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Abstract
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1. Introduction and preliminaries

Throughout the paper we denote the set of n-dimensional row vector on the real number field by R".
Also,
RY ={x=(21,...,2,) ER":2; >0,i=1,...,n}.

In particular, R! and R}F denoted by R and R, respectively.

For z,y > 0 and p € R, the Lehmer mean values L,(x,y) were introduced by Lehmer [I3] as follows:
P +yP

Lplz.9) = ot

Many mean values are special cases of the Lehmer mean values, for example

T+Yy
5 =

A(l‘,y) = Ll(x’y)
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is the arithmetic mean,
G(z,y) = Vry = Li(z,y)

is the geometric mean,

2xy
H(x,y) = = Lo(z,
(.9) =~ = Lo(@,y)
is the harmonic mean,
2 2
-~ 5ty
H = =L
(ﬂi',y) z+y Q(CU,y)

is the anti-harmonic mean.

Investigation of the elementary properties and inequalities for L,(x,y) has attracted the attention of a
considerable number of mathematicians (see [1H3], 1T0-12, 14), 2T, 23, 26] 28-31]).

In 2009, Gu and Shi [I1] discussed the Schur convexity and Schur geometric convexity of the Lehmer
means Ly (z,y) with respect to (z,y) € R2 for fixed p. Subsequently, Xia and Chu [36] researched the Schur
harmonic convexity of the Lehmer means L,(z,y) with respect to (z,y) € R% for fixed p.

Let x = (x1,22,...,2,) € R’. For Schur-convexity and Schur-geometric convexity of n variables Lehmer

mean,
n o
Ly(x) = Lp(z1,22,...,2,) = Z?il_lxpll’
=13

Gu and Shi [IT] obtained the following results.

Theorem 1.1. Let x = (z1,22,...,2,) € R} and p € R. If 1 < p < 2, then Ly(x) is Schur-convex with
x € R}, if 0 <p <1, then Ly(x) is Schur-concave with x € R'}.

Furthermore, Gu and Shi [I1] proposed the following conjecture.

Conjecture 1.2. Ifp > 2, then Ly(x) is Schur-convex with x € RY}, if p <0, then L,(x) is Schur-concave
with x € R}

We first point out that this conjecture does not hold.
In fact, for n = 3, p = 3, by computing, we have

o _ OL3(x) B OL3(x)\ (21— 72)2\(x)
Ai=(o—m) ( O0xy Oxa > © (23 + 23+ 22)%

where
Ax) = Mz, 22, 23) = 3(z1 + .%2)(1:% + x% + x%) — 2(:6“;’ + :1:3 + azg),

if x = (1,3,7), then \(x) = —34, so that A < 0, but by taking y = (1,2,3), then A\(y) = 54, so that
A > 0. According to Lemma in second section, we assert that the Schur-convexity of Lz(z1,x2,23) is
not determined on the whole Ri.

It can easily be shown that L_o(z1, 29, x3) = 1

Ls(3-25025)
not determined on the whole sz’r, L_o(z1, 22, 23) so does.

In this paper, we study Schur-convexity, Schur-geometric convexity and Schur-harmonic convexity of
Ly(x) on certain subsets of R’!. As consequences, some interesting inequalities are obtained.

Our main results are as follows:

, since the Schur-convexity of Lz(x1,z2,x3) is

Theorem 1.3. Let x = (x1,22,...,2,) € R, n>2 and p € R.

(I) If p > 2, then for any a > 0, Ly(x) is Schur-conver with x € [(p_;)a,ar.

(II) If p <0, then for any a > 0, Ly(x) is Schur-concave with x € [a, @]n.
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Theorem 1.4. Let x = (x1,%2,...,2,) € R, n>2 and p € R.
(D) Ifp< % and p # 0, then for any a > 0, Ly(x) is Schur-geometrically concave with x € [a, (pp%l)Za} .
n
(I1) Ifp > %, then for any a > 0, L,(x) is Schur-geometrically conver with x € [(%)Qa, a} .
(IIT) If p =0, then Ly(x) is Schur-geometrically convex with x € R’}.

Theorem 1.5. Let x = (x1,%2,...,2,) € R, n>2 and p € R.

(I) If 0 < p < 1, then Ly(x) is Schur-harmonically conver with x € R}, if =1 < p < 0, then Ly(x) is
Schur-harmonically concave with x € R'}.

(II) If p > 1, then for any a > 0, Ly(x) is Schur-harmonically conver with x € [(7;113@, a}n.

]

(IIT) If p < —1, then for any a > 0, Ly(x) is Schur-harmonically concave with x € {a

2. Definitions and lemmas

We need the following definitions and lemmas.
Definition 2.1 ([I7, 27]). Let x = (1, z2,...,2,) and y = (y1,¥2,...,Yyn) € R™.
i) x is said to be majorized by y (in symbols x <y), if > 7,z <> 2y, for k=1,2,....,n—1 an
i) x is said to be majorized by y (i bol if S 2 < 8y, for k=1,2 1 and
Sorxi = yoi v, where Ty = 0 2 Tpy and ypy > -+ > Y|, are rearrangements of x and y in a
descending order.
(ii) Q C R™ is called a convex set, if (ax; + By1, axe + By2,...,ax, + By,) € Q, for any x and y € ,
where o and § € [0, 1] with o+ 5 = 1.
(i) Let & C R™, ¢: © — R is said to be a Schur-convex function on €, if x < y on € implies ¢ (x) <
¢ (y). ¢ is said to be a Schur-concave function on €2, if and only if —¢ is Schur-convex function.

Definition 2.2 ([20} [44]). Let x = (21,22,...,2,) and y = (y1,%2,...,yn) € R
(i) @ C R is called a geometrically convex set, if (x?yf,xg‘yg, . ,x%yﬁ) € Q, for any x and y € Q,
where o and 8 € [0, 1] with o+ 5 = 1.

(ii) Let Q C RY, ¢: @ — R, is said to be a Schur-geometrically convex function on €, if
(Inzy,Inze,...,Inzy,) < (Iny,lnys,...,Iny,)

on  implies ¢ (x) < ¢ (y). ¢ is said to be a Schur-geometrically concave function on €, if and only
if —p is Schur-geometrically convex function.

Definition 2.3 ([4, [18]). Let x = (z1,22,...,2,) and y = (y1,¥2,-..,yn) € R}

(i) A set Q C R? is said to be a harmonically convex set, if

( T1y1 T2yo TnYn ) cQ

Az A+ (L= Ny Aze + (1= Ny2" 7 Az + (1= Ny ’
for every x,y € Q and X € [0,1].

(ii) A function ¢ : 2 — Ry is said to be a Schur-harmonically convex function on £, if (97117 :7127 e i) <
<y—11, y%, e y%) implies ¢(x) < ¢(y). A function ¢ is said to be a Schur-harmonically concave function

on (2, if and only if —¢ is a Schur-harmonically convex function.

Lemma 2.4 ([I7, 27]). Let Q C R" is convex set, and has a nonempty interior set Q0. Let p : Q@ — R
be continuous on Q and differentiable in Q°. Then ¢ is the Schur — convex (or Schur — concave, resp.)
function, if and only if it is symmetric on Q and if

(x1 — z2) (8:;;1() - 8;;?) >0, (or <0 resp.), (2.1)

holds for any x = (1, %2, - ,x,) € QU.



C.-R. Fu, D. S. Wang, H.-N. Shi, J. Nonlinear Sci. Appl. 9 (2016), 5510-5520 5513

Remark 2.5 ([9, 19]). It is easy to see that the condition ([2.1]) is equivalent to

dp(x) _ Op(x)
dr; — Owiyr’

(or > resp.), i=1,...,n—1, forall xeDNQ,
where D = {x: 21 <9 < <z, }.
The condition ([2.1)) is also equivalent to

dp(x) _ Op(x)
Ox; — Omiyr’

(or < resp.), i=1,...,n—1, forall xeENQ,

where E ={x:21 >z >+ > zp}.

Lemma 2.6 ([20, [44]). Let Q C R} be a symmetric geometrically convex set with a nonempty interior 0o,
Let ¢ : Q — Ry be continuous on Q and differentiable on Q°. Then ¢ is a Schur-geometrically conver ( or
Schur-geometrically concave, resp.) function, if and only if ¢ is symmetric on Q and

(x1 — z2) (ml 8980:1() — 9 8;;?) >0, (or <0resp.), (2.2)

holds for any x = (w1, 2, - ,x,) € QV.
Remark 2.7. Tt is easy to see that the condition (2.2)) is equivalent to

Op(x) . 9o(x)

o = i+18x~+1’ (or > resp.), i=1,...,n—1, forall xeDnNQ,
K3 K]

T

where D = {x:21 <zy <--- <, }.
The condition ([2.2)) is also equivalent to

L Opx) o Op(x)

; , < ), i=1,...,n—1, forall xeENQ,
L ZHB@-H (or < resp.), 1 n or all x

where E={x:21 > 20> - >x,}.

Lemma 2.8 ([4, [18]). Let Q C R" be a symmetric harmonically convex set with a nonempty interior Q°.
Let ¢ : Q — R, be continuous on Q and differentiable on Q°. Then ¢ is a Schur- harmonically convex (or
Schur-harmonically concave, resp.) function, if and only if ¢ is symmetric on Q and

0p(x) 0p(x)

_ 2 _ g2 > < . 2.
(1 — x2) (IL‘l . x5 g >0, (or <0 resp.), (2.3)
holds for any x = (x1, 72, - ,1,) € QV.

Remark 2.9. It is easy to see that the condition ([2.3)) is equivalent to

L00(x) _ , 0p(x)

T , (or> resp.), t=1,...,n—1, forall xeDnNQQ,
i axl = Z+183§'i+1 ( = p)

where D = {x: 21 <ax9 < <, }.
The condition ([2.3) is also equivalent to

dp(x) dp(x)
2 > 2
€y 61131 Z Tipq 8$i+1 ;

(or < resp.), i=1,....,n—1, forall xe ENQ,

where E = {x:x1 > 29>+ > zp}.
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Lemma 2.10. Let x1 > 290> - > x, >0, m € R. Then

A e R
e

T > Tn.

Proof.
G R o S RO Lty W (oL LR N R 440
=P Yoy —2p) F a2l Hag —a2) + -+ 2 @y —x,) >0,
(M 2P ™Y - @ a4 )
=27 Nay — 1) + 2 Ny — 22) + -+ 27 (2 — 20) 0.
We have thus proved the Lemma [2.10] O

Lemma 2.11 ([I7]). Let x = (z1,22,- - , %) € RT and Ap(x) = 257" | z;. Then

u= | A,(x), Ap(x), -+, Apn(x) | < (21,22, ,2,) = x.

3. Proofs of theorems
3.1. Proof of Theorem[1.3
Proof. Straightforward computation gives

1 1 2
O0L,(x) pry” P 1$§ —(p— 1)y~ P 137§

_ — — R i:l,Q,...,n, (31)
Ox; (i 2y h?
and then oL oL
b0 0L _ GO,
O;  Owipr (N2l )2
where

fi(x) =p(at™t — a2l Zwé’_l —(p— 1)l — a2l Zl‘?

It is clear that Ly(x) is symmetric with x € R’. Without loss of generahty, we may assume that
Ty 2> X2 > > >0,

For any a > 0, according to the integral mean value theorem, there is a ¢ which lies between x; and
T;11, such that

Ty Ty

2P 2dz —a(p —2)(p — 1) / 2P 3dx

i+1

(™ — ) —a(p — )0 — ) = @—np/

i+1

=(p-1) " [pxP~2 — a(p — 2)aP3)dx (3.2)

Li+1

= (p—D[p % —alp — 2)&" (2 — wi41)

= (p— 1)pe~? (5 - (p_p2)a> (zi — Tig1).



C.-R. Fu, D. S. Wang, H.-N. Shi, J. Nonlinear Sci. Appl. 9 (2016), 5510-5520 5515

Proof of (I): Whenp >2anda >z > 29 > -+ >z Z( 2)a > 0, from,vvehave

pa? ™t —al ) - a(p—1><x€‘2 a7 7) >0,

'L+1 z+1
that is,
-1 -1
p(:l:f — T4 )
p—2 p—2 =z a,
(p—(x; ~ = Tit1 )
and then from Lemma it follows that
-1 -1
pla} — $?+1) >y > ?=1 x?
=2 2 Z—n -1
(p— (2] " —a2iy) 1T
namely, f;(x) > 0, and then 8%@ (ix) > %Lx’;g) By Lemma and Remark it follows that L,(x) is

n
Schur-convex with x € [p]TQa a} )

Proofof(II):Whenp<Oand%2331Z:UQZ---anZa>O, from (3.2)), we have

pla?™t — 2P —a(p — 1) (@02 — 2P E) <0,

'L+1 z+1
that is,
-1 ~1
play " — xfﬂ) <q
72 72 - )
(p— V(@i —a77)
and then from Lemma it follows that
p(a] " —af)) >j=1%j
p—2 p—2 <oy < —n _p—1’
(p— Dz " — i) Zj:le
namely, f;(x) < 0, and then 8%’; (ix) < %I;Zg) By Lemma and Remark it follows that Ly(x) is
n
Schur-concave with x € [a, %a}
The proof of Theorem [I.3]is complete. O
3.2. Proof of Theorem[1.]]
Proof. From (3.1)), we have
3L OL ;
) ( ) — Tj4+1 P(X) = gl<xz_1 , 1= 1727' ,TL—I,
Li Orit1 iz )2

where

n
-1 —1 —1
gi(x) = p(a? —al ) al T = (p— D =2l )Y et
Jj=1

It is clear that Ly(x) is symmetric with x € R’,. Without loss of generality, we may assume that
Ty 2 X2 > > >0,

For any a > 0, according to the integral mean value theorem, there is a £ which lies between x; and
T;11, such that

x; T4
p(a — zfﬂ) —a(p— 1)(1’?71 — mf;f) = p2/ 2Py — a(p — 1)2/ 2P 2dx

Tit1 Tit1
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= [P*" " —a(p — 12 *)(i — xi1)

_ p—1
= p2eP? {5 - (p)2a] (i — Tig1)-
Proof of (I): When p > % anda>x1 > a0 > > x> (%)Qa > 0, from (3.3)) we have

1 1
p(ay - x?ﬂ) —a(p—1)(z} f+1) >0,

that is,
P(xf — xf+1) > a
(p-DE =)
and then from Lemma [2.10] it follows that
LUEE M v St
(=@ —al) T e

namely, g;(x) > 0, and then z; 8%’;} (_X)

i+1 aaing) By Lemma [2.6| and Remark it follows that L,(x) is

ﬁ B
w\

>
Schur-geometrically convex with x € [
(5=

Proof of (II): When p < %,p;é()and ) a>xy >x9> > x> a >0, from (3.3)), we have

1
pa? —a? ) —alp— 1) — 2P ) <o,

that is,

p(:cf - forl)

p— p—1 < a,
(p— 1)(337, — Tit)
and then from Lemma it follows that
p(xf _forl) <, < Z? 1 :j
1 L =>%n > i)
(p— 1)z} _l’fﬂ) Z] 1 ?

namely, g;(x) < 0, and then z; 2% m(_ X) < g 88? C) By Lemma and Remark it follows that L,(x) is
n

Schur-geometrically concave with x € [a (== pl)

Proof of (III): When p = 0, g;(x) < 0, it follows that L,(x) is Schur-geometrically concave with x € R}.
The proof of Theorem [I.4] is complete. O

a

3.3. Proof of Theorem[1.5]
Proof. From (3.1)), we have

OL,y(x) OLy(x) hi(x)
22 3 5512—1-181), = n’ Ty 1=1,2,...,n—1, (3.4)
Li Lit1 (> imi i )
where n n
1 1 —1
hil) = plaf ™ =) 3ol = (=Dl = o) Yool
j=1 Jj=1

It is clear that L,(x) is symmetric with x € R’.. Without loss of generality, we may assume that
Ty 2 x> > >0,
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Proof of (I): According to the integral mean value theorem, there is a & which lies between x; and x;1, such
that

p—1 p+1 p+1 p p Z;'Ll x?
ZCL” —ziy) = (=D — 2 S50
Zj:l Ly
—pr Y+ / 2Pdx —p(p — 1) 2= 1p31/ 2P~ da
Tit1 Zj:l Ly Tit1
n n p
-1 ‘ > _
S N R Tl 9
j=1 it i=17j
n D
=1
=> |+ )E —(p- 1) njgﬂﬁp1<m—an
j=1 Zj:l Ty
n n
-1 2o
_pr 1(p—|—1) ¢cp—1 [5 o j= ] ] (i — i)
= E] 1 j
Notice that for —1 <p <1, £ — pﬁ ZZJ ! 31 > 0.

When 0 < p < 1, from , we have hl( ) > 0, and then mQGLap( x) > x?H%L;il) By Lemma and
Remark it follows that L,(x) is Schur-harmonically convex with x € R}.

When —1 < p < 0, hi(x) < 0, and then $28L8;;(1 x) < xfﬂ%g). By Lemma and Remark it
follows that L,(x) is Schur-harmonically concave with x € R’}

When p = —1, hi(x) =237, :z;;l(:zzZ - xH_l) <0, it follows that L,(x) is Schur-harmonically concave
with x € R’}
Proof of (II): For any a > 0, according to the integral mean value theorem, there is a £ which lies between
z; and x;41, such that

x; Zg
pla?™ =l - @—Mﬁ—ﬁhﬁw@+n/ ﬂm—aw4m/ 2P Vdx

= p/%i [(p+1)a? — a(p — 1)2P~)dx (3.6)
=pl(p+ & — alp — 1)&P (2 — miy1)
=p(p+1)&P" [E - (pl;rll)a] (zi — it1).

Whenpz1anda2x12x22---2xn>§ja>0 fromwehave

11 11
plaf — x?—i—l) —a(p—1)(2} — xf—i—l) >0,
that is,
+1 +1
play™ — xf—&-l)

- )

and then from Lemma it follows that

+1 p+l
p(ﬁf f+1) >z > Z;L 15“?
(p—1)(f - ]z?+1) Z] 1 ? Y

namely, h;(x) > 0, and then x? aLap ) > T %L;i *) By Lemma [2.8 and Remark it follows that L,(x)

is Schur-harmonically convex with x € {Z J&a a} .
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Proof of (IIT): When p < —1 and ;%a >xy > a9 > > x> a >0, from (3.6), we have

1 1
p(a?™ — 2Pt —a(p — 1)(a? —2?,,) <0,

that is
’ p+1 p+1
plz; " — $1+1)

<a,
(p— 1)( Ty i+1)
and then from Lemma ([2.10)), it follows that

p+1 p+1 no4P
p(xi ; SUH; ) <, < Z] 2uj=1% ==y
(p—1)(x; — mz’+1) ZJ 1 ?

namely, h;(x) < 0, and then x? aLa”( ) < x? 4 %Lx’:i’i). By Lemma and Remark it follows that L,(x)

is Schur-harmonically concave with x € [a, % } .

The proof of Theorem is complete. O

4. Applications
n
Theorem 4.1. For any a >0, if p>2 and x = (z1,22,...,2,) € [}%Za a] , then we have
Ap(x) > Ly(x). (4.1)

n
If p <0 and x € [a, pp%Qa] , then the inequality (4.1) is reversed.

n
Proof. If p > 2 and x € [7’]'%2&, a] , then by Theorem from Lemma [2.11} we have

Lp(ll) Z LP(X)v

n
rearranging gives (4.1)), if p < 0 and x € [a, %a} , then the inequality (4.1)) is reversed.
The proof is complete. O

n
Theorem 4.2. For any a >0, if p > % and x = (z1,22,...,2,) € [(%)Za, a} , then we have

Gn(x) < Lp(x). (4.2)

n
where Gp(x) = Yx1x9- - T, 18 the geometric mean of x. If p < %,p #0 and x € [a, (pp%l)Qa} , then the
inequality (4.2) is reversed.

Proof. By Lemma we have

IOg GTL(X)7 T 710g Gn(X) = (logl'hlogflfg, U 710gxn)7

n

if p>1andxe [(%)2& a}n, by Theorem it follows

Lp Gn(X), ,Gn(X) SLp(x17x27"' axn)u

n
rearranging gives (4.2)). If p < %, p#0and x € [a, (pp%l)Qa} , then the inequality (4.2) is reversed.

The proof is complete. O
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n
Theorem 4.3. For anya >0, if p>1 andx € [%a, a] , then we have

H,(x) < Ly(x), (4.3)

n
where Hy(x) = ﬁ is the harmonic mean of x. If p < —1 and x € [a, %a} , then the inequality (4.3])

18 reversed.

Proof. By Lemma [2.11] we have

n

If p>1andxe€ [i%a, a}n, by Theorem it follows

Lp Hn(X), ,Hn(X) SLp(xlax27"' axn)a

~~
n

n
rearranging gives (4.3)), if p < —1 and x € [a, %a} , then the inequality (4.3) is reversed.
The proof is complete. O

In recent years, the study on the properties of the mean by using theory of majorization is unusually
active, interested readers may refer to the literature [5H9, [15] (16} 19, 22], 24, 25| [32H35], B7H43], [45].
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