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A NOTE ON NEW ESTIMATES FOR DISTANCES IN
ANALYTIC FUNCTION SPACES

ROMI SHAMOYAN1 AND HAIYING LI2∗

Abstract. We provide new estimates for distances from fixed analytic func-
tions to their subspaces in the unit disk. We will enlarge the list of previously
known assertions of this type obtained recently by R. Zhao and W. Xu.

1. Introduction and preliminaries

Let D be, as usual, the unit disk on the complex plane, dA(z) the normalized
Lebesgue measure on D so that A(D) = 1 and dξ be the Lebesgue measure on
the circle T = {ξ : |ξ| = 1}. Let further H(D) be the space of all holomorphic
functions on the unit disk D.

For f ∈ H(D) and f(z) =
∑

k akz
k, we define the fractional derivative of the

function f as usual in the following manner

Dαf(z) =
∞∑

k=0

(k + 1)αakz
k, α ∈ R.

We will write Df(z) if α = 1. Obviously, for all α ∈ R, Dαf ∈ H(D).
For a ∈ D, let g(z, a) = log 1

|φa(z)| be the Green’s function for D with pole at a,

where φa(z) = a−z
1−āz

. For 0 < p < ∞, −2 < q < ∞, −2 < s < ∞, −1 < q + s <
∞, we say that f ∈ F (p, q, s), if f ∈ H(D) and

‖f‖p
F (p,q,s) = sup

a∈D

∫

D
|Df(z)|p(1− |z|2)qgs(z, a)dA(z) < ∞.
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As we know [10], if 0 < p < ∞, −2 < q < ∞, −2 < s < ∞, −1 < q + s <
∞, f ∈ F (p, q, s) if and only if

sup
a∈D

∫

D
|Df(z)|p(1− |z|2)q(1− |φa(z)|)sdA(z) < ∞.

It is known also that F (2, 1, 1) = BMOA.
We recall that weighted Bloch class Bα(D), α > 0, is the collection of the

analytic functions on the unit disk satisfying

‖f‖Bα = sup
z∈D

|Df(z)|(1− |z|2)α < ∞.

Bα(D) is a Banach space with the norm ‖f‖Bα . Note B1(D) = B(D) is a
classical Bloch class(see [2] and the references there).

The well-known so called “duality” approach to extremal problems in theory
of analytic functions leads to the following general formula

distY (g, X) = sup
l∈X⊥, ‖l‖≤1

|l(g)| = inf
ϕ∈X

‖g − ϕ‖Y ,

where g ∈ Y, X is subspace of a normed space Y , Y ∈ H(D) and X⊥ it is
orthogonal complement in Y ∗, the dual space of Y and l is a linear functional on
Y (see [6]).

Various extremal problems in Hp Hardy classes in D based on duality approach
we mentioned were discussed in [3]. In particular for a function K ∈ Lq(T) the
following equality holds (see [3]), 1 ≤ p < ∞, 1

p
+ 1

q
= 1,

distLq(K, Hq) = inf
g∈Hq , K∈Lq

‖K − g‖Hq = sup
f∈Hp, ‖f‖Hp≤1

1

2π
|
∫

|ξ|=1

f(ξ)K(ξ)dξ|.

It is well known if p > 1 then inf-dual extremal problem in analytic Hp Hardy
classes has a solution, it is unique if an extremal function exists (see [3]).

Note also that extremal problems for Hp spaces in multiply connected domains
were studied before in [1] and [7].

Various new results on extremal problems in Ap Bergman class and it is sub-
spaces were obtained recently by many authors (see [5] and the references there).

In this paper, we will provide direct proofs for estimation of

distY (f, X) = inf
g∈X

‖f − g‖Y , X ⊂ Y, f ∈ Y, X, Y ⊂ H(D)

in the unit disk.
Let further Ωk

α,ε = {z ∈ D : |Dkf(z)|(1− |z|2)α ≥ ε}, Ω0
α,ε = Ωα,ε.

Applying famous Fefferman duality theorem, P. Jones proved the following.
Theorem A. ([4], [10]) Let f ∈ B. Then the following are equivalent:

(a) d1 = distB(f, BMOA);

(b) d2 = inf{ε : χΩ1
1,ε

(z)
dA(z)

1− |z|2 is a Carleson measure},

where χ denotes characteristic function of the mentioned set.
Recently, R. Zhao (see [10]) and W. Xu (see [9]) obtained results on distances

from Bloch functions to some Möbius invariant function spaces in a relatively
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direct way. The goal of this paper is to develop further their ideas and present
new theorems in the unit disk.

In next sections various assertions for distance function will be given. We will
indicate proofs of some assertions in details, short sketches in some cases will be
also provided.

Throughout the paper, we write C ( sometimes with indexes) to denote a
positive constant which might be different at each occurrence (even in a chain of
inequalities) but is independent of the functions or variables being discussed.

We will write for two expressions A . B if there is a positive constant C such
that A < CB.

2. Estimates for Dist function in D

First we define a set as following.

Definition 2.1.

M = {ξ ∈ T :

∫ 1

0

|fτ̃ (τξ)|(1− τ)αdτ ≥ ε}.

M = Mε, α, τ̃ (f) = Mε, α ⊂ T; τ̃ ∈ (0, 1), α > 0, ε > 0.

Note first that from Bergman representation formula for large enough γ.
∫ 1

0

|f(τξ)|(1− τ)αdτ

≤ C

∫ 1

0

∫

D

|f(w)|(1− |w|)γdA(w)

|(1− τξw)γ+2| (1− τ)αdτ

≤ C1

∫

D

|f(w)|(1− |w|)γdA(w)

|1− ξw|γ+1−α
; γ > −1, α > −1.

So we have

‖
∫ 1

0

|f(τξ)|(1− τ)αdτ‖L∞(T) ≤ C

∫

D
|f(w)|(1− |w|)α−1dA(w),

where f ∈ H(D), α > 0.
The problem of finding of estimates distX(f, Y ), f ∈ A∞

α , where

X = (A∞
α ) = {f ∈ H(D) : ‖

∫ 1

0

|f(τξ)|(1− τ)αdτ‖L∞ < ∞},

Y = (A1
α−1) = {f ∈ H(D) :

∫ 1

0

|f(w)|(1− |w|)α−1dA(w) < ∞}

appears naturally.
Our intention is to find an analogue of a theorem Zhao for this situation, using

characteristic function of M set.
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By well-known Bergman representation formula (see [2]) for every t > −1

f(w) = C(t)

∫

D

f(z)(1− |z|)tdA(z)

(1− zw)t+2

= C(t)

∫

Mε,α(f)

∫ 1

0

f(τξ)(1− τ)tdξdτ

(1− τξρϕ)t+2

+C(t)

∫ 1

0

∫

T\Mε,α(f)

f(τξ)(1− τ)tdξdτ

(1− τξρϕ)t+2

= f1(w) + f2(w).

We now estimate (f1) and (f2) separately.
Note first arguing as above we easily find that

‖f‖A∞α,s
= sup

τ<1
‖

∫ 1

0

|fτ (ρξ)|(1− ρ)αdρ‖L∞(T)(1− τ)s

≤ C sup
τ<1

(1− τ)s

∫

D
|fτ (w)|(1− |w|)α−1dA(w)

= C‖f‖A1
α−1,s

.

Hence the problem of estimate of distA∞α,s
(f, A1

α−1,s), f ∈ A∞
α,s also appears.

Note for s = 0, we have as before distA∞α,0
(f, A1

α−1,0) = distA∞α (f,A1
α−1).

It turns out that for s > 0 case, there is an opportunity to obtain a result of
above mentioned type that is to give estimates for distance function. For that
reason we will turn to estimates of f1 and f2 functions defined above. We will
prove the two following inequalities, s > 0, α > 0,

(A) ‖f2‖A∞α,s
≤ Cε;

(B) ‖f1‖A1
α−1,s

≤ C1‖f‖A∞α,s
sup
τ<1

(1− τ)τ̃

∫

T

χMε,t,τ (ξ)dξ

= C1‖f‖A∞α,s
· (Kα, t, ε),

where τ̃ = α− t− 1, K = (Kα, t, ε).
We now will prove (A) and then (B). We have the following estimates.

‖
∫ 1

0

|f2(τ̃ ρϕ)|(1− ρ)αdτ‖L∞(T)(1− τ̃)s

≤ C(1− τ̃)s‖
∫ 1

0

∫

T\M

|f(τ̃ ξ)|(1− τ)tdξdτ

|1− τ̃ τ ξϕ|t+1−α
‖L∞(T)

≤ C(1− τ̃)s‖
∫

T\M
(

∫ 1

0

|fτ̃ (τξ)|(1− τ)tdτ)
dξ

|1− ξϕτ̃ |t+1−α
‖L∞(T)

≤ Cε.

for s = t− α, s > 0 and M = Mε,t,τ̃ set that we defined above.
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Let us estimate the second integral. We have the following estimates.

‖f1‖A1
α−1,s

≤ C sup
τ̃<1

(1− τ̃)s

∫

D
|f1(wτ̃)|(1− |w|)α−1dA(w)

≤ C sup
τ̃<1

(1− τ̃)s

∫

M

∫ 1

0

|f(τ τ̃ξ)|(1− τ)tdξdτ

(1− τ̃)t−α+1

≤ C sup
τ̃<1

(1− τ̃)s‖
∫ 1

0

|f(τ τ̃ξ)|(1− τ)tdτ‖L∞(T)

· sup
τ̃<1

∫

M

1

(1− τ̃)t−α+1
dξ,

where s = t− α, s > 0, t > α, M = (Mε,t,τ̃ ).
Hence

distA∞α,s
(f, A1

α−1,s) ≤ C inf{ε > 0, K < ∞.}
Since

distA∞α,s
(f, A1

α−1,s) ≤ ‖f − f1‖A∞α,s
= ‖f2‖A∞α,s

≤ Cε.

Hence we have the following theorem.

Theorem 2.2. Let f ∈ A∞
α,s(D), α > 0, s = t− α, t > α, s > 0,

distA∞α,s
(f, A1

α−1,s) ≤ C inf{ε > 0 : sup
τ̃<1

(1− τ̃)α−t−1

∫

T

χMε,t,τ̃
(ξ)dξ < ∞.}

where

Mε,t,τ̃ = {ξ ∈ T :

∫ 1

0

|fτ̃ (τξ)|(1− τ)tdτ ≥ ε}.

Remark 2.3. Using arguments from [10](see also the proof of Theorem 2.4 below)
it can be easily shown that for s = 0 the assertion of Theorem 1 is sharp and
that is the reverse estimate holds.

Let us now turn to another problem connected with distances. We will give
sharp formula for dist function in BMOA-type classes. The following estimates
are almost obvious.

Let β > −1, τ > 0, α > 0, q > 0. Then we have

‖f‖K = ‖f‖K(q,α,β,τ)

≤ sup
a∈D

∫

D

|f(z)|q(1− |z|)βdA(z)

|1− az|α (1− |a|)τ

≤



‖f‖K1 = sup|z|<1 |f(z)|q(1− |z|)β, if α > 2, τ = α− 2;

‖f‖K2 =
∫
D |f(z)|q(1− |z|)β−α+τdA(z), if α > τ, β − α + τ > −1.

The natural question is to estimate

distK(q,α,β,τ)(f,K1) and distK(q,α,β,τ)(f,K2) for ‖f‖K < ∞.

In the following assertion we provide such an estimate.
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First we define a new set, a subset of D as follows.

Nf, ε = Nq, β, τ, α, ε(f) = {a ∈ D :

∫

D

|f(z)|q(1− |z|)βdA(z)

|1− az|α (1− |a|)τ ≥ ε}.

Put f = f̃ + fε1 , assume ‖f̃‖K < ε, then we find the following estimates.

M(a) =

∫

D

|fε1(z)|q(1− |z|)βdA(z)

|1− az|α (1− |a|)τ

≥ (1− |a|)τ

∫

D

|f(z)|q(1− |z|)βdA(z)

|1− az|α

− sup
a∈D

∫

D

|f̃(z)|q(1− |z|)βdA(z)

|1− az|α (1− |a|)τ

≥ (1− |a|)τ

∫

D

|f(z)|q(1− |z|)βdA(z)

|1− az|α − ε1.

Hence M(a) ≥ (ε− ε1)χNf,ε
(a), a ∈ D.

Hence ∫

D
|fε1(z)|q(1− |z|)β+τ−αdA(z)

≥ (ε− ε1)

∫

D
χNf,ε

(a)(1− |a|)−2dA(z),

where τ > 1, β + τ − α > −1, α > τ.
Note from here we have immediately that

distK(q,α,β,τ)(f, K2) ≥ inf{ε :

∫

D
χNf,ε

(a)(1− |a|)−2dA(z) < ∞, f ∈ K}.

Since otherwise there are two numbers ε, ε1, ε > 0, ε1 > 0 such that

fε1 ∈ K2, ε > ε1, ‖f − fε1‖K(q,α,β,τ) ≤ ε1

and ∫

D
χNf,ε

(a)(1− |a|)−2dA(z) = ∞
and using estimates we provided above we arrive easily at a contradiction with
the fact that ∫

D
χNf, ε

(a)(1− |a|)−2dA(z) = ∞.

Let q = 1, β = α− 2. To prove the last estimate we obtained is sharp, we will
argue as in Theorem 2.2 using classical Bergman representation formula. We cut
the integral by D into two parts via Nf sets and obtain two functions f1, f2 such
that f = f1 +f2. Then we will estimate both functions. Our intension is to prove
the following estimates.

‖f2‖K ≤ Cε; (C)

‖f1‖K2 ≤ C‖f‖K ·
∫

D
χNf, ε

(a)(1− |a|)−2dA(z), (D)
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f = f1 + f2, where

f1(z1) = C(β)

∫

D\Nf,ε

(1− |z|)β

(1− z1z)β+2

∫

D

(1− |w|)βf(w)dA(w)

(1− wz)β+2
dA(z),

f2(z1) = C(β)

∫

Nf, ε

(1− |z|)β

(1− z1z)β+2

∫

D

(1− |w|)βf(w)dA(w)

(1− wz)β+2
dA(z).

z1 ∈ D, β > −1, f ∈ K.
We will show first (C), then (D).

‖f2‖K ≤ sup
a∈D

∫

D

(1− |z1|)β(1− |a|)τ

|1− az1|α

· (
∫

D

∫

D\Nf,ε

|f(w)|(1− |z|)β(1− |w|)βdA(w)

|1− zw|β+2|1− zz1|β+2
dA(z))dA(z1).

Then

‖f2‖K ≤ ε sup
a∈D

∫

D

(1− |z1|)β(1− |a|)τ

|1− az1|α (1− |z1|)−τdA(z1)

≤ ε sup
a∈D

∫

D

|1− |z1||β−τ (1− |a|)τ

|1− az1|α dA(z1)

≤ Cε.

Now we will prove (D).

|f1(z1)| ≤ C

∫

Nf, ε

(1− |z|)β

|1− z1z|β+2
(

∫

D

|f(w)|(1− |w|)βdA(w)

|1− wz|β+2
)dA(z).

‖f1‖K2 ≤ C

∫

D

∫

D

(1− |z|)βχNf, ε
(z)

|1− z1z|β+2

·
∫

D

|f(w)|(1− |w|)βdA(w)

|1− wz|α dA(z)(1− |z1|)β−α+τdA(z1)

≤ C‖f‖K

∫

D

∫

D

χNf, ε
(z)(1− |z|)β−τdA(z)

|1− z1z|β+2
(1− |z1|)β−α+τdA(z1)

≤ C‖f‖K

∫

D
χNf, ε

(z)(1− |z|)−2dA(z).

Since β = α − 2 and β − α + τ = τ − 2, τ > 1. This is what was needed. Hence
we have Theorem 2.4 on dist function.

Theorem 2.4. Let α > 1, τ > 1, τ ∈ (α− 2, α− 1). Let

‖f‖K(α,τ) = sup
a∈D

∫

D

|f(z)|(1− |z|)α−2

|1− az|α dA(z)(1− |a|)τ ;

‖f‖A1
τ−2

=

∫

D
|f(z)|(1− |z|)τ−2dA(z).

Let ‖f‖K(α,τ) < ∞. Then
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distK(f, A1
τ−2) ³ inf{ε :

∫

D
χNf, ε

(a)(1− |a|)−2dA(a) < ∞}.

Corollary 2.5. 1) Let α > 1, τ1 > 1, τ2 > 1, τ1 ∈ (α− 2, α− 1), τ2 ∈ (α− 2, α−
1), f ∈ K(α, min(τ1, τ2)). Then

distA1
τ1−2

(f, K(α, τ1)) = distA1
τ2−2

(f,K(α, τ2)).

2) Let α1 > 1, α2 > 1, τ > 1, τ ∈ (α1 − 2, α1 − 1), τ ∈ (α2 − 2, α2 − 1). Then

distA1
τ−2

(f, K(α1, τ)) = distA1
τ−2

(f, K(α2, τ)).

Corollary 2.6. Let τ ∈ (α − 2, α − 1), α > 1, τ > 1, f ∈ H(D). Then f is in
closure of A1

τ−2 in K(α, τ) is equivalent to
∫

D
χNf, ε

(a)(1− |a|)−2dA(a) < ∞

for every ε > 0.

Remark 2.7. Some results of this paper can be easily generalized to more general
radial weights w(1− |z|) with some natural conditions on w function.
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