Available online at www.tjnsa.com
J. Nonlinear Sci. Appl. 7 (2014), 168-179

Research Article

Nonlincar Sciences
4 s Asemcaneas

-LaEnyy Journal of Nonlinear Science and Applications
aaw=] PP

Print: ISSN 2008-1898 Online: ISSN 2008-1901

a-1)-p-contractive mappings in ordered partial
b-metric spaces

Aiman Mukheimer®*

?Department of Mathematics and General Sciences, Prince Sultan University, P.O.Box 66833, Riyadh 11586, Saudi Arabia

Communicated by Imdad Khan

Abstract

In this paper, we introduce the concept of a-1-p-contractive self mapping in complete ordered partial b-
metric space, and we study the existence of fixed points for such mappings under some conditions. Presented
theorems in this paper extend and generalize the results derived by Mustafa et al., also some examples are
given to illustrate the main results. (©2014 All rights reserved.
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1. Introduction and Preliminaries

Fixed point theory is one of the most popular tool in nonlinear analysis. Most of the generalizations for
metric fixed point theorems usually start from Banach contraction principle [8]. It is not easy to point out
all the generalizations of this principle. In 1989, Bakhtin [7] introduced the concept of a b-metric space as
a generalization of metric spaces. In 1993, Czerwik [9] [10] extended many results related to the b—metric
spaces. In 1994, Matthews [I5] introduced the concept of partial metric space in which the self distance of any
point of space may not be zero. In 1996, O’Neill generalized the concept of partial metric space by admitting
negative distances. In 2013, Shukla [21] generalized both the concept of b-metric and partial metric spaces
by introducing the partial b-metric spaces. For example, many authors recently studied this principle and its
generalizations in different types of metric spaces [12} 23] [T}, 2] 18], 20} 5]. Close to our interest in this paper
some authors studied some fixed point theorems in the so called b—metric space [16], 22, 24]. After then,
some authors started to prove a-1 versions of of certain fixed point theorems in different type metric spaces
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[3, 11, 4]. Mustafa in [I7], gave a generalization of Banach’s contraction principles in a complete ordered
partial b-metric space by introducing a generalized («,1)s-weakly contractive mapping. In this paper, we
generalize a result of Mustafa in [I7], by introducing the a-1¢-p-contractive mapping in a complete ordered
partial b-metric space.

Definition 1.1. [6] Let X be a nonempty set and let s > 1 be a given real number. A functiond : X x X —
[0,00) is called a b-metric if for all x,y, z € X the following conditions are satisfied:

(i) d(z,y) = 0 if and only if z = y;

(i) d(z,y) = d(y, v);

(i) d(z,y) < sld(x,2) + d(z, )]

The pair (X, d) is called a b-metric space. The number s > 1 is called the coefficient of (X, d).

Definition 1.2. [I5] Let X be a nonempty set. A function p: X x X — [0, 00) is called a partial metric if
for all z,y, z € X the following conditions are satisfied:

(i) x = y if and only if p(z,z) = p(x,y) = p(y,y);

(il) p(z,2) < p(z,y);

(111) p((lﬁ, y) = p(yv [IJ);

(iv) p(z,y) < p(z, 2) + p(2,y) — p(z, 2).

The pair (X, d) is called a partial metric space.

Remark 1.1. It is clear that the partial metric space need not be a b-metric spaces , since in a partial metric
space if p(z,y) = 0 implies p(z,x) = p(x,y) = p(y,y) = 0 then = y. But in a partial metric space if x =y
then p(z,x) = p(x,y) = p(y,y) may not be equal zero. Therefore the partial metric space may not be a
b-metric space.

On the other hand, Shukla[21] introduced the notion of a partial b-metric space as follows:

Definition 1.3. [21] Let X be a nonempty set and s > 1 be a given real number. A function p, : X x X —
[0, 00) is called a partial b-metric if for all x,y, z € X the following conditions are satisfied:

(i) x =y if and only if py(z, z) = pp(z,v) = pp(y,y);

(ii) po(z, z) < po(,y);

(iii) po(@, y) = po(y, 2);

(iv) po(z,y) < s[pp(z, 2) + po(2,9)] — po(2, 2).

The pair (X, pp) is called a partial b-metric space. The number s > 1 is called the coefficient of (X, pp).

Remark 1.2. The class of partial b-metric space (X, pp) is effectively larger than the class of partial metric
space, since a partial metric space is a special case of a partial b-metric space (X, pp) when s = 1. Also, the
class of partial b-metric space (X, pp) is effectively larger than the class of b-metric space, since a b-metric
space is a special case of a partial b-metric space (X, p,) when the self distance p(z,z) = 0.

The following examples shows that a partial b-metric on X need not be a partial metric, nor a b-metric
on X see also [17], [21].

Ezample 1.1. [21] Let X = [0, 00). Define a function p;, : X x X — [0, c0) such that py(z,y) = [maz{z, y}]>+
|z — y|? For all 2,5y € X. Then (X, pp) is a partial b-metric space on X with the coefficient s = 2 > 1. But,
Pp 18 not a b-metric nor a partial metric on X.

Proposition 1.1. [2]] Let X be a nonempty set, and let p be a partial metric and d be a b-metric with the
coefficient s > 1 on X. Then the function py : X x X — [0,00) defined by pp(z,y) = p(z,y) + d(z,y) For
all x,y € X, is a partial b-metric on X with the coefficient s.

Proposition 1.2. [2]] Let (X,p) be a partial metric space and ¢ > 1. Then (X, py) is a partial b-metric
space with coefficient s = 2971, where py, is defined by py(z,y) = [p(z,y)]?.
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Definition 1.4. [14] A function ¢ : [0,00) — [0,00) is called an altering distance function if the following
properties are satisfied:

1. 7 is continuous and nondecreasing;

2. ¢(t) =0 if and only if ¢ = 0.

On the other hand, Mustafa[I7] modify the Definition in order that each partial b-metric p, generates
a b-metric dy,, as follows:

Definition 1.5. [I7] Let X be a nonempty set and s > 1 be a given real number. A function p, : X x X —
[0,00) is a partial b-metric if for all x,y, z € X the following conditions are satisfied:

(i) z = y if and only if py(z, ) = pp(z,y) = pe(y, y);

(i) po(z, ) < po(z,y);

(111) pb(xv y) = pb(y7 IL’);

(iv) po(z, y) < slpp(@, 2) + po(2,9) — po(z, 2)] + (352) (0o, @) + Po(y, y))-

The pair (X, pp) is called a partial b-metric space. The number s > 1 is called the coefficient of (X, pp).

Ezample 1.2 (see also[17]). Let X = R is the set of real numbers. Consider the metric space (X, d) where
d is the Euclidean distance metric d(z,y) = |z — y| for all x,y € X. Define py(z,y) = (z — y)? + 5 for all
z,y € X. Then py is a partial b-metric on X with s = 2, but it is not a partial metric on X. To see this,
Let x =1,y =4 and z = 2. Then

pp(1,4) = (1 — 4)2 +5=14 ﬁ pp(1,2) + pp(2,4) — pp(2,2) =6+ 9 — 5 = 10.
Also, pp is not a b-metric since py(x,z) # 0 for all z € X.

Proposition 1.3. [77] Every partial b-metric py defines a b-metric dp,, where

dpy (2,y) = 2pp(z,y) — po(,2) — pu(y,y), forallz,yc X (1.1)

Definition 1.6. [17] A sequence {z,} in a partial b-metric space (X, pp) is said to be:

(1) pp-convergent to a point x € X if limy,—,oc pp(z, ) = pp(x, x);

(ii) a pp-Cauchy sequence if limy, —so0 Pp(@n, Tm )exists (and is finite);

(iii) A partial b-metric space (X, pp) is said to be py-complete if every py-Cauchy sequence {z,} in X py
converges to a point € X such that

i py(2n, 2m) = lim py(@n, 7) = pola, ). (1.2)
n,Mm—00 n—oo

Lemma 1.1. [I7] A sequence {z,} is a pp-Cauchy sequence in a partial b—metric space (X, pp) if and only if
it is a b-Cauchy sequence in the b-metric space (X, dp,).

Lemma 1.2. [I7] A partial b-metric space (X, pp) is pp-complete if and only if the b-metric space (X, d,,) is
b-complete. Moreover, lim,,_,« dp, (Tn, m) = 0 if and only if
lim py(z,x,) = lim pp(z, zm) = pp(z, ). (1.3)
n—00 n,Mm—00
Lemma 1.3. [17] Let (X, pp) be a partial b-metric space with the coefficient s > 1 and suppose that {x,,}
and{y,} are convergent to = and y, respectively. Then we have
1 L < liminf
2@ y) = —po(@,2) = po(y,y) < Lminfpy(en, yn)

< limsup py(zn, yYn)

n—oo

IN

spp(z, ) + 8°pp(y, y) + 2 pu(z, ).
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Definition 1.7. [13] Let (X, <) be a partially ordered set and 7' : X — X be a mapping. We say that T
is nondecreasing with respect to < if

z,yeX, xXy=Tx=Ty.

Definition 1.8. [I3] Let (X, <) be a partially ordered set. A sequence {z,} is said to be nondecreasing
with respect to <X if 2, < 41 for all n € N.

Definition 1.9. [I7] A triple (X, <, pp) is called an ordered partial b-metric space if (X, <) is a partially
ordered set and py is a partial b-metric on X.

Definition 1.10. Let (X, py) be a partial b-metric space and T': X — X be a given mapping. We say that
T is a-admissible if z,y € X, a(z,y) > 1 implies that a(Tx,Ty) > 1. Also we say that T is L,-admissible
(Rq-admissible) if z,y € X, a(x,y) > 1 implies that a(Tz,y) > 1(a(z, Ty) > 1).

Ezample 1.3. [19] Let X = (0,00). Define T: X — X and ao: X x X — [0,00) by Tz = Inz for all z € X

and
_J 2 ifz>y,
a(x’y)_{o if x <.

Then, T is a-admissible.

Ezample 1.4. [19] Let X = [0,00). Define T: X — X and av: X x X — [0,00) by Tz = /z for all z € X

and
_Je ifa >y,
a(m,y)—{ 0 if v <uy.

Then, T is a-admissible.

2. Main result
We now introduce the a-9-p-contractive self mapping on partial b-metric space.

Definition 2.1. Let (X, pp) be a partial b-metric space with the coefficient s > 1. We say that a mapping
T : X — X is an a-y-p-contractive mapping if there exist two altering distance functions ¥, ¢ and
a: X x X :—[0,00) such that

a(z, y)¢(spp(Tz, Ty)) < $(M] (,9)) — (M (z,9)) (2.1)
for all comparable x,y € X.

where

po(%,Ty) + po(y, Tx) )

25 ’
Theorem 2.1. Let (X, <, pp) be a pp-complete ordered partial b-metric space with the coefficient s > 1. Let
T: X — X be an an a-y-p-contractive mapping. Suppose that the following conditions hold:

M (z,y) = maz{py(z,y), po(x, Tx), po(y, Ty), (2.2)

(1) T is a-admissible and L,-admissible (or R,-admissible );

(2) there exists 1 € X such that z; < Tz and o(zy,Tx1) > 1;

(3) T is continuous, nondecreasing, with respect to < and if 7"z — z then a(z,2) > 1.
Then, T has a fixed point.
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Proof. Let 1 € X such that 1 < Tz and «a(z1,Tz1) > 1. Define a sequence {z,} in X by z,11 = Tx,
for all n > 1. We have x5 = Txy <X Taxs = x3 since 1 = Txy and T is nondecreasing. Also, x3 = Txo =<
Tx3 = x4 since ro = Txy and T is nondecreasing. By induction, we get

T1 322 2232 2Ty DTy D0

If z,, = 41 for some n € N, then z = x,, is a fixed point of T" and the proof is finished. So we may assume
that z, # x,41 for all n € N. Since T is a-admissible, we deduce

a(z1,Tr1) = a(z1,22) > 1 = a(Tr1, Txs) = a(we, 23) > 1.

By induction on n we get
a(Tp, Tnt1) > 1 (2.3)

for all n € N.
Hence, by applying the a-1¢-p-contractive condition and using (2.3)) for all n € N we get

V(spo(Tnt1,Tni2)) < @(Tn, Tn1)Y(806(T 20, TTn41))

< w(Mf(wn,ﬂan)) - (P(MsT(xnafEn-&-l)) (2-4)
where
M (p,2n1) = maz{py(@n, Tni1)s Po(®n, T20), Po(Tni1, TToi1),
Po(@n, TTpi1) + Po(Tng1, Tflfn)}
2s
= max{pb(xn, xn+1)>pb(xn+la xm+2)7
pb(ﬂfn, iUn+2) + pb($n+1, 33n+1) }
2s
S maﬁ{pb(ﬂfn, $n+1)7pb(‘rn+la $x+2)a
Db (Tr, T 1) + SPp(Tny1, Tnge) + (1 — 8)pp(Tnq1, $n+1)}
2s
= maz{py(Tn, Tnt1), Po(Tni1, Tor2)} (2.5)
From (2.4)and (2.5) we get
Y(Pp(Tni1, Tni2)) < Y(maz{py(Tn, Tni1), Po(Tni1, Teg2)})
—p(maz{pp(Tn, Tn+1), pp(Tnt1, Tz2)}) (2.6)

Assume that
maw{pb(acn, =Tn+1)7pb(mn+1a $x+2)} = pb(anrl» xx+2)

then by using properties of ¢, we deduce

V(Po(Tnt1, Tnt2)) < Y(Ob(Tnt1, Tnt2)) — @(Pb(Tnt1, Tnt2))
< ¢<Pb(xn+laxn+2))7

which is a contradiction. Thus,

Y(Po(Tnt1,Tnt2)) < (06T, Tnt1)) — @(Po(Tn, Tnt1))- (2.7)

So the sequence {py(xn+t1, Tnt2)} is nonnegative and nondecreasing for all n € N. Hence there exists r > 0
such that

lim py(Tns1, Tng2) =7
n—oo

Letting n — oo in , we have
P(r) < o(r) —o(r) < (r).
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Therefore, ¢(r) = 0, and hence r = 0. Thus,

lim py(Tn41, Tny2) = 0. (2.8)

n—oo
Now, we show that {z,} is a Cauchy sequence in (X, pp) which is equivalent to show that {z,} is a b-Cauchy
sequence in (X, dp,). Assume not, that is, {z,} is not a b-Cauchy sequence in (X,dp,). Then there exist
¢ > 0 such that, for k£ > 0, there exist n(k) > m(k) > k for which we can which we can find two subsequences
{Tnky} and {z, )} of {zn} such that n(k) is the smallest index for which

Ay (T () Tn(k)) = €, (2.9)
and

dpb(xm(k)7$n(k)—l) <e&. (210)
Then we have

€ < dp,(Trmk)y Tnk)) < Sy (Tin(k)s Tn(k)—1) + Sdp, (Tr(k)—1, Tn(k))

< se+ sdp, (xn(k)fl) xn(k)) (2.11)

Taking the upper limit for (2.10) as k — oo, we have

€ .. .
= < liminf dp, (T, (k) > Tr(k)—1) < Hmsup dp, (T (k) Tnir)—1) < € (2.12)
S k—o0 k—00

Also, from ([2.11)and (2.12]), we obtain

e <limsupd,, (:L‘m(k‘)vxn(k‘)) < se.
k—o0

By using the triangular inequality and we deduce,

dp, (xm(k)+1a %(k)) sdp, (xm(k)+1a fcm(k)) + Sdpb(mm(k)7 l’n(k))
S, (T (k)11 Tmk)) + S py (T Ty —1) + 5 Ay (T(k)— 15 Tn(r))

Sy (Tin ()41 Trm(k)) T 5°€ + 7y (Tu(k)—1, Tn(k));

ININ TN

by taking the upper limit as £ — oo in the above inequality, we get

lim sup dpb(‘rm(k)Jrla wn(k)) < s%e.
k—o0

Finally,
dpb (1:m(k)+17 xn(k)—l) < sdpb (zm(k)—f—lv xm(k)) + Sdpb (:L'm(k) > xn(k)—l)
< Sdpb ($m(k)+1’ xm(k)) + se.

Also, by taking the upper limit as k — oo in the above inequality, we get

lim sup dp, (xm(k)_H, l‘n(k)—l) < se.
k—o00

By using the definition of d,, and (2.8)), we get

lim sup dpb (xm(k) ) $n(k)—l) = 2limsup pb(mm(k% xn(kz)—l)'
k—ro00 k—o0

Hence,

£ . . )
?8 < hknﬁl\golfpb(l‘m(k)a$n(k)—l) < hglsololppb(mm(k)axn(k)—l) < 9 (213)
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Similarly,
. se
lim sup pp(Zom (k) Tr(r)) < 5 (2.14)
k—o0
3 .
g < HmSup Py (k) 11, Tnch) ) (2.15)
S k—o00
. se
Hm sup pp (T k)41, Tr(k)—1) < 5 (2.16)
k—o0
Since T is Lo-admissible and using (2.3), we obtain oz, k), Tnk—-1) = 1.
By using (2.1) we get
V(P (Trm(k)+15 Tn(k))) < A Zm@ys Tk —1) P (8P (T Ty Ty () —1))
<YM @iy Tagr)-1)) — LM (@m)> Tnry—1))s (2.17)
where
M5T($m(k)a ‘Tn(k)—l) = maw{pb(xm(k) ) $n(k)—l>a pb(l'm(lc) ) Tmm(/c))v pb(xn(k)—lv Txn(k)—l)a
Po(Trn(k)s TThk)—1) + Po(Tngr)—15 TTmk)) )
2s
= maz{po(Tm(k)s Tn(k)~1)s Po(Tm(k)s Tm(k)+1) Po(Tn(k)—1> Tn(k))»
Po(T(k) Tr(k)) + Po(Tn(k)—1> Trm(k)+1) \ (2.18)
2s ’
Taking the upper limit as k — oo in the above inequality using ([2.8]),(2.13),(2.14)and (2.16|) we get
lim sup M{ (), Trgry—1) = maz{lim sup py (T (k)> T (k)—1)s B SUP Po (L (k) s T () +1)
k—o0 k—o0 k—o0
lim sup py (@ (k)—1, Tn(k)) s
k—o0
lim SUPE 00 pb(l‘m(k)a mn(k)) + lim SUPE—s00 pb($n(k)—l7 xm(k)-{—l) }
2s
= maz{limsup py(Tp, (k) Tn(k)-1), 0,0,
k—o0
lim SUPE 00 pb(xm(k)a xn(k)) + lim SUPE— 00 pb(xn(k)—lv xm(k)—l—l) }
2s
€ €
< -z
< marl3,5)
€
= -, 2.19
d (219)
Next, by taking the upper limit in (2.17) as & — oo and using(2.15)) and (2.19) we obtain
3 .
?/)(52*) < ¢(hm Sup Spb(xm(k)-l-h 'rn(k)))
S k—oo

< p(lim sup M (@ (k)s Tr(y—1)) — lilggf@(Mg(ﬂﬁm(k),$n(k)—1)),

k—oo

€ A T
< ¥(5) — p(liminf M (@), Tnk)-1));

which implies that
o(lim inf MST(acm(k), Tnk)-1)) =0,

k—o0
SO
lim inf M;f(xm(k),xn(k)—l)) =0,

k—o0
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and by using (2.17) we obtain,
lilgg}fpb(xm(k), Tp(ky—1) = 0.

Therefore,

lim inf dy, (2 () Tn(k)-1) = 0,

which is a contradiction with . Thus, the sequence is a b-Cauchy in the b-metric space (X, dp,). Since
(X, pp) is pp-complete, then (X, d,,) is a b-complete b-metric space. So, it follows from the completeness
that there exist z € X such that,

lim dp, (2, 2) =0.

n—oo
Therefore, by using (2.8)), the condition py(xy,, z,) < pp(z, zy) and limy, o0 pp(Tn, n) = 0 we get
lim py(xn,2) = lim py(zn, 2n) = pe(z,2) = 0.
n—oo n—oo
By using the triangular inequality, we obtain

po(2, Tz) < spp(z, Txpn) + spp(Txp, Tz).

So by taking limit as n — oo in the above inequality and using the continuity of T' we get

po(z,Tz) < s lim py(z,2p41) + s lim pp(Txy, T2) = spp(T2,Tz2). (2.20)
Since a(z,z) > 1 and using (2.1) we get

U(spp(Tz,T2)) < alz, 2)(spp(T2,T2)) < (M (2,2)) — p(M] (2, 2)).

where
MI(2,2) = mac{ps(z, 2), ol T2), oz, T2), T I ETE,y
So
VAsm (T2 T2)) < alz, (T2, T2)) < 6=, T2)) — plon(zT2). (221

Since 1 is nondecreasing sp,(Tz,Tz) < pp(z,Tz) and spp(Tz,T2) = pp(z,Tz), we deduce p(py(z,Tz)) =
0., Hence we have py(Tz,2) = pp(T2,Tz) = pp(2,2) = 0 and Tz = z. Thus, z is a fixed point of T. This
completes the proof. O

In our next theorem we omit the condition of continuity in Theorem

Theorem 2.2. Let (X, <, pp) be a pp-complete ordered partial b-metric space with the coefficient s > 1. Let
T: X — X be an an a-y-p-contractive mapping. Suppose that the following conditions hold:

(1) T is a-admissible and L,-admissible (or R,-admissible );

(2) there exists 1 € X such that z; < Tz and o(zy,Tx1) > 1;

(3) T is nondecreasing, with respect to =<;

(4) If {z,,} is a sequence in X such that =, <z for all n € N, a(zp, zp+1) > 1 and x,, = z € X, as n — oo,
then a(x,,x) > 1 for all n € N;

Then, T has a fixed point.

Proof. Following the proof of Theorem we know that the sequence {z,} defined by x4+ = Tz, for all
n € N, is an increasing pp-Cauchy sequence in the py-complete b-metric space (X, pp). It follows from the
completeness of (X, pp) that there exists z € X such that lim,,_, z, = z. Using the assumption on X, we
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deduce z,, < z for all n € N. So it is enough to show fz = z. Now, by using (2.1) and a(x,,z) > 1 for all
n € N, we have

U(spo(Tns1,T2)) < a(an, 2)P(spp(Tan, Tz))

< (M (an, 2)) — (M (20, 2)), (2.22)
where
M{ (2n,2) = maz{py(en, 2),po(@n, Tan), py(z, T2), 2AETI 00y
< maz{py(Tn, 2), Pb(Tn, Tni1), vo(2, T'2), pb(z”’Tz);fb(x"“’z) }. (2.23)
By taking the limit as n — oo in above inequality and using Lemma [I.3] we get
2Tz
pb(g;g&‘) = min{py(z,T2), pb(st)}

< liminf M (z,, 2)

- n—00
< limsup MT (x,, 2)
n—oo

PETD) _ (e 1), (2.24)

Again, by using (2.22)) and taking the upper limit as n — oo

< max{py(z,Tz),

@D(Spb($n+1,TZ)) a(:ﬂn,z)@b(spb(Tmn,Tz))
¢(Msf(.rn, Z)) - (P(Msf(xm Z))’

and using Lemma we get

Yor(=:T2)) = (s (i1, T2))

< ¢ (slimsup py(zn4+1,T%))

n—oo
< y(limsup M{ (xn, 2)) — lim inf o(M (2, 2))
n—00 n—oo

< Y(pp(2,Tz2)) — (hmlnfM (Tn, 2)).

Therefore, p(liminf, o MI(x,,2)) < 0, it means that liminf, o M7 (2,,2)) = 0. Thus, from (2.24)we
get z =Tz, and hence z is a fixed point of T. This completes the proof. O

Ezample 2.1. Let X = [1,00) be equipped with the partial order < defined by
T3y <y

and with the functional p, : X x X — [0,00) defined by py(z,y) = |z — y|? + 2 For all 2,y € X. Clearly,
(X, pp) is a partial complete b-metric space with s = 2. Define the mapping 7 : X — X by

- {16 if1<z<2
xr =

% if x> 2,

and a: X x X — [0,00) by
1 of z,y €[1,2,
a(m,y)——{ fayell,2]

0 otherwise.
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and taking the altering distance functions ¢ (¢) = ¢ and

~1)2 .
@(t) — % Zf T,y € [1’2]7
: t>2.

Then T is continuous and increasing, 1 < T'1. For Checking the contraction condition (2.1)) for all comparable
z,y € X. Let x =1 and y = 4, we get

V(op(T1,74)) = v () = g
18

= 0(18) - p(18) = 18 — - = w(MT (1,4)) - p(MI (1, 9)).

We will prove the following:
i) T : X — X is an a--p-contractive mapping, with ¢ (t) =t for all ¢t > 0;
i1) T is a—admissible;
iii) there exists 1 = 1 € X and x1 < T'zy, such that a(z1,Tx1) > 1;
iv) If {z,}22, is a sequence in X such that a(zp,zp41) > 1 and x,, —  as n — oo, then a(zy,x) > 1 for
all n € N;

Proof. i) Clearly T is a-y-p-contractive mapping with () = ¢ for all ¢ > 0, since for all z,y € X,

z4+6 y+6 x+6_y+6|2

a(az,y)w(spb(Tz,Ty)) = ¢(2pb( 4 4 )) = 2| 4 4

1 2
+2: 7’l'_y| +27

8
while without loss of generality if 1 <y < x < 2,then

x+6 y+6

a(x,y)zp(spb(Tx,Ty)) - 1/1(21%( 4 7T))
x+6 +6 1

~ TP 2= gle -y 2

4 4

3

9
< 123—127“3)—80(3)

= (M (z,y)) — (M (2,1)).
ii) Let (z,y) € X x X such that a(z,y) > 1. From the definition of 7 and o we have both Tz = £t8 and

Ty = yT% are in [1, 2], so we have a(Tz,Ty) =1 > 1. Then T is an a-admissible.
ii1) Taking 1 =1 € X, we have

7
a(z1,Tx1) = a(1,T1) = o1, Z) =1>1.
iv) let {z,,} be a sequence in X such that a(z,,z,1+1) > 1 for all n € N and z,, - = € X as n — oco. Since
oy, Tnt1) > 1 for all n € N and by the definition of «, we have z,, €[1,2] for all n € N and = € [1,2]. Then
a(xy, ) =1 > 1. Now, all the hypothesis of Theorem are satisfied. Therefore, T has a fixed point. [

Ezample 2.2. Let X = [0,00) be equipped with the partial order < defined by
r3y<—=az<y

and with the functional p, : X x X — [0,00) defined by py(z,y) = [maz{z,y}]* For all z,y € X. Clearly,
(X, pp) is a partial ordered complete b-metric space with s = 2. Define the mapping 7' : X — X by

- {ﬁ$+ﬁ0§x§L
T = x

> ifz>1,
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and a: X x X — [0,00) by
L ifx,yel01],
0 otherwise.

a(z,y) = {

and taking the altering distance functions 1 (t) = ¢t and

Then T is continuous and increasing, 0 < 7°0. For Checking the contraction condition (2.1f) for all comparable
z,y € X. Let x =0 and y = 4, we get

¥ (2py(T0,72)) = $(2p((0,2)) = 8£2=4-2

= ¥(4) = p(4) = (M (0,2)) — (M, (0,2)).

We will prove the following:
1) T : X — X is an a-y-p-contractive mapping, with ¢ (¢) =t for all ¢ > 0;
i1) T is a—admissible;
1i1) there exists 1 =0 € X and z1 < Tz, such that a(x;,Tz1) > 1;

iv) If {z,}22, is a sequence in X such that a(zy, zp41) > 1 and x,, — x as n — oo, then a(zy,x) > 1 for
all n € N;

Proof. i) Clearly T is a-y-p-contractive mapping with ¢(¢t) =t for all ¢ > 0, since for all z,y € X
a(z,y)y(spp(Tz, Ty)) < (M (z,y)) - o(M] (z,y))

Since,

a(x, y)ﬂ)(spb(T% Ty)) = ¢(2pb(

x y
Vovl+z \@m))

z 4 2
= 2|max ,
| {\/Z/Hx \@\/1+y}]
- (1+a)
and
v? + [mazly, sH=1I"
MI(z.y) = maa{a®a’y? S B
Thus
ol )T, Ty) = o < — 2 — y(a2) = p(a?) = $(MT (@,9)) — oM (2,9))
’ ’ (14+2z) — 1+z s s I
i1) Let (x,y) € X x X such that a(z,y) > 1. From the definition of 7" and o we have both Tz = ﬁjm,and
Ty = ﬁ\?;m are in [0,1], so we have o(Tz,Ty) =1 > 1. Then T is an a-admissible.

i7i) Taking 1 = 0 € X, we have
a(zx,Tz1) = a(0,70) = «(0,0) =1 > 1.

iv) let {z,,} be a sequence in X such that a(z,,z,1+1) > 1 for all n € N and z,, — = € X as n — oo. Since
a(ZTp,p+1) > 1 for all n € N and by the definition of «, we have x,, €[0,1] for all n € N and z € [0, 1]. Then
a(rp,z)=1>1.

Now, all the hypothesis of Theorem [2.1] are satisfied. Therefore, T has a fixed point O
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