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Abstract

We prove the existence of the unique common fixed point theorems for self mappings which are weakly
compatible satisfying some contractive conditions on partial metric spaces. Furthermore, we also prove the
result on the continuity in the set of common fixed points for self mappings on partial metric spaces. (©2014
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1. Introduction and Preliminaries

The common fixed point theorems for mappings satisfying certain contractive conditions in metric
spaces have been continually studied for decade (see [II, 3, 5 6, [8, @, 10, 1T, 12, 14, 15] and references
contained therein). In 1976, Jungck [7] proved the existence of common fixed point theorems for commuting
mappings in metric spaces where the results require the continuity of one of two such mappings. In 1986,
Jungck [8] introduced the concept of compatible mappings and proved that weakly commuting mappings
are compatible mappings. After that, Jungck [10], generalized the notion of compatibility by introducing
the weakly compatibility.

Recently, Abbas et al. [I] introduced the generalized condition (B) as the following:
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Definition 1.1. Let X be a metric space. A mapping F': X — X is said to satisfy a generalized condition
(B) associated with a self mapping f on X if there exists 6 € (0,1) and L > 0 such that

d(Fz,Fy) < 0M(z,y) + Lmin{d(fz, Fx),d(fy, Fy),d(fz, Fy),d(fy, Fx)}, (1.1)

for all z,y € X, where

M(z,y) = max{d(fr, fy), d(fx, Fx), d(fy, Fy), 5[d(fe, Fy) + d(fy, Fx)]).

Abbas et al. [I] established the existence of a unique common fixed point for two self mappings F' and f
on X where F satisfies a generalized condition (B) associated with f. In this work, we assure the analogous
results proved by Abbas et al. [I] for four self mappings in partial metric spaces.

Mathews [13] introduced the notion of partial metric spaces. We now recall some definitions and lemmas
that will be used in the sequel.

Definition 1.2. A partial metric on a nonempty set X is a function p : X x X — RT such that for all
z,y,2 € X,

(P1) x =y if and only if p(z,z) = p(z,y) = p(y,y);
(P2) p(z,z) < p(z,y);

(P3) p(z,y) = p(y,z);

(P4) p(z,2) < p(x,y) +p(y,2) — p(Y, y).

A pair (X, p) is called a partial metric space and p is a partial metric on X.

If p is a partial metric on X, then p generates a Ty topology 7, on X whose base is the family of open
p—balls
{Bp(z,e) : x € X and € > 0},

where By(z,¢) = {y € X : p(x,y) < p(z,z)+¢}. For each partial metric p on X, the function p® : X x X —
R™ defined by

p*(z,y) = 2p(z,y) — p(z,z) — p(y,Yy) (1.2)

is a usual metric on X.
Definition 1.3. Let (X, p) be a partial metric space.

(1) A sequence {z,} in a partial metric space (X,p) converges to a point € X if lim, . p(z,z,) =
p(z, ).

(2) A sequence {z,} in a partial metric space (X,p) is called a Cauchy sequence if limy, 1,00 P(Zn, Tm)
exists (and is finite).

(3) A partial metric space (X, p) is said to be complete if every Cauchy sequence {z,} in X converges,
with respect to 7, to a point € X such that limy, ;—c0 P(Tn, Tm) = p(z, x).

Lemma 1.4. [I3] Let (X, p) be a partial metric space. Then

(1) A sequence {z,} in a partial metric space (X,p) is a Cauchy sequence if and only if it is a Cauchy
sequence in the metric space (X, p®).

(2) A partial metric space (X, p) is complete if and only if the metric space (X, p®) is complete. Moreover,

lim p*(x,x,) =0iff lim p(z,z,) = lm p(z,,zm) = p(z,x).

n—oo n—oo n,Mm—0o0
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(3) A subset E of a partial metric space (X,p) is closed if whenever {z,} is a sequence in E such that
{zyn} converges to some z € X, then z € E.

Lemma 1.5. [2] Let (X, p) be a partial metric space. Then
(1) If p(z,y) =0, then z = y.
(2) If x # y, then p(z,y) > 0.

Definition 1.6. Let (X, p) be a partial metric space. A mapping f: X — X is continuous at x € X if the
sequence { fx,} converges to fx for every sequence {x,} in X converging to z.

Definition 1.7. Let f and g are self mappings on a set X. A point x € X is called a coincidence point of
f and g if fx = gr = w where w is called a point of coincidence of f and g.

Definition 1.8. Two self mappings f and g on a set X are said to be weakly compatible if f and g commute
at their coincidence points. That is, if fo = gz for some = € X, then fgz = gfx.

In this paper, we prove the uniqueness of a common fixed point of four self mappings on a partial metric
space (X, p) satisfying the certain contractive condition and being the weak compatibility. Moreover, we
also prove the result on the continuity in the set of common fixed points for self mappings.

2. Main results

We now prove the existence of the unique common fixed point theorems for four self mappings which are
weakly compatible on a partial metric space (X, p). The proofs of the mentioned theorems have been taken
from the technique used in [I] in the setting of metric spaces.

Theorem 2.1. Let (X,p) be a complete partial metric space. Suppose that f, g, F and G are self mappings
on X satisfying the following conditions:

(a) £(X) C g(X) and F(X) C G(X).
(b) There exist 6 >0 and L > 0 with § + 2L < 1 such that
p(Fz, fy) < 6M(x,y) + Lmin{p(gz, Fz),p(Gy, fy), p(gz, [y),p(Gy, Fx)}, (2.1)

for all x,y € X, where

M(a,y) = max{plgr, Gy). gz, Fe),p(Gy. 1), Loz, fo) + p(Gy, Fa)]}.

(c) f(X) or g(X) is closed.
If {f,G} and {g, F} are weakly compatible, then f,g,F and G have a unique common fized point in X.

Proof. Suppose that ¢ is an arbitrary point in X. Since f(X) C g(X) and F(X) C G(X), we can construct
a sequence {y,} in X satisfying

Yn = Frp = Gryyr and ypy1 = fop41 = grnte for all n € NU{0}.
By applying (2.1]), we have

p(F'ITh fanrl) < 6M($n? xTLJrl) + Lmln{p(gz:n, Fxn)vp(Ganrlv fanrl)a
p(g$n7fxn+1)ap(Gxn+l7Fxn)}'



A. Kaewcharoen, T. Yuying, J. Nonlinear Sci. Appl. 7 (2014), 90-101 93

Since
M (2, 2n+1) = max{p(gzn, GTni1), p(gTn, Fxn), P(GTni1, fTni1),
S (g, Fri2) + p(Crgr, Fan)])
= max{p(Yn—1,Yn)s P(Yn—1,Yn)s P(Yn: Yn+1),
}[p(yn—h Ynt1) + D(Yns yn)|}

2
max{p(Yn—1,Yn), P(Yn, Yn+1),

IN

1
i[p(yn—h yn) + p(yna yn+1) - p(@/m yn) + p(yn, yn)]}
< max{p(Yn—1,Yn)s P(Yn, Ynt+1)}

and

mln{p(gazm Fl'n),p(Gan+1, fxn+1),p(g$n, fxn+1) + p(G$n+1, Fl'n)}
= min{pWYn—1,Yn), PUn: Yn+1)s PUn—1, Yn+1)s P(Yn, Yn) }
= min{p(Yn—1, Yn+1)2(Yn, Un) },

we obtain that

PUnsYnv1) = p(Fxn, frni1)
< dmax{p(Yn—1,Yn), P(Un, Ynt+1)} + Lmin{p(Yn—1,Yn+1), P(Yn, yn) }-

We separate the proof into the following cases.

Case I : If max{p(yn—1,Yn), P(Yn: Yn+1)} = P(Yn-1,9n) and min{p(yn—1,Yn+1),P(Yn,yn)} = P(Yn—1,Yn+1),
then

< 0p(Yn—1,Yn) + Lp(Yn—1, Yn+1)

< 0p(Yn—1,Yn) + L(OWn—1,Yn) + P(Yns Yn+1) — P(Yn, Yn))

< 6p(Yn—1,Yn) + LD(Yn—1,Yn) + Lp(Yns Yn+1)-

p(yna y?"H—l)

This implies that
0+ L

1-L
Let k1 = ‘ff—ﬁ. Since d + 2L < 1, we have k1 < 1. Therefore

P(Yn, Yn+1) < P(Yn—1,Yn)-

PYn, Ynt1) < k1p(Yn—1, Yn)-

Case II : If max{p(yn—1,Yn)> PYUn, Yn+1)} = P(Yn—1,Yn) and min{p(yn—1,Yn+1), P(UnsYn)} = P(Yn, Yn), then

P(Yns Yn+1) Op(Yn—1,Yn) + Lo(Yn, yn)

<
< 6p(yn—17 yn) + Lp(ym yn+1)-

This implies that
0

1—-L
Let ko = &. Since 6 + 2L < 1, we have ko < 1. Therefore

p(yn;yn—i—l) < p(yn—lay’n)'

P(yn, yn—i—l) < k2p(yn—17 yn)
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Case IIT : If max{p(yn—1,Yn), P(Un: Yn+1)} = P(Un; Yn+1) and min{p(yn—1, Yn+1), P(Yn, Yn)} = P(Yn—1,Yn+1),
then

p(Yn Yn+1) + Lp(Yn—1, Yn+1)

8p(Yn, Ynt+1) + LOYn—1,Yn) + 2Yn, Ynt+1) — P(Yn, yn))

OP(Yns Yn+1) + LoWn—1,Yn) + L(Yn, Ynt1)-

p(yn; yn+1)

VAN VAN VAN

This implies that

( )< (Y1)
PWYn,Yn+1) > 1— (5+L)p Yn—15Yn)-

Let ]{73 = 1_#

GID) Since § + 2L < 1, we have ks < 1. Therefore

p(yn, ynJrl) < kSp(ynfly yn)

Case IV : If max{p(yn—1,Yn) P(Un> Yn+1)} = P(Yn, Yn+1) and min{p(yn—1, Yn+1), P(Yn, Yn)} = 2(Yns Yn), then

PYnsYn+1) < 0pYns Yn+1) + Lo(Yn, yn)
< 5]9(3/7% yn—l-l) + Lp(yn—la yn)-

This implies that
L
P(Yn, Yn41) < mp(yn—hyn)-

Let kg = %. Since d + 2L < 1, we have k4 < 1. Therefore
P(Yns Yn+1) < kap(Yn—1, Yn)-
Choose k = max{ki, ko, k3, ka}. Therefore 0 < k < 1. For each n € N, we obtain that

PYns Yn+1) < K"p(yo, y1)- (2.2)

We will prove that {y,} is a Cauchy sequence in (X, p®). Let m,n € N with m > n. By applying (2.2)), we
have

PYmsyn) < [P(Yns Ynt1) + P(Ynt 1, Ynt2) + -+ P(Ym—1, Ym)]
~[P(Yn+1, Yn+1) + P(Yn+2, Ynt2) + P(Ym—1, Ym—1)]
< p(YnsYnt1) + 2(Ynt1,Ynr2) + o+ P(Ym—1, Ym)
< KR 4+ B p(yo, vn)
kTL
< T Pwo, ).
It follows that
ol p(Ym, yn) = 0. (2.3)
Using , we have
P WmsYn) = 20(Yms Yn) — P(Yms Ym) — P(Yns Yn)
S 2p(yma yn)
Applying , we obtain that
i p* (Y, yn) = 0. (2.4)

This implies that {y,} is a Cauchy sequence in (X, p®). Since X is complete, we have

lim y, = z for some z € X. (2.5)

n—oo
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By Lemma and (2.5, we obtain that

p(z,2) = im p(yn,2z) = Um  p(ym,yn) (2.6)
n—00 n,m—00

From ({2.3)) and (2.6)), we can conclude that p(z,z) = 0. Assume that g(X) is closed. Therefore there exists
a point u € X such that z = gu. Using (2.1]), this yields

p(z, Fu) (2, Ynt1) + D(Wnt1, Fu) — p(Ynt1, Yns1)
(2, Ynt1) + (Fu, f2ng1)

p(zv yn—‘rl) + (5max{p(gu, G-rn—i-l)ap(gu? FU),p(G.%'n+1, fxn—i-l)?

1 .
§[p(gu, frng1) + p(Grpy, Fu)l} 4+ Lmin{p(gu, Fu), p(GTni1, fTni1),

p(gua fa:n+1),p(G$n+1, FU)}
(2, Ynt1) + dmax{p(z, yn), p(z, Fu), p(Yn, Yn+1),

IA A IA

%[p(% Ynt1) + P(Yn, Fu)l} + Lmin{p(z, Fu), p(Yn, Yn+1), P(2; Yn+1), P(Yn, F'u) }

p(Z, yn+1) + 5max{p(z,yn),p(z,Fu),p(yn, Z) er(z’ynJrl) - p(Z, Z)’

%[p(z, Ynt1) +PWn, 2) + (2, Fu) — p(z, 2)|} + Lmin{p(z, F'u), p(yn, 2) + p(2, Yn+1)
—p(z,z),p(z,yn+1),p(yn,z) +p(z,Fu) —p(Z,Z)}

P(2,Ynt1) + 0 max{p(z, yn), p(2, F'u), p(Yn, 2) + P(2; Yn+1),

1Bz, Unet) + plms 2) P, Fu)]} + Lninp(s, Fu),p(un, ) + B2, i)

p(Z, yn-‘rl)ap(yn? Z) —i—p(z, FU’)}

Taking the limit as n — oo and using the fact that p(z, z) = 0, we have

IN

IN

p(z, Fu) < op(z, Fu) + Lp(z, Fu) = (6 + L)p(z, Fu).

It follows that p(z, Fu) = 0 and so Fu = z = gu. Since F' and g are weakly compatible, we obtain that
gFu = Fgu. Therefore gz = F'z.
Since F(X) C G(X), there exists a point v € X such that z = Gv. Applying ([2.1)), we have

p(efv) = p(Fu, fo)
< Smax{p(gu, Gv), plgu, Fu),p(Go, fo), 3 plgu, fo) +p(Gu, Fu)]} +

(G, fv),p(gu, fv),p(Gv, Fu)}

%2),0(2, fo), 3 lpl= fo) + Pz 2]} +

p(2, fv),p(z, fv),p(2, 2)}

Il
<
=
©
w

—
b=
uN
X
=

Lmin{p(z, z),
< Op(z, fu).

This implies that p(z, fv) = 0 and so fv = z = Gv. Since G and f are weakly compatible, we obtain that
fGv = Gfv. Therefore fz = Gz. We next prove that z is a common fixed point of f, g, F' and G. Using
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(2.1)), this yields

p(Fz,z) = p(Fz, fv)
< Smax{plgz, Gv),plg=, F2),p(Gv, fo), 3 lplo= fo) +p(Gu, F2)]} +
Lmin{p(gz, F=), p(Guv, v),p(g7 f0), p(Gv, F2)}
= dmax{p(Fz,z2),p(Fz, Fz),p(z, ),%[p(Fz,z) +p(z, F2)]} +
L min{p(Fz, Fz) p(z,2),p(Fz,z),p(z, Fz)}
dmax{p(Fz,z),p(Fz z2),p(z, 2), %[p(Fz, z)+p(z, F2)]} +
(
)-

IN

L min{p(Fz Fz) p(z,2),p(Fz,z),p(z, Fz)}
< O0p(Fz,z

This implies that p(F'z,z) = 0 and so gz = F'z = z. Similarly, applying , we obtain that
P, f2) = p(Fz f2)
< Smax{ploz G=),ploz, F2),p(Gz, £2), 5[ploz, £2) + p(Cz, F2)} +
Lmin{p(gz, F'z),p(Gz, f2),p(92, f2), p(Gz, Fz)}
= max(p(z, £2), (2 2),p(f2 12), 3 bz £2) 4 p(72,2)]) +
Lmin{p(z, 2), p(f2, f2),p(2, f2),p(fz,2)}
(5. £2),p(2,2),p(f7. ), 5[0l £2) + 02, 2)]) +
(

Lmin{p(z,2),p(fz, f2),p(z, f2),p(fz,2)}
< Op(z, f2).

This implies that p(z, fz) = 0 and so Gz = fz = z. Therefore z is a common fixed point of f, g, F' and G.
We will prove the uniqueness of a common fixed point of f, g, F' and G. Let w be any common fixed point

of f,g, F and G. By applying , it follows that
p(z,w) = p(Fz, fw)
< dmax{p(gz, Gw),p(g Z,FZ),p(Gw,fw),%[p(gz,fw)+p(Gw7FZ)]}+
Lmin{p(gz, Fz),p(Gw, fw),p(gz, fw),p(Gw, Fz)}

IN

d max{p

Sz )+ plw, 2)]} +

2), p(w, w), p(z, w), p(w, 2)}

(
6 max{p(z, w), p(z, 2), p(w, w),
Lmin{p(z,
< Ip(z,w).
This implies that p(z,w) = 0 and so z = w. Hence f, g, F and G have a unique common fixed point in

X. O

Letting F' = f and G = g in Theorem we immediately obtain the following corollary:

Corollary 2.2. Let (X, p) be a partial metric space. Suppose that f and g are self mappings on X satisfying
the following conditions:

(a) f(X) C g(X).
(b) There exist § > 0 and L > 0 with 6 + 2L < 1 such that

p(fz, fy) < 0M(x,y) + Lmin{p(gz, fz), p(gy, fy), p(gz, fy),p(gy, fx)}, (2.7)
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for all x,y € X, where
M (x,y) = max{p(9z, gy), p(9z, fx), p(gy, fy), %[p(gfc, fvy) +pgy, fx)]}.

(c) f(X) or g(X) is complete.
If {f,g} is weakly compatible, then f and g have a unique common fixed point in X.

Theorem 2.3. Let (X,p) be a complete partial metric space. Suppose that f, g, F and G are self mappings
on X satisfying the following conditions:

(a) f(X) € g(X) and F(X) C G(X).
(b) There exist 6 >0 and L > 0 with § +2L < 1 such that
p(Fz, fy) < 6M(z,y) + Lmin{p(gz, Fz),p(Gy, fy), p(gz, fy), p(Gy, Fx)}, (2.8)

for all x,y € X, where
M (z,y) = max{p(gz, Gy), %[p(gx, Fz) +p(Gy, fy)], %[p(gx, fy) +p(Gy, Fa)]}.

(¢c) f(X) or g(X) is closed.
If {f,G} and {g, F} are weakly compatible, then f,g, F and G have a unique common fized point in X.

Proof. Since the inequality (2.8) implies the inequality (2.1]), we have the result obtained from Theorem
2.1 O

Theorem 2.4. Let (X,p) be a complete partial metric space. Suppose that f,g, F' and G are self mappings
on X satisfying the following conditions:

(a) f(X)Cg(X) and F(X) C G(X).

(b) There exist § >0 and L >0 with § + L < 3 such that

p(Fz, fy) < dM(x,y) + Lmin{p(gzx, Fx), p(Gy, fy),p(g9z, fy),p(Gy, Fz)}, (2.9)

for all x,y € X, where
M(z,y) = max{p(gz, Gy), p(gz, F), p(Gy, fy), p(9z, fy), p(Gy, Fx)}.

(c) f(X) or g(X) is closed.
If {f,G} and {g, F'} are weakly compatible, then f,q,F and G have a unique common fized point in X.

Proof. Suppose that ¢ is an arbitrary point in X. Since f(X) C g(X) and F(X) C G(X), we can construct
a sequence {y,} in X satisfying

Yn = Frp = Gryyr and ypy1 = frp41 = grnte for all n € NU{0}.
Applying (2.9)), this yields

p(FmTh fanrl) < 5M($n, anrl) +L mln{p(gxn, Fxn),p(G$n+1, fanrl)a
P(9$m fanrl)ap(erH»lv Fxn)}



A. Kaewcharoen, T. Yuying, J. Nonlinear Sci. Appl. 7 (2014), 90-101 98

Since

M(zn, Tpt1) = max{p(9zn, GTpt1),P(9%n, Fxn), p(GTpi1, fTni1),
P(92n, [2ni1), P(GTnyt, Fayn)}
= max{p(yYn—1,Yn): P(YUn—1,Yn)s P(Yn: Yn+1)s P(Yn—1, Yn+1)s P(Yn, Yn) }
max{p(Yn—1,Yn) P(Yn> Yn+1)> P(Yn—1,Yn+1)}
max{p(Yn—1, Yn)> P(YUn, Yn+1), PYn—1,Yn) + PUn, Yn+1) — P(Yn, Yn)}
max{p(Yn—1, Yn)> P(Yn, Yn+1), P(Yn—1, Yn) + P(Yns Yn+1)}
P(Yn—1,Yn) + P(Yns Yn+1),

IA A

and

min{p(gxna Fﬂ?n)ap(G$n+1, f$n+1)ap(gxna fxn+1) + p(GfEn+1a Fxn)}
= min{p(Yn—1,Yn), PUn: Yn+1), PUn—1,Yn+1), P(YnsYn)}
= min{p(Yn—1, Yn+1),P(Yn, ¥n)},

we obtain that

PWUnsYnt1) = P(Fn, fTni1)
< 0(P(Yn—1:Yn) + P(Un, Ynt1)) + Lmin{p(yn—1, Yn+1), P(Yn: Yn) }-
We separate the proof into the following cases.
Case I : If min{p(yn—1,Yn+1): P(Yn, Yn)} = P(Yn—1,Yn+1), then
S(P(Wn—1,Yn) + P(Yn, Yn+1)) + Lp(Yn—1, Yn+1)
6P(Yn—1,Yn) + 0p(Yn,s Yn+1) + L(PUn—1,Yn) + P(Yns Yn+1) — P(Yn, Yn))
6p(Yn—1:Yn) + 0P(Yns Yn+1) + Lp(Yn—1,Yn) + Lp(Yn, Yn+1)-

p(yn; yn+1)

IN N CIA

This implies that
0+ L
< — _ .
P(Yns Y1) < 7 (5+L)p(yn 1, Yn)

Let k1 = 1_‘5&%”. Since 0 + L < %, we have k1 < 1. Therefore

P(yn, yn—i—l) < klp(yn—h yn)

Case IT : If min{p(yn—1,Yn+1) 2(UnsYn)} = P(Yn, yn), then
PWnsUnt1) < 0PWn—1,Yn) + PYn, Yn+1)) + Lo(Yn, Yn)
< 0p(Yn—1,Yn) + 0P(Yns Yn+1) + Lo(Yn—1, Yn)-

] S p yn—l I yn .

Let ko = %. Since 6 + L < %, we have ko < 1. Therefore

P(ym yn-l—l) <

p(yn, ynJrl) < k2p(yn717 yn)

Choose k = max{ki, ka}. Therefore 0 < k < 1. For each n € N, we obtain that

PYn, Yn+1) < E"p(yo, y1)- (2.10)

We can complete the proof by the same arguments appeared in Theorem O

Letting F = f and G = g in Theorem we immediately have the following result:
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Corollary 2.5. Let (X,p) be a partial metric space. Suppose that f and g are self mappings on X satisfying
the following conditions:

(a) f(X) S g(X).
(b) There exist § >0 and L >0 with § + L < § such that

p(fz, fy) < OM(z,y) + Lmin{p(gz, fx),p(9y, fy), p(9z, fy), p(gy, fx)}, (2.11)

for all x,y € X, where
M (z,y) = max{p(gz, gy), p(9x, fz), p(gy, fy),v(9z, fy), p(g9y, fx)}.

(c) f(X) or g(X) is complete.
If {f,G} is weakly compatible, then f and g have a unique common fized point in X.

We finally prove the result on the continuity in the set of common fixed points for self mappings in
partial metric spaces.

Theorem 2.6. Let (X,p) be a partial metric space. Suppose that f,g and T are self mappings on X
satisfying the following conditions:

(a) There exist § € (0,1) and L > 0 such that

p(Tx, fy) < 0M(x,y) + Lmin{p(gz, Tz), p(gy, fy),r(9z, fy), p(gy, Tz)}, (2.12)

for all x,y € X, where
M (z,y) = max{p(gz, gy), p(9, Tx), p(gy, fy), %[p(gﬂz fy) + plgy, Tx)]}.

(b) The set F(f,g,T)={z€ X : fz=92=Tz = z,p(z,2) = 0} of all common fized points of f,g and T
18 nonempty.

If g is continuous at z € F(f,g,T), then f and T are continuous at z.

Proof. Assume that z € F(f,g,T) and {x,} is a sequence in X converging to z. Using (2.12), we obtain
that
p(Tz, fan) < 0M(z,2n) + Lmin{p(gz, Tz), p(92n, fTn), p(92, fTn), p(gTn, T2)},
where 1
M(z,2n) = max{p(gz, gon), (97, T%), P(g2n, fon), 5[P(92, f2n) + pl92n, T2)]}.
This implies that

p(T2, fr) < Smax{p(gz, ). plz =), plgwn, Fon), 5072 Fan) + plgn, g2)]} +
L min{p(z, Z)vp(gxm fxn)ap(fza fxn)’p(gxm gz)}

IN

Smas(p(g, ), 97, 92) + P72 Fn) = (2, 2), 5 [p(72 Fon) + plgn, 92)])

IN

dmax{p(g9z, 9xn), p(92n, 92) + p(f2, f2n), %[P(fZ, fxn) + plgzn, 92)1}
= 0(p(gxn,g2) +p(fz, fzn)).

It follows that
p(fz, frn) < 6(p(g2n, 92) + p(fz, fon)).
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Therefore

p(fz, fan) < 1%;510(9%,92)- (2.13)

By continuity of g, we obtain that
lim p(gan, g2) = p(9z,92) = p(2,2) = 0.
n—oo
Using (2.13)), this yields
lim p(fz, fa,) = 0.
n—oo
This implies that f is continuous at z. Similarly, by applying (2.12]), we have

p(Txy, f2) < OM(xp, 2) + Lmin{p(gz,, Tx,),p(92, f2), p(gTn, f2),p(92, Txn)},

where
1
M(xy, z) = max{p(gn, 92), p(92n, Trn), (92, f2), 5[;0(9%, fz) +p(gz, Txy)]}
This implies that

1
p(Txy, fz) < dmax{p(9zn,9z),p(92n, TTn), p(2, 2), i[p(gfvn, 92) +p(Tz,Twy)]} +

Lmin{p(gzn, Trn),p(2,2), p(gTn, 92), p(T2z, Txy)}

1

d max{p(gzn, 92), P(92n, 92) + (T2, T2n) = p(2, 2), 5[P(92n, 92) + p(T'2, T )]}

1
dmax{p(gn,92),p(9%n, 92) + p(Tz, Txy), 5 [p(92n, 92) + (T2, Txy)]}
= 0(p(gzn,92) +p(Tz,Txy)).

IN

IN

Therefore 5
p(Tn, T2) < 7—5P(g%n, 92). (2.14)
By continuity of g, we obtain that
lim p(Tx,,Tz) =0.

n—oo

This implies that T is continuous at z. O

If T'= f in Theorem [2.6] then we obtain the following results:

Corollary 2.7. Let (X, p) be a partial metric space. Suppose that f and g are self mappings on X satisfying
the following conditions:

(a) There exist § € (0,1) and L > 0 such that
p(fz, fy) < 6M(z,y) + Lmin{p(gz, fz),p(9y, fy),p(9z, fy),p(gy. f2)}, (2.15)
for all x,y € X, where

M(z, ) = max{plow, 9v). plow, f),ploy. Fv). 3 oo, f) + ploy. o]}

(b) The set F(f,g) = {2z € X : fz = gz = z,p(z,2) = 0} of all common fixed points of f and g is
nonempty.

If g is continuous at z € F(f,g), then f is continuous at z.
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Corollary 2.8. (Theorem 2.7, [1]) Let (X,d) be a metric space. Suppose that f and g are self mappings
on X satisfying the following conditions:

(a) There exist 6 € (0,1) and L > 0 such that

d(fz, fy) < oM(z,y) + Lmin{d(gz, fx),d(gy, fy),d(gz, fy),d(gy, fz)}, (2.16)

for all x,y € X, where
M (z,y) = max{d(gx, gy), d(gz, fx),d(gy, [y), %[d(g% fy) +d(gy, fr)]}.

(b) The set F(f,g) ={z € X : fz =gz =z} of all common fized points of f and g is nonempty.

If g is continuous at z € F(f,g), then f is continuous at z.
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