.2.71) and (1.2.7}) coincide with (1.2.4); (1.2.70) and
(1.2.73) coincide with (1.2.5); finally, from (1.2.6) we could obtain (1.2.69) and (1.2.72)
analogously to (1.2.67) and (1.2.68).

If f =0, then from (1.2.67), (1.2.69)-(1.2.71) and (1.2.68), (1.2.72)-(1.2.74) we have

'lU(ZCQ) = —(Cll‘o — Cg) [xzfo(SCQ,fI?o) — Il(LUQ, l’o)]
+ Cl [l‘g[l(iﬁg, ZU()) — [2(332,.2130)] -+ 03(332 — .CEo) + 04, (1.2.75)
Wy (x2) = —(Ciaxg — C)lg(xe, x0) + C111 (22, 20) + Cs, (1.2.76)
(MQU))(ZL‘Q) == —D(IL'Q)UJ,QQ ((L’Q) == —(Cll‘o - CQ) + 011'2, (1277)

(Qaw)(z2) = C, (1.2.78)
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and
w(xe) = [Ci(zg—1) — Cy [(xQ — DI%(z0, 22) + I (0, 1'2)]
+ O [(z2 — DI'(wo, x2) + I*(wg, 22) | + Cs(22 — 20) + Cu,
w,9 (l’g) = [Cl(l’o — l) — CQ] IO<I0, 1’2) -+ 01[1(.730, LL’Q) + 03,
(Mow)(z2) = —D(x3)w,en (x2) = —[Ci(xg —1) — Co] — C1 (I — x2),
(Qew)(z2) = Ch,
respectively.

Taking into account
M5(0) = Cy — Chzg, Ms(l) = Cy — Ci(zg — 1),
we rewrite (1.2.75)-(1.2.77) and (1.2.79)-(1.2.81) as follows
w(ry) = x9[Ma(0)Io(xe, x0) + CiI1 (22, 20)] — Ma(0) 11 (22, x0)
— Cily(2,20) + C3(z2 — x0) + C4,

Wy (x2) = My(0)Io(z2, x0) + Ci1i (22, x0) + Cs,
(Mgw)<$2) = MQ(O) —+ 011’2,

and
w(xy) = (I —x9) [Mg(l)lo(:cg,xQ) — 01[1(9(:0,:1:2)} — My (1) I (g, 72)
+ 01[2(330,1’2) + 03($2 — ZBQ) + 04,
w,9 (CL’Q) = —Mg(l)]o(xo, 1’2) + 01]1(130, ZL‘Q) + Cg,
(Maw)(22) = Ma(l) — Ci(l — z2),
where

Oy = (Qaw)(x2) =: Q2 = const.

Let us note, that

/K(T)TkD_l(T)dT ~ K(0)Ix(z2,20) as xo — 0+, K(0) # 0;

(/ K(r)(I — 7)*D7 Y (7)dr ~ K(I)I*(20,22) as xo — 1—, K(I) # O)

33

(1.2.79)

(1.2.80)
(1.2.81)
(1.2.82)

(1.2.83)

(1.2.84)
(1.2.85)

(1.2.86)

(1.2.87)
(1.2.88)

(1.2.89)
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when
Ii(x9,29) — +00 as xy — 0+
(Ik(xo,xQ) — +00 as Ty — l—) ,
since, e.g.,
)
[ K(r)r*D~(7)dr
o K(xQ)ng_l($2)

i — 1 =1.
va0t K (0)Ix(xg,20)  wem0+ K (0)25D ()

At last we prove the following

Lemma 1.2.16 Let either D € C*2([0,1]) (C*2(]0,1))), k = {0,1,....}, or there exist
such j (1 <j<k+2) that

D € C7([0,1]), D’7*0) =0, and D’(0) = oo

(D € Ci71(0,1), D'(1) =0, and Di(l) = o).
If

It(0,20) = 400 and Iy11(0,20) < +00 for a fized k€ {0,1,....}, xo €]0,(|

([k(:vo,l) = +oo and I"(zg,1) < +oo for a fized k€ {0,1,....}, x E]O,l[) ,

then
Toli (22, 0) < Tpg1 (@2, o) < Ipy1(0,29) < +00 Vg €]0, 2]

((l — l’g)]k(flfg,.fg) < ]k+1(l’0,$2) < Ik+1(flf(],0) < 400 va S [.Io,lD s

and moreover,

111’%+ 332[k (33'2, xo)

To—
0 if DY) =0 Vje{1,2,....,k+1} and D**?(0) = oo;
or if k=0and either D'(0) # 0 or D'(0) = o0;
= or if k>1and DY(0)=0Vje {1,2,...,i}
for a fizedi € {1,2,... k} and either
DUFD(0) #£0 or DUH(0) = 0o

lim (l — l’Q)[k(ZL‘(), IEQ)

To—l—

0 if DY) =0 Vje{1,2,...,k+1} and D*+2(]) = oo;
or if k=0and either D'(l) # 0 or D'(l) = oc;
= or if k>1and DY(I)=0Vj € {1,2,...,i}
for a fizedi € {1,2,... k} and either
DY) £0 or DEY(]) = oo

The cases '
DY) =0 Vje{1,2,....k+2}
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and
DY) =0 Vje{1,2,....k+1}, DED(0)#£0
(DY) =0 Vje{1,2,...,k+2}
and '
DY) =0 Vje{1,2,...,k+1}, D) +#£0)

cannot hold.

Proof is evident from the following relations:

o xo

l’g[k(l'g,x[)) = /%tk+lDl<t)dt < /thrlDl(t)dt = IkJrl(iL'Q,[L'[)) < Ik+1(o,l'0) < 400
x2 2
VJZQ G]O,Io],
le T2
(=) = [ 720 0 D 0 < [0 0D e = 1
o xo
< Ik+1($0,l) < 400 Vg € [l‘o,l[,
) o Di(w,me) i D~ (x,) L x§+2
x2h—r>rol+ T2l (22, %) = xzh—r»rol+ b $21E>%+ 2 $21E>I(}+ D(z3)’

]k(xo 172) (l — ZL‘Q)kD71<I'2) (l — [Eg)k+2
lim (I — x9)I" = lim ——= = li = lim ~————

lel}ll,( 1‘2) (ﬂfo,xz) w;irlli (l _ x2)_1 12111117 (l —_ x2)_2 mlfll, D(ZEQ)

Obviously, '
DY) =0 Vje{1,2,....k+2}

(DY) =0 Vje{1,2,...,k+2})

cannot occur, otherwise the third (fourth) from above relations would be in contradiction
with the first (second) one.
Also the case

DY) =0 Vje{1,2,...,k+1}, D®D(0)#0

cannot occur since, otherwise,

+k+1 vtk
kil o T _ 3 (v+E+DT
AT B BE T AT D
B e e o ) o G 0 0| O et D Rl
= T—0+ D/’(T) o T7—0+ D(k+2) (7_)

(k + 2)!

:m>0 fOT ’}/Il,
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i.e., Iy+1(0,29) = +oo which contradicts the assumption I;;1(0,z0) < +o0.
The case '
DY) =0 Vje{1,2,....k+1}, D*(1)+£0

can be considered analogously. 0

For £ = 0 and £ = 1 Lemma 1.2.16 immediately follows from Lemma 1.2.5 and
Lemma 1.2.7, respectively, when f = 0 and we take K(7) =1, i.e., C; =0, Cy = —1, and
K(r)=71,ie,0;,=—-1,Cy = —x¢ (K(1) =1l—7,1e., Cy =1, Cy = [ — xg), respectively.

1.3 Solution of boundary value problems

From Theorem 1.2.1 we conclude that:
On the cusped edge x5 = 0 (correspondingly, o = [) we can admit the following
classical BCs:

w = wy (correspondingly, wy;),

w9 = wy, (correspondingly, wy) (1.3.1)
iff I{ (correspondingly, I}) < +o0;

wa = wh (wf), Qo= Qo(Qu) i 19 (I) < +oc: (13.2)
w=wy (wy), My= My(M;)#0iff I? (I') < +oo0; (1.3.3)
My = Mo(M;), Qo= Qo(Q))if I (1}) < 400, (1.3.4)

and the following non-classical (in the sense of the bending theory) conditions (replacing

BCs):

w=wy (wy), we=0(1) whenzy — 0+ (z2 — [—) (1.3.5)
if
Iy (Iy) = +oo, I} (Ij) < +oo;
w=0 (1), wa=0(1)whenazy — 0+ (z2 —[—) (1.3.6)
if

1) (I}) = +o0,

where wy, wy, wy, w;, Mo, M, Qo, Q are given constants, O is a Landau symbol (O(1) means
boundedness).

Theorem 1.3.1 Let the conditions of Theorem 1.2.1 be fulfilled. Then the following
BVPs are well-posed in the sense of Hadamard:

1. (1.2.1), (1.3.1) (1.3.1);, w e C*(]0,1[ )N C*([0,1]);
2. (1.2.1), (1.3.2)¢ (1.3.1);, w € C*(]0,1[ )nC*(]0,1]);
3. (1.2.1), (1.3.3)0 (1.3.1);, w € C*(]0,1[ )nC*(]0,1)) nC([0,1));
4. (1.2.1), (1.3.4)0 (1.3.1);, w € C*(]0,1])nct(]o,1));
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5. (1.2.1), (1.3.1)9 (1.3.2);, w € C*(]0,1[ )nC*([0,1]);
6. (1.2.1), (1.3.3)9 (1.3.2);, w € C*(]0,1[)nC*(]0,1]) NnC([0,1]);
7. (1.2.1), (1.3.1)¢ (1.3.3);, w e C*(]0,1[ )nC*([0,1] ) nC([0,1]);
8. (1.2.1), (1.3.2)¢ (1.3.3);, w € C*(]0,1[ )nC([0,1]) nC([0,1]);
9. (1.2.1), (1.3.3)0 (1.3.3);, w € C*(]0,1[ )nC([0,1]);
10, (1.2.1), (1.3.1)0 (1.3.4);, w € C*(]0,1[)nC*([0,1])

Remark 1.3.2 Indices 0 and l at (1.5.1)-(1.3.5) mean the corresponding formulas for
the points 0 and l, respectively.

Remark 1.3.3 Actually, conditions (1.3.6) and the second of (1.3.5) are not BCs. They
are the conditions on w in a neighbourhood of the boundary point. That is why we say that
in these cases BCs disappear at the cusped end of the beam (see Remark 1.3.4 bellow).

Proof of Theorem 1.3.1. Using Theorem 1.2.1 or Theorem 1.2.12, Corollary 1.2.3,
and Lemmas 1.2.5, 1.2.7, 1.2.8, we solve all the BVPs 1-10 in the explicit form. The
uniqueness of solutions is guaranted by their construction from the general representation
(1.2.7) of the solution w of the Euler-Bernoulli equation (1.2.1) in the class C4(]0,1[) (see
Section 1.4 below). The continuous dependence of the solution w and of w,s [in the case
of BVPs 3, 4, 6, 9 (7-10) with the weights

x0o -1

[[k($2,$0)]71 = /tkD_l(t)dt , T E]O,l’o], T E]O,l[

X2

o -1

1

[I¥ (2o, 22)] = /(l — DN O)dt |, e € [20,1], w0 €]0,1]

0

by k =1 and k = 0, respectively| on the boundary data easily follows from the explicit
representations of the solutions of BVPs. Let us recall

Ik = Ik(O), [k(.’l'2> = [k(iﬁg,l),
IF = IM(1), IF(xzy) := I%(0, 25).

SOLUTION of BVP 1. Since I, I} < +o0, obviously, we can take zy = [. Then, in
view of (1.2.6), (1.2.7), from (1.3.1); we have

/

For determination of constants C;, s, from (1.3.1)y we have the following algebraic
system
l !
C /T(T — D (7)dr + CQ/TDl(T)dT

0 0
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l T
— /TD1(7)/f(t)(r—t)dtd7-—lw§+wl — Wy,
0 l
l

e / (r — DY (r)dr — C /l D\(r)dr

0
l T

=— [ DY) | f(t)(r — t)dtdT + w, — wy,
[7]

which is solvable as its determinant satisfies

! 2 !

A = /TD_1(7')dT - /T2D_1(T)dr~/lD_1(T)dT < 0.

0 0

The last assertion follows from the Holder inequality which is strong since TD’%(T) and
D~z (7) are positive on ]0,1[, and 72D~(r) and D~'(7) differ from cach other by a non-

constant factor 72.

SOLUTION of BVP 9. From (1.2.5), taking into account the second conditions from
(1.3.3)0, (1.3.3);, we obtain

0
/tf(t)dt — Cizg+Cy = My,

x0
l

—/(z COf()dt+ Crl— )+ Cy = My,
zo
Solving this system, we get

0

l
Clz/f(t)dt+l‘1 /tf(t)dt+Ml—M0 , (1.3.7)

0 l

0 l

Cy = Mo—/tf(t)dt+xo/f(t)dt+

zo

; (1.3.8)

+ ? /tf(t)dt+Ml ~ M,
l
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Hence, in view of (1.2.5), (1.2.11), we have

x9 0

K@ﬂ=4%@ﬁ=/@r%ﬁwﬁ+/ﬁ®ﬁ—
; 20 (1.3.9)
—XT2 / f dt - — /tf(t)dt + Ml — MO

l

Further, from (1.2.7), by virtue of the first conditions from (1.3.3)g, (1.3.3); and Lemma,
1.2.5, we obtain

0
~ [ 7K@D ) = Cam+ o= e
zo

/(l — 1)K (1)D N (1)dr + C3(1 — x0) + Cy = wy.

o

Solving this system, we get

0
Cs=—1"" |wy —w; + /TK(T)Dl(T)dT

zo

!
+/(l —7)K(r)D Y (r)dr |, (1.3.10)

o

C4 = —lil |:—370'wl — (l — .CL’())’U)O
l 0

+x /(l — ) K(1)D7 Y (1)dr — (I — x) /TK(T)D_l(T)dT : (1.3.11)

o zo

Thus, the solution has the form (1.2.7) with K(7), Cs, Cy given by (1.3.9)-(1.3.11),
respectively.

If I = +oo and 1Y < 400 (I} = +00 and Il < +00), then w5 is bounded as x5 — 0+
(xg — l )iff My =0 (Ml = 0) (see Theorem 1.2.1, the second part of Case II or Theorem
1.2.12, Case 5)).

Let us note that if either Il < 400, I = +oo but I < +oo and Ms(0) = My = 0
or IY < +o00, Il = +oo but I} < 400 and My(l) = M; = 0 or IV = +o0, Il = +oo but
9 < 400, IL < 400 and Ma(0) = My = 0, My(l) = M; = 0, then BVP 9 (call your
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attention to the change of the restrictions on I?, I!) will be uniquely solvable. The proof
immediately follows from Lemmas 1.2.7 and 1.2.8. In these three cases the expressions
for C;, i =1,2,3,4, coincide with (1.3.7), (1.3.8), (1.3.10), and (1.3.11).

Let us note that in the above three cases w,, is unbounded as xo — 0+ (x93 — I—)
unless (Q2w)(0) =0 ((Q2w)(l) = 0). But nevertheless

(Mow - w3 ) |gy=0 = 0 ((Maw - w,3 ) [z,=1 = 0).

Indeed, if Q2(0) # 0, then taking into account (1.2.6), (1.2.3), we have

M, - D™

lim (Mow)(xs) - w,o (22) = lim wfl = lim 2_2—

2o—0+ 29—0+ M2 29—0+ M2 -QQ
M; : 3M3 - Q>

220+ D Qy a0t D -Qy— D - f

Hence,

liHO1+(M2w)(a:2) ‘W, (x9) =0 when D'(0) #0 or D'(0) = oo.

The same holds when either D’(0) # 0, D”(0) # 0 or D'(0) = 0, D”(0) = 0, D" (0) = oo,
what follows from

6My - Qo — 3M3 - f

legr()l+(M2w)(I2) * W2 (x2) = mh_{rol_s_ D" . QQ —92D'. f - D. f/
and
. ) 6Q3 — 12My - f —3M3 - f’
IQIEIOIJF(MQUJ)(ZL‘Q) W, (T2) = mlgr&+ D"y —3D7 - f—3D - f — D "
respectively.

As it was already shown (see Lemma 1.2.7, when K(0) = 0) the case D'(0) = 0,
D"(0) = 0, D"(0) = 0 (because of (Q2w)(0) # 0), and the case D'(0) = 0, D"(0) = 0,
D" (0) # 0 (because of I < +00) cannot occur.

The case x9 — [— can be considered analogously.

In these three cases BVP 9 is not well-posed since the arbitrarily small change of BCs
M5(0) =0, M5(l) = 0 implies the unsolvability of the BVP under consideration.

This important note with the other cases, when the similar situation can arise, we
summarize as follows:

when M, (M;) =0, BVPs 3 (7) and 6 (8) and when M, = 0, M; = 0, BVP 9 are uniquely
solvable if I9 (I%) < 4+o0 and I9 < +o0, I} < +00, respectively; but they are correct in
the sense of Hadamard only if I? (I1) < +o0, and I{ < +o0, I < +00, respectively.
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SOLUTION of BVP 10. Since I{ < 400, without loss of generality, we assume x¢ = 0.
From (1.3.1)g, (1.3.4); we get

l

l
04 = Wy, 03 = wé, CQ = Ml - lQl - /tf(t)dt, Cl = Ql —f-/f(t)dt
0

0

Thus,
!

w(ws) = /(;@ ) [(z — Q- M+ /tf(t)dt
0 " (1.3.12)

I
—T/f(t)dt] DY (7)dT + whzs + wo,

DY (7T)dT + wy.

w,y (29) = 72 [(l —7)Q1 — M, + /ltf(t)dt - T/lf(t)dt

0

T

Representing (zo —7) in (1.3.12) as (2o — 1) + (I — 1), it is not difficult to see (see (1.2.66))
that
()] < (1= w5) |11 (w2) + Q4T (22)]

+C I () + |QulI%(22) + [wh| s + |wo|  for all x5 € [0,1],

where
l l
Coom M+ [ dlp(olde +1 [ 17(0)ae.
0 0
Therefore, B
w(aa)| < 20T (we) + |Qif [(I — z2) ' (09) + I*(22)]
(1.3.13)
+wy|wy + |wo|  for all x5 €[0,1], if I < +oo,
and
[ @) w(wa)] < 26+ Qi (1= 22) + G 131
+O5(|whlas + |wo|)  for as €01 if I! = +o0, -
since

(l — ZL‘Q)IO(JZQ) S Il(l’g)

(because of
T2

I (zg) — (1 — 29)1%(25) = /(1)2 —t)D7H(t)dt > 0);

0

IP(x5) < Col'(z5), Cy=const >0, Vi, € [0,
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(because of

. 12(ZE2) . (l — (L’Q)QD_l(I'g) .
| — =] =1 [ — =0
A ) T T D () e ()

if Il = +00);
[ ()] < C5 = const >0 Va, € [0,1].

The continuous dependence in the class of continuous on [0, /] functions of the solution
w(z2) and of [I* ()] tw(wy) for Il < 400 and Il = +o0, respectively, on the boundary
data and on the right hand side f immediately follows from the estimates (1.3.13) and
(1.3.14), correspondingly. Let us note that for I\ = +o0, the solution w(zy) for a fixed
xe € [0,1[ continuously dependence on the boundary data and the right hand side f.
Similar conclusions can be made with respect to w,s, which follow from the following
evident estimates:

lwa (22)| < CLI%(20) + | QI (22) + |wh| for s € [0,1] if I} < +oo,

‘[[O(xg)]_l W, (12)] < Ch + le\@ + 55\1116] for my € [0,1] if I} = +oo,

since
I'(zy) < 541'0(332) and [[0(3:2)]71 < Cs for all x4 € [0,1], 6’4, Cs = const > 0.

The other BVPs 2-8 can be solved in an analogous way. For the sake of simplicity, we
take f = 0.

Using (1.2.75)-(1.2.89) along with the Lemma 1.2.16, we get the following solutions to
BVPs 1-8 when f = 0.

A unique solution of BVP 1 has the form

w<l’2) = [l’g[l(xQ) - IQ(IQ)]Ol - [JIQIQ(ZEQ) - Il(l’g)](cll - CQ) + wf(xQ - l) + wy,

wo(xe) = Cili(z2) — (C1l — Co)Io(22) + wy,
(Maw)(w2) = Ci(ze —1) + Oy, (Qaw)(x2) = C,

C, = A =TI (wy—w) — Iy(we — w; + w)l],
CQ = Ail[(Il — l]o)(wo —w; + wﬂ) + ([2 — l[1)<UJ6 — ’IU;)]

A unique solution of BVP 2 has the form

w(zs) = [zoli(wa) — Ir(22)]Qo — (Qol — Cs)[xolo(wa) — L1(2)] + wy(xs — 1) + wy,
wa(r2) = Qoli(rs) — (Qol — Co)In(x2) 4 wy,
(Maw)(z2) = Qo(z2—1) + Cs, (Qaw)(z2) = Qo,
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where
C _ w{)—w{—Qo(Il—H{))
2 T, .

A unique solution of BVP 3 has the form

w(l’g) = l’2[01]1($2) + M()Io(ﬁg)] — 01[2(562) — Mgll(Ig) + U)Z(IQ — l) —+ wy,
waolwy) = CiIi(x2) + Molo(z2) + wy,
(Maw)(z2) = Chiza+ My, (Qaw)(z2) = Ch,

where

—M()Il — U)Zl + w; — Wo

O, =
1 I

As we see from this solution of the BVP 3 the function w is bounded, but w 5 is bounded
as ro — 0+ if and only if My = 0 for [y(0) = Iy = +oo. Therefore, the solution of
the BVP 3 under the additional restriction of boundedness of w s exists if and only if
the condition My = 0 when [y = +o00 holds. Here, it was important that I; < 400 [see
(1.3.3)]. If, now, I; = 400 but Iy < +00, then for My = 0, a unique solution of BVP 3
has the form

U)(.TQ) = Cl[Igll(LUQ) — IQ((L’Q)] + UJ;(IQ — l) + wy,
wo(xe) = Ci1I(22) + wyj,
(Maw)(x2) = Chaz, (Qaw)(x2) = Ch,

where

/
—wjl +w; — wo

O, =
1 I

Obviously, I > 0, because of *D~'(t) > 0 Vt €]0,{]. Let us note that in the last
case w,y is unbounded unless C; = 0. But nevertheless, according to Lemma 1.2.16,
(Mow - w,3)|zy—0 = 0.

If Iy = 400 but I, < +00 and My # 0, then the BVP 3 is ill-posed in the sense of
nonsolvability.

A unique solution of BVP 4 has the form

w(zy) = x2[Qoli(22) + Molo(xs)] — Qola(w2) — Mol () 4 w22 — 1) + wy,
wa(ry) = Qoli(x2) + Molo(22) 4wy,
(Maw)(x2) = 22Q0 + Mo, (Qaw)(x2) = Qo.
As we see from this solution of BVP 4, both the functions w and wj are bounded as

x9 — 0+ if and only if My = 0 for [(0) = Iy = +00 and @)y = 0 for [,(0) = I; = 400 (in
the general case, i.e., when f # 0, this assertion follows from Theorem 1.2.12). Therefore,
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the solution of the problem BVP 4 under the additional restriction of boundedness of the
solution and of its derivative exists if and only if the above conditions hold.
It is not difficult to see that

lw(z2)| < |Qol(waly + I3) + 2| Mo|I1 + |will + |wy| for I} < oo

and
|17 (@2)w(@2)| < |Qol(wa + C) + 2Mo + C*(lwill + wi|) for I = +o0,

since

wgl(](xg) S [1(1’2) A i) E]O, l],

I (z9) < C*=const >0 Y, €]0,l],
and

I(x9) < CN'Il(xg)7 C = const > 0, V zy €]0,1],

because of Iy(zs) 1(29)

2(T2 . 2( T2 . .

IQE%Jr [1 (.1'2) IQE%Jr [{ (.1'2) IQE%Jr 2 0 Zf ! oo

The continuous dependence of w(xs) and I ' (xs)w(xs) for I} < +oo and I} = oo,

respectively, on the boundary data immediately follows from the above estimates for the
solution w(wy). Similar conclusion can be made with respect to w,s (z2) and I (22)w(xs)
for Iy < +00 and I = +00, respectively.

A unique solution of BVP 5 has the form

w(xa) = (Io) ' (wo — wy — Qulh) [walo(w2) — [ (2) + 1]
+22Qu1 (12) — Qulz(w2) + wizs + wo + Qi1

W, (22) = (Io) ™ (wy — wy — Q) Io(x2) + Qul1 (x2) + wy,
(Mayw)(9) = (Io) " (wp — w) — QiTy) + Quwa, (Qaw)(w2) = Q.

A unique solution of BVP 6 has the form

w(w2) = w9 [Molo(x2) + Qul1(w2)] — Moli(x2) — Qila(x2)
+xow; + Moy + Q115 + wo,
w,a (v9) = Molo(x2) + Qi1 (22) + wy,
(Maw)(xg) = Qo + My, (Qew)(x2) = Q).
If I} = 400 and I < 400, then w,; is bounded as xy — 0+ iff My = 0.

If My = 0, then there exists a unique solution of the same BVP even when I} = +o00
and I < 400, which has the following form

w(we) = Qq [waly(x2) — Ia(x2)] + wjwa + Q113 + wy,

w,o (x2) = Qi1 (z2) + wy,
(Mow)(z2) = Qiz2, (Qaw)(z2) = Q.
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If @Q; # 0, w,5 is unbounded as x5 — 0+ but nevertheless, according to Lemma 1.2.16,
(MQU) - W,2 )’1‘220 = 0
A unique solution of BVP 7 has the form

’(U(QTQ) = Ml [(l — ZL’Q)IO([L'Q) — ]1(1‘2)] + Cl []2(1‘2) — (l — .%’2)]1(272)}
+wyxe + wo,
W,y (19) = —MI"(25) + CLT" (22) + wh,
(Maw)(w2) = M; + Ci(l — x2), (Qaw)(x2) = C,
where

wp — wo — whl + MI!
Cl = 72 .

If Ié = 400 and I{ < +00, then w,y is bounded as xy — [— iff M; = 0.
If now I! = +00 and I} < +oo, then for M; = 0 a unique solution of BVP 7 has the
form

w(zs) = Cy [I*(x2) — (I — 32) I (22)] + whza + wo,
w,g (w2) = CL I (22) + wp,
(Myw)(z2) = —C1(l — 12), (Qow)(w2) = Ch,

where .
w; — wo — wyl

Ol = T2

Obviously, I? > 0, because of (I —¢)2D~!(t) > 0Vt €]0,1[. Let us note that in the last
case w,s is unbounded unless C; = 0. But nevertheless, according to Lemma 1.2.16,

(Mow - w,3 )|zy= = 0.
A unique solution of BVP 8 has the form
w(xa) = My [(1 — 22)I°(22) — I'(22)] + Qo [I*(22) — (I — x2)I"(22)]
Fw)(zy — 1) +w — MiI" — QoI
Wy (19) = —MI%(22) + QoI (w2) + wp,
(Maw)(w2) = My — Qo(l — 22), (Qaw)(22) = Qo.
If I(l) = 400 and [{ < 400, then w,y is bounded as xy — [— iff M; = 0.

If now I{ = +o00 and I} < 400, then for M; = 0 a unique solution of BVP 8 has the
form

w(x2) = Qo [I*(x2) — (I — w2) " (x2) — I?] + wiy(z2 — 1) + wy,
W, (z2) = QoI (x2) + wy,
(Maw)(z9) = —Qo(l — 12), (Q2w)(z2) = Qo.

If Qo # 0, then w,y is unbounded as x5 — [— but nevertheless, according to Lemma
1216, (MQU) *W,2 )|m2:l_ = 0. O
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Remark 1.3.4 According to (1.2.11)
K3(0) = =Q2(0), K(0) = —M3(0), Kx(l) =—Qa(l), K(I)=—M()
and conditions (1.2.15) and (1.2.20) can be rewritten in the form
M(0) =0 (Mx(l) = 0)

and
My(0) =0, Q2(0) = 0 (Ma(l) =0, Q2(1) =0),
respectively. Now, by virtue of Theorem 1.2.1 (see (1.2.15), (1.2.20), (1.2.16), (1.2.17)),
the following assertions become evident:
1) if I (I}) = +o00, I? (I!) < +00, then conditions

wa=0(1), 25— 0+ (x5 — 1) (1.3.15)

can be replaced by BCs
M5(0) =0 (My(l) =0) (1.3.16)

and vice versa, i.e., (1.3.15) and (1.3.16) are equivalent conditions.
2) if I? (1) = +oo, then conditions (1.3.6) can be replaced by BCs

M5(0) =0, @Q2(0)=0 (My(l)=0, Qz(l)=0)
and vice versa, i.e., the last conditions and (1.5.6) are equivalent conditions.

Remark 1.3.5 Let D(0) =0, D(I) > 0. Homogeneous BVP 1 (see Theorem 1.5.1) cor-
responds to the three-dimensional problem when the lateral surfaces are loaded by surface
forces, the edge xo =1 is fixed and the edge xo = 0 is glued to the absolutely rigid tangent
plane. In the case of homogeneous BVP 3 the above mentioned plane is rigid parallel
to the axis x3. BVP 4 corresponds to the three-dimensional problem when along the edge
xo = 0 the concentrated along the above edge force and moment are applied which are
equal to Qg and My, respectively.

For forces and moments concentrated along the line (in particular, at a point of a
cusped edge) see [38], [51].

Remark 1.3.6 By setting of BVPs we have to take into account peculiarities of classical
bending that by the arbitrary load f, the shearing force Qo (see (1.2.4)) can be given only
on one edge; from Q2(0) (or Q2(1)), M2(0), My(l) (see (1.2.5)) only two can participate in
BCs on the both edges together (these peculiarities are not caused by cusps they arise even
in the case of bending of a beam of a constant cross-section). If we choose f correspond-
ingly (see (1.2.4), (1.2.5)), we can avoid these peculiarities but restriction on choice of f
would be artificial (in the mathematical sense but natural in the physical sense). Neverthe-
less, problems posed in this way can also make practical sense. Obviously, solutions to all
these problems can be constructed in explicit forms. Some of them are unique, some are
defined either up to a rigid translation along the axis x3 or an infinitesimal rigid rotation
at the axis x1 or a general rigid motion (combination of above mentioned). We omit the
exact formulation of these artificial BVPs. But for the sake of illustration, at the end of
this section we set and solve a typical one.
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Remark 1.3.7 From Theorem 1.3.1. and Remark 1.3.4 we arrive at the following con-
clusions. In the case of BVPs 3 and 6 the deriwative of solution wy is bounded if either
IY < 400 or I = +oc and My = 0. In the case of BVP 4: the solution w is bounded if
either I < +o00 or I = +o00 and Ik > 2 such that I} < +o00 and My = 0 (for k > 2),
Qo = 0 (for k > 3); the derivative of solution wso is bounded if either I < +oo or
IY = 400 and 3k > 1 such that I} < +oo and My =0 (for k > 1), Qo =0 (for k > 2).
In the case of BVPs 7 and 8 the derivative of solution w  is bounded if either I} < +o0
or I, = 400 and M; = 0. In the BVP 9 the derivative of solution w5 is bounded if either
I < 400, 1L < 400 or I = 400 with My = 0 and I} = +o00 with M; = 0. In the case of
BVP 10: the solution w is bounded if either I\ < +o0o or Il = +oc and Ik > 2 such that
Il < 400 and My =0 (for k > 2), Q, =0 (for k > 3); the derivative of solution wy is
bounded if either I} < +oo or I} = +00 and Ik > 1 such that I < +o0o and M; =0 (for
k>1), Q=0 (fork>2).

Remark 1.3.8 If I} = +o00, BVP 4 with homogeneous boundary data My =0, Qo = 0 is
equivalent to BVP

(1.2.1), (1.3.6)o, (1.3.1);, w € C*(]0,1[) N C*(]0,1]).

If Il = +o0o, BVP 10 with homogeneous boundary data M; = 0, Q; = 0 is equivalent to
BVP

(1.2.1), (1.3.1)o, (1.3.6);, w € C*(]0,1[) N C*([0,1[).

If I = +oo, IY < +00, BVP J with a homogeneous boundary datum My = 0, is equivalent
to BVP
(121), W,2 = O(l) as Lo — 0+, QQ(O) = Qo, (131)[,
w € C4(0,1[)) n C*(0,1]).

If I = 00, Il < +00, BVP 10 with a homogeneous boundary datum M, = 0 is equivalent

to BVP
(1.2.1), (1.3.1), wo=O(1) as zy — I—, Qx(1) = Qy,
w € ¢1(10,2[) N CH([0, 1))

If I = +oo, IY < +00, BVP 3 with a homogeneous boundary datum My = 0, is equivalent
to BVP

(1.2.1), (1.3.5)0, (1.3.1);, w € C*(]0,1[) N C*(]0,1]) N C([0,1]).

If Il = +o0, Il < +00, BVP 7 with a homogeneous boundary datum M; = 0 is equivalent
to BVP

(1.2.1), (1.3.1)p, (L3.5), w e C40,1) N C ([0,1]) N C([0,1]).

If I§ = 400, I} = 400, I? < 400, Il < 400, BVP 9 with homogeneous boundary data
My =0 and M; = 0 is equivalent to BVP

(1.2.1), (1.3.5)9, (1.3.5);, w e C*(J0,1[)nC([0,1]).
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Let us now consider an example mentioned in Remark 1.3.6. Let moments and shearing
forces be applied at the both ends of the beam, i.e.,

My(0) = My, (1.3.17)
Q2(0) = Qu, (1.3.18)
My (1) = M, (1.3.19)
Qa(l) = Q. (1.3.20)

In order to determine constants Cy, Cs from (1.2.5), (1.3.17), (1.3.19) we get the following
system

0
/tf(t)dt — Cll’o + 02 = Mg,
xo

l

—/(l—t)f(t)dt+6’1(l—:c0)+02 Y

o

whence,
1 B l l
o =3 Ml—MOJrl/f(t)dt—/tf(t)dt | (1.3.21)
1 : ;
Cg = 7 lM0+I0(Ml—M0)—l/tf(t)dt+
) l l
+ ol / F(#)dt — o / Lt | (1.3.22)
o 0

In view of (1.2.5), (1.2.4), (1.3.21), (1.3.22) we have

2

l
My(zs) = — / (xg—t)f(t)dt—i—(mg—xo)% [MlMOH F(t)dt

o o

l 0
— /tf(t)dt] + % [lMo + ZL‘[)(M[ — M@) — l/tf(t)dt

0

+ lxo/lf(t)dtxo/ltf(t)dt]

o 0

zo



1.3. SOLUTION OF BOUNDARY VALUE PROBLEMS 49

l x9

- mg/f(t)dt+/tf(t)dt

X2 0
l

+ % MZ—MO—/tf(t)dt + Mo,
0

l

Qaws) = /f(t)dtnt% MZ—MO—/tf(t)dt | (1.3.23)

0

Now, we must find conditions on f(¢) which guarantee satisfaction of BCs (1.3.18),
(1.3.20). To this end we substitute (1.3.23) in (1.3.18), (1.3.20):

l l
lo/f(t)dt—o/tf(t)dtJer—MO ~ Q0. (1.3.24)

l
—/tf(t)dt+Ml—M0 oy (1.3.25)

0

The difference of (1.3.24) and (1.3.25) gives

/f(t)dt = Qo — Q. (1.3.26)

(1.3.26) with either (1.3.24) or (1.3.25) yields the conditions we were looking for. These
conditions are natural in the physical sense since they express the fact that the resultant
vector and resultant moment of the applied forces should be equal to zero.

Let us observe that Cs, Cy in (1.2.6), (1.2.7) remain arbitrary. This means that we
found the solution up to a rigid translation along the axis x3 and an infinitesimal rigid
rotation at the axis x1, which are expressed by arbitrary C; and Cj3, respectively.

In particular, let the both ends be free:

M5(0) = Q2(0) = M>(l) = Q2(1) = 0.

Then the conditions (1.3.26),(1.3.24) and their equivalent conditions (1.3.26),(1.3.25) be-

come
l

!
/f(t)dt 0, /tf(t)dt 0.
0 0

This means that the lateral load and its moment are self-balanced.
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Remark 1.3.9 [t is easy to see that the assertions of Sections 1.2 and 1.3 are also true if
at the ends of the beam either o(xy) > 0 and Young’s modulus E(xs) = 0 or both vanish.
In particular, this means that the peculiarities of the cusped beams will be preserved if we
consider a beam of uniform cross-section with an appropriately chosen variable Young’s
modulus which vanishes at the ends. Moreover, if we consider a cusped beam, e.g., with
D = EI = const, then the effect of geometry of the cusped beam on setting of BCs will be
cancelled because of appropriately chosen nonhomogeneity of medium and all the BCs can
be set without any restrictions on the sharpening geometry. The same is true for cusped
plates as well, what readily follows from the expression of the flexural rigidity (1.1.3).

1.4 Vibration problem

Let 1(0) > 0, I(1) > 0 and C4(]0,1[) be a class of functions belonging to C*(]0,1[) with the
properties 1-8 stated in Theorem 1.2.12. Let further w,v € C'(]0,[[) and either conditions
(1.2.59) or (1.2.61) be fulfilled in the corresponding cases. Then after multiplying both
sides of equation (1.1.4) by v and integrating twice by parts, we get:

! !
/ (Dw’22v722 — wzpawv) dry = /fvd:rQ + (Qaw - v) |é — (Maw - v) |g (1.4.1)
0 0

It is clear that, by virtue of Theorem 1.2.12, when Iy = +oo and I; < +oo, under
condition (1.2.59) the last term at 0 will be missing in (1.4.1) with v = w, while when
I = +oo and 3k € {2,3,...} such that [, < 400, under conditions (1.2.61) the last and
penultimate one at 0 will be lacking as well. It should be noted here that as it follows from
a note to Solution of BVP 9, (1.4.1) remains true when I = +oo (Il = +00), I3 = 00
(I = +00) even if (Qow)(0) # 0 ((Qaw)(l) # 0), i.e., w,y is unbounded as zo — 0+
(x9 — —), provided (Myw)(0) =0 ((Maw)(l) = 0), since in this case

Jim (Maw)(z2) - wye (22) =0

(xllilll(MQW)(QIQ) - W,2 (.%2) = 0) .

The relation (1.4.1) connects (in some sense) classical and weak solutions, and it is
crucial in view of the definition of the latter in the sense of expression of unstable BCs
(see Remark 1.4.5 below). Therefore, considering weak solutions of the vibration problem,
by setting of BCs we will not be able to avoid the restrictions (1.2.61) and (1.2.59) in
the corresponding cases. The more so, as BCs at cusped ends, on the other hand, should
be chosen in such a way that the terms at endpoints in (1.4.1) disappear, provided the
above-mentioned BCs are homogeneous [compare with the case of cusped plates, where
contour integrals should disappear (see proof of (2.2.11) below)].



1.4. VIBRATION PROBLEM o1

Problem 1.4.1 Let us consider the vibration equation (1.1.4) with the following inhomo-
geneous BCs:

e at the non-cusped end x5 =1 of the beam conditions (1.3.1),,

e at the other end xy = 0 which is a cusped one if D(0) = 0 either conditions (1.5.1)y,
or (1.8.2)y, or (1.8.3)y provided Iy < 0o, or (1.3.4)y with

and

Qo=0 if I,=o0. (1.4.3)

Remark 1.4.2 Problem 1.4.1 is the common formulation of the following four BV Ps:

(i) (1.1.4), (1.3.1), (1.3.1)o;

(ii) (1.1.4), (1.3.1),, (1.3.2)o;
(i11) (1.1.4), (1.3.1);, (1.8.3)y provided I < +00;

(iv) (1.1.4), (1.3.1), (1.3.4)o.

Such a formulation is convenient since it makes possible to investigate all the four
BVPs at the same time.

Definition 1.4.3 Let
W22(0,1[; po. p2) (1.4.4)
be the set of all measurable functions w = w(x2) defined on |0,1[ which have on |0,1]

. S, o 0, —
generalized derivatives 0y, w, o € {0, 1,2} (9;,w = w) such that

l

we L2(0,1: po), e /]w(x2)|2p0(x2)dx2 < +o0,
0
oL € L4,(0,1D, (1.45)
[

O e L0.0fpe), i [ |0 ulea) Pos(a)dns < +ox.
0

Here po, p1 are weight functions, i.e., functions measurable and positive a.e. in |0,1].

The condition
Pal(@)a pgl(l?) € Llloc(]()?l[)

guarantees [60] that W22(]0,[; po, p2) is a Banach space and even a Hilbert space under
the norm

!
101522 40.1p0.p) = /[U)QPO + (97, w)? pa]dy (1.4.6)
0

and with the appropriate scalar product.
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We recall that in what follows, we will use the notation wy and w s for 8;2@0 and
92, w, respectively.
First, we will consider the special case py = 1, pa(x2) = D(z3) with D(z3) > 0 for
x5 €]0,1[, D(0) > 0. In this case, we will denote the space W22(]0,1[; po, p1) as
Ww=2(]0,1[, D). (1.4.7)

Obviously, the last space is a Hilbert space if D(z € L (]0,1]) which holds, e.g., if

D e C([0,1]).
Now we can constitute subspaces V., ,,of W22(]0,1[, D), v1,72 € {0,1}, as follows:
(i) In the case of the BVP (1.1.4), (1.3.1);, (1.3.1) we define

Voo = {veW?2(]0,1[,D):v(0) =0, vy(0) =0 and (1.4.8)
v(l) =0, va(l) =0 in the sense of traces}.
(ii) In the case of the BVP (1.1.4), (1.3.1);, (1.3.2) we define
Vou = {veW?*(]0,I[, D) :v2(0) =0 and (1.4.9)
v(l) =0, va(l) =0 in the sense of traces}.
(iii) In the case of the BVP (1.1.4), (1.3.1);, (1.3.3)¢ provided Iy < oo we define
Vio == {veW?>*(]0,i[,D):v(0) =0 and v(l) =0, va(l) =0 (1.4.10)
in the sense of traces}.
(iv) In the case of the BVP (1.1.4), (1.3.1),, (1.3.4)¢ we define
Viii={v e W>2(]0,I[, D) : v(l) =0, vao(l) =0 in the sense of traces}. (1.4.11)

Notice that these spaces are defined in terms of traces. If these traces exist, it is
not difficult to show that all spaces V,, ,, are complete (see, e.g., proof of completness
of W2(2, D) in proof of Theorems 2.4.6 and 2.4.7 below). Now, the traces at the point
r9 = [ always exist since

W22(Je,I[, D) € W**(Je,1]) for 0<e<l (1.4.12)

(where the second space is the "classical” Sobolev space), and, moreover, by virtue of
embending theorems, v € C([g,[]).

In order to clarify the question of the existence of the traces at the point x5 = 0, we
make the function D(z3) subject to the following unilateral condition:

D(x9) > D,.xy Vo €]0,1], (1.4.13)
D,. = const > 0, » = const > 0 '. In other words
D
0 < D, = inf 222 (1.4.14)
0 3y

1By » we denote the minimal among possible exponents § > 1 for which D(x5) > const 23 holds. For
» < 1 it is not necessary to find the minimal possible exponent since in this case we have the same result
concerning traces for all s < 1. Let us note that D(xs) = Do[In(l/z2)] 71, | > I, satisfies (1.4.13) for any
» > 0. Condition (1.4.13) is obviously important in the neighbourhood of x5 = 0.
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It follows from (1.4.5) for pa(x2) = D(x2) and (1.4.13) that

l
/ w222 23 < +o00, (1.4.15)
0

and, hence, under condition (1.4.13),
W22(]0,1[, D) € W*2(]0,1[, z5). (1.4.16)
The last space is a special case of (1.4.4) with pg = 1, pa(z2) = x%. The obvious inequality
xo(l —x9) <lxg for x9€0,]]

together with (1.4.15) and (1.4.16) implies

W22(]0,1[, D) € W?>%(|0,1[, z5) € W*2(]0,1[, 25 (I — 22)™). (1.4.17)
The last space is a special case of (1.4.4) with py = 1, pa(x2) = x¥(p — 22)*. But any
function
w € W(0,1[, 25l — 22)”)

has a trace at the point o = 0 if

x € 0,3 (1.4.18)
while its derivative wy has a trace at x5 = 0 if

x € [0,1]. (1.4.19)

More precisely, after a suitable change of the values of w at a set of measure zero, these
functions became continuous on [0,], i.e., w € C([0,1]) for (1.4.18) and wo € C([0,{]) for
(1.4.19) (see, e.g., [70]).

Let us note that if there exists such ~ that

lim 23D (w,9 )* = const > 0
2 —0+

and along with (1.4.13) inequality (1.4.25) (see below) takes place, then from
w € W2(]0,1[, D) ¢ W**(]0, [, x3)

there follows
(Mow)(0) =0 for s >1 (1) =+00).

Indeed, since
D(’LU,QQ )2 S Ll(]O, lD,

we have
D(w,99 )2 =0(xy"), 22— 0+, v<1.
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Otherwise, i.e., if v > 1, the penultimate relation will be violated according to the con-
vergence criterion in the limit form for improper integrals.
Consequently,

D%w,p = O(q:;%), x9 — 0+, v <1,
and according to (1.4.25),
|Myw| = | — Dw,gs | = D302, ?) < (D¥)2 2 O3 2) = O, ), @9 — 0, 7 < 1.

Whence,
(Mow)(0) =0 when >~ <1, ie., x> 1(I)=+00).

This is one more argument for the condition (1.4.2).

Remark 1.4.4 The obvious inequality
xy <17y for wy€[0,1] and x <4 (1.4.20)

implies
W22(]0,1[, D) ¢ W*2(]0,1[, z5) € W*%(0,1[, z3) (1.4.21)
for »x < 4.

Inequality (1.4.13) can be rewritten as

< D lar* 0.1]. 1.4.22
D(SL’Q) = 2 Loy o) E] ; ] ( )

Whence, we immediately conclude that (1.4.18) and (1.4.19) imply
I < 00 (1.4.23)

and
Iy < 002, (1.4.24)

respectively.

Thus, the traces v(0) and v3(0) mentioned in (1.4.8)—(1.4.10) exist by (1.4.18) (i.e.,
by (1.4.23)) and by (1.4.19) (i.e., by (1.4.24)), respectively, provided (1.4.13) holds.

If instead of (1.4.13) the following inequality takes place

D(x9) < D*x5¥  for x4 €]0,1], (1.4.25)
D* = const > 0, »x = const > 0, then

W22(10,1[, z5) € W*%(]0,1[, D).

2If Iy = +o0, then from (1.4.22) it follows that s cannot be less than 1 (otherwise, i.e., if » < 1, we
have (1.4.24) and come to the contradiction). Thus, the conditions (1.4.19) and (1.4.24) are equivalent
in this sense. Clearly, we have analogous equivalence of the conditions (1.4.18) and (1.4.23).
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In this case
1 1

D% 71_ < ,
P = D)
and (1.4.23) and (1.4.24) imply (1.4.18) and (1.4.19), respectively.
Finally, if both (1.4.13) and (1.4.25) are fulfilled, then (1.4.18) and (1.4.19) are equiv-
alent to (1.4.23) and (1.4.24), respectively, and

X2 E]Oal[a

W272(]07 le D) = W2’2(]0’ l[’ l‘;{)
in the sense of equivalent norms.

Remark 1.4.5 According to the customary terminology, the BC's
w(0) = wy if I <oo (1.4.26)

and
w2(0) = wy if Iy <oo (1.4.27)

with prescribed constants wy and wy, are the stable (principal) BCs for the operator J,
since they are fulfilled by functions from both sets C4(]0,1[) and W*2(]0,1[, D). Against
it, the BCs

(Myw)(0) = My and (Qow)(0) = Qo (1.4.28)

with prescribed constants My, Qo are the unstable (natural) conditions since they are
fulfilled by functions from C%(]0,1]) but not by functions from W?2(]0,1[, D) due to the
fact that traces at xo = 0 of the second and third order derivatives of functions from the
latter class do not exist, in general.

In what follows, let u € W?2(]0,1[, D) and f € L*(]0,1[) be given. Taking into account
(1.4.1), we introduce the following definitions:

Definition 1.4.6 The function w € W*2(]0,1[, D) will be called a weak solution of the
BVP (1.1.4), (1.3.1);, (1.3.1)y in the space W*2(]0,1[, D) if

w—u € Vo (1.4.29)

and
!

I
Jo(w,v) ::/Bw(w,v)dxg :/fvdxg, (1.4.30)
0

0

where
B, (w,v) := Dw v 29 — w?pow, (1.4.31)

holds for every v € Vj .
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Definition 1.4.7 The function w € W%2(]0,1[, D) will be called a weak solution of the
BVP (1.1.4), (1.5.1);, (1.3.2)y in the space W?2(]0,1[, D) if

w—u€ Vo (1.4.32)

and
!

Jo(w,v) = /fvda:Q + Qov(0) (1.4.33)
0
holds for every v € Vp ;.

Definition 1.4.8 The function w € W%2(]0,1[, D) will be called a weak solution of the
BVP (1.1.4), (1.3.1), (1.3.8)y provided I, < +oo in the space W*2(]0,1[, D) if

w—uc ‘/1’0 (1434)
and
l
- M0U72(0) if Iy < 400, (1435)
L@mﬁ—/fwm—{o if Iy =+o0 (1.4.36)

holds for every v € Vi .

Definition 1.4.9 The function w € W22(]0,1[, D) will be called a weak solution of the
BVP (1.1.4), (1.5.1);, (1.3.4)y in the space W?2(]0,1[, D) if

w—uec Vi (1.4.37)
and
Q()U( ) — MOU’Q(O) if Iy < +00, (1438)
Jo(w,v) :/fvd:c2+ Qov(0) if [y =400 and [; < 400, (1.4.39)
if I, = 400 (1.4.40)

holds for every v € Vy ;.

Remark 1.4.10 The conditions (1.4.29), (1.4.32), (1.4.34), (1.4.37) express the fact
that the BCs (1.3.1);, (1.58.1)y, the first BC of (1.8.2)y, the first BC of (1.3.3)y provided
I, < 400 are fulfilled. The BCs (1.3.4)y, the second BC of (1.3.2)y, the second BC
of (1.3.3)y provided Iy < 400 can be found directly in the identities (1.4.33), (1.4.35),
(1.4.36), (1.4.38)-(1.4.40). These identities are derived from the identity (1.4.1). As we
see from (1.4.36), (1.4.39), and (1.4.40), these last mentioned BCs cannot be specified in
these identities if My # 0 for Iy = 400 and Qo # 0 for I} = +oo since for Iy = +oo and
I} = +00, the traces of vy and v, respectively, at the point x4 = 0 do not exist, in general.
Hence, the restrictions (1.4.2) and (1.4.3) are natural in this sense, too (see also Remark

1.2.14).
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Remark 1.4.11 In view of (1.4.1) with w = 0, the classical solutions of the static BV Ps
1-4 from Theorem 1.3.1 constructed in Section 1.3 satisfy (1.4.30), (1.4.33), (1.4.35),
(1.4.36), (1.4.38)(1.4.40) by w = 0 in the corresponding cases. Obviously they satisfy
also (1.4.29), (1.4.32), (1.4.34), (1.4.37).

Besides the space (1.4.7) let us consider the space (1.4.4) with

po(a2) = 257, po(x) = 25, (1.4.41)
We will denote this space by .
W22(10,1[, z3); (1.4.42)
it is equipped with the norm
!
w—4, 2 x, 2 1/2
leolliggogas) = ([ (25 w3 (@s) + aFwiy(ea)ldzs) (1.4.43)
0

4—3¢

The space (1.4.42) is a Hilbert space with the appropriate scalar product, since xy >,
;€ L}, .(]0,1[). We can easily see that

W22(10,1[,2%) c W2*(|0,1]),a%) if <4, (1.4.44)
W22(10,1,23) = W22(0,1[,23), (1.4.45)
W22(10,1[,2%) D> W2(|0,1[,2F) if >4 (1.4.46)

Let us consider the space
Vo(xg) == {v € W**(|e,1],25),v(l) = 0, vs(l) = O}. (1.4.47)
The traces v(l) and v5(l) are well-defined since for € €]0, (]
W22 (le, 1, 25) € W2 (le,1]), (1.4.48)
and hence, v and v are absolutely continuous on [e,{]. Thus,
vo, v € ACRg(e,l) (1.4.49)

(see [72], p.5, Definition 1.2) and in view of the first boundary condition in (1.4.47), if
» > 1, the following Hardy inequality holds (see [72], p.69)

l l

4
/x§_2v2dx2 < m/mf(vg)%m, x> 1 (1.4.50)
£ 3
Therefore, taking into account the second boundary condition in (1.4.47), we can write
l l
/QZ’;Q(U’Q)ZdQZ'Q < m/‘m;(v722)2d$2, » > 1. (1451)

3 3
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Replacing in (1.4.50) s by » — 2, we obtain
! I

/:c§‘4v2dx2 =3 /x 2(vg)?dxg, # > 3. (1.4.52)

[

Combining (1.4.51) and (1.4.52), we have

l l

/az2 t?day < CENECERE /x2 (v92)?dxy, 2> 3. (1.4.53)

£ 3

Now, considering the limit procedure as € — 0+, since the limits of the integrals in
(1.4.53) exist for v € W22(]0, [, 2%¥), we immediately get the following

Lemma 1.4.12 [fv € Vy(x%), then

l l

/m () day < e 2 /x V.99())?dxy, 3¢ > 3. (1.4.54)
0 0
Corollary 1.4.13 Ifv € Vo(xg), from (1.4.54) we obtain
!
16 A
S 3 Ty ’022 dQTQ (1455)
0

Remark 1.4.14 Obuviously, all the spaces Vo, ~,, 71,72 € {0,1}, constructed by (1.4.8)-
(1.4.11) are contained in Vy(x3) if 3¢ < 4 (see (1.4.47), (1.4.45), and the relations (1.4.21)
of Remark 1.4.4).

First we consider the case
0 << 4,
ie.,
[3 < +o00.
Theorem 1.4.15 If0 < 3 <4 (i.e., I3 < +00) and

9D, 174
W< (1.4.56)
16 II[lE%]XpO'
0

then the BVPs

(1.1.4), (1.3.1);, (1.3.1)o;
(1.1.4), (1.3.1);, (1.3.2)o;
(1.1.4),(1.3.1);,(1.3.3) provided Iy < +o0;
(1.1.4), (1.3.1);, (1.3.4),

- W e



1.4. VIBRATION PROBLEM 59

have unique solutions. These solutions are such that
lwllw2z2qoa,0) < Cllf I Logoan + llullwz2qou,p) + 71 Mol + 72| Qol],
where the constant C' is independent of f,u, My, Qy, and

v1 =0, 72 =0 for the first problem,
v1 =0, %o =1 for the second problem,
v1 =1, %9 =0 for the third problem,
v1 =1, 72 =1 for the fourth problem.

Proof. It is easy to see that

| Jo(w,v)| < (1 + T)lJwllw22qo,0) [v]lw22q0,) (1.4.57)
where
T :=w? n[%)%]x p(xe)o(xg), (1.4.58)

and the functional

!
/f $2 d$2 Jo (% U) + ’YQU(O)QO - 71”,2(0)M0, v e Vwmg
0

(see (1.4.8)—(1.4.11) and (1.4.30), (1.4.33), (1.4.35), (1.4.36), (1.4.38)—(1.4.40)) is bounded
in V,, 5,:

[Euol < I lleagoay + (U4 T)llullwz2go.0) + Co(r2]@ol + [ MoD[v]lv, 1, (1.4.59)

where we have used the theorem of traces (the constant Cj is from this theorem) and

H’UHvﬁ,72 = ||U||W272(]0,l[,D)- (1.4.60)

Now, taking into account (1.4.7), (1.4.31), (1.4.58), Remark 1.4.14, Corollary 1.4.13,
(1.4.20), (1.4.13), and introducing the notation

1614
Ty = 14+7T 1.4.61
0= —p U+T) ( )
we have
I I I
HUH%/%W = /U + D(v,92)°]dizy = /U2d$2+c]w(v,v)+w2/pov2d:v2

0 0 0
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l l

16

(1+1T) /v2d:v2 + Ju(v,v) < 3(1 +7) /$§(U722)2d$2 + J,(v,v)
0 0

1614

9D,,

l
(1+T) / D,.x5 (va9)*dxy + J, (v, v)
0
l
1, / D(vga)dy + Ju(0,v)
0

I
Jo(v,0) + Ty | J,(v,0) + W / pandxg}

0
I

Jo(v,0) + Ty | (v, v) +T/v2dx}
0

i 1614=T
Jo(v,0) + Ty | Jo(v,v) + /D(v722)2dx2]

!
Ju(v,v) + TO{Jw(v, v) + oD [Jw(v,v) + w2/p02}2d{[2} }

0

1

16141 ,

Jo(v,0) + To{J,(v,v) + 9D [Jw(v,v) +T/v dxg]}
0

16147 16147 ,
Jo(v,0) + To{Jy(v,v) + oD [Jw(v,v) + oD /D(v,gg) d$2:|}

1614>T
9D,,

Ju(v,v) + TO{JW(U, v) + [Jw(v,v) +

l

2 [ povians)]}

0

Jo(v,0) + T(]{Jw<'U, v) [1 +
/4 l
160577\ 2
< oD, ) WQ/pO-'UZd.TQ}
0
(repeating the same (n — 2)—times more)

161*>T N ( 16[4”T> 2}
9D, 9D,
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_ l
1 — (16£l)4D%T)TL+1 16[4_%T no )
1— 1614—»T + < 9D% ) w /pUU de) :

9D,, 0

< Ju(v,v)+ T [Jw(v7 v)

Now, tending n to infinity and taking into account that, in view of (1.4.56) and (1.4.58),

1614~>T <1
9D,, ’
we obtain
2 1o
HU”V'YL'Yz < Jw("U,U) + W‘]‘U(U’U)’
9D,
i.e., in view of (1.4.61),
9D, — 161*~T
L0 2 e I g, (14.62)

Thus, by virtue of (1.4.57), (1.4.62), and (1.4.59), according to the Lax-Milgram theorem
(see (2.4.36) below) there exists a unique z € V,, ,, such that

!
Jo(z,0) = Fv:= /fvde — Jo(u,v) + 72v(0)Qo — 11v.2(0) My VveV,,,
0

whence,
l
Jw(w, U) = /f?]dl‘g + ’}QU(O)QQ - ’Yﬂ)g(O)Mo Vove ‘/71772, (1463)
0
where
w=u+ 2z € W**(]0,1]), D). (1.4.64)
So,

w—u=2¢€V, ,,

and (1.4.63) means that (1.4.30), (1.4.33), (1.4.35), (1.4.36), (1.4.38)—(1.4.40) hold in the
corresponding cases.
Besides, according to the Lax-Milgram theorem (see (2.4.37) below)

9D,, + 16[**
| Fullve

1.4.
9D, — 16147 """ Vi (1.465)

I2llv,, ., <

where V* _is dual to V,, ,,. From (1.4.59) it follows that

1FL|

ve < fllzaqoap + (L + D)lullwe2qou,ny + Co(v2|Qol + 71| Mol)- (1.4.66)

Y172
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By virtue of (1.4.64)—(1.4.66), we have

||w||W2!2(]o,z[,D) < ||U||W22(01[D) + ||Z||vym2 < HUHW?’?(]O,Z[,D)

9D, + 1614

™ 9D,, — 1614~ %T[HfHLQ(Ol[ (1 + D)||ullwz22qo4;,0) + Co(72]|Qol + 71| Mo))]

< Clllfllzagoapy + llullwz2q00,0) + 72lQol + 71| Mol],
where 9D 1614 9D 161

%+ * %—}— e
€ i=max {1+ 1+1T), Co}
max 1+ on g 1) 5p, —1en a0
O
Now, let us consider the case
» >4,

ie.,

Iy = 400 and Iy < 400 for a fized k € {3,4,...}.
Instead of the space W22(]0, ([, D) (see (1.4.7)) with the norm (1.4.6) we look for a solution
in a wider space

w22(10,1], D) (1.4.67)

with the norm

l
0l ooy = [ 650 + Dlwas)ld (1.4.68)
0
More precisely, -
W?2(10,1[, D) > W*2()0,1[, D) for » > 4 (1.4.69)
and N
W22(10,1], D) = W*2(10,1[, D) for s = 4. (1.4.70)

In the case under consideration, as it follows from the previous arguments (see Problem
1.4.1 and compare (1.3.4)y with (1.3.1)p—(1.3.3)g), only the BVP (1.1.4), (1.3.1),;, (1.3.4)
is admissible.
Let -
V= {ve W**(]0,I[, D) : v(l) = 0, va(l) = 0}. (1.4.71)

In view of (1.4.13),
/V[7272(]0,l[,x;) D WZQ(]O,Z[, D) for »x > 4.

Therefore, Lemma 1.4.12 is also valid for v € V.

Definition 1.4.16 Let u € W22(]0,1[, D) be given and x2 € Ly(]0,1]). A function
w € W22()0,1[, D) will be called a weak solution of the BVP (1.1.4), (1.3.1),, (1.3.4)q in
the space W22(]0,1[, D) if

w—ueV
with V' defined by (1.4.71), and if (1.4.40) holds for every v € V.
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Theorem 1.4.17 Let p(xy)o(zy)xy * € C([0,1]). If 2 > 4 (i.e., I, = 400 and I <
+oo for a fived k € {3,4,...}) and

) (2 —1)%(3c — 3)D,,

1.4.72
16 r?%]x p(x2)o(z0)wy~ ( )
07

)

then the BVP (1.1.4), (1.3.1), (1.53.4)y with My =0, Qo = 0 has a unique weak solution
in W2(]0,1[, D) such that

4—5
||w||ﬁ7272(}071[,[)) < Cfllze® flz2)ll2g0ap + ||U||W2,2(]o,l[,p)]a

where the constant C' is independent of f and .

Proof. Let

T* — 2 4—3¢
<o 7
16(1 + T.)

(3 —1)%(3—3)2D,,

T, =

Using Lemma 1.4.12 and relations

l

!
x4 x4
o [ polwnidns = o [ (poat )™ ul) ;7 oo
0 0

. 12 , 1/2
< T, /x;_4w2dx2 /x%‘_4v2dx2 ,
0 0
! !
/pandxg = /(pUﬂf%_%)(fL';_4U2)d$2,
0 0

similarly to the proof of Theorem 1.4.15 (compare also with the proof of Theorem 2.5.12
below), we get

| Jo(w, v)| < (1+ T*)Hw”WM(]o,z[,D) : HU”W/MQOJ[,D)’
where J, is defined by (1.4.30), (1.4.31),

[Fovl < 2™ fllagoan + (1 + T lllgpaagos o)l vlv,

where

I
F,v:= /f(xg)v(xQ)d:CQ — Jo(u,v), vev,
0
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and

(3¢ — 1)%*(5c — 3)?D,, — 16T.
(3 —1)%(3>x — 3)2D,, + 16
Thus, all the conditions of the Lax-Milgram theorem are fulfilled and it is not difficult to
finish the proof. O

Jo(v,v) > |v|l3 Vv e V.

Remark 1.4.18 The restriction
plas)o(e)ai™ € C([0,1])

is not heavy because of 0(0) = 0. For instance, if we consider a beam with a rectangular
cross-section, with the unit width and the thickness

2h = hor}"®, hy = const > 0, (1.4.73)

then o(xy) = hon% and for 4 < 3 <6

23

plaz)o(2)ey™ = ple2)hor, * € C(0.1).
Remark 1.4.19 In the case (1.4.73) D(x2) has the form
D(zy) = D,x¥, D, = const > 0,

provided E = const, v = const. If we additionally suppose that

25

p(z2) = pexy® , p« = const > 0,

then
p(x2)o(z9)xy 7 = p.hy = const.
Hence, from (1.4.72) we have
, (= 12— 3D,

Whence, the greater is sc the greater is the lower bound of eigenvalues of the operator J,.
If now s tends to +o0o, then the above bound tends to +oo as well.

Remark 1.4.20 Let | = 1. In the case of the homogeneous BCs for the BVP (1.1.4),
(1.8.1);, (1.3.1)y, from the results of [57] (see theorem 1.6y, and Lemma 1.5, ) there follows
the following sufficient condition of the unique solvability on the vibration frequence

w? < min = 5 v 7 3
J(r0 = 7)2D~Y(7)dr [(r = 10)3D=Y(7)dr
0 o

for a fized Ty €]0,1[. Here we do not precise the other restrictions.
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Now, we consider the general case, i.e., we refuse (1.4.13). So,

D(z9) € C([0,1]), D(xz3) >0 V x5 €]0,1], D(0) > 0. (1.4.74)
Under these assumptions, obviously,
l
/Dl(T)dT < +oo for every xs €]0,l]. (1.4.75)
x2
Let further
; —2
P(zy) = D () /D_l(T)dT , g €]0,1], (1.4.76)

2

-2
l

Q(zs) = Di(z) / D'(r)dr /l D(t) /l Drydr| ath (a4

L2

) 6]0, l[
Evidently,
P(x2),Q(z2) € C(]0,1]), (1.4.78)
and
P(z3) >0, Q(z2) >0 V a9 €]0,1]. (1.4.79)
Definition 1.4.21 Let .
w?2(]0,1[, D) (1.4.80)

be a special case of (1.4.4) with
po = Q(z2), p2 = D(x2).

Since
Q7 (x2), D™ (22) € Li(]0,1]),
the space (1.4.80) is a Hilbert space.

Now, we consider Problem 1.4.1, where wp, w; and wy, w; are the traces of a certain

given function u € W%2(]0, ([, D) and of its derivative, respectively.
Let

Vo= {v e W22(]0,1[, D) : v(l) = 0, va(l) =0, (1.4.81)
and additionally
v(0) =0, v2(0) =01in the case of BCs (1.3.1),
v2(0) =0 in the case of BCs (1.3.2),
v(0) =0 in the case of BCs (1.3.3)y provided Iy < +o00

(in the sense of traces)} .
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Remark 1.4.22 In (1.4.81) the existence of traces in the indicated cases is assumed.

But if we additionally suppose that fD t)dt < 400 for xo €]0,1] (so, with (1.4.74) it

implies 0 < f D=L(t)dt < +00) and consider the space

W22(10,1 — e[, D) > W*2(0,1[, D), ¢ = const > 0,
then, in view of (1.4.77),
Q(x2) = D(w5) - D(z3) V¥ x5 € 0,1 — €]
with the positive continuous D(z5) on [0,1—¢]. If, now, we assume (1.4.13), we will have

D(x3) > D,z and Q(xg) > D - D,xy Y x5 €]0,1— €],

where N N
D := min D(z,).
[0,l—¢]
Hence,
D(z2) 2 Diay,  Q(x2) = Duay
with B
D, :=min{D,,, DD,}.
Therefore,
u € W>2(]0,1 — <[, D)
implies
u € o W?%(]0,1 — e[, 2%),
where
l—e
2W2(10,1 — ef,25) == Qu s [ull,wezqoi-< /%U + 25 (u 22)?]dy < o0
0
So,

W22(10,1 — e[, D) C osW?2(]0,1 — ¢, 2%).
But on the one hand,
2W272(]07l - 5[7 :L‘;{) - 2W2’2(]0v - 5[7 ZE;(Z - x2)%>7
because of
xF(l —x9)” < 1xf VY a9 €0,1].
On the other hand (see [71], Theorem 1.1.4),
W22(0,1 — el 25 (1 — 22)) = W2(10,1 — e[, 25 (1 — 22)*) V x€]—1,4].

Thus, if (1.4.13) holds, then the traces of u at xo = 0 in the mentioned in (1.4.81) cases
exist (see [71], Theorem 1.1.2 or [70]).
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Obviously, from

v e ‘;
there follows i}
vE Ve,
where .
V.= {ve W22(|e,I[, D) : v(l) = 0, vs(l) = 0} (1.4.82)
with arbitrarily small € > 0.
On [g,[]:
1.
D(z9) > I[IEHI?D([L’Q) =: D >0 and % > 1, (1.4.83)
because of

(i) D(xz) € C(le, 1]);
(i) D(x9) >0V x4 € [g,1].

2.
; -2
P(z9) = D™ (z9) ['/ Dl(r)dr} > r[nill]a P(xy) =: P* >0 and P;?) >1, (1.4.84)
because of
i) P(xs) € C([e, 1]);
i) P(za) >0 Vas €lelf;
. —2
iii) linll_ P(z5) = linll_ D™ (x5) [/ DI(T)dT] = +o0, since 0 < D7Y(1) < +o0.
3. )
! 2 I 2 -
Q(z2) := D(x9) ['/Dl(T)dT:| /D(t) [/ DI(T)dT] dt >
> r[nlln Q(z) =: Q° > 0 and QC(QZ?) >1, (1.4.85)
because of

1) Q(z2) € C([e, I]);
i) Q(za) >0 Vg €lel]

iii)

lim Q(zy) = D(I) lim

o o {fl D(t) Lfl D_l(T)dT:|2dt}2
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2 | DY (r)dr - [~D ()
= D(I) lim = = +00

To—l— I 2

2 [ D(t) Lfl D—l(r)dT] dt { —D(x2) [fl D_l(T)dT]

@2
since 0 < D7Y(1) < 400, 0 < D(I) < +00.
Evidently,
u € I/I*/Q’Q(]O, I[, D)
implies
u € I/I*/2’2(]e, I, D). (1.4.86)
But from (1.4.83), (1.4.85) we have

Qx
uf? < 0?22 o < Juga?

D(x»)
Ds

YV xg € g, 1]

Hence, in view of (1.4.86), we get
u € W>2(Je, 1]).
All the more, for
v € W22(0,1[, D)

with
o) =0, vs(l) =0,
we have
v e W2(Je, ) (1.4.87)
with

v(l) =0, wva(l)=0

in the usual sense, since by virtue of (1.4.87) v and its derivative are absolutely continuous
on [e,l] (more precisely, after maybe necessary change on the set of the measure 0). Thus,

vand vy € ACg(e,1)

(see [72], p.5, Definition 1.2) and the following Hardy type inequalities hold (see [72],
p. 66, Theorem 6.4):

/Q(xg)vz(xg)dmg < 4/P(x2)[v72(352)]2da:2, (1.4.88)
/P($2)[U72($2>]2dl'2 < 4/D(x2)[v,22(x2)]2dx2, (1.4.89)

3 (3
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whence,
/ Qo)™ (25)ders < 16 / D(3)[1.25(02) Pl (1.4.90)

Considering limit procedure as ¢ — 0+, since all the limit integrals exist because of

v € W?2(]0,1[, D), we immediately get the following

Lemma 1.4.23 Ifv € W?2(]0,1[, D) and v(l) =0, va(l) = 0, then
I I

/Q 33’2 dl‘2<16/D 1122 l’g]d.ﬁﬂg.
0 0

Definition 1.4.24 Let Q72 (3) f(x2) € Ly(]0,1]). A function w € VI*/Q’Z(]O, l[, D) will be
called a weak solution of the Problem 1.4.1 in the space I/F/'QQ(]O,Z[, D) if it satisfies the
following conditions
w—uc I;
and
l l

/Bw w, U de /dexz + ’}/QU(O)QO — 71U,2 (O)MO YV v S ‘;,
0 0

where

B, (w,v) := Dw 0,99 — w?p(w3)0(z9)wo,

7 =0, 2 =01in the case of BCs (1.3.1),

71 =0, 72 =1in the case of BCs (1.3.2)o,

71 =1, 72 =01in the case of BCs(1.3.3)y provided Iy < oo,
M =1, 2 =1in the case of BCs(1.3.4).

Theorem 1.4.25 Let Q' (z2)p(x2)o(x2) € C([0,1]) and

1
2 < 1.4.91
MG rfg]al«]X(paQ ol ( )

Then there exists a unique weak solution of Problem 1.4.1 (more precisely of the four

BVPs stated there) in W22(]0,1[, D). This solution is such that
1
1ol sgospy = CUQT2Fllzagoip +

+ lu ||W22 o D)+71|M0|+72|Q0|],

where the constant C' is independent of f,u, My, Qq.
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Proof. It is easy to see that
!

l
| J(w,v)| = /D% U 99dxo —w2/p(x2)a(x2)Q1(a:2)Q5w - Q2udmy
0 0

; /2 - 1/2

/ D(w722)2dx2 / D(U,22)2d372 +
0 0
/ 12 1/2

+ T /Qde:cg /QUdeQ <

0

t\.’)\»—A

IA

*

*

< A+l +,, o]l « .,
Ww22(04LD)" 'W22(0,[,D)’

where

T = n[r(l]alufc(paQ h. (1.4.92)
Hence, the functional

l

Fov:= /v(xz)f(m)datz — T, 0) + 720(0)Qo — 11v2(0) My, v €V
0

is bounded in X;:

1Bl < QS lae + 0+ Dllull 0+ Col2lQol + Mool

where Cj is the constant from the trace theorem. In order to use the Lax-Milgram

theorem it remains to show the V-ellipticity of J,(w,v). Indeed, using Lemma 1.4.23 and
introducing the notation

*

Ty == 16(1 + T), (1.4.93)
we have
!

l
ol = [ Qasetdes+ [ Dlwa)(van)des
0

0
l l

= /Q(xz)vzdazg+Jw(v,v)+w2/paQ_le2dx2

0 0

IA

!
+ 1*”) /Q(Q?Q)UQCZ.%'Q + J,(v,v)
0
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l

*

IN

0

16(1+ 1) / D(9)(va2)*dzg + J, (v, v)

l

= T, Jw(v,v)+w2/paQ_1szd:v2 + Ju(v,v)

IA

Jo(v,0) +Tp

IN

Jo(v,0) +Tp

- Jw(’U,U) +T0

IN

Jo(v,0) +Tp

0
l
v)—l—]t/QUdeQ
0
l
UU +16 /DU22 dﬂ?g
0

Jo(v,v) + 167*1] (v,v) + 167*’w2 poQ ' Qudxy

o —_ _

l

J (U U) + 16TJ 16T /D ’022 d[L'Q
0

— L(v,0) + Ty [Jw(v,v) 16T, (v,0) + (16720 (v, )

+ (16%)2%/621}2@02 < J,(v,0)

l

v Tod Ju(v,0) |1+ 167 + (167)% + (167)° / D(v,25)%d

0

(repeating the same (n — 2)—times more)

< Jy(v,0)+ Ty | Ju(v,v)

l

Now, tending n to infinity and taking into account that

because of (1.4.91), (1.4.92), we obtain

Whence,

1_ 16 n+1
Ly s
1- 16T J
167 < 1,
T,
[o]]2. < Ju(v,v) + —2—J,(v, ).
1%
1— 16T
1—167 ., 1-16T,
”U * T 17 H/U * 9

Jo(v,v) >

1— 167+ T},

71
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since, in view of (1.4.93),
1— 167 +Tp = 17.

Now, we can use the Lax-Milgram theorem and complete the proof similarly to the proof
of Theorem 1.4.15. 0



Chapter 2

Cusped Kirchhoff-Love Plates

2.1 Cusped orthotropic plate

Let Oxjzox3 be the Cartesian coordinate system, and let {2 be a domain in the plane
Oz124 with a piecewise smooth boundary. The body bounded from above by the surface
x3 = h(z1,22) >0, (21, 22) € Q, from below by the surface 3 = —h(x1,x2), (1, x2) € £,
from the side by a cylindrical surface parallel to the xs-axis, will be called a symmetric
cusped plate. The points P € 02, at which s.c. plate thickness 2h(z1,x2) = 0, will be
called plate cusps. If h € C*(§), obviously,

0<L:=1lim 92h(Q)

Q—P On

<400, Qe PeoiQ,

provided the finite or infinite limit L exists; if P is an angular point of the boundary
0%, then under inward to 02 normal n we mean bisectrix of an angle between unilateral
tangents to 9 at P.  will be called the projection of the plate. 92 will be called the
plate boundary. In appendix on Figures 11-19 the possible normal sections (profiles) of
an asymmetric, in general, plate at the point P in its neighbourhood are represented (see
also Figures 21-23 there).

Let us, now, consider an orthotropic cusped plate.

The equation of classical bending theory of orthotropic plates has the following form
(see [79])

Jw = (Diw,11),11 +(Daw, 92 ), 92 +(Dsw, 22 ),11
+  (Dsw,11),22 +4(Daw,12 ), 12
= flx1,23) in QC R, (2.1.1)

where w is a deflection; f is a lateral load; D; € C?(Q), i =1,2,3,4, and

2E; h? 2G h3
Di = . s i:1,2,3, D4 = G 3
3 3
Dyo—D3y>0, a=1,2 if h>0 (2.1.2)

73
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(for all known orthotropic plates these last conditions are fulfilled (see [79])); E;, i =
1,2,3, and G are elastic constants for the orthotropic case; indices after comma mean
differentiation with respect to corresponding variables.

In particular, if the plate is isotropic,

E E E
:ﬁ, &:1,2, E3:y— G =
— Vv

Ea ; Y2
1—v? 2(1+v)

where F is Young’s modulus and v is Poisson’s ratio.

Let 092 be the piecewise smooth boundary of the domain Q with a part I'; lying on
the axis Ox; and a part I'y lying in the upper half-plane x5 > 0 (0Q =T, UT,).

Let further the thickness 2h > 0 n QU Ty, and 2h > 0 on I';. Therefore,

Di(xl,xQ) >0 in QU Iy, Di<CL’1,I2> >0 on Iy, 1=1,2,3,4. (213)
In particular case let
DMI; < Di<l’1, ]32) < DQZ‘I;{, 1= 1, 2, 3,4, in Q, (214)

where
Dyi=const >0, a=1,2, 1=1,2,3,4, »x = const > 0,

ie.,

D;(x1,x2) = Di(x1,x9)xy, Dy < Ei<$lax2> < Dy,
Dla > D23, a = 1, 2, (215)

(otherwise there would exist such points of 2 where (2.1.2) will be violated). In the case
under consideration, (2.1.1) is an elliptic equation, in general, with order degeneration on
I'y.

We recall (see [79]) that

Mo = —(Daw,a0 +Dsw,5), a# 3, a,f=12,
My, = —My =2Dgw,12,

Qo = Moo+ Mg, a#p3, oB=1,2,

Qr, = Qa+Mug, ao#p0, o f=1,2,

where M, are bending moments, M,3, o # 3, are twisting moments, (), are shearing
forces and @}, are generalized shearing forces (bar under repeated indices means that we
do not sum with respect to these indices).

At points of the plate boundary, where the thickness vanishes, all quantities will be
defined as limits from inside of €.
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2.2 Bending in the energetic space
Let D; € C?(QUTY), i =1,2,3,4. Let us consider the operator J (acting in Lo(2)) on
DJ .
1. we CHQUTy);

Jw € LQ(Q),
(€ C(Q) when I|p, < +o0o in case (2.1.3) (0 < s <2 in case (2.1.4))
provided (Msw)|r, #0 or when Iy|r, < 400 in case (2.1.3)
w (0 <3 <3 incase (2.1.4)) provided (Msw)|r, =0

=O0(1), x93 — 0+, when Ij;|r, = 400 (3¢ > 2) provided (Msw)|r, #0

L or when I2i|F1 = +00 (% > 3) pTOUid@d (MQw)|F1 =0;

I

(2.2.1)

€ C(Q) when Iylr, < 400 (0< < 1),
w, (2.2.2)
=0(1), x93 — 0+, when Iy|p, = +o0 (1 <x<+400), a=1,2;

r

U(z1)

Iy = Iii(xq) = / o8 D7 (wy, wo)das, 1 =1,2,3,4, k=0,1, ...,

0
(:L‘170) € Fl; (xlal(ml)) € Qa

(Dy — D3)2w,, € Ly(Q) (2.2.3)

(this restriction can be avoided when we consider only solutions with a finite energy);
the bending moment, and the generalized shearing force

(Myw) := —(Dyw, 2 +Dsw,11 ) € C(Q), (2.2.4)
(Qéw) = —[(Dgw, 22 +D3w, 11 ),2 —|—4(D4w, 12 ),1] S C(ﬁ), (2.2.5)
2. 5
w
wl, =0, 5~ = 0 (2.2.6)

2
where n is the inward normal;
3. On I'; one of the following pairs of BCs is fulfilled:

w=0,w=0if Ip; < +oo,i=1,2,3,4, (0< 3 < 1); (2.2.7
w,=0, (Qyw) =0 if Iy; < +o0,i=1,2,3,4, (0 < <1); (2.2.8
w=0, (Maw) =0 if Iy; < +00,i=1,2,3,4, (0 < 3 < 3); (2.2.9
(Mow) = 0, (Q%w) = 0 if i < +00,i=1,2,3,4, (0 < 3 < +00). (2.2.10

— — —
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Obviously, D; C Lo(2) and is dense in Lo(Q2) since D; contains the set of finite
functions C§°(2) which is dense in L(£2).

Remark 2.2.1 How it follows from the case of cylindrical bending (see Section 1 of [46],
[38], p. 96 and also Section 1.2 of the present book), the BCs (2.2.7)-(2.2.9) cannot be
posed (in the sense of solvability and uniqueness) for other values of s except indicated
ones, or in the general case (2.1.3) if ly|p, = +00, and Iy|r, = 400, correspondingly.

Statement 2.2.2 The operator J s linear, symmetric, and positive on the lineal Dy,
and

(JU%U) = /UJU}dQ = /[Dlv,n w,11 +D2v,92 W22 +D3(0711 W,22

Q Q
+'U,22 W,11 ) -+ 4D4’U,12 w,12]dQ = /B(v,w)dQ Vv,w € DJ. (2211)
Q
In particular, if v = w,
(Jw,w) := /[Dl(wﬂl )2 + Do (w,22 )2 +2D3 w,11 w,22

Q

‘|‘ 4D4(w,12 )2]dQ = /[Dg(w,n +w,22 )2 + (Dl — Dg)(w,ll )2
Q
+  4Dy(wy9)? + (Dy — D3) (w9 )?]dS). (2.2.12)

Proof. It is obvious that J is a linear operator on the lineal D; (the latter about
Dy easily follows from the linearity of operators J, M, and Q5 on C*(Q2 U T5)). Since
D, C Ly(92) and Jw € Ly(2), we can consider the following scalar product in Lo (€2)

(Jw,v) = /vadQ = éin%/vjwdﬁ(; Yo, w € Dy,
Q Qs
where
Qs :={(x1,22) € Q : x5 > = const > 0}.

After integration by parts twice and using formulas (d), (¢) on page 87 (page 105 of
Russian edition) of [79] we have

: ov ov
(Jw,v) = ézl)% / (U(an) - %(an) + %(Mnswo ds + / B(v,w)dQs | ,
8Q5 Q&

where ds is the arc element, (Q,w) is the shearing force, (M,w) is the bending moment,
(M, sw) is the twisting moment, which act on the plate cross-section with the normal n.
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But

s ( O0s 0s 0s

895 895 BQ(; 895

av Mnsw)ds = / Mds _ /Ua(Mnsw)ds - _ /Ua(Mnsw)dS

as v, (Mpsw) € C(Qs). Hence,

(Jw,v) := éi_r)rOL (U(Q;‘lw) - %(an)) ds + éﬁ% B(v,w)ds, (2.2.13)
90,5 2
where
(@) = (@) ~ 20D
In view of (2.2.6),
[ (v(@) = Gratw ) ds = [ @)~ va (M) s
90, 13

where
[0 :={(zy,29) €Q : 29 =0 = const > 0}.

By virtue of (2.2.1), (2.2.2), (2.2.4), (2.2.5), (2.2.7)-(2.2.10), Ve = const > 0 3j(e) =
const > (0 such that

[vQ5 — v,o M| < |[v||Q3] + v || Ma] < e, when 0 < x5 <0,

i.e., taking into account (2.2.6),

[ (0@ = G ) ) as| = | [ @(@30) = va (0120 ] < <Ir] < cfons] < oo

Qs rs
(|09 is the length of the curve 0€2). So that

{s% (v (Qrw) — % (an)) ds = {;% (v (Q3w) — v, (Maw)) ds = 0.

895 F(i

Therefore, because of existence of the integral on the left-hand side of (2.2.13), limit of
the second addend on the right hand side of (2.2.13), also exists, and (2.2.11) is valid.
(2.2.12) is obvious.

From (2.2.11) there follows

(Jw,v) = (Jv,w) = (w, Jv), Yv,w € Dy.
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Hence, the operator J is symmetric.
From (2.2.12), taking into account (2.1.2), we have

(Jw,w) > 0.
But
(J”LU,'&U) = 07 w e DJ7
iff
w,11 = 0, W,29 = 0, Ww,19 = 0 in Q,
ie.,

w = kixq + koxo + k3, k; = const, i =1,2,3, in Q.

The latter, by virtue of (2.2.6), should be zero on I'y and, because of its linearity, k; = 0,
i =1,2,3. Therefore, w = 0 on €. O

Introduce H H
Q €Ty

Statement 2.2.3 The operator J is positive definite if only Dy >0 (0 < 3¢ < 4).

Proof. Let Dy = 0, and consider the particular case (2.1.4) with D;(z1,25) € C'(Q).
Then N N
Dy = inf(Dy— D3)zy =0 if only » > 4.
Q

Now, we show that J is not positive definite. Indeed, let the rectangle
o :={(x1,22) : a<x1 <b, 0 <y <0}
be cut out from 2. Let (see [64])

sT(x1 —a)

— when (zq,x2) € Ip;

(6 — x9)3sin
ws(T1,T2) 1=

0 when (z1,29) € Q\I.

Obviously, ws € D, and because of s > 4, (2.2.10) should be and, in fact, is fulfilled by
ws. It is easy to see that

* *
<6t O = const >0,

since
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and, in view of (2.1.4),

0 < (Jws, ws) < / maz  { Do }a5[(ws11)? + (ws20)*+
7’6{17273747}
Iy

+2ws 11Ws 92 + 4(ws 12)?]|drdTy < 5(5”“1 + 67T 4 5719,

8 = const > 0.
Hence, J is not positive definite on D .
Now, let us return to the general case (2.1.3). Further Dy > 0 (0 < 3¢ < 4), and prove
that J is positive definite.
From (2.2.12), taking into account (2.2.3), (2.1.2) and (2.1.3), we obtain

(Jw,w) > /(Dz — Ds3)(w,22 )*dS

> Do/ 25 (w,99 )2dY = Do/ 25 (w,29 )2 d1das,
Q I

where
II:={(z1,22) : a <z <b, 0<xy <1}, (2.2.14)

and without loss of generality, it is supposed that the domain 2 lies inside of the rectangle
I1, and a definition of the function w is completed assuming w equal to zero outside of
Q). Then w will be continuous in II with its first derivatives, and its derivatives of second
order, in general, will have discontinuity of the first kind on the arc I's. Further

1 1

b b
D
(Jw,w) > Do/ Ty (W, )2 da dwy > 91—60//de:61de

0 a 0

= 'y/ wdrydey = 7/ widw = [wl?, ),
11 Q

where
= —9 D
T et

In the previous reasonings we have used the following

Lemma 2.2.4 Let w(xy,.) be a real function of xo for fived x1 satisfying the following
conditions:

1) w and w,s are absolutely continuous on [6,1] Vo €]0, 1];

2) w, w,e= O(1) when xo — 0+;
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8) x3w,22 € La(]0,1[);

4) (xla ) = W,2 (xlyl) = 0.
Then

1
/17%(?1),22 )Zdl'g %/ Zdl’g, (2215)
0 0

1

1
9
/xé(w,gg)deQ 4/x§( 2 )2dxy. (2.2.16)
0

0

Proof is similar to the one used in [64] for the case 6 = 0 but we have to consider all
integrals from ¢ to 1 and then let ¢ tend to zero (see also Corollary 1.4.13 and (1.4.52)
for s =4). O

Let H; be the energetic space (see, e.g., [64]) corresponding to the operator J defined
on Dy and acting in Ly(€).

Theorem 2.2.5 Let f € Ly(Q). If Do > 0 (0 < 3¢ < 4), there exists a unique generalized
solution of (2.1.1) in the energetic space Hy. If Dy = 0 (3 > 4), and f(z1,22) = 0 in
O\Qs then there exists a unique generalized solution with a finite energy.

Proof. First we prove that the solution with the finite energy exists for Dy > 0 (3¢ > 0)
if f=0in Q\Qs (the last restriction of f can be weakened [16]). Let w € D;. Then

ow

%’FQ :0’

w|F2 =0,
and there exist continuous on I'y from inside derivatives w,,3. We put the domain (2 inside
of the rectangle (2.2.14) and complete a definition of the function w assuming it to be
equal to zero outside of €.

We have
2 2
|(w7 f)|2 = /wfdxldIZ = /UdefL‘ld.’L‘Q
Q Qs
< /f dxldx2/w dxidze = C’/w2dx1dx2 Yw e Dy, (2.2.17)
Qs Il
where

C = /f2dx1dx2 >0,

s := {(z1,22) €I : xy >0 = const > 0}.
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Obviously, when x5 > 0

1

/w,1 dry = w(xy, x2) — w(a, ry) = w(xy, xs) (2.2.18)

a

since w(a, z2) = 0 as (a, z2) € II\§2. According to Cauchy - Bunyakovskii inequality, from
(2.2.18) we have

1 T b
w? < /12dx1 /(w,1 )2dz, < (b—a) /(w,1 )2dax.
Integrating both sides in limits a < x; < b, § <9 <1,
/w2dx1dx2 <(b-— a)z/(w,l V2dxidxy
IIs 115

S (b — a)4/(w,11 )2d$1d1'2 == (b — a)4/(w,11 )2dl'1dfl,’2 (2219)
IIs Qs

(in the second inequality the first inequality is applied to w,;)

= (b — CL)4/ (Dl _Dll)j>‘(DU;7ll) dill'ldl'Q

S (b l_):) /(Dl — Dg)(’w,n )2d$1d1‘2
(b—a)’

< / (D1 = Dy)(w)

+  Ds(w,11 +w,2 )2 + 4Dy (w,19 )2 + (Dy — D3)(w,20 )2]d$1d$2

(b—a)
Ds

b—a)
(7o) = L,

D5 = mzn(Dl - Dg)
Qs

VAN

From (2.2.17) and (2.2.19) there follows

C(b—a)?
)P < L,

i.e., (w, f) can be considered as a linear bounded functional with respect to the energetic
norm. But then, according to the well-known theory [64], there exists a solution with a
finite energy.
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In case Dy > 0 (0 < 3 < 4), moreover, according to the general theory [64], there
exists a generalized solution since J is positive definite (see Statement 2.2.3). O

Remark 2.2.6 In the particular case (2.1.4):

1—3c 1—3c

l
~ - l
IOi(.’Ifl) = /D;l(l‘l,T)T_%dT S Dl_zllTTj{ ‘é = D_-l < 400 Zf nw < 1,
0

Y

and, when »x > 1,
1

Toi(r1) > Dyt lirgL T %dT = +00.
e—

Stmilarly,

< 4oo  if  x <2, <400 if  x <3,

Li(xq) Lyi(x1)
=400 if x>2, =400 if x>3.

2.3 On a modification of the Lax-Milgram theorem

This section deals with the following modification of the Lax-Milgram theorem:

Theorem 2.3.1 Let V' be a real Hilbert space, and let J(u,v) be a bilinear form defined
on V x V. Let there exist a constant k > 0 such that

|J(u,v)| < Kl|ull,||v], Yu,ve€V, (2.3.1)

I

and let
J(v,v) =0 = v=0 inV (2.3.2)

(0 is the zero element of V' ). Then for any bounded linear functional F defined on V' there
exists a unique functional F,, € V* (V* is the space conjugate to V') such that

Fv=F,v:= klim J(z,v) Yv eV, (2.3.3)
where
Zf = C_ltk (234)

for any sequence t, € C(V) C V' converging to to uniquely defined by F in view of Riesz
theorem. C~' is the inverse operator of the bounded linear operator C':

t=0Cxz (2.3.5)
defined in the space V' by the relation
J(z,v) = (v,t) YveV (2.3.6)
and fized z € V.
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Proof. In view of Riesz theorem, it is possible to express every bounded linear func-
tional F'in V in the following form

Fv = (v,ty) Yv eV, (2.3.7)

where the element t, € V' is uniquely determined by the functional F and [[to||y = || F||v~
If z € V is fixed, then the bilinear form J(z, v) represents, obviously, a linear functional
in V. This functional is bounded since by (2.3.1)

|J(z,0)| < k|v|l,, k=K|z|, = const > 0. (2.3.8)

[

Then according to the above Riesz theorem, there exists a unique ¢t € V' such that (2.3.6)
holds, and also, by virtue of (2.3.6), (2.3.8),

lell, <& = K]lzIl,. (2.3.9)

By the relation (2.3.6) to every z € V a unique ¢ € V is assigned. This defines by (2.3.5)
an operator C' in V. C'is, obviously, a linear one, and, in view of (2.3.9), also bounded.
The range L = C(V') of this operator C' is a certain linear set in V. More precisly, L is a
metric space whose elements are the elements of that linear set L with the metric of the
space V.

We will prove that the mapping (2.3.5) from V onto L is one-to-one, ie., L ~ V.
To this end it is sufficient to prove that to the zero-element of L there corresponds the
zero-element of V. Thus, let § = Cz, i.e., by virtue of (2.3.6),

J(z,v) = (v,0) =0 YveV. (2.3.10)
In particular, for v = 2, (2.3.10) yields
J(z,2z) =0.
But then, according to (2.3.2), z = 6. Hence, 3C~%:
z=C"'t. (2.3.11)

Let {tx} be a fundamental sequence in L, and, thus, also in V. Since V' is complete,
dtg € V such that
lim t, =ty, inV. (2.3.12)

k—o00

Therefore, complete L is a subspace of V.
_ Now, we will prove that L = V. The proof will be performed by contradiction. Let
L # V. Then there exists an element w # # in V' orthogonal to the subspace L, so that

(w,t) =0 (2.3.13)
holds V¢ € L. Since w € V, in view of (2.3.6), a unique ¢, € L C L exists such that

J(w,v) = (v,t,) Yo e V.
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In particular, for v = w, we have
J(w,w) = (w,t,) =0

because of (2.3.13). Therefore, by virtue of (2.3.2), w = @ in V, which is in contradiction
with assumption w # 6. Hence, L=V

For any bounded linear functional F' in V we have (2.3.7), where t, € V = L is
uniquely determined by F. For the above t, € L there exists a sequence t;, € L which is
convergent to tp in V. According to (2.3.11) Vt, € L Jz; € V such that

J(z,v) = (v, t) Yo eV, (2.3.14)

Functionals J(zy,v) and (v, ;) are bounded linear functionals from V* for fixed k. Now,
tending k — +o00 in (2.3.14), since, in view of (2.3.12), there exists a limit (which is equal
to (v, ty) because of continuity of a scalar product) in the right-hand side, the limit of the
left-hand side will also exist, and

lim J(zx,v) = (v,ty) Yo e V. (2.3.15)

k—oo

Then, by virtue of an immediate corollary of the Banach-Steinhaus theorem, linear form

F,:v— klim J(zp, v) (2.3.16)
is a bounded linear functional on V, which does not depend on the choice of {z}, i.e., of
{tx} since for any sequence t;, — to in V, on the right hand side of (2.3.15) we have the
same limit (v, tp).Thus, from (2.3.7), (2.3.15) and (2.3.16) we get (2.3.3). O

Remark 2.3.2 If the sequence {z}, zx € V, corresponding to {tx}, (t, € L is from
(2.3.12)) is fundamental in V, then because of completness of V- 3z € V' such that

lim z, =2y in V.
k—o00

Therefore, taking into account (2.3.1), we have

F,v:= klim J(z,v) = J(20,v)
(this is justification of notation F.,), and from (2.3.3) it follows that there exists a unique
zg € V such that
Fv=J(z,v) YveV

which coincides with the assertion of the Lax-Milgram theorem (see Section 2.4 below).
Therefore, F,, € V* can be identified with zg € V. If the sequence {2} is not fundamental
in V' (let us note that the numerical sequence {J(zx,v)} is fundamental for fixed v € V),
then F,, € V* will be identified with the ideal element z; which does not belong to V.
Let us denote by V; the set of the ideal elements z, and by Vi=VuU V;. Let us remind
that when {z;} is fundamental, the ideal element zy € V.
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Under the product \zp, N\ € R, 2y € ‘7, we understand the (, identified with the
functional

Feov = klggo J(Azg,v) = klggo M (2, v) = A, v.
Under the sum 2}, + z{/ of 2}, 2/ € V we understand (, identified with the functional
Feyv:= lim J(zp+ 20,v) = Jim J(z,,v) + Jim J(z,v) = Fav + Fav,
where
2, = O, 2 =07,
]}LIEO te = o, ’}erolo ty =ty inV,

t, and t{ are uniquely defined, in view of Riesz theorem, by bounded linear functionals
F' = (v,t)) and F" := (B’ ty), corespondingly. Obviously V' is a linear vector space.
Now, introducing in V' the norm as

[z0ll5 := (1% v+, (2.3.17)

V will be Banach, and moreover Hilbert space since such is V*. Indeed,

126 + 2 I3 + 1z — 2115 = I1F + Fegllve + 1 Feg — Fig Iy

2(1F 15+ + I1F 117-)
= 2(]lzlI% + 25 113)-

Therefore, the scalar product can be defined as
(20, 20 )5 = 47 (ll2o + 2 I — llz0 — 20 1I3)-
The completness of V is obvious from (2.3.17).

Remark 2.3.3 If Cis a bounded operator then from (2.3.11), (2.3.12) it follows that
{zx} is a fundamental sequence.

Remark 2.3.4 If J is coercive, i.e.,
|J(v,v)| > c||v||¥, ¢=const >0, YveV,
then C~' is a bounded operator.

Remark 2.3.5 If (2.3.2) is fulfilled, then either J(v,v) >0 Yv € V or J(v,v) <0 Yv €
V.
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Proof (belongs to S.S. Kharibegashvili). Let us take arbitrary fixed vy € V, vy # 0,
from J(vg,v9) # 0 we have either
J(’UQ, Uo) >0 (2318)

or
J('UQ, ’l)o) <0 (2319)
Let us, now, show that if (2.3.18) is fulfilled, then Yv € V, v # 0 we get J(v,v) > 0,
while if (2.3.19) is fulfilled, then J(v,v) < 0.
Let first v € V, v # 0 be not linearly dependent on v, then for Vt €] — oo, +00[, we
have

0 # J(vo + tv, vg + tv) = J(vg, vo) + [J(vo, v) + J(v,v0)]t + J (v, v)t?, (2.3.20)
since vy + tv # 0 Vt €] — 00, 400[. Therefore, according to the well-known property of
the quadratic trinomial

ﬂ%m@nmmo>gﬂ%m@+ﬂumP20 (2.3.21)

But if (2.3.18) is fulfilled, then in view of (2.3.21), obviously J(v,v) > 0, for arbitrary
v € V\{0} which is lineary independent of wp; if (2.3.19) is fulfilled, then from (2.3.21),
we get, similarly, J(v,v) < 0 for arbitrary v € V\{6} which is lineary independent of vy.

Let, now, v € V, v # 0, and be lineary dependent on vy, i.e., Itg €] — 00, +00[, such
that vy + tov = 6. Obviously, such ty is unique, i.e., the equation vy + tv = 6 with respect
to t has a unique solution ¢t = ty3. On the other hand, from

J(Uo—i‘tv,?}o—'—t’l}) =0 & vy + tv =40
it follows that the trinomial (2.3.20) has a unique zero t = to. This is equivalent with the
assertion that the discriminant of the trinomial (2.3.20) is equal to zero:

ﬂ%w@mMgzgﬂ%w@+ﬂumP>o (2.3.22)

(the last inequality is strong since in the left-hand side of the equality J(vg,vo) #
0, J(v,v) # 0). Finaly, from (2.3.22) follows J(v,v) > 0 and J(v,v) < 0 when corre-
spondingly (2.3.18) and (2.3.19) are fulfilled. Thus, the remark is proved. 0

2.4 Bending in the weighted Sobolev space

Let us consider for the equation (2.1.1) the following inhomogenuoes BCs:
on FQ

ow
w = g12, an 922, (2.4.1)

and on I'y either

W= g1, Wo=gn if Iy <+oo (0<2x<1), (2.4.2)
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or
w,2 = go1, Q;:hg if [01<+OO (O<%< 1),
or
w = g11,
#% 0 when [y < 400 (0<x<1),

(MQ’UJ) = h1
=0 when Iy =+oc0 (1<3x<2)

or
% 0 when Iy; < +00 (0 << 1),
(Mg’w) = h1
= 0 when [y, = +oo (1 < 5 < 400),
% 0 when Ij; < +00 (0 < 2 < 2),
(Q5w) = hy

= 0 when [}; = +00 (2 < 2 < +00)

Let
Gaps, ha S L2(F1)7 aaﬁ - 1727

87

(2.4.3)

(2.4.4)

(2.4.5)

(2.4.6)

and g11, go1, 12, g2 be traces of a certain given function u € W2(Q, lN)) (see below (2.4.7),

(2.4.10)).

Remark 2.4.1 Conditions h, =0, a = 1,2, in (2.4.4), (2.4.5) are necessary conditions
(see Section 1.2) of boundedness of deflection w and w,s correspondingly when I1;|r, = +00
(2 < » < 400), and Iy|r, = 400 (1 < 3 < 400). The demand of boundedness of
w and w,y s natural in the mechanical point of view since we do not consider the case
of concentrated shearing forces and moments, when w and w,y should be, in general,

unbounded (see also Remark 1.2.14).

Remark 2.4.2 [In the particular case (2.1.4), let

ol

3 3
g12 € W32 (Ia), goo € W2 (I'2), g1 € Wy 2 (I'y),
13

g € Wy 2 (I'1), ha, he € Ly(T),

and g11, go1, 12, g2 be traces of a certain given function u € WQQ(Q,E) (see below
(2.4.15), and Remark 2.4.8) and its derivative of the first order (if 02 is of the class
C3, they exist, on T'y always, and on T'y when 0 < 2 < 3 and 0 < 3 < 1 respectively (see

[70]).
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Let us note that if there exist such ~,, a = 1,2, that

1213%+$31D3(IU,11 )? = Ci(z1) > 0,

lim 232D(w,)* = Cy(x;) > 0,

z2—0+
Co(x1) < const Y(x1,0) €Ty, a=1,2.

Then from N
w e W3 Q,D) or WZ(Q, D)

there follows
(Mow)(z1,0) =0 for s >1(ly; = +o0, i =2,3).

Indeed, since
Do(w,22)?, D3(w,11)? € Li(),

we have
Dy (w90 )2 =0(z,"), Dsz(w,; )2 =0(xyM"), T3 =0+, 7 <1, a=1,2.

Consequently,

2 71

1 _» 1 _m
D22w722: O(‘/EQ : ); D32w711: 0(172 2 )7 To — O+7 VYo < 17> = 1727
and, according to (2.1.4), (2.1.6),
1 1 _a x=y
|(Maw)| = | = Daw,32 —D3w,1 | < <D22 + D32) O(xy?) = O(xy ), w2 — 0+,
v = max{y,72} < 1.

Whence,
(Mow)(21,0) =0 when (21,0) € I'y, 22>~y < 1,

i.e., x> 1 (I =00, 1=23).

This is one more argument for the condition (2.4.5).
Let further (compare with Definition 2.5.2 below)

W3(Q, D) (2.4.7)

be the set of all measurable functions u = wu(zy,z3) defined on € which have on €
generalized derivatives Dg(ff}g;‘f)u for ay + s <2, ag,a9 € {0, 1,2} such that

/!Dii“fg;T)UI%m (21, 72)dQ < +00 (2.4.8)
Q
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for py, =1, poy = Di(x1,72), p,, = Da(1,72), p,, := Do(x1,72). Dy, i =1,2,3,4, are
bounded measurable on 2 functions satisfying (2.1.2), (2.1.3). Therefore, since D, > D3,
a=1,2,in Q,

/ Dy(t00 2402 < / Da(ttsg 24 < +00, a=1,2, (2.4.9)
Q Q

f D3 (11 +u,20 )?dQ < f Dy (w1 )2dQ2+ 2 f D1 -D3 w90 dS2
Q Q Q

2

+S{Dg(u,22)2dﬂ < {L{ Dl(u,n)?dQF + L{ Dy (99 )%QT}Q < +00.

Let
D = {po,m Pa2os P15 p0,2}7

and B
D:=DU{p,, =23}

Then, in view of (2.4.7), (2.4.8), the sense of the notation W2(£2, D) is clear. Obviously,
W2(Q,D) < W2(Q, D). (2.4.10)
From (2.1.3), it is clear that if D; € C(f2), then
s € ().

Hence, according to [60] W2(S2, D) and W2(S2, D), by virtue of (2.4.8), (2.4.9), will be
Banach spaces under the norms

HUHIQ/VQQ(Q,D) T /[U2 + Dy(u, 11 +u,2 )
Q
+<D1 - D3)(u, 11 )2 + 4D4(u,12 )2 + (DQ — D3)<u,22 )2]dQ, (2411)
[l 0.5 := Iullivz .0 + /xg(u,2 )2d2, (2.4.12)
Q

respectively, and moreover, Hilbert spaces under the scalar products

(u, U)Wg(Q,D) = / [uv + Ds(u, 11 +u,22 ) (v, 11 +0,92 ) + (D1 — D3)u, 110,11
Q
+  4Dgu,12 0,12 +(D2 — D3)t,20 0,22 ]dS2,

<U7U)W22(Q,f)) = (U>U)W§(Q,D) + /963%2 v, dS2,
Q
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respectively. Let further f € Ly(Q2), and

0 ~ ~
Vi=W5(Q,D)=Cg(Q) in the norm of W3 (Q,D). (2.4.13)

Since p, ., € LY*(Q) we have C5°(Q) C W2(Q, D), and (2.4.13) has the meaning. In
particular case (2.1.4), we can take as V' also

~ 0
Vi={veW;(Q,D): v, =0, % 0 0, and either

U|F1: 0, v,9 ]Flz 0 by BCs (2.4.2) or v,y |F1: 0 by BCs (2.4.3) (2.4.14)
or v|lr, =0 by BCs (2.4.4) in the sense of traces}.

In case (2.1.4) we could introduce weights and norm as follows:

.« — o —_— . el
po,o T 17 pz,o == p1,1 == po,z =T,

[all 30,05 : = / {4 a3+ + () F (12 )+ (e I} (2.4.15)
Q

It is obvious, in view of (2.1.4), that the latter norm and (2.4.11) are equivalent in
W2(2, D). But we prefer (2.4.11) since the above resonings are valid for the more general
case (2.1.3).

Definition 2.4.3 A function w € WQQ(QJB) will be called a weak solution of the BVP
(2.1.1), (2.1.3), (2.4.1)-(2.4.5) in the space W(Q), D) if it satisfies the following condi-

tions:

w—u€ev, (2.4.16)
and Vo € 'V
J(w,v) = /B(w,v)dQ = /vfdQ, (2.4.17)
Q Q
where (defined in (2.2.11))
B(v,w) = Ds(w,11+w,9)(v,11+0,22) +

+ (D1 — D3)w,11v,11 +4Dyw, 120,12 +(D2 — D3)w,00 0,90, (2.4.18)

or corespondingly, for the particular case (2.1.4),

J(w,v) = /B(w,v)dQ:/vfdQ+72/h2vdx1 —Vl/hlv,gdxl, (2.4.19)
Q Q I I'1
where v = v =0 by BCs (2.4.2); v1 =0, 2 =1 by BCs (2.4.3); n =1, 72 =0
by BCs (2.4.4); and by BCs (2.4.5) v = 1 when 0 < 3 <1, and ~ = 0 when
1 <x<400; 7o=1when 0 < x <2, and v =0 when 2 < x < +4o00.
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Remark 2.4.4 The BCs (2.4.1), (2.4.2), the first ones of (2.4.3), (2.4.4) and (2.4.5),
the second ones of (2.4.3), (2.4.4) are specified in (2.4.16) and (2.4.17) ((2.4.19)), cor-
respondingly.

Remark 2.4.5 Obuviously, if the solution of the above problem exists in the classical sense
then (2.4.16), (2.4.17) ((2.4.19)) will be fulfilled.

Theorem 2.4.6 In case (2.1.3), ivao > 0, under other above conditions there exists the
a unique weak solution in W3(2, D) of the BVP (2.1.1), (2.1.3), (2.4.1)-(2.4.5). This
solution is such that

[ a1 M [ A (2.4.20)

where constant C is independent of f and u.

Theorem 2.4.7 In case (2.1.4), if 0 < s < 4, under other above conditions there ezists
a unique weak solution in W3(Q, D) of the BVP (2.1.1), (2.1.4), (2.4.1)-(2.4.5). This
solution is such that

||U}|| <C ||f||L2(Q) + ||u||W%(Q,D) + ’71||h1||L2(r1) +72||h2||L2(r1) ) (2421>

wi(©Q,D) —
where constant C' is independent of f,u,hy, and hs.

Proof of the Theorems 2.4.6 and 2.4.7. First of all, let us prove that V' is a subspace
of W2(2, D). In case (2.1.3) it is obvious. In case (2.1.4) to this end we have to show its
completeness. Because of linearity of the trace operators and operators in (2.4.1)-(2.4.4),
obviously, V is a lineal. Since u € W2(Q, D) has the traces [70]

3—s
ul,, € Wy? (I') for 0 <3 <3,

3
ul, € Wi([y) for 0 << +o0,

1—3c

U, 2 |Fl S WZT(Fl) for 0 < <1,

— € W;/Q(Fg) for 0 < s < +00,

lall o= o < Cullullyg, for 0<5e <3, (2.4.22)
2 1 ’
lell 3, S Oillullyygp, for 0= < oo, (2.4.23)
2
el oze < Cillullyy, for 0<s<1, (2.4.24)

IN

2
Wi C'1||u||W%(Q,D> for 0 < s < +00. (2.4.25)

5
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Let v, € V be a fundamental sequence. It will be also a fundamental sequence in
W2(, D). But the latter is a complete set, i.e., v € W2(€2, D) such that

1om = vllwa.p) 1 s

Then, by virtue of (2.4.22)-(2.4.25), respectively,

||Um — || s < Chllvg — 0], for 0 << 3,
W;T (Fl) W2(Q,D)
| — UHW?(FQ) < Chlvm — UHW%(M)> for 0 < s < 400,
|[Um,2 — v,2]] ;_T%(Fl) < Cyl|vm — Ung(n,D) for 0 < s < 1,
ov,, Ov
’ an " onllwie < Ch||vg — ’UHW%«LD) for 0 < s < +o0.
Therefore,
[EE—T .0 for0< <3, (2.4.26)
Wy?2 (1) M —+oo
l|om — || 3 — 0 for 0 < s < 400, (2.4.27)
W3 (T2) m —+4oo
[|Um2 — v,2|| — 0 for0<sx <1, (2.4.28)
WT(Fl) m —+oo
vy, 0
HL _ —“ .0 for 0< < +oo. (2.4.29)
W2 (Fg) m —+oo
But since
Uplp, =0 for 0< 3¢ <3, (2.4.30)
Um|p, =0 for 0 <3¢ < +oo, (2.4.31)
Um,al,, =0 for 0 <3 <1, (2.4.32)
Oy,
—1| =0 for 0< < 4o, (2.4.33)
on Ir,
from (2.4.30) follows
all_sge =01
2 (T)

Then, taking into account (2.4.26),

i.e., almost everywhere (a.e.)

U|F1:0 for 0 < < 3.
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Similarly, in view of (2.4.27)-(2.4.29), (2.4.31)-(2.4.33), we have a.e.

vl,, =0 for 0 < < +o0,
Vol =0 for 0 < <1,
ov

—| =0 for 0< < +o0.
onlr,

Thus V is complete, i.e., it is a Hilbert space and a subspace of W3(€2, 5)
Further, the proof of Theorems 2.4.6 and 2.4.7 will be realized by means of

The Lax-Milgram theorem. Let V' be a real Hilbert space and let J(w,v) be a
bilinear form defined on VX V'. Let this form be continuous, i.e., let there exist a constant
K > 0 such that

| (w, v)| < Kljwl], [Jo], (2.4.34)
holds Yw,v € V' and V -elliptic, i.e., let there exist a constant o > 0 such that
J(w, w) > aljw|? (2.4.35)

holds Yw € V. Further let F' be a bounded linear functional from V* dual of V. Then there
exists one and only one element z € V' such that

J(z,v) =< Fv>=Fv YveV (2.4.36)

and
Izl < HFl,..

Obviously, for the bilinear form (2.4.17), in view of (2.4.18),

(2.4.37)

T (w,v)] < / (D1 — Dy)twsn |- (Dy — Dy)2on s 149

Q

+/(D2 - D3)%|w722 |- (Dy — D3)%|U722 |dQ2
Q

1 1
"‘/D?f \w, 11 +w, 92| - D3 |v, 22 +v,11 |dS2
Q

+4/Dj|w,12 | . DE|U,12 ‘dQ
Q

1
2

D=

< /(Dl — D3)(w, 11 )?dS /(D1 — D3)(v,11 )?dS

Q

N[
D=

+ /(Dg—Dg)(w,gg)QdQ -/(Dg—Dg)(v,QQ)QdQ
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2

+ /D3(w711 +w, 22 )2dQ : /D3(U711 +v, 22 )2dQ
Q

1
2

st | [ Diwoaae| - | [ Diwiae| < lllvgoolilvyes (2439)

and, in particular (see Remark 2.4.8 below),
|J(w,v)] < 7||wl||v||v|]ly Yw,v e V. (2.4.39)

Hence, (2.4.34) is fulfilled.

Taking into account that (Dy — D3)(v,99 )% € L1(£2), because of
Dy —D

obviously,
25(v,22)* € L ().

Without loss of generality, we can suppose that 2 lies in II (see (2.2.14)), and let v € V/
and v =0 in RT\Q. Then for fixed 2,

1

o(a1s) €WH0, 1L o). [olBizoniep = [10° + a0 Pldan,
0

v(z1,1) =0, vy (21,1) =0,
and if we suppose that (Dy — D3)2(v,5)% € L1(Q), ie., 23(v,3)? € L1(Q) since 22 <
(Dy — Dy)?
DZ )
inequalities (2.2.15), (2.2.16) are valid for such functions v € WZ(Q, D), Q C II.

because of (2.4.40), it is easy to show (see below Lemma 2.4.9) that the

Remark 2.4.8 In viev of (2.2.16), (2.4.40), when Dy > 0 the norms (2.4.12), and
(2.4.11) are equivalent in W3(Q,D), Q C II. Consequently, (2.4.38) holds also for
W3(Q, D).

Lemma 2.4.9 Ifv € W2(]0,1[,23), 23(v,2)* € Li(]0,1[) and
v(x1,1) =0, wvy(x,1)=0,
then (2.2.15), (2.2.16) are valid, i.e.,

1

1
/x;l( 722 dx2 Z %/ 2d$27
0

0
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1 1

9
/azg (v, 90 )?dag > 4/952( 2 )2 dxs.

0 0

Proof. In the case under consideration v(zy,-) € W3(]c, 1[) for V[c, 1] C]0,1]. There-
fore, v(z4,-) and v,5 (x1,-) are absolutely continuous on [¢, 1] for arbitrarily small € =const>
0. Now, we have to repeat proof of Lemma 2.2.4 considering all integrals in limits
e < x9 < 1, and then tend € to 0+, taking into account that from square summabil-
ity of v(xy ) and xov,5 (x1,-) there follow

x21513+ 220* (71, 32) = 0 and w(}g& 23,9 (21, 1)]° = 0,

respectively. Otherwise if we assume _lim 2ov% (21, 22) = co(w1) > 0, lim 3V, (11, 22)]2 =
+ r2—0+

To—

c1(x1) > 0 then in some right neighbourhood of point (x1,0)

C1 (l’l)
25132 .

Co (l’l)
25132

772(-1'171?) > ) $§[U,2 (xbx?)]Q >

But this is a contradiction since on the left-hand sides we have integrable functions while
on the right-hand sides we have nonintegrable functions. ([l
Let us note that, on the other hand (see Section 1.4),

W2(10,1[, «3) = W*2(10,1[, 1) = W**()0,1[, 1)

and Lemma 2.4.9 immediately follows from (1.4.52) by » =4, [ = 1 if we tend ¢ — 0+
and from Corollary 1.4.13 by [ = 1. N
In view of (2.2.15), as 0 < Dy < 22555 (see (2.4.40)), for v € W(€2, D), we have

b

1
/U2($1,x2>dQ: /v2(x1,a:2)dx1,dx2 = /dml/v2dx2 <
0

Q 11 a
b 1
6
S?/ :L‘l/ % (v,22) d$2<—/d$1/D0$2 U722) dry <
16
<— [(Dy—D 24Q.
< 9D, /( o — D3)(v,22)
Q

Similarly, by virtue of (2.2.16),

4
/xS(QQ)QdQ S _9D /<D2 — Dg)('l},QQ >2dQ
0
Q

Q
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Hence, according to (2.4.14), (2.4.12), (2.4.11), (2.2.12),

o]} = /[U2 + 23(v2)® + D3(v, 11 +v,22)* + (D1 — D3)(v,11 )*+

Q
—|—4D4(U, 12 )2 + (DQ — D3)(U722 )2]dQ S (2441)
20 9 *
< 9D (Dy — D3)(v,92 )*dQ2 + J(v,v) < C J(v,v),
0 Q
where
Gim14
= 9Dy

(2.4.41) means V-ellipticity of the bilinear form J. Thus, (2.4.35) is also fulfilled.
Now, let us consider the following functional

Fo:= (v, f) = J(u,v) + 79 / vhadry — 7 / v,ohadzy, veV (2.4.42)
Fl Fl

(For case (2.1.3) we have to take 73 = 72 = 0).
Further,

|0, DI < 10l o 11 ey S NI - (2.4.43)

3—3 1—3c

and, since in case (2.1.4) traces belonging to W, 2 (I';), 0 < 3 < 3; W, 2 (I'1), 0 < 2 < 1;
are also traces belonging to Ls(I'y),

| [ ohads| < lollyo el < Clell Ml (2.4.44)
I

C =const >0, 0<x<3,

| [ va hudar| < lloally il < Cllelly Wil (2:445)
I
0<x<l.
After substitution of (2.4.43), (2.4.38), (2.4.44), (2.4.45) in (2.4.42), we obtain
[Fol < 1Al Lo + Tllullwze.p) + CCellhall,,
+71Hh1||L2(r1))]||U||V' (2446>

Let us note that by demonstration of boundedness of the functional F defined by (2.4.42),
we did not use that Dy > 0 (0 < 3 < 4), i.e., the assertion is true for Dy >0 (0 < » <
+00). Therefore, the linear functional (2.4.42) is bounded in V. So, in view of (2.4.39),
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(2.4.41), (2.4.46), according to the Lax-Milgram theorem there exists a unique z € V such
that, by virtue of (2.4.36), we have

J(z,v):Fv::(v,f)—J(u,v)+72/vhgdxl—'yl/U,thdaanGV,

Iy N}
ie.,
J(w,v) = (v, f) + 72 / vhodry — 71 / v,9 hidxy Yv €V, (2.4.47)
Iy IN]
where B
w:i=u+2z € W5(Q,D). (2.4.48)
So,

w—u=z€eV,

and (2.4.16) is fulfilled. (2.4.47) coincides with (2.4.19) (in case (2.1.3) with (2.4.17)).
Thus, the existence of a unique weak solution w € W2(€, D) of the BVP (2.1.1), (2.1.4)
[or (2.1.3)], (2.4.1)-(2.4.5) has been proved.

From (2.4.46) it follows that

£

ve S e + TNullwz@.p) + Cellhell,,w, +2illPallL, o)) (2.4.49)
By virtue of (2.4.48), (2.4.37), (2.4.49),

wllwz.p) < llullwzo,p) + 121l < llullwz.p)

+a ISl + Tlullwzp) + COallball, o, +2llall,, 0]

< C[HfHLQ(Q) + HUHI/V%(Q,D) +71“h1”L2(F1) + 72“h2’|L2(F1)]7

where B
C:=mazx{7a +1, o 'C},

i.e., (2.4.20), and (2.4.21) are valid in cases (2.1.3) and (2.1.4), respectively. O
Remark 2.4.10 Instead of V' defined by (2.4.14), we could consider the space
0 -
W2(Q, D).
Then taking into account that (2.2.15) is, obviously, valid for v € C§°(]0.1]), the condition
(2.4.41) will be fulfilled for v € C§(2) and, hence, for v € V[%(Q,D). The condition
(2.4.39) will be also realized on T/I(};(Q,ﬁ) which is a subspace of W2(0, D). (2.4.46)
(where v, = 5 = 0) will be also true for v € V[(}QQ(Q, D). Therefore, Thoeorem 2.4.7 will be

valid if in the Definition 2.4.3 the space V' is replaced by the space Wf(Q,ﬁ) c 'V, and
(2.4.19) is replaced by (2.4.17).
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Let, now, Dy =0 (3¢ > 4).
In this case only the BVP (2.1.1), (2.1.3), (2.4.1), (2.4.5), can be correctly posed. Let

0

V =W3(Q,D) = Cg°(Q)
with the norm of W3(, D).
Definition 2.4.11 Let u € WZ(Q, D) be given, and
Fv:= (v, f) — J(u,v), veV, (2.4.50)

where J is defined by (2.4.17). zo + u, where zg € V is identified with F., € V* (see a
modification of the Lax-Milgram theorem in Section 2.3), will be called the ideal solution
of the BVP (2.1.1), (2.1.3), (2.4.1), (2.4.5) if it satisfies the following condition.:

F.v:= ,fi”;i J(zx,v) = /fde — J(u,v) YoeV = VI(};(Q,D). (2.4.51)
Q
Theorem 2.4.12 There exists a unique ideal solution of the BVP (2.1.1), (2.1.3), (2.4.1),
(2.4.5).
Proof. Obviously,
[Eo] < ol 11y + Tl 36, - 1101

< N llay@llolly +7lellys o p) - 01

0
since (2.4.38) is all the more fulfilled for v € V = W(Q, D) Cc W}(Q, D). Hence, F
defined by (2.4.50) is a bounded linear functional on V. In view of (2.4.39), which is all

0
the more valid for V = W2(Q, D), (2.3.1) holds.
From v € V and
J(v,v) =0

follows
v =kyxy + kowo + k3, k; =const, 1=1,2,3, a.e. in

since from (2.4.17), (2.4.18) we have

J(U, U) = /|:D1(U,11 )2 + DQ('U,QQ )2 —+ 2D3U,11 ) +4D4(U,12 )2 dQ
Q

B /[Dfi(v’ll +v,22)* + (D1 = D3)(v,11)?

+(Dy — D3)(v,22)* + 4D4(v,12)*|dQ2 = 0,
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and, hence, a.e. in ()
v,1 =0, v,22=0 v,2=0.

On the other hand, it is obvious that

u € W2(Q,D) = u € Wi(Qs, D) = W3(S).

P - 0
Hence, u and a—u have traces on 'y N s V& > 0, and since v € V = W2(Q, D), similarly,

n
in the sense of traces,

ov
v == ~=0.
TanQs an TanQs

Therefore, v =0 a.e. in Q, i.e., v =60 in V. Hence, (2.3.2) is fulfilled. O

Thus, we can apply the modified Lax-Milgram theorem, which asserts the existence
of a unique ideal element z, such that (2.4.51) is fulfilled. O
Remark 2.4.13 If, in particular, zg € V then 2o +u € W3(Q, D), and on Ty the traces

0zp +u ou . .
of zo + u, ——— and u, — coincide.
on on

2.5 Vibration problem

The vibration equation of isotropic Kirchhoff-Love plates has the following form (see, e.g.,

[79]):

wa = (Dw711)711 + (DUJ722)722 + I/(D’w722)711 (251)
+ V(Dw,n),gz + 2(1 — V)(Dw’lg),lz
- W22h($1>$2)l)(9€1,$2)w = f(z1,22) in Q C RQ,

where w = w(xy,x2) is the deflection, w = const is the vibration frequence, f is the
intensity of the lateral load, €2 is a bounded plane domain with Lipschitz boundary 02 =
T, UT, with Ty lying on the x; axis and T’y lying in the upper half plane {xs > 0} (see
Appendix, Fig. 20), D € C?(Q) N C(Q) is the flexural rigidity of the plate,

2Eh3
D= —— 2.5.2
3(1 —v?)’ (252)

2h(x1, x9) is the thickness of the plate, E(xy, z5) is the Young’s modulus, v is the Poisson’s
ratio, 0 < v < 1, p(x1,25) € C(Q) is the density and indices after comma mean again
differentiation with respect to the corresponding variables.

Throughout this section we assume once and for all that

D(xy,29) >0 0n QUTy, D(x1,0) >0 for (z1,0) €. (2.5.3)
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If
2]1(231,5132)‘{‘1 =0 (254)

(i.e., 2h(x1,0) = 0 for (z1,0) € I'y), as it was already said, the plate is called a cusped one
(see Appendix, Fig. 21-23, and Fig. 11-19 with all the possible profiles of the plates in
the neighbourhood of the cusped edge). In this case

D(Ilfl,Ig)h‘l = 0. (255)

But (2.5.5) may also appear if 2h|r, > 0 but E|r, = 0 (or if both quantities vanish). In
all these cases, the plate will be called a cusped one, although it can be even of constant
thickness but with properties of cusped plate caused by vanishing of the inhomogeneous
Young’s modulus £ on I';.

We recall that for the bending moments M,w, o = 1,2, the twisting moments Misw,
Moyyw, the shearing forces Qow, o = 1,2, and the generalized shearing forces QFw, o =
1,2, we have the following expressions:

Moyw = —D(waa+rvwgg), a,f=1,2; a#p, (2.5.6)
Mpw = —Myw =2(1—v)Dw,s, (2.5.7)
Qow = (Myw)o+ (Myw)s, a=1,2; a# 0, (2.5.8)
Qrw = Quw~+ (Myw)g, a=1,2; a#[. (2.5.9)

At points of the boundary 92 where D vanishes, all the above quantities will be defined
as limits from the inside of (2.

Problem 2.5.1 Let us consider for equation (2.5.1) the following inhomogeneous BCs:

—onTy
ow
= o= 2.5.10
w g1, on g2, ( )
-on Iy
either w = wo(z1), wa = wj(zy) iff Ing < +00, (2.5.11)
or wy = wy(r1), Q5 =Q(x1) iff loz < +o0, (2.5.12)

Z 0 when Iy < +00,
= 0 when Iy, = o0,

or w = wy(r1), My = M3(z1) {

or

Z 0 when Iy < +00,
= 0 when Iy = +00,

% 0 when I3 < 400,

=0 when I, = 400, (2.5.14)

M, = M%(z:) { Q5 = Q3(x1) {
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where g1, gs and wo, wy, QY, MY are prescribed functions on Ty and Ty, respectively,

I(z1)
Iy = Lio(1) = / ™™D Yy, 1)dr, k€ {0,1,...}, (x1,0) € Ty, (2.5.15)

0

where (x1,1(x1)) € Q for (x1,0) € I'y.
Let us now introduce some function spaces.
Definition 2.5.2 Let
W22(Q, p) and W*2(S, p) (2.5.16)

be the sets of all measurable functions w(xy,zs) defined on Q which have on € locally
summable generalized derivatives aé?}g;;)‘?)w fora;+as <2, oy, a9 € {0,1,2}, such that

/pal,az(xl,x2)|8§?}£2)w|2d§2 < +00, 89(0(3”?211) =w, (2.5.17)
Q
for
L0,0 -= 1, P20 = P11 = P02 ‘= p($1,$2)
and

. —4 .
P00 = xf y P2,0 = P1,1 = Po,2 ‘= p($1,902),

respectively, with a bounded measurable on Q function p(x1,xs).
Let us further consider the following sets for different cases of the function p(zq,x2):
W22(Q, D) and W>*(Q, D) (2.5.18)

with p(xq1,29) = D(x1, z5) satisfying (2.5.3), and

VE(Q,xy) = W2 (Q,25)  (p(x1,20) = 75), (2.5.19)
V22(Q,2F) = W*(Q,23)  (plor, 22) = 25), (2.5.20)
and
VE(Q,d*) = W*2(Q,d”)  (p(z1,22) = d(z1,22)), (2.5.21)
where

d(zy,xq) = dist{(x1,x2) € Q, 0N}.
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Further, let us introduce the following norms;

lw|fyeepy = /[WQ +vD(w + w2)* + (1 —v)D(w)?
Q
+ 2(1 = v)D(w19)* + (1 — v) D(w2)?]d<, (2.5.22)
Jwllae(@. D) = [l 0?4 vDlwss + was)? + (1= ) Dw)
Q
+ 2(1 = v)D(w12)? + (1 — v)D(w,2)4dQ, (2.5.23)
[P /{$§{4w2 + 25 [(wa)? + (wi2)* + (w22)?]}dQ,  (2.5.24)
Q
wlfesaur = [0+ o5l + (wasf + wafllan (2529
Q
[wl[V220u = /{w2 + d¥[(w11)? + (w12)* + (w22)°]}dQ. (2.5.26)
Q

From (2.5.3) it is clear that in our cases if D € C(f2), then
e L(Q).

pal,o{Q

Therefore, according to [60], the spaces (2.5.18)—(2.5.21) with the norms (2.5.22)—(2.5.26),
respectively, will be Banach spaces, and moreover, Hilbert spaces under the appropriate
scalar products.

Lemma 2.5.3
VE(Q,x7) C V2H(Q, d* (21, 23)) Y 2> 0. (2.5.27)
Proof follows from the obvious inequality
d(z1,m0) <o for (x1,x9) € (2.5.28)

(if d(xy1,z2) is a regularized distance, then in the inequality (2.5.28) arises a constant
factor). O

Further, without loss of generality, we suppose that the domain €2 lies inside of the
rectangle:

IT:={(z1,22) ER*:a< 2 <b, 0<mxy <}, (2.5.29)

with a constant [ > max {x.}.
(z1,22)€EQ
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Lemma 2.5.4
V2(Q,2y) C VFHQ,a5) for 0 < < 4 (2.5.30)
VE(Q,x3) = V2HQ,13). (2.5.31)
Proof of (2.5.30) follows from [*~*x¥ > x5 for 0 < x5 < [, (2.5.31) is evident. O
Let
Qs = {(x1,29) €Q 29 >0, § =const > 0}.
Evidently,

V2Q, 2%) C VE(Qs,2%) € W22(Qy), (2.5.32)

where W22(Qs) = W2(€Qs) is the usual (i.e., non-weighted) Sobolev space. Hence, there
exist the traces

) 1 _
a—: e WH(Dy) Voue V*(Q,a3).

'y

wlr, € W23(Ty),

Lemma 2.5.5 If v € VZ2(Q,2%) and

v
=0, —| = 2.5.
vlr, =0, & — (2.5.33)
then
/x”_4v2dQ < 16 /x”(v 22)2dQY, 3 > 3. (2.5.34)
2 T (se—1)%(3x—3) 2 ’
Q Q

Proof. Let us complete the definition of the function v in II \ €2, assuming v equal to
zero there. Then evidently,

v e V2(Q, 2%)
implies
/[953{_4“2 + 25 (v.92)?|dz 3y < +00,
I
ie., N
v(zy,-) € WH(10,1],25)
(see (1.4.42)) and
v(z,1) =0, va(21,1) =0

for almost every 1 €]a, b[. We can, now, apply Lemma 1.4.12, i.e.,

. z
16

/x§‘4v2(x1,m2)dx2 = (22 —1)2(3c — 3)? /953‘[1;722(3:1,1-2)]%1'2, % >3, (2.5.35)

0

0
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for almost every x; €la, b[. Integrating by x; both the sides of (2.5.35) over |a, b[, we get

. . 16 5
/l‘2 4240 = /;(;2 4U2dl'1d=732 < (%— 1)2(%_ 3>2 /ZL'Q (U,22)2d]}1d1’2 =
Q I il
16 5
= CENEPEEE 25 (V,92)dQY for > 3.
Q
[
Corollary 2.5.6 Ifv € V22(Q, z3) = V22(Q, 22) and (2.5.33) is fulfilled, then
16
/vde < 3/$%(U722)2dﬂ.
Q Q
Let
D
D(xy,x9) > D,xy ¥V (21,22) € Q, de., 0< D,, := igf % (2.5.36)
2

If 2 > 1, then by s we denote the minimal among all the exponents § > s > 1 for
which (2.5.36) holds. It means that if we have the inequality (2.5.36) for s > 1, we have
to check whether there exists or no the less exponent for which (2.5.36) is valid. If yes,
then we have to continue this procedure untill we arrive at the minimal one.

If (2.5.36) holds for s < 1, then we need no additional revision since for all the » < 1
we have the same result concerning the traces.

The condition (2.5.36) is essential in a right neighbourhood of I'y. Then it can be
easily extended for the whole domain 2.

Let us note, that when w = 0, Problem 2.5.1 was considered in Section 2.4 (see also
[46]) under the different from the condition (2.5.36) condition

D
0 < Dy = inf 2100 72)
Q Ty

9

which does not make it possible to discuss the traces of solutions when the thickness is
of the non-power type. Besides, in Section 2.4 the spaces, when Dy = 0 (i.e., in the
particular case of the power type thickness, when > > 4), are not transparent (in the
sense of the so called ideal elements) even in the case of the power type thickness.

Lemma 2.5.7 If (2.5.36) takes place, then
W22(Q, D) C V**(Q,x%) C V*2(Q,d*(x1,15)) V 22> 0, (2.5.37)
and

W22(Q, D) C W22(Q, D) C V*2(Q,2%) for s > 4. (2.5.38)
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Proof of (2.5.37) follows from (2.5.36), (2.5.27). Formula (2.5.38) follows from (2.5.36),
since

/deQ < 400
Q
implies
/xg‘_4w2dQ < 400
Q
for s > 4. O

Lemma 2.5.8 If w € W?2(Q2, D) and (2.5.36) is valid, then there exist traces

3—s
U}|F1 € 32 2 (Fl) C LQ(Fl) Zf 0<2x<3 (Z‘.G., IQQ|F1 < +OO), (2539)
walr, € By7 (I)) C Ly(Th) if 0< <1 (ie., Ipp|r, < +00),  (2.5.40)

3-x 1
where By? (I'1) and By? (I'1) are Besov spaces.

Proof. Since (2.5.36) is valid, according to Lemma 2.5.7 (see (2.5.37)), w € W%2(Q, D)
implies
w € V2(Q, d”(x1,13)).

But functions from this space (see [71], Theorem 1.1.2) have properties (2.5.39) and
(2.5.40) if 9Q € C*¢ and 992 € C**¢ (which means that the boundary is locally described
by functions whose first and second derivatives, satisfy the Holder condition with a Holder
exponent £ €]0, 1], respectively). Since in our case I'; is a part of a straight line, these
local conditions are fulfilled all the more. 0

Now, we constitute the spaces V and V from the spaces W22(2, D) and W22(S2, D),
correspondingly, as follows:

9
Vo= {v € W22(Q, D) : vlp, = 0, % =0, (2.5.41)
2

and additionally

either vlp, =0, valr, =0 (if we consider BCs (2.5.11))
or valr, =0 (if we consider BCs (2.5.12))

or vlr, =0 (if we consider BCs (2.5.13))

in the sense of tmces}

and

~ —~ ov
V= {v € W*(Q, D)t vlr, = 0, o

=01in the sense of tmces}. (2.5.42)
Iy

Using the trace theorem, it is not difficult to prove the completeness of V' and V.
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In view of Lemma 2.5.8, we can suppose that the functions gy, g2, wo, wj from Prob-
lem 2.5.1 are traces of a prescribed function

u € W*%(Q, D). (2.5.43)
Let further Q%, MY € Ly(Ty).

Definition 2.5.9 Let f € Ly(Q) and » < 4 (i.e., Islr, < +00). A function w €
W22(Q, D) will be called a weak solution of Problem 2.5.1, when Is|r, < 400, in the
space W22(Q, D) if it satisfies the following conditions:

w—ueV (2.5.44)
and

Jo(w,v) ::/Bw(w,v)dQ = /fde+72/ngdx1
Q IN]

Q

- 71/M§U’2dx1 VveV, (2.5.45)
Iy

where

m =0, 72 =0 for the BCs (2.5.11),
m =0, v%2=1 for the BCs (2.5.12),
m =1, 72 =0 for the BCs (2.5.13),
m =1, 2 =1 for the BCs (2.5.14),

and
B,(w,v) = vD(wi + w,Qz)(U,n + U,22) +(1- V)Dw,nv,n
+ 2(1 —v)Dwi2v 12 + (1 — V) Dw 900 99 (2.5.46)

w*2hpww.

Definition 2.5.10 Let g1 and gy be traces of a prescribed u € WQ’Q(Q,D), I;T%f €
Lo(Q), and 3 > 4 (ice., Inp|r, = +00 for a fied k > 3). A function w € W*2(Q, D)
will be called a weak solution of the problem (2.5.1), (2.5.10), (2.5.14) (i.e., of the last
BVP of Problem 2.5.1 when Ijs|r, = +o0o for a fived k > 3) in the space W2(Q, D) if it
satisfies the following conditions:

w—ueV (2.5.47)
and
Jo(w,v) = /Bw(w,v)dQ = /fde VoeV (2.5.48)
Q

Q
where B, (w,v) is defined by (2.5.46).
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Theorem 2.5.11 Let

9(1 —v)D, 1

? = 2.5.4

©s 16 max 2hp (2:5.49)
Q

There exists a unique weak solution of Problem 2.5.1, when Is|r, < +o00 (more precisely,
of each of all the four BVPs stated in Problem 2.5.1). This solution is such that

lwllw2@.0) < Clllf o) + ullwe2.0) + 1 lIM | Loryy + 92/l Q5l| o], (2:5.50)
where the constant C' is independent of f,u, MY, and QY.
Theorem 2.5.12 Let 2hpzy > € C(Q) and

W2 < (22— 1)2(3— 3)%(1 — V)D%.

4—3¢

16 max 2hpzs,
O

(2.5.51)

There exists a unique weak solution of Problem 2.5.1, when Iys|r, = +00 for a fived k > 3.
This solution is such that

4

[wlli2z,py < Cllilzs® fllia@ + lullipaz,pls (2.5.52)

where the constant C' is independent of f and u.

Proof of Theorem 2.5.11 is similar to that of Theorem 1.4.15 and is based on the
Lax-Milgram theorem. It is easy to show the following three inequalities (see (2.5.56),
(2.5.59), (2.5.61) below which imply the proof).

In view of (2.5.45), (2.5.46), (2.5.22), we have

| J(w,v)| < / (vD)2 w1 + was| - (VD)7 |11 + 22| dS
(1= v)D]2[wai] - [(1 = v) D]z |v1]dR2

[2(1 — v)D]2 jw s - [2(1 — v) D)2 |v,15]dS2

+

[(1 = ) D)z w | - [(1 — v) D)2 |v20|dQ + T / |wl[v]dQ
Q

2 2

/l/D(U}Jl + w722)2dQ /VD(U’ll + U722)2dQ
Q Q

IN
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/2(1 — V)D(/LUJQ)QCZQ
Q

+ /1—1/ w22 [/1V 1)22 dQ
| Q2 Q
%

l\D
H
|
T
@
—
l\?
[NIE |— 1
[NIES

2

Q Q
< @A+ TD)|wllwaz@pllvliwez@p), (2.5.53)
where
T := 2w max|h(zy, z2)p(x1, 22)]. (2.5.54)
Q

In particular,
| Jo(w,v)] < (44 T)||wllwaz@plvlly VweW**(Q,D)andVveV  (2.5.55)
and
| T, (w,v)] < 4+ T)||w|v|v]y VwveV. (2.5.56)

Taking into account (2.5.55), and

’/UQ2dI1
‘/’UQM dl’l

with the positive constant Cy from the trace theorem, it is not difficult to see, that the
functional

< Nl @ 1@ oy < Collollv]I QN Loy (2.5.57)

< wvellzawn M2l zawy (2.5.58)

< Collllv | M3 oy

F,v:= /fde — Jo(u,v) + WQ/ngdxl -m /Mgvgdxl, veV,

is bounded in V:

[Fov] < {1 llzaw) + (4 + D)l[ullwzz(,0) + Coll@allzary) + 1M [l Hvlv-(2.5.59)
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Let

1614#(1 + 1) 1614>T
Tp=—— " Tyi=—— 2.5.60
91 -wv)D, > ' 9(1—-v)D,, ( )

Analogously to (1.4.62), in view of Corollary 2.5.6, we get

o1l

IN

IN

IN

IN

IA

IN

IN

<

/{112 + Dlv(vig +vo)? + (1 —v)(v11)? +2(1 — v)(v,12)?

(1 —v)(v92)*}dQ = /v2dQ + Jo(v,v) + 2w? / hpv?dQ)
Q Q

Jo(v,0)+ (1 +T) /deQ < J,(v,0) + Tpy /(1 — V) D, x5 (v,22)dS)
Q 0

Jo(v,v) + T /(1 — 1) D(v.92)%dS

Q

Ju(v,v) + TO/D[(l —v)(22)® + v +v2) + (1 —v)(vn)?

2(1 = v)(v12)4dQ = J,(v,v) + Ty [Jw(v,v) + 2uw? / hpdeQ}

Jo(v,v) +Tp [Jw('u, v) + T/UQdQ}
Jo(v,0) + T [Jw(v, v)+ T4 /(1 - V)D(11722)2d§2]

Q

To(v,v) + TO{JW(U, V) + T [Jw(v, V) + T /(1 . I/)D(qgg)ZdQ] }
Q

Jo(v,v) + TO{JW(U,U) + TV J(v,v) + (Th)? [Jw(v, v)

T / (1 =)D )d0] } = Ju(v.v)

Q

T L. o)L+ 0 + (1)) + (T /(1 — 1)D(v )02}

(repeating the same (n — 2)— tzmes more)
1 — (Tl n+1

Jo(v,0) + T [Jw(v,v) =7 ”+1/ (1—v)D(v22) dQ]
Q

Now, tending n to infinity and taking into account that, by virtue of (2.5.60), (2.5.54),

and (2.5.49),

T < 1,
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we obtain T
ol < Julo,0) + T2 ol 0) = —=7 =2 (v, v),
whence, in view of (2.5.60),
9(1 — v)D,, — 161**T
w(v,v) 2 2.5.61
L) 2 I (2561
Il

Proof of Theorem 2.5.12 is similar to that of Theorem 1.4.17 and Theorem 2.5.11.
Obviously,

o(w, )| < /(I/D)é\wﬂ ] - (VD)2 [0 11 + 20| d
Q
4 /KL—MDﬁm@wul—WDﬁwﬂuﬂ
Q
L /[2(1 D s - [2(1 = ) D] [v10]d2
Q
4 /Kr—mDﬁmmwul—mDﬁwﬂuQ
Q

x—4 x—4
+ 2w2/h,0:c3”x22 |w|zy? |v|d
Q

N

IA

L

/VD(IU 11+ w22)2d§2 /I/D(U 11 + U22 ]
1
2

+ /(1_7/) wn /1—V (v11) dQ
Q Q

D=

+ /2(1—V U)12 ] |:/21V wu)dQ
Q Q
%

N[

+ /(1_V) w22 /1—V vgg dQ
Q Q

+ T, /xg‘_4w2dQ /x%‘_4v2dQ

Q Q
< (44T Hw”'mv/m(sz,D) ”U“VT/Q’?(Q,D)’

1
2

|
[NIE
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where

T, := 2w? max[hpxs ~. (2.5.62)
o)

Further, for

Fov:= /fde — Jo(w,v), veV,

we have

Fol < {llzy” flaaolles® ol + @+ T ol loliaso.n

< {lle® fllzacey + (4 + 1) [wllipn i py vl

since |, ? UHL2<Q> < |vlly and [|vl[522(9.p) = 0]l
Let

16(1 +T) 16T,

(3 —1)2(3c — 3)%2D,.(1 — y)7 17 = (= 12> — 32D,(1 = V)' (2.5.63)

15 =

Evidently, taking into account the second imbedding of (2.5.38), Lemma 2.5.5, (2.5.36),
and (2.5.46),

lolls = /{x 42 4 Dl(ogs + v29) + (1 — 1) (011)?

+ 2(1 —v)(v12)* + (1 = ) (v22)?] }d

= / 2O + J, (v,v)+2w2/hpx%”x§‘4v2d9
Q Q

< Ju(v,v)+ (1+T%) /x§_4v2dQ
Q
< Jy(v,0)+ T /(1 — V) D, .25 (v.9)%dS)
Q
< Ju(v,v) + T4 /(1 — 1) D(v,22)2d2
Q
< Jw(v,v)—l—T*/Dy V(v +v22)* + (1 —v)(v11)?

+ 2(1 — V)(/UJQ) (1 — I/)(U 22)2]dQ

= Jo(v,0) + Tg[Juw(v,v) + 20° [ hpzy " xy *0?dQ)

b\
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IA

Jo(v,0) + Ty [Jo(v,0) + T, | 25 *0?dQ)
/
Jo(v,0) + Ty [Jp(v,0) + 17 /(1 — V) D(v,29)%d
To(0,0) + To (0, 0) + T0 [ (v, 0) + T /(1 ) D (1)}

Jo(v,0) + Ty {Jo(v,0) + T7 T (v, v) + (T7)°
X  [Ju(v,0) +TY /(1 — v)D(v,29)*d2)}

Q
= Ju(v,v) + T { (v, 0)[1 + T + (T7)°] + (Tf‘)g/(l — V)D(v,22)*d2}
Q

IA

IA

IN

(repeating the same (n — 2)—times more)

1 _ T* n+1
= Jw(v,v)%—Tg‘[Jw(v,v)% "+1/ (1= v)D(v22)%d€Y).
1
Q

Now, tending n to infinity and taking into account that, by virtue of (2.5.63), (2.5.62),
(2.5.51), obviously,

17 < 1,
we obtain - L ey
Jolfy < (v, 0) + 7= ulvsv) = ‘1_1—;1*0%(@,1)).
But, in view of (2.5.63),
1-Ty+Ty (3= 1)%(3¢ = 3)*D.(1 — v) — 16T, + 16(1 + T2.)
1 - Ty B (3¢ — 1)2(3¢ — 3)2D,.(1 — v) — 16T,
(=122 —3)*(1—v)D,. + 16
(= 1)2(x—3)2(1 —v)D,, — 16T,
Thus,
—1)2(3c—3)%(1 —v)D,, ~
(o) > D=3 U p) Loy 2 voeV.

(e — 1)2(5c — 3)2(1 — )D n 16

Now, let us consider general case of the thickness.

Definition 2.5.13 Let

W22(Q, D) (2.5.64)
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be the set of all measurable functions w defined on 2 which have on 2 locally summable
generalized derivatives up to the order 2 such that (2.5.17) is valid for

poo = Q(z1,22), poo=pi1 = poz:= D(x1,x2),

where

2 -2

l 2 (1 l
Q(x1,x2) := D(x1,x2) /D_l(xl,T)dT /D(xl,t) /D_l(xl,T)dT dt $(2.5.65)
2 T2 t
with D € C(Q) and
Uz1)
/ D™ Y(xy,7)dT < 400 for (z1,0) €Ty. (2.5.66)

x2
We recall that (x1,1(x1)) € Q for (z1,0) € I'y.
Let us introduce the following norm:

2
W2.2(Q,D)

o = / {Qu? + Dly(w + wa)® + (1— 1) (wn)? +
Q

+2(1 — v)(wa2)? + (1 — v)(w22)?] }d. (2.5.67)

Since

Q™' D™ e L(9),
the space (2.5.64) with the norm (2.5.67) is a Banach space, and moreover, Hilbert space
with the scalar product

(w, U)V;2»2(Q,D) = /{QU)U + D[V(UJ,H + wygg)(v’ll + U’QQ) + (]. - V)U)Jll},n
Q
+2(1 — v)w 19012 + (1 — V)w 290 2] FdSL. (2.5.68)

Lemma 2.5.14 If

v € W*2(Q, D) (2.5.69)
and
ov
=0, — =0 2.5.70
U|F2 ) on Ty ) ( )

in the sense of traces, then

/Q(xl,xg)v2(x1,x2)d§2 S 16/D((L’l,$2)[U’22($1,$2)]2d9. (2571)
Q Q
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Proof. Without loss of generality, we suppose that the domain (2 lies inside of the
rectangle IT from (2.5.29) and complete the definition of the function v in IT\ €2, assuming
v equal to zero there.

Evidently, (2.5.69) implies

/[QU2 + D(vm)z]dQ < +00,
I

i.e., for almost every fixed x;, we have

v(zy,-) € W”(]o I[, D)
(see (1.4.80)) and
v(x,0) =0, wva(zy,l) =0.

We recall that [ > maix {z2}. Now, we can apply Lemma 1.4.23, i.e.,
(z1,22 cQ

l l
/Q IL‘thQ l’l,ZL‘Q dlL‘Q < 16/D 1'1,1‘2 1)22 l’l,ZL‘Q)]QdQ (2572)
0 0

for almost every z1 €]a,b]. Integrating both the sides of (2.5.72) over |a, b[, we get (2.5.71).
O
Let

ov

el B
oulr, ’

Vo= {oe WD) o, =0,
and additionally
either v|p, =0, va|p, =0 (if we consider BCs (2.5.11)
or valr, =0 (if we consider BCs (2.5.12))
or vlp, =0 (if we consider BCs (2.5.13))
in the sense of traces}. (2.5.73)

Definition 2.5.15 Let Q’%f € Ly(Q) and gy, g2, wo, w} be traces of a prescribed function
u € VT*/Q’Q(Q, D) and its first derivatives. Let further MY, Q5 € Lo(T'y) be also prescribed.
A function w € VI*/M(Q, D) will be called a weak solution of Problem 2.5.1 in the space
VI*/Q’Q(Q, D) if it satisfies the following conditions:

*
w—ueVy

and (2.5.45) is valid for all v € V.
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Theorem 2.5.16 Let 2hpQ~" € C(Q) and

1—v

2 <
16 max 2hpQ—1"
Q

w

Then there exists a unique weak solution w of Problem 2.5.1, which satisfies

[[]] < ClQ 2 f Lo + llull »

W22(Q,D)
T M| ooy + V2l Q5 L2 (ry)]

W2:2(Q,D)

with a constant C independent of f,u, MY and QY.

Proof is similar to the proof of Theorem 1.4.25 and Theorem 2.5.12 (taking into account
Lemma 2.5.14). O

Remark 2.5.17 FEvidently, the analogous to Section 2.5 investigation can be carried out
for the cusped orthotropic plate considered in Sections 2.1, 2.2, 2.4.
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Figures
Figures
Figures

Figures
Figures

1-6
7—10
11 -19

20
21 —23

display examples of beams with one cusped end.

display beams with both cusped ends.

display longitudinal sections of cusped beams and profiles
of cusped plates. The arrows denote tangents to the

beam longitudinal sections and plate profiles boundaries at
the cusped end (edge).

displays the projection of the plate into the xixo—plane.
display examples of cusped plates.
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