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Abstract

In this paper, we generalize some classical results on the integrability of trigonometric series using the
notion of integrability in fuzzy L'-norm. Here, we introduce new classes of fuzzy coefficients and obtain
the necessary and sufficient conditions for L!-convergence of fuzzy trigonometric series. Also, an example
is given for the existence of new classes of fuzzy coefficients. (©2015 All rights reserved.
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1. Introduction

A powerful tool in harmonic analysis is the concept of Fourier analysis. It is extremely useful in ap-
proximation theory, partial differential equations, probability theory etc. The study of integrability and
L'-convergence of Fourier series is based on the existence of sine and cosines. In the literature, so far
available, various authors such as ([5], [6], [7], [15], [26], [27], [28]) have studied the L!'-convergence of
trigonometric series under different classes of coefficient sequences.

Due to the rapid development of the fuzzy theory, the aim of this paper is to investigate new classes of
sequences formed by the fuzzy real coefficients, which generalizes the classical results on Fourier Analysis. To
accomplish this, we need to study the basic concepts of fuzzy theory given by various authors such as Zadeh
[29], Kaleva [13], Puri and Ralescu [17], Goetchel and Voxman [§], Stojakovié ([19], [20], [21]), Zhang and
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Guo [30], Ban [1], Puri and Ralescu [18], Stojakovié¢ ([8], [21]), Kim and Ghil [14], Stojakovi¢ and Stojakovié
([22], [23]), Talo and Basar [25], Kadak and Basar ([9]-[12]) and so on. One of them set mapping operations
to the case of interval valued fuzzy sets and then People move to the another direction to establish a new
way of generalizing the interval valued fuzzy sets in terms of its level sets. The effectiveness of level sets
come from not only their required memory capacity for fuzzy sets, but also their two valued nature. This
nature contributes to an effective derivation of the fuzzy inference algorithm based on the families of the
level sets. Beside this, the definition of fuzzy sets by level sets offers advantages over membership functions,
when the fuzzy sets are in universe of discourse with many elements.

In this paper, we present a fuzzy notion of integrability and Lebesgue convergence of fuzzy trigonometric
series. This paper is organized in six sections as follows: In section 2, we give some required definitions and
consequences related with the fuzzy numbers, sequences and series of fuzzy numbers. In section 3, we define
the integrals of fuzzy valued functions. In section 4, we introduce some new classes of sequences with special
fuzzy coeflicients. The section 5 and 6 accomplish the lemma and main results which are the generalization
of some existing results.

2. Preliminaries, background and notation

In this section, we first recall some of the basic notions related to fuzzy numbers, sequence and series of
fuzzy numbers.

Definition 2.1. A fuzzy number is a fuzzy set on the real axis, i.e., a mapping u : R — [0, 1] which satisfies
the following four conditions:
(i) w is normal, i.e., there exists an zp € R such that u(xzp) = 1.
(ii) w is fuzzy convex, i.e., u[Ax 4+ (1 — A)y] > min{u(z),u(y)} for all z,y € R and for all A € [0, 1].
(iii) w is upper semi-continuous.
(iv) The set [u]p = {z € R: u(x) > 0} is compact, where {z € R : u(z) > 0 denotes the closure of the set
{z € R:u(x) > 0} in the usual topology of R.

We denote the set of all fuzzy numbers on R by E! and called it as the space of fuzzy numbers A-level
set [u]y of u € E' is defined by

s = {teR:u(t)y>A} , 0<A<1
S\ {teR:u®)> A}, A=0.

The set [u] is closed, bounded and non-empty interval for each A € [0, 1] which is defined by [u]) = [u),u].
R can be embedded in E!, since each r € R can be regarded as a fuzzy number 7 defined by

_ {1 , T=7T,
() =
0 , z#r

Theorem 2.2. [§] (Goetschel and vozman) For u € E', denote u™(\) = uy and u™(\) = u{. Then
(i) u=(\) is a bounded increasing function on [0, 1].
(ii) ut () is a bounded decreasing function on [0, 1].
(11i) u= (1) < ut(1).
(iv) u=(A\) and ut(\) are left continuous on (0, 1] and right continuous at 0.
(v) If u= () and u™(\) satisfy above (i) — (iv), then there exist a unique v € E' such that vy =u~(\) and
vy =ut(N).

The above theorem implies that we can identify a fuzzy number v with the parameterized representation
{(uy,uf) | 0<X<1}. Suppose that u,v € E! are fuzzy numbers represented by {(uy,u{) | 0 <A <1}
and {(vy,v)) | 0 < X< 1}, respectively. If we define

(u®v)(z) = sup min(u(z),v(y)), (2.1)
T+y==z
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u(z/a),  a#0,
(a)() = { " 7 . (2.2)
0 a =0, where 0= xqo,
then
ud®v={(uy +vy,ul +v)0<A<1}
ue v = {min(u, —vy,ul — o), max(uy —vy,uf —vy) | 0<A<1}
{(auy,oul) | 0 <A< 1Y, a >0,
ou =
{(auf,auy) | 0< A <1}, a < 0.
We define a metric d on E' by
d(u,v) = sup dg([u]y,[v]a) (2.3)
0<A<1
where dy is the hausdorff metric defined as
dpr([ulx, [v]x) = max(juy — vy ], Juy — vy )). (2.4)

Also, d(u,0) will be denoted by ||ul].

Definition 2.3. [24] The following basic statements hold:

(i) A sequence {uy} of fuzzy numbers is a function u from the set N into the set E'. The fuzzy number uy
denotes the value of the function at k£ € N and is called as the general term of the sequence. By w(F'), we
denote the set of all sequences of fuzzy numbers.

(ii) A sequence {u,} € w(F) is called convergent with limit u € E!, if and only if for every ¢ > 0 there
exists an ng = n(e) € N such that D(u,,u) < € for all n > nyg.

(iii) A sequence {u,} € w(F') is called bounded if and only if the set of fuzzy numbers consisting of the
terms of the sequence {u,} is a bounded set. That is to say that a sequence {u,} € w(F) is said to be
bounded if and only if there exist two fuzzy numbers m and M such that m < u, < M for all n € N. This
means that m~(\) < u,; (A\) < M~ (\) and m™(\) < uf(A) < MT(X) for all A € [0,1].

Remark 2.4. [24] According to Definition the following remarks can be given;

(a) Obviously the sequence {u,} € w(F') converges to a fuzzy number u if and only if {u,, (\)} and {u,; ()}
converge uniformly to v~ (A\) and u™ () on [0,1] , respectively.

(b) The boundedness of the sequence {u,} € w(F') is equivalent to the fact that

sup D(uy,0) = sup sup max{|u, (\)|,|u} (\)|} < oo.
neN neN \e[0,1]

If the sequence {u;} € w(F) is bounded then the sequences of functions {u; (A\)} and {u; (\)} uniformly
bounded in [0, 1].

Definition 2.5. [24] Let {ux} € w(F'). Then the expression »_ wuy is called series of fuzzy numbers with
® k
the level summation ). Define a sequence {s,} via nth partial level sum of the series by
@

Sp=u DPur Dua @ - -- D uy,

for all n € N. If the sequence {s,} converges to a fuzzy number u then we say that the series > wuy of
® k
fuzzy numbers converges to u and write »_ w; = u which implies that
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where the summation is in the sense of classical summation and converges uniformly in A € [0, 1]. Conversely
if
dup N =u"(A) and D uf (V) =ut(N),
k k

converges uniformly in A, then v = {(u™(\),u™(\)) : A € [0, 1]} defines a fuzzy number such that u = > uy.
& k

Theorem 2.6. [2] The following statements for level addition & of fuzzy numbers and classical addition +

of real scalars are valid:

(i) O is neutral element with respect to ® , i.e. u®0 =0 u =u for allu € EL.

(ii) With respect to 0, none of u # 7, r € R has opposite in E*.

(iii) For any o, B € R with a, 3 >0 or o, 3 < 0 and any u € B, we have (a + B)u = au @ Bu.

(iv) For any o € R and any u,v € E', we have a(u ®v) = au & av.

(v) For any o, 8 € R and any u € E', we have a(Bu) = (af)u.

3. Integrals of fuzzy number valued functions

Let (2,3, 1) denote a complete o-finite measure space. If F': Q — E! is a fuzzy-number-valued function
and B is a subset of R, then F~!(B) denotes the fuzzy subset of (2 defined by F~1(B)(w) = sup,cp F(w)(x)
for every w € Q. The fuzzy-number-valued function F : Q — E' is called measurable if for every closed
subset B of R the fuzzy set F~!(B) is measurable when considered as a function from 2 to [0, 1]. This concept
of measurability for fuzzy-set-valued functions was introduced by Butnariu [3] as a natural generalization of
measurable multifunctions. Kaleva [13] defined F : Q — E! to be strongly measurable if for each A € [0, 1]
the set-valued function F) : Q@ — I(R) defined by F)\(w) = [F(w)]\ is measurable, where I(R) is the set of
all closed bounded intervals on R endowed with the topology generated by the Hausdorff metric dy defined

as in (2.4).

Theorem 3.1. ([3], [{]) For F : Q — E' | F(w) = {(F} (w), Fy (w)) ‘ 0 < X\ < 1}, the following conditions
are equivalent.

(i) F is measurable.

(ii) F is strongly measurable.

(iti) For each X € [0,1], Fy and Fy are measurable.

Let F: Q — E', F(w) = {(Fy (w),FY (w)) | 0 <X <1}, be measurable. If for each A € [0,1], F, and
F ; are integrable, it follows from Theorem and the Lebesgue-dominated convergence theorem that the
parameterized representation {( i) A By dp, 1) 4 FN d,u) | 0 <A< 1}is a fuzzy number for each A € 3. This
enables us to define the integral of ' without using the integral of set-valued function.

Definition 3.2. [14] A measurable function F : Q — E', F(w) = {(F} (w), F} (w)) | 0< A <1} is called
integrable if for each A € [0,1], F}" and F ;r are integrable, or equivalently, if F;, and Fj, are integrable. In
this case, the integral of F' over A € X is defined by

Aqu:{<AF;du,AFjdu> ‘ 0§A§1}. (3.1)

Theorem 3.3. [13] Let F,G : Q — E! be integrable. Then

(i) if a and b are real numbers, then aF @ bG is integrable and for each A € ¥ , [,(aF & bG)dp =
af[,Fduab [, Gdpu.

(ii) if d is the metric on E' which defined as in , then d(F,G) is a real-valued integrable function and

for each A € &,
d</ Fd,u,/ Gdu) S/d(F,G)du. (3.2)
A A A
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Let L(€,3, u) = L denote the Banach space of (equivalence classes of) integrable function f : Q2 — R

with the norm
||f||=/|f(w)ldu={(/ IfAdM,\fIIdu> | OSAgl}.
Q Q

Remark 3.4. (i) F is integrable if and only if the real-valued function w — ||F(w)|| is integrable.
(i) || [y P < [, || Flldp
For the case of fuzzy-number-valued functions, we denote L(E') the space of all integrable functions
F :Q — E' where two functions F, G € L(E") are considered to be identical if F(w) = G(w) a.e.
For F,G € L(E"), we define

S(F.G) = /Q d(F, G)dp. (3.3)

It is easy to show that § is metric on L(E%).
L(E"Y) is complete with respect to the metric.

D(F, —Oiligl/max |Fy — Gy |,|FY — GY|)dp. (3.4)

4. Fuzzy trigonometric cosine and sine series for fuzzy valued periodic functions

In this section, we present the notion of periodic fuzzy valued functions and their harmonics with respect
to the level sets.

Definition 4.1. [12] (Periodicity) A fuzzy-valued function f! is called periodic if there exists a constant
P > 0 for which f'(z + P) = f'(z) for any z,t € [a,b]. Thus it can easily seen that the conditions
fy(t+P) = fy(t) and fyf (t+ P) = f{(t) hold for all ¢ € [a,b] and A € [0,1]. Such a constant P > 0 is
called a period of the function f.

Let -
1
5&@@ Z ay, cos kx, (4.1)
® k=1
and
Z by sin kz, (4.2)
® k=1

be fuzzy trigonometric cosine series and sine series as defined in [12] and s, (z) and 5% (z) be the nth partial
n

n
level sum of the series || and 1D given by s,(r) = G @ Z apcoskr and & (z) = > bpsinkz ,
=1 @ k=1

where {ax} = {((ar)}, (ar)¥) ’ 0<A<1}and {by}={(( k) (b)Y | 0<A<1}fork=1,2,..n
are the fuzzy coefficients.

Let {ar} = {((ak)y, (ar)¥) | 0< A <1} be a fuzzy sequence. Then we write

Aap = ap© apy1
= (min{(ar)y — (ar41)y, (ar)y — (ar1)) b max{(ar)y — (ar+1)y (ar)y — (ar+1)3})
= ((Aak))_\, (Aak)j)
Aap = A(Aay) = (A(Aak);, A(Aak)j) :

Definition 4.2. A sequence {a;} € w(F') is said to be decreasing sequence if ay1 < ay i.e. (ar)y < (@r+1)y
and (ag)y > (axr1)) -
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Remark 4.3. If {ay} is a decreasing fuzzy sequence, then it can be easily seen that (Aay)y = (ax)y —
(ax1)y = Alax)y and (Aag)y = (ar)y — (ar41)) = Alag)y

Now, we introduce some new classes of fuzzy coefficients as follows:

Definition 4.4. A sequence {a;} € w(F') is said to be fuzzy null sequence if klim ar, = [0] with respect to
—00

the level sets. i.e.
I C =05, i r=of ‘0<)\<1 . 4.3
{ (kggo(ak)A xo i (ax)y >\> SAS (4.3)
Definition 4.5. A decreasing sequence {a;} € w(F') is said to belong to class BV(F) with respect to the
oo
level set if 1} is satisfied and the series |Aay| is convergent.
® k=0

Definition 4.6. A decreasing sequence {a;} € w(F') is said to belong to class K (F) (for A € [0,1]) if (4.3)
is satisfied and the series

o 1/p
Z om/4a Z |Aag|P , for some p>1 (4.4)
@ m=1 @ keln,
is convergent. (4.4]) can be written as
1/p 1/p
o o0
> o2ama N (A, |7 <00, Y 2™ N |(Aag)f | <oo| | 0<A<Lp. (4.5)
m=1 kel m=1 keln,
Here p > 1 be any real number and ¢ be the conjugate exponent to p i.e. % + % =1 and I,,, be the dyadic

interval 2771, 2™) and m > 1.
By Cauchy condensation test, it can be easily seen that (4.5)) is equivalent to

0 1 2n—1 1/p oo 1 2n—1 1/p
> (n > \(Aak);\p> <00, ) (n > \(Aak)j}p> < o0 \ 0<A<1p. (4.6)
n=1 k=n n=1 k=n

Further, by applying Holder’s inequality to (4.6)), we get

Ky (F) = {(Z\(Aakhw,ZI(Aakm) | 0931} < Ky (F)
k=1

k=1

= > A =Ki(F) 2 Ky(F), p>1 (4.7)
& k=1

Hence, the class K (F) contains the class of bounded variation.
Now, we present an example for the existence of above classes as follows:

Example 4.7. Let {a} = {(ax)y, ()i} = { (s + 2 (}— 1) e - A (- 4)) | 0=a<1),
be fuzzy sequence. Since (a;)y and (ay)) tends to zero as k — oo therefore it is fuzzy null sequence.

1/p
00 2n—1
As lj is equivalent to 1) it is sufficient to show that the series > (é S |Aaglf ) is conver-
@ n=1 @ k=n

gent.
o0 n—1 1/p
First, we check the behavior of the series > (}1 > ‘(Aak)ﬂp) for 0 <A <1
n=1 k=n
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we have

(Aag)y = min{(ar)y — (ars1)y, (ar)y — (ars1)]}

- 1 N 2 R
(k+1)(k+2) * k(k+1)(k+2)’ <AL

00 2n—1 1/p
Consider J; = ) (é > ’(Aak))\‘p) :
k=n

n=1

By Minkowski Inequality,

>~ 4 2n—1 1 p 1/p 2n—1 2\ p 1/p
< R P
1< S\ lwreal | S et |
: = - : - l/p+
AN (nr P +2)P " (nt2pmt3p
- Zli/p 1 1 1/p
n=l 2 + + ...
L (n—=1PnP(n+ 1)  nP(n+1)P(n+2)P
s [ 1/p 1/p
n n
< 2
= Zn {<n+1> wr) M e ]
> 2)\ s 1 s 2)\
< = - -
= z::[n—i—l ) +(n—1)n(n+1)} ;(n+1)(n+2)+;(n—l)n(n+l)<OO
L/p o0 2n—1 1/p
similarly, Jo = Z ( Z |(Aar)y |” ) < oo. Therefore, the series (}L > \Aak]p> is con-
n=1 ® n=l1 ® k=n

vergent.
Hence, the fuzzy sequence {ay} belongs to class Ky (F).

5. Lemma

Lemma 5.1. Let {ax} be a sequence of fuzzy numbers. Then for any 1 <p <2 andn > 1,

1 T 2n—1 2n—1 .

- ~ p

; / > arDi(x) dw_Mp< 3 mr) (5.1)
& k=n @® k=n

0

where M, is an absolute constant.

Proof. We write

1 T 2n—1 1 2n—1 1 T 12n—1
n/ > apDilx)|de = n/ > (ax) Dk()d%n/ (ar) Dy (x)| d ‘ 0<A<1
= (J1,J2).

Consider
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1 T/ on_1 1 T |2n—1
= n/ Z(ak);Dk(x) dw—i-n/ Z(ak);Dk(:r) dz
0 k=n x/n k=n
= Ji + Jia2.
Now,
1 T/ 901 ”/”2n 1
m=2 [ 1Y @) / 3 (a0 1D1(2)d
0 k=n

Here, Dy(z) is the Dirichlet kernel and Dy (x) < k+ 1 for all z € (0, 7). Thus, we get

”/”Qn 1 2] w/n
Juu < /Z|ak |(k+1 dw<—2|ak (k+)/dw
0

2n—1

< S(@n-1+1 Z|ak 2ﬂz2n—1|ak

By using Holder’s inequality, we have

2n—1 1/p
J11§27T< Z:|a;C ) .

Next, we consider

1 T |2n—1 1 ~ 1 2n—1 1
Jio = n/ ,;L(ak))‘Dk(x) dx:n/2sin(x2) ];L(ak)/\sm <k+2>x dx.

w/n

T/n
Again by applying Holder’s inequality for = l =1, p>1, weget

)

1/q
q

=

aw/n

d
Further, It can be easily noted that for z € (E / < 7P / ax < T
n (sin :E/Q)) a2 ~p—1
w/n w/n
Therefore,
1
1 T 1/p T 2n—1 1 q /a
Ji2 < o <p— 1> (nP~hy1/P / Z (ar)y sin (k + 2) x| dx
0 k=n

Now, by the use of Hausdorff Young’s inequality (for 1 < p < 2), we get

1 T (9n—1 q 1/q
/ Z(ak) sin <k+ > dz
T 0 | k=n
1 T 19n—1 q 1/q
o1
27r_7T —
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on—1 1/p
(z |<ak>;|p) |
k=n

Thus, we get

2n—1 1/p
T —1/p, —1 —
J12§§(p—1) /P @(;K%)A‘p) :
Combining (5.2) and (5.3]), we have

1 2n—1 1/p
J1§7T(2+2( 1/p>< Z|ak ) .

Similarly, Jo < 7 (24 3(p — 1)71/7) <711 2751 ](ak);\r\p> v Hence,
2 1 —1/p S .
7 (24501 )( > vy ) ,
2 1 —-1/p <« 1/p
W( + 2(17 > < Z |(ak)y )
1 e v
= 7 <2 - 5(]3 — 1)1/10) (n Z ’ak’P> .

Thus the conclusion of lemma holds.

(J17J2) =

J

6. Main Results

In this section, we show that more general results hold in fuzzy Fourier analysis.
The first main result of this section read as follows:

Theorem 6.1. If {ay} is a sequence of fuzzy coefficients belonging to class Kp(F), then
(i) ft € L'(0,7).
(ii) series is the Fourier series of f*.
(iii) the series converges to fuzzy valued function f' in L'(0,7)-norm if and only if
{ lim a,Inn=1[0]y | 0<A< 1}.
n—oo

Proof. (i) Let

1 n
st(x) = Za® Z ay cos kx

2
@ k=1

k=1 k=1
Using summation by parts, we get

5 ()

n—1 n—1
{ (Z Dy(z)A(ag)y + (an)y Dn(x), Z Dy(z)A(ak)¥ + (an){ Dp( ) ‘ 0< A< 1}
k=0

k=0

_ { (;(ao),( + Z(ak),( coskz, %(ao)ir + Z(ak)j{ cos km) ‘ 0< A< 1} .

(5.3)
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As {a} belongs to class Ky (F) so {ay} is a decreasing sequence, then we have

{(Zpk (Aap)y + (an)y Zpk (Aap){ + (an)} Dyl ) ’O</\<1} (6.1)

By ) and ( ., the series (Z Dy (x)(Aag)y, Z Di(x)(Aag) > ‘ 0<A< 1} converges abso-
=0

lutely and

{(lim (a)3 (@), Tim (an)fDa(@)) | 0<A<1}={(05,00) | 0<A<1)

n—o0

at every point z # 0 (mod27). Thus the series (4.1)) converges except possibly at = 0 (mod27), and

1 . 1 .
{ (2(a0); + Z(ak); cos kx, §(a0);\r + Z(ak)j cos k:x) ‘ 0<A< 1}
— k=1
ZDk Aak 5

= CEPES o)
Z Dk: Aak
k=0
= {(fx(@), fy(@) [0<Ar<1}
- (6.3)
Therefore f* exists in (0, 7). We group the terms in as follows

{( @, (@) [ 0sa<1}

z)(Aag)y +ZZDk )(Aag)y

Aao ;\r—l— Z Z Dk Aak
m= 1k€]’m
fi@) = Do(@)Aay& Z 3" Di(2)Agy.

O m=1@ k&ln

By using Lemma we get for 1 <p <2
1/p
/yff e < [ Aao] & M, S oo Y jamp| (6.4)
® m=1 © k€lm

The conclusion of (i) holds, by using given hypothesis.
(ii) Now, for proving this part, we consider f'(z) = hm st (x). [by (i) as f! € L*(0,7)]
— 00
Let [ > 0 be fixed integer, therefore

2 ™
/ft(a:) coslxdx
v

0

™

.2 [y
= nlg]goﬁ/sn(x) cos lzdx
0
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n
&, Z ay cos kx

= lim [2/{% }coslxdm]
n—oo | T 2
0 @ k=1
( ™
]2 (a0)y | © _
nh_}rgo [W/{ 5 +Z(ak)>\ coskx p coslzdx | ,
= _ ‘ <A<
: (@)X | < +
nh_)rglo 7T/{ 5 —i—Z(ak))\ cos kx p coslzdr
0 k):l )
. 2 w0 . 2w
= ([ Stz Jim 2] ) [o<a<f

aj.

This proves that (4.1]) is the Fourier series of f.
s
(iii) Next, we prove that lim [|sf(z) © f*(z)| = 0 if and only if { lim a,lnn = [0]) ’ 0<A< 1}.

Consider,

hm /’s Yo fix ‘d:c

] [ENCIES
0

lim sup
=0 x¢glo,1]

£ | de, / |(5m) (&) —
0

™

™

()| da

= lim sup / Z (ar)y coskx dw,/ Z (ag)y coskz|dx
= (J1,J2),
where
J1
= lim sup/ (ag)y coskzr|dr = lim sup/ A(ar)y Di(x) = (ant1)y Dn(z)| d
”ﬁoo,\e[o,l]o k—;—l 00 xelo,1] kzn;q
= Jim s [ Y (A Die)  (@)y Dal)| da
"0 2 (B ’
< lim sup /[Z |(Aag)y D x)|+‘(an+1))_\Dn(a:)‘] dx.
"—”X’Ae[o,l}o bt 1
Similarly,
Jo < lim SHP/ > [(Aar)} Dr(@)| + [(ant1)} Du()]| dz
’HOO,\e[o,l]o k1
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li_)m /‘s%(:c)@ft(a:)‘da: < lim sup | °
0

n—=00 \c0,1] ]
0

Since (see e.g. [31], Vol I, p. 67) /|Dn(x)|dx = Inn (iii) follows. Here the symbol a,, < b, means that
0

™

Z ‘(Aak)XDk(xH—i—/‘(anﬂ))_\Dn(a:)‘da;,
k=n+1 0

™

Z |(Aak);\er(x)‘+/‘(an+1)j{Dn(m)‘dm

there are positive constants Kj and Ko such that K; < a, /b, < K3 for all n large enough. O

Remark 6.2. If (ax)y = (ax)} in above theorem then the sequence {ax} of fuzzy numbers becomes the
sequence of real numbers, then the following corollary is an application of Theorem

1/p
o
Corollary 6.3. [16] If {ai,} is a null sequence and the series . 2™/ ( > |Aak|p> is convergent for
m=1 kEI'm

oo K
some p > 1, then (i) f € L*(0,7). (i) a0 + > ajcoskax is the Fourier series of f. (iii) lim [ |s,(z) —
f(x)|dx =0 if and only if lim a,lnn = 0.
n—oo

Here, sp(x) = 5 + > apcoskx and lim s,(z) = f(z).

k=1 n—oo
The second main result of this section is as follows:

Theorem 6.4. Let {b} be a sequence of fuzzy coefficients belonging to class Kp(F), then

(i)thLl(OﬂT) if and only if Zk %<oo.
b k=1

(ii) if gt € L'(0, ), then is the Fourier series of g'.
(iii) the series converges to the fuzzy valued function g' in L'(0,7)-norm if and only if

{li_>m bolnn =0y [0<A< 1}.

Proof. (i) First we show that the limit function g exists in (0, 7). For this we consider

st(z)= > bpsinkz = {(Z (br)y sinkz, Y (b)) sink:x) ) 0<A< 1}.
& k=1 k=1 k=1
Performing summation by parts, we get

%mx):{(ZA(bmﬁk(m)+<bn>;ﬁn<x>,ZA<bk>iﬁk<x>+<bn>;5n<x>> | osxgl}.
k=1

k=1

As {b,} belongs to class Ky (F), then

5 (x) = {(Z(Abmﬁm + (bn)y Dn(x), > (Abg){ Di() + (anDn(x)) \ 0<A< 1}

k=1 k=1

where l?k(x) is the conjugate Dirichlet Kernel.
As Dg(z) is bounded in (0, ) therefore, by given hypothesis ¢g'(z) = lim ¢

v (x) exists in (0, ).
n—oo

Now, consider

/ (@)lde = / 95 (@)d, / gt@lde | | 0<a<1
0 0 0
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= {(/ﬂi ) sin kz|dz, /ﬂi(bk);\rsinkxd:z) ‘ 0<A< 1}
0o k=1

0 k=1
= /ZKbk) || sin kx|dz, /Z\ (bx)x T||sin kx|dx ‘ 0<A<1
o k=1 k=1
> _ cosk::L‘ cosk‘x
= PCONEE Z|bk ‘ 0<A<1

0 k=1

o0

> 1003 [~ o [",j”lD | ogxgl}

(
(3 o [
(

o0
Thus, g'(x) € L*(0,7) if and only if Zk: ) % is convergent.
D k=
(ii) Let { > 0 be fixed integer. Consider,

2 ™
/gt(x) sinlzdx

™
0

2 K
= lim /%(m)sinlmdm]
n—oo | 1
2
= lim /{
n—oo | 71
li 2 [ [y (b k lxd
Jim Zk sin kz p sinlzdz |
0

by, sin kzx} sin lxdw]

k=1

271'

lim /{
N—00 71'0 :

2 2
- {<hm Z x g(bl);, lim = x g(b,);) ‘ 0<A< 1}

n—o0 T n—oo T

_—_—

3

(bx)y sin k‘x} sin l$dx]

=1
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(iii) Let of (x) denote the first arithmetic mean of series (4.2)

_ {(é(l_nil) (br)y smkxé(l—nil) (b,c);sink;x) ‘ OgAgl}.

Since ¢g* € L'(0,7) by (i), we get
li_)m [ ot (z) © g'(x)|dx = [0]5 for A € [0,1]
n o 0

i.e sup | lim /\ on)y () = g) (2)|d, hm /\ on)i(z) — gf (z)|dz | =0
Aefo,1] \ P70

since
T

/ B(@) © fi)ldz © / 5 () © o (2) | < / o (2) & f!(x)|dz.
0 0 0

It is enough to prove that

ILm [15%(z) © ol (x)| = [0], if and only if ILm by Inn = [0]5. Consider,

= lim su s,)5 () — (o) ()| dx )T (z) — (0,)T(2)] dx
= Jlm ow 0/|<n>x<> u»()\d,o/»(nnm o @)]d
1 n

— Z(bk);\rk sin kx| dz

d
a:,/ n+1

Z(bk);k sin kx
k=1

= (Ji,J2).
First, we take
J1

™
= lim sup/
THOO,\G[OJ]O

= lim
n—oo

dx

1 < .
e ;k(bk)/\ sin kx
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sup / dx
X€0,1] )

ko—1
- i T D (be)y = (biy)y s { Y Di(x (bn))\D;L(x)}

k=1 k=ko
= lim
n—oo
. 1 ol
sup / 7 2 [B0)5 = (k)3 ]ksink Z D}, (2)(Abg)y + (bn)y Dp() ¢|dz| .
A€[0,1] ; n 1 frd
Similarly,
~ 1 ko—1 1 n—1
Joy = lim sup / b))y — (biy) k:smk::c—i Dj(z)(Abg)Y + (bn)y Dy (2) ¢| dz
2 ”_>°°)\e[071} ) n+1 ;[( A 0 ] n4+1 kzko A

where kg = 2™~ ! is a fixed integer and ”prime” means differentiation with respect to x. Let

> - |[B@ed@lae 2 [ b @)
0 0
0/\<'sfn><> Rl =
T
[ G @) - @) @ds -
0 0
- (£3)
1 2
Consider,
> - Ai%i%/r(sn) NORIGNG +1
T ko—1
_ n+1/ a |[(0x)y — (bro)y ]ksmkx}dz:Jr/kz];O}A (bi)y D ()| dz+
< sup _ )
A€(0,1] (b )_ , (b )_ ,
n+1O/|D<> +10/’D<>|d
1 T ko—1 B ) ' T
< n—i—lo/; | [Be)x —(bko))\]ksmkm}dac—i— /kzko} (Abg)y Dy ()| da—+
<  sup
e (b)x [ 11y (b)y [
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ko—1

< kl(be)5 — (i) / D 2)(Aby) | da

0 kk()

Applying Bernstein’s inequality ([31], Vol.2, p.11) and using Lemma we get

Y o<

1

ko—1 ™
/\6[0 y|nt+1 Z HlB™ — ()7l + 20/ kzko Dilw)(Bbe)y | de
ol 1/p
< /\el[tJ o Z E|(br)y — (bro)y | +2M), mZn:% om/q kezf;n| (Ab) [P
Similarly,
fo! 1/p
Z < )\euopl i Z k|(bk)y — (bry)y | + 2M, mzmo om/q kezlm| (Aby)F
Therefore,
ko—1 VN )
Zjn—i—l @Zklk|bk@bk0|@2M 69mzmogm/q @%}mmbﬂp 22‘1‘2-

Given any € > 0 by class Kp(F) we choose mg so large that 3" < €. Then setting kg = 27071, we take n
so large that >’ < e. To sum up we have > < 2, if n is sufficiently large. This means that

tim | [ [s4(2) © o (2) (@)l | = [,
n—oo
0 0
™
if and only if lim b, Inn = [0]) o 2 [|DL(2)|dx ~1nn
n—oo 0
This proves the main result. O

Remark 6.5. If (by), = (bk)g\F in above theorem then the following corollary is an application of above
theorem.

1/p
o0
Corollary 6.6. [16] If {by} is a null sequence and the series S 2M™/4 ( > ]Abk|p> is convergent for
m=1 k)EI’m

some p > 1, then (i) g € LY(0,7) if and only if > % < oo. (i) If g € L*(0,m) then Y bysinkz is the
k=1 k=1

T

Fourier series of g. (iii) 1i_>m [ 153n(z) — g(z)|dx = 0 if and only if li_>m byInn = 0.
n OOO n—oo

Here 5,(x) = Y bgsinkx and le Sn(z) = g(x).
k=1 o
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7. Conclusion

Some useful results have been obtained by using level sets for defining series of fuzzy valued functions
like Fourier series. The applications of the obtained results include the generalization of integrability and
L'-convergence of fuzzy trigonometric series of fuzzy valued functions. One of the purpose of this work is to
extend the classical Fourier analysis to the fuzzy Fourier analysis. Futurework will be dedicated to obtain
necessary and sufficient conditions for fuzzy integrability and L'-convergence of fuzzy trigonometric series
under more generalized conditions on fuzzy coefficients.
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