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The purpose of this paper is to solve explicitly the basic first and second boundary value
problems (BVPs) of the theory of consolidation with double porosity for the sphere and for
the whole space with a spherical cavity. The obtained solutions are represented as absolutely
and uniformly convergent series.
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Introduction

Theory of consolidation with double porosity has been proposed by Aifantis (see,
e.g.,[1],[2]). In a material with two degrees of porosity, there are two pore systems,
the primary and the secondary. For example in fissured rocks (i.e., a mass of porous
blocks separated from each other by an interconnected and continuously distributed
system of fissures) most of the porosity is provided by the pores of the blocks of
the primary porosity, while most of permeability is provided by the fissures of the
secondary porosity. When fluid flows and deformation processes occur simultane-
ously , three coupled partial differential equations can be derived [1],[2] to describe
the relationships between governing pressure in the primary and secondary pores
(and, therefore, the mass exchange between them) and the displacement of the
solid. Inertia effects are neglected like Biot’s theory.

The physical and mathematical foundations of the theory of double porosity
were considered in the papers [1]-[3]. R. K. Wilson and E. C. Aifantis [1] gave
detailed physical interpretations of the phenomenological coefficients appearing in
the double porosity theory. They also solved several representative boundary value
problems. Uniqueness and variational principle were established by D. E. Beskos
and E. C. Aifantis [2] for the equations of double porosity, while Khaled, Beskos
and Aifantis [3] provided a related finite element to consider the numerical solution
of Aifantis’ equations of double porosity (see [1],2],[3] and the references therein).
The basic results and the historical information on the theory of porous media were
summarized by Boer [4].

The main goal of the present investigation is to construct explicitly, in the
form of absolutely and uniformly convergent series, the solutions of the first
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and the second boundary value problems (BVPs) of the theory of consolida-
tion with double porosity for the sphere and for the whole space with spherical cave.

1. Formulation of Boundary Value Problems and uniqueness theorems

The basic Aifantis equations of statics of the theory of consolidation with double
porosity are given by the partial differential equations in the following form [1], [2]

uAu+ (A + p)graddive — grad(Bip) + Baps) = 0, (1.1)

(m1A —k)p1 + kpe =0, kpi + (me2A —k)py =0, (1.2)

where u := (uq, ug, us) is the displacement vector, p; and ps are the fluid pressures
within the primary and the secondary pores, respectively. The constant A is the
Lame modulus, p is the shear modulus and the constants 5; and (G2 measure the

change of porosities due to an applied volumetric strain. m; = —i, 7 =1,2. The

constants k1 and ke are the permeabilities of the primary and secondary systems
of pores, the constant p* denotes the viscosity of the pore fluid and the constant k
measures the transfer of fluid from the secondary pores to the primary pores. The
quantities A, u, k, B;, k; (j=1,2) and p* are positive constants. A
is the Laplace operator.

Let DT be the ball, with the radius a , bounded by the spherical surface S.
Denote by D~ the whole space with a spherical cave.

Definition 1. A vector-function U(x) = (uq,us,us, p1,p2) defined in the do-
main DT (D7) is called regular if it has integrable continuous second derivatives in
DT (D7), and U itself and its first order derivatives are continuously extendable
at every point of the boundary of D¥ (D7), ie., U e C*(DY)NCY(DV), (Ue
C%(D~)NCY(D™)). Note that for the infinite domain D~ the vector U(z) addi-
tionally satisfies the following conditions at infinity:

_ oUy, _ )
U(z) = O(|z|™"), T O(lz|™?), |af?=af+a3+a23, j=1,23 (13)
j

For system (1.1),(1.2) we pose the following boundary value problems:

Find a regular vector U, satisfying in DT (D™) system (1.1),(1.2), and on the
boundary S one of the following conditions:

Problem (I)* The displacement vector and the fluid pressures are given

ut(2) = f()5, pr() =11, pa(2) = fi(2), z€8,
where fX(f1, fo, f3) € CM(S), fi € CY(S), 0 < a <1, k= 4,5 are

prescribed functions;
Problem (I1)* The stress vector and the normal derivatives of the pressure



Vol. 16, No. 1, 2012 17

Opj :
—— are given

on

(Pu)* = f()%, <67pa17iz)>i g (é?paz?iz)>i i), e,

where fE(f1, fa, f3) € C(S), f& € CY*(S), 0 < a <1, k = 4,5, are
prescribed functions, Pu is a stress vector, which acts on an element of the S with
the normal n := (n1,n2,n3),

P(Ox,n)u := T(0z,n)u — n(Bip1 + B2p2), (1.4)
here T'(0x,n) is a stress tensor [7]

T(0x,n) =| Tk;(0x,n) ||3x3,

0 0 8
Tyj(0x,n) := Mék]é? + Ak — + un]a k,j,=1,2,3. (1.5)

0x;

Further we assume that pj, j = 1,2, are known, when 2 € D™ or 2 € D~ and
rewrite (1.1) in the following form

pAu+ (X + p)graddivu = grad(Bip1 + Bap2).

A particular solution of equation (1.1) is the following potential [7]

1
I /// ['(z — y)grad(Bip1 + Bop2)dy, (1.6)
D
where
(A _ _
Mz —y) = H + 3u)5k3 CSDICT 3yzc)( Yj) ’
()\ + 2u) r 3x3
r? = (21— y1)* + (22 — y2)* + (23 — y3)°.
Substituting the volume potential ug into (1.1), we obtain
uAug + (A + p)graddivug = grad(Bip1 + Pap2). (1.7)

Thus, we have proved that ug(z) is a particular solution of equation (1.1). In
(1.6) D denotes either DT or D™, grad(fip1 + [2p2) is a continuous vector along
with its first derivatives in D*. When D = D~ that the vector grad(B1p1 + (Bop2)
has to satisfy the following condition at infinity

grad(Bip1 + Bap2) = O(|z|7*7%),a > 0.
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Thus, the general solution of system (1.1) is representable in the form u := V 4wy,
where

A(0x)V :== pAV + (X + p)graddivV = 0. (1.8)

The last equation is the equation of an isotropic elastic body. So, we reduced
the solution of basic BVPs of the theory of consolidation with double porosity to
the solution of the basic BVPs for the equation of an isotropic elastic body.

2. Some Auxiliary Formulas
The spherical coordinates are defined by the equalities

x1 = psindcosp, x9=psindsingp, x3=pcos?d, x€ DT,
y1 = asintgcospy, Y2 = asindgsingg, Y3 =acosty, YES, (2.1)
p2:$%+$%+x§, 0<dI<m, 0<p< 27

Let

o

f(evgp) = me(ﬁ7¢)7 z €5,

m=0
where f,, is the spherical function of order m :

f _2m—|—1
T Ara?

/ Pon(cos) f(4)dS,,

S

P, is the Legendre polynomial of the m-th order, v is an angle between the radius-
vectors Oz and Oy,

3
1
COSY = 1Y
ol 2

The general solutions of the equation (A — A3)y) = 0 in the domains D" and D~
have, correspondingly, the following forms ([6])

0o J, 1(idop)
T) = 2 Y, (9, @), a,
V) = 5 TR 00), <
(2.2)
o HZ, (iXop)
¢(33) = E 27Yn(197 90)7 p > a,

where J;, 1 (iAop) is the Legendre function, Hr(iz (iXoa) is the second kind Hankel

1
2
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function, Y, (9, ) is the spherical harmonic,

The general solutions of the equation A¢ = 0 in the domains Dt and D~ have,
correspondingly, the following forms (see [5], p.505)

R p"
¢(ZE) - nzz:o (27’L + 1)an_1 Zn("ga SD)? :0 < a,
(2.3)
0 an+2
P(x) = nZ::o WZTM, ©), p>a,

Zn(0,¢) is the spherical harmonic.
It is easily seen that the general solution of system (1.2) is representable in the
form

b1 = _m2¢ + ¢a b2 = mldj + ¢7 (24)

where 1 and ¢ are arbitrary solutions of the following equations
(A=) =0, A¢p=0.

The following theorems are valid and we state them without proof.
Theorem 1.The first boundary value problem has at most one regular solution
in the domains DT (D).

Theorem 2. A regular solution of the second boundary value problem is not
unique in the domain D*. Two regular solutions may differ by vector (u, p1,p2),
where u(z) =a+bx z+c(f1 + P2)r, and p;(zr)=c,j=1,2, z€ D" aand
b are constant vectors, while ¢ is an arbitrary constant.

Theorem 3. The boundary value problem (/1) has a unique solution in the
domain D~.

3. Solution of the First Boundary Value Problem

Problem (I)". First of all we will construct a solution for system (1.2). A solution
of the first boundary value problem (p (2) = f;, py(2) = f5 (2),) is sought in
the following form:

2

oo Jpy1(idop) o0 p
= — — Yn ’197 + Z’I’L 197 ) < ?

(3.1)

Zn(0,¢), p<a.
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Passing to the limit in (3.1) as p — a, we have

[e') Jn+1(’i)\0a) ° 1
—mg Y, —=——Yu(Vo,00) +a ) - Zn(Y0,¢0) f4n (Yo, ¢0),
0o J, 1 (idoa) e
my : Yn (Yo, po) + a Yo, ¢o) fsn (Do, ¢o),
2 va e ted G Z
(3.2)
where
~ 2n+1
Jin(Po, o) = W/P (cos ) fe(y)dSy, k=4,5.
S
For coefficients Y;, and Z,, (3.2) yield the following equations:
Jn+l(2)\0a) a ~
—my—— =Y, (Yo, Zn (Y0, ¢0) = fan(Y0, o),
me—— 2 (0@0)+2n+1 (Yo, v0) = fan (Yo, ¥0)
(3.3)
Tty o) e = fsn(® =0,1
e n( 07900)+2n+1 n(Yo, p0) = fon(Vo,p0), n=0,1,..
By elementary calculation from (3.3) we obtain
Fsn (90, 00) = Fan (Yo, o)
9o, : :
Yn{do, #0) = (m1 +ma)J,, 1 (iXoa) Ve

(3.4)

(2n + 1)[m1f4n(’l90, ©o) + m2j’¢5n(190, ©o)] .

Zn s =
(190 QDU) a(m1 +m2)

Substituting (3.4) into (3.1), we obtain a solution of the BVP in the form of series

B > J, 1 (@A ~ n
may/a +4(%o0) (f5n (P, ) — fan(0,¢))

U7t ma) /2= Ty 2 (ihoa)
1 ot ~
(1 + ma) 7;) Z?[mlf4n<ﬁa @) + mafon (9, ©)];
(35)
oy (op) A
pr= VS T 6.6) — Funl0.0)

(m1 + mz)\/ﬁ e Jn_,'_% (i)\oa)

1 . "

0 -~ .
) 2 e ) £ mafin@,), p <
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Analogously, we construct a solution under boundary conditions
pl_(z) - f4_7 p2_(z) - f5_(z>7

in the domain D~

)
o —mgf 7’)‘Op) —~ ~
P = G ) Z H@) o [f5n (9, %) = fan (9, 0)]
1 =, gntl ~ N
+ (mq 4+ mg) nz:;] Pl [ma fan (9, @) +ma f5n (9, @],
(3.6)

_ mlf n+1 0P) 5
P2 G ma 2 ), (iMa) Fsn(0:9) = fun(9, ¢)]

=0

1 > gntl N N
m n 197 +m 7’107 ) >a.
() 2 et P09+ mafon0. 900

For absolutely and uniformly convergence of these series together with their first
derivatives it is sufficient to assume that f,;t cCh(9), 0<a<1, k=45

Solutions, obtained under such conditions, are regular in DT.
For a ball the solution of system (1.8), when V* = F* is constructed by Na-

troshvili [8] (this result can be found also in monograph [7]):

(1)
V(z) = / K*(a,9)F* (y)dys, weD, yes,
(3.7)

S
(1)
z) = / K~ (2,9)F (y)dys, z€D, yes,

(1) (1) (1) (1)

where KT :=|| K,j] llax3, K~ :=| K, [ERER
) 1 [a2 - p2 0?®
14 2 2 (z,y) -
+ . B — ) — =1,2
Kk’] Ira |: 3 ij +ﬁ(a P ) axla:ﬁ] :| y 4 ) 737
LTa2 —p%2 1 3tpcosy] dt
q) = —_— — — —
(:L', y) \({ |: Q(t) a a2 :| t1+a ’
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(1) 1 2 2 92"
- . p a 2 2 (CU,y) o
K= dra 3 dij +B(p” —a )W , 4,J=1,2,3,
12 _ 242
= [P 2l edr, Q (1) = (p* — 2apteosy + a*)?,
0 Q1)
COS/‘Y _ :Clyl + x?y? + $3y3 — 8in98iﬂ9/008(¢ _ ¢/) + 00896080/,

ar
A A+ 2

2 a =
2(\ + 3p)’ 2(\ + 3u)

r? = a?® — 2atcosy + p?, B = <1, F*ech(s).

So we have proved the following

Theorem 4. The first BVP is uniquely solvable in the class of regular functions
and the solution is represented in the form of absolutely and uniformly convergent
series, if the boundary data are from the space C1*(S), «a > 3.

4. Solution of the second Boundary Value Problem

Problem (I1)*. In this paragraph we will construct an explicit solution of the BVP

.
for system (1.1),(1.2), when stresses and the normal derivatives of the pressure )

on

are assumed to be given on S

(Pu)t = f(2)" <8p5?iz)>+ _ <8p§?iz)>+ _ ), zes,

where fT € C%(S), fFeC®(S), 0<a<l, k=34
We seek the py, in the domain DV in the form (3.1). Taking into account the fact

that % = aap, from (3.1) we obtain

Jnti z)\op) 0 n—1

8p1 o 8 np
e mQZ Y(??,QD)—F;WZM&(P% p<a,

L1(iA oo n_1
8819; - z Ty 1(idop) op) Y, (0, ) + ; @ﬂfwznw, o), p<a.
" (4.1)
Let us rewrite (4.1) as
%:—mQZH Yo (9, ¢) +ZL 9,9), p<a
dp (2n + 1)an—! Znl, ), ’
(4.2)

n—1

3192 np
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& Jny1(idop)
where Hy(p) := gt
Op VP
Passing to the limit in (4.2) as p — a, we have

—my 3 Ho(a)Ya (Do, 00)) + z Zn(B0,%0)) = 3 Fan(W0, 00),

(4.3)
& n
mi ZOHn( a)Yn (Yo, ¢o) + Z ﬁz Yo, o) ZfSn (Yo, #0),
n= n=0
where
-~ 2n+1
Jrn (Yo, o) = AnaZ /Pn(COS’Y)fk(y)dSya k=4,5.
S
For the coefficients Y;, and Z,, (4.3) yield the following equations:
n o~
- Hn Yn "9 ) 7271 79 ) = n 79 ) )
maHy(a) Y (Jo ¢0)+(2n+1) (P0,¢0) = fan (Yo, ¥o)
(4.4)
n ~
Hn Yn197 7271197 = n197 ’ = 71727"
my Hy(a) Y (Jo 900)+(2n+1) (Yo, ¢0) = fon(Vo,00), n =0
By elementary calculation from (4.4) we define Y,, and Z,, for n > 1
(190’ @O) f5n(1907 900) .;\‘471(1907 900)7
(m1 + mg)Hn(a)
(4.5)
2n + 1 (Y0, n (Y0,
2,00, o) = C0F DTtV o) £ mafonllor o)) gy

n(my + ma)

For the regularity of solutions p;, j = 1,2 it is sufficient that

F10(0,0) / f1dS =0, Fao(0.0) / fdS = 0.

Then, for coefficients Zy and Y| (4.4) yield the following equations:
—maHo(a)Yo(Jo, ¢o) + 0 Zo(o, o) = 0,
m1Ho(a)Yo (Yo, po) + 0+ Zo(Po, po) = 0,

whence, Zj is an arbitrary constant and Yy = 0.
Substituting (4.5) into (3.1), we obtain a solution of the second BVP in the form
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. —ma > Jn—&—%(l)‘op) ~ -~
p1 = (ml + mz)\/ﬁ Z Hn(a) [f5n('l9? ‘10) - f4n("97 4,0)]

n=1

TL

b D g mfin (9, 0) 4+ mafon (9, 0)] +

n=1
(4.6)
2 1 (idop) R
mi
g . 19 . 19’
P (1 +m2)\/ﬁnz::1 Hn(a) [fsn(9,0) = Fin(V, )]
I ~ .
+m1 e ; ey (M1 fan (9, 0) +mafon(9,0)] +¢, p<a.
Problem (1)~ can be solved analogously
@)
- o H, "\ 1 (idop)
mao il N R
= 2 " 19, . . /&, _
n (m1 + ma) EZ: hin(a) [fon (0, 0) = fan (D, ©)]
m+mz oy Dy Fin (0, 0)  mafon (9, )
(4.7)

my 00 Hg) (Z)\()p) R N
b2 = (ml T m2 g ;n( ) [f5n(197 90) - f4n(19’ SO)]_

W |-

1 > a2 -~ -~
v, v, ’ > a,
my -+ mo TLE_:I (n + 1)0n+1 [m1f4n( SO) + m2f5n( 90)] p=a

o 1.2 @op)
p N/
Ok

B 0 be calculated from (4.6)-(4.7).

The solution of the problem (TV)* = F*, for system (1.8) for a ball is con-
structed by Natroshvili [8] (this result can be found also in monograph [7]):

where  h,(p) =

2)
V(z) = / K" (z,9)F (y)dys + a1 + [w,z] + gﬁ)\lj_fQ) x € DT,

6 i4($ y) —+ +
2 2 ) F l D
Z a Y 3z S, HS ’
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:/ K™ (z,y)F (y)dys, x€ D,

! PP’ 0@ (2, y) _ .
:@m/)”ys%**f-ﬂ%4,|m3F<ww,xep,
S

83%8:::]
(2) 2) (2) (2)
where KT :=|| K,:; llaxs, K~ :=| Ky, 1335
(2) 1 a2 — 302029 (x ) o 0P
K} = — [(®1+ ®)5y PREZSEY) | 0y 2 (@) — By) — 20,
kj S [( 1+ D)oy + 2 0x;0y; K 8xi( 17 %) =20 Ox;

1 9 003 P®(z,y) 0?1 (z,y) .
+8M77T [mzafﬂj@paﬂ 23) + ( 0z;0y; 0z;0y; » BI=123,

,_1CL—P _7@ (2 2,2\%
(Pl(l',y) _‘f)/‘ I Q(t) CL:| n ) Q(t) T (CL 2aptcos*y—|—p t ) )

fl [a? — p?t? 1 3tpcosy} dt
0

Oy (z,y) : 0 - > i

27

~~

1Ta? — 1 dt 1
Do(z,y) = [ Fr _ a] bg = b—lfmq)o, ®y := Re(bay®y),
0

L Q) thron?
o ':b0+ib1:u+i\/2)\2+6)\u+3u2 b, ‘:1+ 3\ +4p
2(A + ) ’ 2 2y2)2 4 6Apu+3u2
(2) 1 a2 — 302 92 *
— * * 4 3<$,y) 0 a(I)l
K, . = - P (51 —xi— (P — O 2 7
kj 8M7T [ ( 1t 2) J + 2 6xi8yj i 8331( ! 2) e 8xj
1 0 093 0%d old
+— 1’17(2 (I);) _ Q(Qf,y) . 1(33,y) . k=123
Sum Ox; op 0x;0y; 0x;0y;
L, L a2t2
O (z,y) : pQ_attl Lat, 1=1,2, ®%:= 24+ 4 / t dt,
0 V202 4 6 + 32 Q*(t) to
. a’t? dt i} s
(e, y) = Ammf——75fw, Q*(t) = (p* — 2aptcosy + a*t2)%,
- i/ 222 + 6 2 1 A+4
i A iy/202 4+ 6\ + 3p PR 3\ +4p

2 + p) ’ 2 2202+ 6Apu+ 32
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Thus, we have proved the following

Theorem 5. For the solvability of the BVP (I1)™" it is necessary that the princi-
pal vector and the principal moment of external forces be equal to zero. The BVP
(IT)™" is solvable in the class of regular functions and the solution is represented
in the form of absolutely and uniformly convergent series if the boundary data are
from space C%*(S), a > . Two regular solutions of BVP (II)" may differ only
with an additive vector

c(B1 + B2)
a+ [b, z] +73)\+2,u ,

where a, b, ¢ are arbitrary real constant vectors, x := x(z1, z2, x3). The BVP (I1)"is
solvable in the class of regular functions and the solution is represented in the form
of absolutely and uniformly convergent series.
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