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Abstract

In this paper we obtain some new generalizations of Ostrowski type inequalities on time scales involving
combination of A-integral means, i.e., a new Ostrowski type inequality on time scales involving combina-
tion of A-integral means, two Ostrowski type inequalities for two functions on time scales, and some new
perturbed Ostrowski type inequalities on time scales. We also give some other interesting inequalities as
special cases. (©2014 All rights reserved.

Keywords: Ostrowski inequality, perturbed Ostrowski inequality, A-integral means, time scales.
2010 MSC: 26D15, 26E70, 58C05, 65D30.

1. Introduction

In 1988, Hilger introduced the time scale theory in order to unify continuous and discrete analysis [1§].
Such theory has a tremendous potential for applications in some mathematical models of real processes and
phenomena studied in population dynamics [4], economics [3], physics [38], space weather [25] and so on.
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Recently, many authors studied the theory of certain integral inequalities on time scales (see [7} 8 9] 10} 12
19, 20, 221 23], 26, 27, 28| 29] 30} 311, B32], B3, [34], 36l 37, 1401 41]).

In 1938, Ostrowski derived a formula to estimate the absolute deviation of a differentiable function from
its integral mean [35]. The result is nowadays known as the Ostrowski inequality [2, 13, 14l 15} 16, 17, 39],
which can be obtained by using the Montgomery identity. The Ostrowski inequality and the Montgomery
identity were generalized by Bohner and Matthews to an arbitrary time scale [8], unifying the discrete, the
continuous, and the quantum cases:

Theorem A (Ostrowski’s inequality on time scales [§]). Let a,b,s,t € T, a < b and f : [a,b] — R be

differentiable. Then
'f(t) / F(o()As

where ha(-, ) is defined by Definition 2.5 below and M = sup ‘ fA(t)| < 0o. This inequality is sharp in the
a<t<b
sense that the right-hand side of ([1.1]) cannot be replaced by a smaller one.

< ﬂ[hQ(t a) + ha(t,b)], (1.1)

The purpose of this paper is to obtain some new generalizations of Ostrowski type inequalities on
time scales using the kernel given in [I1]. We first establish a new Ostrowski type inequality on time scales
involving combination of A-integral means. Then we derive two Ostrowski type inequalities for two functions
on time scales. Finally, four new perturbed Ostrowski type inequalities on time scales are obtained. We
also give some other interesting inequalities as special cases.

This paper is organized as follows. In Section [2| we briefly present the general definitions and theorems
related to the time scales calculus. Some new generalizations of Ostrowski type inequalities on time scales
involving combination of A-integral means are derived in Section

2. Time Scales Essentials

In this section we briefly introduce the time scales theory. For further details and proofs we refer the
reader to Hilger’s Ph.D. thesis [18], the books [5] 6], 24], and the survey [I].

Definition 2.1. A time scale T is an arbitrary nonempty closed subset of R. For ¢t € T, we define the
forward jump operator o : T — T by o(t) = inf {s € T : s > ¢}, while the backward jump operator p: T — T
is defined by p(t) =sup{s € T: s < t}. The jump operators o and p allow the classification of points in T
as follows. If o(t) > t, then we say that t is right-scattered, if p(t) < ¢ then we say that ¢ is left-scattered.
Points that are right-scattered and left-scattered at the same time are called isolated. If o(t) = ¢, the ¢ is
called right-dense, and if p(t) = ¢ then ¢ is called left-dense, Points that both right-dense and left-dense are
called dense. The mapping x : T — R* defined by u(t) = o(t) — t is called the graininess function. The set
T* is defined as follows: if T has a left-scattered maximum m, then T# = T — {m} ; otherwise, T¥ = T.

If T=R, then u(t) =0, and when T = Z, we have u(t) = 1.

Definition 2.2. Let f: T — R. f is called differentiable at ¢t € T, with (delta) derivative f2(t) € R, if for
any given ¢ > 0 there exists a neighborhood U of ¢t such that

Fo(t) — f(s) — FA0)lo(t) sl <elo(t) =], VseU.

If T =R, then f2(t) = LW and if T = Z, then fA(t) = f(t+ 1) — f(t).
Theorem B. Assume f,g: T — R are differentiable at ¢ € T*. Then the product fg: T — R is differentiable

at ¢t with

(f9)2(t) = f2(0)g(t) + f(o(£)g™ (1) = F(D)g™ (1) + f2(D)g(o (D).

Definition 2.3. The function f : T — R is said to be rd-continuous (denote f € C,q(T, R)), if it is
continuous at all right-dense points ¢t € T and its left-sided limits exist at all left-dense points ¢t € T.
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It follows from [5, Theorem 1.74] that every rd-continuous function has an anti-derivative.

Definition 2.4. Let f € C,4(T,R). Then F : T — R is called the antiderivative of f on T if it satisfies
FA(t) = f(t) for any t € T® . In this case, we define the A-integral of f as

/tf(S)AS:F(t)F(a), teT.

Theorem C. Let f, g be rd-continuous, a,b,c € T and «a, 5 € R. Then
< ) Jy lef (2) + Bg() At = afff(t)At +8 [, g(t)At
f fO)At=— [ f
f £(t) At = f £(t) At + fff(t)At
1) [, FOgA AL = (f9)(b) = (F9)(a) — [} FA(B)g(o(t) AL,
Theorem D. If f is A-integrable on [a, b, then so is |f|,and

/ bf(tmt] < [l

Definition 2.5. Let hy; : T? — R, k € Ny be defined by

ho(t,s) =1 forall s,teT

and then recursively by

t
hi41(t, s) :/ hi(r,s)Ar  for all s,teT.

3. Main Results

3.1. A new Ostrowski type inequality on time scales
Lemma 3.1. Let a,b,z,t € T, a < b and f : [a,b] — R be differentiable. Then for all x € [a,b], we have

/abP(x,t)fA(t)At:f(x)_aiﬁ [x_a/ (o At—i—/ flo } (3.1)
where %ﬁ<%>7 a<t<uz,
P(x,t){ %(%) r<t<b >

which is firstly given in [11).

Proof. Using Part (4) of Theorem |C} we have

/; aiﬁ (i:D FAOAL = aigf(@ - Ma(x_@/: flo (t)At (3.3)

[ (b D rrwai= Lorw - o [ e (3.4)
. ot p Ca+f (4 B)(b—2) /s ’ '
Therefore, the identity (3.1) is obtained by combining the identities (3.3)) and (3.4)). OJ

and
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Corollary 3.2. In the case of T =R in Lemma we have

b X
/p(x,t)f'(t)dtzf(x)—aiﬁLfa/ It d”/f dt]
where

«a t
_a_(t=a) g < <o
P(H?,t) 0‘"‘5(

-8
a+ﬁ<—z , o <t<hb.
This is the result given in Lemma 1 of [11]

Corollary 3.3. In the case of T = 7Z in Lemma we have

b—1 1 ) B B -
;P(:v,t)Af(t)Zf(x)_aJrﬂ x_a;f(t+1)+b_xt§;f(t+l) ’
where
P (z,t) = 225 (1=2) a<t<a-1,

r—a
b—t

where

_o ﬂ>7 a<t<uzx,
P(I‘,t): Q’+,3( T—a =

Here, for s,t € ¢” U {0} with t > s, we use the definitions

Flgt) — f log, (t/q)
(qu)(t):?q_i and /f dgn=(¢g—1) Y f(d

= logq( s)
= —00 and log,(c0) := oo (see [21))).

Theorem 3.5. Let a,b,x,t € T, a <b and f : [a,b] — R be differentiable. Then for all t € [a,b], we have

o 5% [ w2 [rewad | 25

a+p a+p

by adopting the convention that log,(0) :=

h2 (1’,0,) +

thg (x,b) s

r—a

M = sup }fA(t)‘ < 0.
a<t<b

Proof. This is easily obtained from Lemma by using the properties of modulus and the definition of
ha(:, ).

O
Remark 3.6. In the case of @« = z — a and § = b — x, Theorem is reduced to Theorem [A]
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Corollary 3.7. Theorem[3.5 is reduced in the case T =R to

M
‘f(w QWL_ IR dt+/f(t)dtH§2(a+ﬁ)[a(wa)+ﬁ(bx)],
where
M = sup ‘f ‘ 00,
a<t<b

which corresponds to Theorem 2 of [11).
Corollary 3.8. Theorem is reduced in the case T =7 to

1 a r—1 5 b—1
5 ﬁ_a;f(t+l)+b_x;f(t+l)

f(z)

where

M = sup |Af(t)| < 0.
a<t<b

Corollary 3.9. Theorem is reduced in the case T = ¢? U {0} (¢ > 1) to

10 iy [0 [ s+ 2 [ o] < s

where

M = sup [(Dgf)(t)] < oo.

a<t<b

8.2. Ostrowski type inequalities for two functions on time scales

Theorem 3.10. Let a,b,z,t € T, a < b and f,g : [a,b] — R be differentiable. Then for all x € [a,b], we
have

o) - 5 (oo [ [ rewses 2 [

= AH/ ]H

M Ig(;ﬂ)(L++Ag§|f( z)| [ajfahz (z.a) + bf:th (x’b)] (3.5)
and
]f<w>g<a:> - {f(x) o [aemars ;2 [ oo wial
oo [ [ oo 2 [ o At}}
+(a+1,3 [w—a/f AH/f }
e Gy |
S(i\ﬁ]\g? LfahQ (r,0) + 2o (x,b)r, (3.6)
where

M; = sup ‘fA(tﬂ < oo and My = sup ‘gA(t)‘ < 0.
a<t<b a<t<b
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Proof. We have
[x — a/ flo®)At+ 5 / flo ] / P(xz, 1) f2(t) At (3.7)
and 5
a—i—ﬁ[w At+b/ At} /th (3.9)
Multiplying (3.7) by g(x) and . 3.8) by f(z), adding the resultant identities, we have
f(:r)g(w)—w{ |2 [ 1o At+/f )]
+f(:c)[xfa/ At+/ ]}
1 b
3o [P nsrate @ [ peng >At]
Using the properties of modulus, we get
b
F@late) = 5519 { |2 [ e o )]
o €T
o1 [725 [[ot AH/ ]H
1 b
<3 [ir@n [1ewairolac @) [ 1peolso) s
Mg (z)|+ Mz |f (z)| [ « B
< (0t 5) [Qz—ah2 (z,a) + _xhz (a:,b)] .
This completes the proof of the inequality .
Multiplying the left sides and right sides of and , we get
f@ga) = 5 {10 |75 [ ot <>>At+5/b (0 ()t
TIE T + 5 P b— g
ot e e H
a7 552 [ s g e ona
. [xi/ st @15t+ 72 [ gto oy
b b
= (/ P(:c,t)fA(t)At> (/ P(xz,t) g™ (t )At>
Using the properties of modulus, we can easily obtain . O

Corollary 3.11. Theorem[3.10 is reduced in the case T =R to

f@)g(a) — ——

2(a+p)
X {g(rv)

xaa/xf(t)dwrbﬁx/:f(t)dt] + f(2) [mg

My lg @) + M f ()
- 4(a+B)

[a(z —a) + B(b— )]

a/ ()dt+b5x/:g(t)dt]}
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and
@) -
x{f(x) L“a/m ()dt+bf/b ()dt] +g(z [ /f dt+/ f(t)dt]}
g e [ o i o[22 [t 2 [Caoa|
< (]‘jf;) la(z—a) + Bb— )2,
where

M = sup ’f |<oo and My = sup ‘g’(t)‘<oo.
a<t<b a<t<b

Corollary 3.12. Theorem[3.10 is reduced in the case T = Z to

1 a z—1 b—1
‘f(:v)g(w)—w{g(w) [m—a;f(H_ - x;ft—i‘l
o z—1 B b—1
f(x) [x_azg(Hle_mZg(Hl) }
and
1 3 b—1
‘f( )g(w)—a+6{ —— > gt + 1)+ glt+1)
x—1
+g(x) LfaZf(tJrl +—th+1) }
z—1 b—1
( +B th+1 +—th+1 729(15—1—1)—1-6729@—1—1) ‘
a r—a t—a =
My Mo
@1 5) [ ( —a—1)+ﬁ(b—x+1)]
where

M, = sup |Af(t)] <oo and My = sup |Ag(t)| < 0.
a<t<b a<t<b

Corollary 3.13. Theorem is reduced in the case T = q* U {0} (¢ > 1) to

) - 5t (o [ [ a2 [ e

et s o]

M |g (z)| + M2 | f (x)]
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and

‘f(x)g(w) s [ [+ 2 [ atana]
vato [ [ st 52 [ sanaa]
+ (aiﬁ)Q [x_a/a flqt)dgt + b_ﬁx/x f(qt)dqt] [aja /:g(qt)qu b_ﬁx/:g(qt)dqt}

fia+g$ﬁ2qykww—mﬂ+ﬂ@b—wfa

where

M; = sup |(Dgf)(t)| < oo and Mz = sup |(Dgg)(t)| < oco.
a<t<b a<t<b

3.8. New perturbed Ostrowski type inequalities on time scales
Theorem 3.14. Let a,b,xz,t € T, a < b and f,g : [a,b] — R be differentiable. Then for all t € [a,b], we

have
0 5 [ [ rewses 2 [ e mad
_f<bz:£<a>a+6[x_ah2(x,a> bthm,b)]'
< (AT Lx if [ a-wrareg if /: o= 7 ]
_(b—a)21(a+ﬁ)2 [wgahﬂx’a)_ bfa:hQ ("C’b)r}Q
Joma [ 0t 0y s o - @] (3.9)
oo |

Proof. We have

ia/beth t) At—( ia/bP(:r,t)At> <bia/abfA(t)At>

=369 // P(x,t) ,8)) (F2 (1) — f2 (s)) AtAs. (3.10)

From (3.1)), we also have

/thonAt f(x)

{x_a/ f(o At+/f } (3.11)

/b A ) At = Jb) = fa) (3.12)

b—a J, b—a

and




Y. Jiang, H. Riizgar, W. J. Liu, A. Tuna, J. Nonlinear Sci. Appl. 7 (2014), 311-324 319

Using the Cauchy-Schwartz inequality, we may write

‘ 2(b—a)? // P(z,1) s)) (f2 (1) — 2 (s)) AtAs

(st fires Ams) (o [ [0 Ms);. w19

However

1 2

M/: (P(,t) ~ Plr, ) Mtds = 5 / P2(a, t)At <bi /b (a:,t)At)

2

it (i [ orae <a+ﬂ>§2<b—w>2 )

1 o B 2
e (@B e arpea ) ] o1
and
A 1 A 2 1 LN ?
20— a) / / f ?AtAs = b—a/a (f2 )" At — (b—a/a f (t)At> . (3.15)
Using (3.10 —, we can easily obtain the inequality . O

Corollary 3.15. Theorem 1s reduced in the case T =R to

fa) - — [O‘

s[5 [rwa 2 ] - LOZLO a0 -0

2(a+p)
(ot B)e— <aa+ﬁb>>2}

D=

1

<[ !
" 13(b—a)(a+pB)

20— 4 2(p_ 2)) —
(O‘ (x —a)+ 5% (b—x)) 1(b—a)’(a+h)

1
2

<Jo-a [ roa-um-rw]

Corollary 3.16. Theorem 1s reduced in the case T = 7Z to

1 a 2 B
f@) -3 x—a;f(t+1)+l)—ac;f(t+l)
_f(bl)):ic(a)ﬂa:_ﬁ)[a(x—a—l)—ﬁ(b—x+l)]‘
S{(ba) (1a+5)2 [(x a2a)2 <éx (602 — 6az + 6a + 222 — 3z + 1) —éa(Qa—l—l) (a+1)>
- ﬁ;Q (éx (662 — 6bar + 6b + 227 — 3z + 1) — éb(2b+ 1) (b+ 1))]

1
b— 2

1
(b—a)d (AF @) = (f ()~ f (a))2] :

1
2

_4(b—a)21(a+f3)2 ((a(x_a_l)_ﬂ(b_“”))z}
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Corollary 3.17. Theorem is reduced in the case T = q¢* U {0} (¢ > 1) to

‘f(x) Jlr [x_ /fqtdt+ /fqtdt]

=5 )[a(w—qa)—ﬁ(qb—w)}()
1

(a+8)(1+q b—a

o (2~ qa) (¢ —a) + q(z — qa)  B2(x— qb) ((x — b) + ¢ (x — gb))
[< o) (at >2< i )

<
- (x —a) (1+2q+2¢> + ¢°) (b— ) (1+2q+ 22+ ¢°)

=

1 ,12 b ) R
et - (lta)? (a(x—qa)—ﬁ(qb—fc))} [(b—a)/a (Dyf(t)) dqt—(f(b)—f(a))} :

Theorem 3.18. Let a,b,x,t € T, a < b and f : [a,b] — R be differentiable function such that there exist
constants v, € R, with v < f»(z) <T, z € [a,b]. Then for all x € [a,b], we have

o= 5 725 [ rewnare g [ swoad

r 1
_7; a+ﬁ{xaahQ(x,a)—bﬂxhg(:E,b):H
-+ 1
27a+5 [xgahg(m,a)—i—bfxlm(x,b)]. (3.16)

Proof. From (3.1]), we may write

f(a:):aj_ﬂ[w_a/ o At+/f At} /thfA() (3.17)

We also have

o g

b
| Pe0s = e e GG

Let C = % From |D and 1} we get

/:P(x,t)(fA(t)—C)Atzf() aiﬁ[x_a/f At+/f }

ha (z,b) . (3.18)

vy+I 1 e B
— h — h b 3.19
2 oz—l—ﬂ{z—a 2(2,a) b—ux 2 (.0) (3.19)
Using the properties of modulus, we get
b
Fr—~ 1 ! B
P(x,t) (f2(t) — C) At < h ha (z,b)| . 2
[ reo@o-opad 5o [+ ;) (3.20)
From (3.19)-(3.20)), we can easily get (3.16)). O

Corollary 3.19. Theorem[3.18 is reduced in the case T =R to

‘f(ar
I'—~
“4(a+B)

/f dt+/ f(t)dt}— L e —a) = B — 2)]

a+6[a:— 4(a+p)

< [a(z —a)+B(b—=)].
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Corollary 3.20. Theorem[3.18 is reduced in the case T = Z to

z—1 b—1
‘f(x)—aiﬁ xfaZf(t—i—l)—i-%Zf(t—i—l) _4Za++rﬁ) [a(z—a—-1)—p(b—z+1)]
I'—~

Corollary 3.21. Theorem is reduced in the case T = ¢ U {0} (¢ > 1) to

0= 5 [ [ v 2 [ st 5 e - a0) - 80—
I'—~

“3+A(1+9

Theorem 3.22. Let a,b,x,t € T, a < b and f : [a,b] — R be differentiable function such that there exist
constants v, T € R with v < f2(t) < T, t € T. Then for all t € [a,b], we have

AR R

7 [ “ahgugw-bthQQ;wH

[ (z — qa) + B (¢b — 2)] .

Ca+f |z —
< (2 s 2'(0;;%')) (S =) (b—a) (3.21)
and
‘ﬂ@_aiﬂ[xialx A”+L/f ]
_a£5[$fa@¢a@_bfx@¢am”
<(5+ 5 ) =500 (3.22)

where S = (f(b) — f(a))/ (b—a).
Proof. From , we may write

f@y—aiﬂ[x_m/j’ Aﬁ+‘/f Ad /anth) (3.23)

We also have

b
S S xa—# z
L}%%ﬂAﬁ_m+5Mx_®hﬂ,) R (3.24)

Let C € R be a constant. From (3.23)) and (3.24)), it follows that

Y

thz (z, b)] . (3.25)

(AbP@;w[fA@y—CﬂAt:f( oy [
C «
_a+5[

h —
r—a 2(.1‘,&)
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In case of C' =~ in (3.25)), we have
/bP(:Jc 0 [F2(8) ] At =f(a) - —— |2 / flo At+/f
“ ’ K N a+B|lz—a)l,
v o B
- h - h b)| . 2
s [ - ) (3.26)
On the other hand, we have
b
/ P(x,t) [fA ]At‘ < max |P(x,t) \/ ‘fA 7‘ At (3.27)
a a<t<b
We also have (see [11, Theorem 2])
1, Ja-g
P < = 2
s PS5 5t p) (328)
and .
/ |F2(t) — | At = (S =) (b—a). (3.29)
From ([3.26))-(3.29)), it follows that (3.22)) holds.
In case of C' =T in (3.25)), we can get (3.22) similarly. O

Corollary 3.23. Theorem[3.29 is reduced in the case T =R to

‘f(w) (HB[ / £t dt+/ f(t)dt]—2(a7+5)[a(x—a)—
<(5+30y)E-N0-0

and

- s [ a2 o] - 5 Eete -0

I Ja-§]
<(3*2ry) T-90-0

Corollary 3.24. Theorem[3.29 is reduced in the case T = Z to

z—1 b—1

o B gl

‘f(.%') a;f(t—i_l)—l_b—xtz;f(t_‘_ ) _2(04"*'5)
1 Ja—p
<(5+5mpy) =000
and

a r—1 b—1 T

‘f(x)_oﬁ-ﬁ x—a;ft—i_l x;f 2(a+pB)

1 Ja-g
<<2+2<a+5)>w—s><b—a>-

— B(b— )]

al@—a—1)—Bb—z+1)]
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Corollary 3.25. Theorem is reduced in the case T = q¢* U {0} (¢ > 1) to

‘f(x)

<1+
—\2

and

‘f(:v) -

<1—|—
—\2

gl
a—l—ﬁ[ / fqtdt+ /fqtdt] ot ﬂ)(1+q)[a(x—qa)—6(qb—x)]
o — B
o) s n-a
1 Q * I5; b r
04+/8|:5U_a/a f(qt)dqt—i_b—.r/x f(qt)dqt:|_(a_'_ﬂ)(l_i_q)[a(l‘—qa)—ﬂ(qb—l')]
la —f|
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