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Abstract

Let ¢ be a holomorphic self-map of the open unit ball B, g € H(B). In this paper, the boundedness and
compactness of the Volterra composition operator T, from generally weighted Bloch spaces to Bloch-type
spaces are investigated.(©2012 NGA. All rights reserved.
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1. Introduction and preliminaries

Let B be the unit ball in C" and H (B) the class of all holomorphic functions on B. Let z = (21, 22, -+ , 2p), w =
(w1, w2, -+ ,wy) be points in C" and (z,w) =377, z;w;. Let Rf(z) =37, zjg—i(z) be the radial deriva-
tive of f € H(B), see for more details in [14].

For any 0 < o < o0, we define the generally weighted Bloch space Bﬁ)g of holomorphic functions such
that

1£llsg, = 1£(O)] + sup(1 - \zP)aer(z)rloglja < .
2€B Z|

log
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When a = 1, for the case of the unit disk the logarithmic Bloch space has appeared for the first time in
characterizing of the multipliers of the Bloch space in [I], for more details in [12] and [13]. In [3], [4] and
[5], we studied composition operator on generally weighted Bloch spaces.

A positive continuous function p on the interval [0,1) is called normal ([8]) if there are § €[0,1) and a
and b, 0 < a < b such that

m is decreasing on [0,1) and 71”1—>H% m -

(1'u(72)b is increasing on [0,1) and }E (1# (T:)b =

If we say that a function p : B — [0, 00) is normal, then we will also assume that u(z) = u(|z]), z € B.
The Bloch-type space B,,(B) consists of analytic functions f : B — C such that

1f1l = sup u(2)|Rf(2)] < o0,
z€B

where p is normal.
In [9] and [10], it was shown that B,,(B) is a Banach space with the norm || f||5, = |f(0)] + || f||,.-
The little Bloch-type space By, o(B) consists of analytic functions f : B — C such that

lim 1(2)[Rf(2)] = 0.

|z|]—1

Let ¢ be a holomorphic self-map of B. The composition operator Cy, as usual is defined by

(Cof)(2) = (fop)(2), f € HB), z € B.

For some results on composition operators, see [2] or [7].
Suppose that g : B — C is a holomorphic map, define

1 2 1
T,f(2) :/0 (e ) :/0 F(2)Ra(1), f € H(B), = € B. (1.1)

This operator is called the Riemann-Stieltjes operator or extended Cesaro operator, see for example [I1].
The Volterra composition operator is defined by

1
W) [ setIRe) T £ € HE)x € B, (1:2)

1
720G = [ st

When ¢(z) = z, by (1.1) and (1.2), then Ty f(z) = T,f(z). The Volterra composition operator is a
natural extension of the Riemann-Stieltjes or extended Cesaro operator. The Volterra composition operator
on the unit disk is considered in [6]. The Volterra composition operators on logarithmic Bloch spaces on B
are studied in [15].

In this paper, we give the characterization of the boundedness and compactness of Volterra composition
operator Ty from generally weighted Bloch spaces to Bloch-type spaces. Throughout the remainder of this
paper C will denote a positive constant, the exact value of which will vary from one appearance to the next.

2. The boundedness and compactness of Tg‘P : By, — B,

log

In the beginning, we introduce some auxiliary results which will be needed in our proofs of the theorems.
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Lemma 2.1. Let f € B, (B) and z € B, then we have

(a) [f()l < (1+

m)ﬂfﬂsﬁgg, when 0 < a < 1;

4
) |f(2)] < C(loglog W)Hf“@gg, when a = 1;
() [f(2) <A+ A(DISfIsg,, when a>1,
|=| dt
where A(|z|) = /0 1~ ) log

1—s2

Proof. Using the integral representation for R differential operator, we have

1
sl = [ [ RGO

L |z|dt
< I+ [ s
o (L= JP)log iy 7 P
12l ds
< 0)| + . o
S VO [ g W,
|| ds
< o + . .
< Wl + || gy I,
For 0 < a <1, a>1, then (a) and (c) hold.
For a =1,
|| ds
< +2 .
SO < Wy, +2 [ oo o Ml
4
< - _
< <2 log(2log . \Z\Q) +1—2log log4> HfHBllog
4
< | 2loglog ——— +logd + 1 — 2loglog4 ||| flz
1— |Z|2 log
4
< C(loglog W)”fnlﬂlog’

Proposition 2.2. Let ¢ be a holomorphic self-map of the open unit ball B, g € H(B), and « > 0. Then
Ty B, (B) = By(B) is compact if and only if for any bounded sequence (fj)jen in Bi,(B) which converges
to zero uniformly on compact subsets of B as j — oo, |1y fjlls, — 0 as j — oc.

Proof. Assume that Ty is compact and that (f;);jen is a bounded sequence in Bj;, with fj — 0 uniformly on
compact subsets of B. By the compactness of Ty, we have that the sequence (T f;)jen has a subsequence
(TY fj,, )meN which converges to f in B, . By Lemma 2.1 and | f(0)| < ||f||31%g, then for any compact K C B,
there is a C > 0 such that

1§ fim (2) = ()] < CITY f = fllB,, V2 € K.
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This implies that Ty f;,.(z) — f(z) — 0 uniformly on compact subsets of B as m — oco. Since f;,, — 0
on compact subsets of B, by the definition of the operator Ty, it is easy to see that for each 2z € B,
limy, 00 T4 fj,.(2) = 0. Hence f = 0. By the arbitrary of (f;)jen, we obtain that Ty f; — 0 in B, as j — oo.

Conversely, let {h;} be any sequence in the ball K, = B Bg, (0, M) (at the center of zero with the radius
M) of the space Bf,. Since ”thBfég < M < o0, by Lemma 2.1, {h;} is uniformly bounded on compact
subsets of B and hence normal by Montel’s theorem. Hence we may extract a subsequence {h;,, } which
converges uniformly on compact subsets of B to some h € Bj,, moreover h € B, and Al Bp, < M. It
follows that (hj,, — h) is that [|hj, — hl[pa < 2M < oo and converges to zero on compact subsets of B,
by the hypothesis, we have that Ty h;,, — Ty h in B,,. Thus the set Ty (K) is relatively compact. Hence
Ty Bj, — By is compact. O

Here we only consider respectively the following two cases: 0 < a < 1; a > 1. Obviously, R(T{ f)(z) =

fle(2))Ry(2).

Theorem 2.3. Let ¢ be a holomorphic self-map of the open unit ball B, g € H(B),0 < o < 1. Then the
following statements are equivalent.

(i) Ty - Biog(B) — Bu(B) is bounded;

(ii) Ty - By (B) — Bu(B) is compact;

(iii) g € B,.

Proof. (ii)=(i) By (ii) and the compactness of Ty : B

@ (B) = B,(B), then (i) holds.

(i)=(iii) By (i), then there exists a positive constant C such that ||y f||5, < CHfHBfgg' By taking the
test function f = 1 which is in Bﬁ‘)g, then

sup 11(2)|Rg(z)| < C.
z€B

Then (iii) holds.

(iii)=-(i) For any bounded sequence ( fx)gen in By, and f — 0 uniformly on compact subsets of B,

175 full - = Sgg#(2)|R(Tffk)(z)|
= sup u(2)|fe(e(2))[|Rg(2)]
zeB
1
< ilelgu(z)(l + m)\Rg(z)\kaHng
1
= igg#(z)mg(zﬂ {1+ m)”fk“l%gg}
By (iii), g € By, moreover, fj € By, then (i) holds. O

Theorem 2.4. Let ¢ be a holomorphic self-map of the open unit ball B, g € H(B),« > 1. Then the following
statements are equivalent.

(i) Ty - By (B) = Bu(B) is bounded;

(ii) g € B,(B) and

ilelgu(Z)A(ISO(Z)DIRg(Z)I < oo. (2.1)
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Proof. (ii)=>(i) Assume that (ii) holds. Then for f € Bf,
175l = Slelgﬂ(z)m(Tff)(zﬂ
= s u()lf(e()I[Rg(2)]

< swpu(z)(1+ Ale(@))IRg(2)l fllsp, < oo

By (ii), then we have Ty : B2 (B) — B,(B) is bounded.

log
Conversely, let
fi(2) /W(%)> dt k €N, then f, € B
k(z) = ——— , ke N, then f; € By,.
0 (1 —t)>log li_t log
oo > [T frll = Sggu(z)\fk(w(z))lmg(z)l
= plzi)l fe(e(ze)) [ Rg (1)
> Culze)Alle(z) DRy (zk)]-
Then (2.1) holds. By taking the test function f = 1 which is in B, then g € By,. O

Theorem 2.5. Let ¢ be a holomorphic self-map of the open unit ball B, g € H(B),« > 1. Then the following
statements are equivalent.

(i) Ty : B, (B) — By(B) is compact;

(it) g € B,(B) and

| lim pu(2)A([(2))[Rg(z)| = 0. (2.2)
p(z)|—1

Proof. Assume that T, : Biy, — By is compact. Let (¢(z))ken be a sequence in B such that |¢(z)| — 1
as k — oo. Let

(z,0(2k)) dt 2 lo(z1)]? dt -1
0 (1 —1t)*log 1= 0 (1 —1)*log 1

e
log

1T fell = n(zi)l fr(o(z))[[Rg(21)| = Cpu(zi) Al (ze) DRy (21)]-

Then (2.2) holds by letting k& — oo. By taking the test function f = 1 which is in B

Then (fx)ren is a bounded sequence in B and f; — 0 uniformly on compact subsets of B,

then g € B,,.
Conversely, by (2.2), for any given € > 0 there exists a positive number § (§ < 1) such that
w(2)A(le(2)])|Rg(zr)| < € wheneverd < |p(z)] < 1.

e
log

T3 fills, = ilelgu(Z)\fk(SO(Z))HRg(Z)!

< sup p(2)]fr(e(2)|[Ry(2)]
lp(2)|<é

+ sup p(2)[fi(p(2)[[Rg(2)|
lp(2)|>0

sup u(z)[Rg(2)|- sup |fr(p(2))]
lo(2)|<8 lo(2)|<8

+C|frllsg, sup p(2)|Rg(2)|(1 + A(lp(2)])-
lp(2)|>6

Then || Ty fxl|5, — 0 as k — co. O

For any bounded sequence (f)ren in BfY, and fi — 0 uniformly on compact subsets of B,

IN
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