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1. Introduction

One of the successful approximation methods for finding fixed points of nonexpansive mappings was
given by Moudafi [20]. Let F be a nonempty closed convex subset of a Hilbert space H and T': £ — FE
be a nonexpansive mapping with a nonempty fixed point set F/(T'). The following scheme is known as the
viscosity approximation method or Moudafi’s viscosity approximation method:

x1 € E arbitrarily chosen,

Tnt1 = anf(xn) + (1 —apn)T(x,), neN, (1.1)
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where f : E — E is a contraction and {ay,} is a sequence in (0,1). In [20], under some suitable assumptions,
the author proved that the sequence {x,} defined by (|1.1)) converges strongly to a point z in F(T") which
satisfies the following variational inequality:

(f(z) —z,2—x) >0, xeF(T).
We note that the Halpern approximation method [13],

Tpi1 = apu+ (1 = an)T(zn), neN,

where u is a fixed element in F, is a special case of the Moudafi’s viscosity approximation method. Notice
also that the Moudafi’s viscosity approximation method can be applied to convex optimization, linear
programming, monotone inclusions, and elliptic differential equations.

In 2013, Wangkeeree and Preechasilp [25] by using the concept of quasilinearization, studied the conver-
gence problem of the following viscosity iterations in CAT(0) space:

Ty = tf(il)t) D (1 — t)TiL‘t (12)

and

Tng1 = anf(xn) ® (1 —ap)Tz,, Vn >0, (1.3)

where T': C' — C'is a nonexpansive mapping, f : C — C'is a contraction, ¢ € (0,1), and {«,} is a sequence
in C (0,1). They proved that {z;} defined by converges strongly to z* € F(T) (as t — 0) such that
x* = Pp(ryf(z*) in the framework of a CAT(0) space. Furthermore, they also proved that {x,} defined by
(1.3]) converges strongly as n — oo to x* € F(T) under certain appropriate conditions imposed on {ay,}.

Recently, Liu and Chang [I§] introduced and studied the following hierarchical optimization problems
(HOP) in CAT(0) space.

Let f,g : C — C be two contractions with contractive constant k € [0,1), and 71,75 : C — C be two
nonexpansive mappings such that F(7}) and F(T%) are nonempty. The  so-called” hierarchical optimization
problem in CAT(0) space is to find (z*,y*) € F(11) x F(13) satisfying the following:

x*f(y*;,acx x € F(Ty),

(1.4)
(Y g(z” ﬁ >0, ye F(Ty).

They proved the following theorems.

Theorem 1.1 ([18]). Let C be a closed convex subset of a complete CAT(0) space X, and let Th,T> : C — C
be two nonexrpansive mappings such that F(T1) and F(T3) are nonempty. Let f,g be two contractions on C
with contractive constant k € (0,1). For each t € (0,1], let {z} and {y:} be given by

xe = tf(Toye) ® (1 — t)Thay,

yr = tg(Tre) & (1 — 1) Toy;.
Then vy — ¥ and yy — y* ast — 0 such that * = Prp) f(y*),y* = Pr(my)g(x™) which solves HOP (L.4).
Theorem 1.2 ([18]). Let C be a closed convex subset of a complete CAT(0) space X, and let Th,T> : C — C

be two nonezrpansive mappings such that F(T1) and F(Ty) are nonempty. Let f,g be two contractions on C
with contractive constant k € (0,1). Let {x,} and {yn} be the sequences defined by

o, Yo € Cv

Tnt1 = anf(Toyn) © (1 — an)Tian,

Ynt1 = ang(T1xy) & (1 — an)Toyn, n €N,

where {a} C (0,1) satisfies the following:
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(C1) limy 00 atn = 0;
(C2) 32021 an = oo
(C3) >0 lan — ang1| < o0 or limy, oo %11 =1

Then x,, — x* and yn — y* as n — oo such that x* = Pper) f(y*),y" = Prr,)9(z*) which solves HOP

3.

Fixed point theory for multivalued mappings has many useful applications in applied sciences, in par-
ticular, in game theory and optimization theory. It is naturally to put forward the following;:

Open question: Can we extend the above Theorems[I.1]and [T.2] to multi-valued nonexpansive mappings
in CAT(0) spaces?

The purpose of this paper is by using the viscosity approximation method to prove some strong con-
vergence theorems for hierarchical optimization problems of multivalued nonexpansive mappings in CAT(0)
spaces. Our results not only give an affirmative answer to the above open question but also generalize the
results of Wangkeeree and Preechasilp [25], Liu and Chang [I8], Kumam et al. [I7], Saipara et al. [22], and
many others. Some related results in R-trees are also given.

2. preliminaries

Throughout this paper, N stands for the set of natural numbers and R stands for the set of real numbers.
Let [0,1] be a closed interval in R and x,y be two points in a metric space (X, d). A geodesic joining x to y
isamap £ : [0,1] — X such that £(0) = z,&[l] =y, and d(£(s),£(t)) = |s—t| for all s, € [0,!]. The image of
¢ is called a geodesic segment joining = and y, which is denoted by [z,y] whenever it is unique. The space
(X, d) is said to be a geodesic space if every two points in X are joined by a geodesic, and X is said to be
uniquely geodesic if there is exactly one geodesic joining = and y for each z,y € X. A subset E of X is
said to be convex if every pair of points x,y € FE can be joined by a geodesic in X and the image of such a
geodesic is contained in F.

Definition 2.1. A geodesic space X is said to be a CAT(0) space if for each z,y,z € X and A € [0, 1], we
have

P ® (1 - Ny, 2) <A (z,2) + (1 = N)d*(y,2) — M1 = N d?(z,y). (2.1)

For other equivalent definitions and basic properties of CAT(0) space, we refer the reader to standard
texts, such as [4} [6].

It is well-known that every CAT(0) space is uniquely geodesic. Notice also that Pre-Hilbert spaces,
R-trees, and Euclidean buildings are examples of CAT(0) spaces (see [4, [5]).

Let E be a nonempty closed convex subset of a complete CAT(0) space (X, d). It follows from Proposition
2.4 of [] that for each x € X, there exists a unique point z¢ € E such that

d(z,z9) = inf{d(z,y) : y € E}.

In this case, zq is called the unique nearest point of z in E. The metric projection of X onto F is the
mapping Pgr : X — F defined by

Pg(x) := the unique nearest point of = in F.
By Lemma 2.1 of [12], for each z,y € X and t € [0, 1], there exists a unique point z € [z, y] such that
dw,2) = (1 - d(z,y) and d(y, ) = td(z, ). (2:2)

We denote by tx @ (1 — t)y the unique point z satisfying (2.2)).
Now, we collect some elementary facts about CAT(0) spaces.
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Lemma 2.2. Let X be a CAT(0) space. Then

(i) (see lemma 2.4 of [12]) for each z,y,z € X and X\ € [0, 1],

Az @ (1 — Ny, 2) < M(z, 2) + (1 — Nd(y, 2);
(ii) (see [7]) for each z,y,z € X and s,t € [0,1],
d((1 —t)z ®ty, (1 — s)z @ sy) < |s — t|d(z, y);
(iii) (see []) for each x,y,z,w € X and t € [0,1],
d(1 =tz o ty, (1 — 1)z 0 tw) < (1 — t)d(x, 2) + td(y, w);
(iv) (see lemma 3 of [I5]) for each z,y,z € X and t € [0, 1],
dtr & (1 —t)z,ty & (1 —1)2) < td(z,y).

Let {z,} be a bounded sequence in a CAT(0) space X. For x € X, we set

r(x,{zy}) = limsupd(z, z,).

n—oo

The asymptotic radius r({x,}) of {z,} is given by
r({zn}) = inf{r(z,{z,}) : x € X}

and the asymptotic center A({x,}) of {z,} is the set

A({zn}) ={z € X :r(z,{zn}) = r({zn})}-

It follows from Proposition 7 of [II] that in a complete CAT(0) space, A({zy}) consists of exactly one
point. A sequence {z,} in X is said to A-converge to x € X if A({z,}) = {z} for every subsequence {z,, }
of {x,}. In this case we write A-lim,,_,oz, = = and call z the A—limit of {z,}.

Lemma 2.3 ([16]). Every bounded sequence in a complete CAT(0) space always has a A-convergent subse-
quence.

Lemma 2.4 ([10)). If E is a closed convex subset of a complete CAT(0) space and if {x,} is a bounded
sequence in E, then the asymptotic center of {x,} is in E.

The concept of quasi-linearization was introduced by Berg and Nikolaev [3]. Let (X,d) be a metric

space. We denote a pair (a,b) € X x X by a? and call it a vector. The quasilinearization is a map
(,) (X x X) x (X x X) — R defined by

- 1
@, cd) = 5(dQ(a, d) + d*(b,c) — d*(a,c) — d*(b,d)) for all a,b,c,d € X.

It is easy to sec that (ab,cd) = (cd,ab), (ab,cd) = —(ba,cd) and (@, cd) + (zh,cd) = (ab,cd) for all

a,b,c,d,x € X. We say that (X, d) satisfies the Cauchy-Schwarz inequality if

(@b, cd)| < d(a,b)d(c,d) for all a,b,c,d € X.

It is well-known from Corollary 3 of [3] that a geodesic space X is a CAT(0) space if and only if it satisfies
the Cauchy-Schwarz inequality. Some other properties of quasi-linearization are included as follows.
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Lemma 2.5 ([3]). Let E be a nonempty closed convex subset of a complete CAT(0) space X. Then
v = Pg(u) if and only if (v, w) >0 for allw € E.

Lemma 2.6 ([25]). Let X be a complete CAT(0) space. Then, for all u,x,y € X, the following inequality
holds:
d*(z,u) < d*(y,u) + 2(z9, 7).

Lemma 2.7 ([25]). Let X be a complete CAT(0) space. For anyt € [0,1] and u,v € X, let uy = tu®(1—t)v.
Then, for all x,y € X,

(i) (e, i) < 0k, wng) + (1= )0, wr);
(i) (id, i) < tad, wg) + (1 — t) (0, @) and (i, v9) < t{ad, o) + (1 — ) (0%, ).

Lemma 2.8 ([1]). Let X be a complete CAT(0) space, {zn} be a sequence in X, and v € X. Then
{xn} A—converges to z if and only if limsup,,_,.(Zz,, Z§) < 0 for ally € X.

Recall that a continuous linear functional p on £+, the Banach space of bounded real sequences, is called
a Banach limit, if ||u|| = p(1,1,--+) =1 and pp(an) = pin(ans1) for all {a,} € lx.

Lemma 2.9 ([24]). Let a be a real number and let (a1, a2, ) € s be such that p,(ayn) < a for all Banach
limits p and limsup,,(ap+1 — an) < 0. Then limsup,, a, < a.

Lemma 2.10 ([26]). Let {a,,} is a sequence of nonnegative real numbers such that
ant+1 < (1 —vp)an + Ynbn, n >0,
where {y,} € (0,1) and {6,} C R such that
(a) D p2ym = 00;

(b) imsup,, o 0n < 0 or D07 o |Ynn| < 0.

n=0

Then lim,_ s oy, = 0.

Let E be a nonempty subset of a CAT(0) space (X,d). We denote the family of nonempty bounded
closed subsets of E by BC(E), the family of nonempty bounded closed convex subsets of E by BCC(E), and
the family of nonempty compact subsets of E by K(F). Let H(-,-) be the Hausdorff distance on BC(X),
ie.,

H(A, B) = max{supdist(a, B),supdist(b, A)}, A, B € BC(X),
acA beB
where dist(a, B) := inf{d(a,b) : b € B} is the distance from the point a to the set B.
Definition 2.11. A multivalued mapping 7' : E — BC(X) is said to be a contraction if there exists a

constant k € [0, 1) such that
H(T(2),T(y)) < kd(z,y), 7,y € E. (23)

If is valid when k = 1, then T is called nonexpansive. A point x € E is called a fixed point of T
if x € T'(z). We shall denote by F(T) the set of all fixed points of 7. A multivalued mapping 7" is said to
satisfy the endpoint condition [8] if F(T') # (0 and T'(z) = {x} for all x € F(T).

The following fact is a consequence of Lemma 3.2 in [9]. Notice also that it is an extension of Proposition
3.7 in [16].

Lemma 2.12. If E is a closed convex subset of a complete CAT(0) space X and T : E — K(F) is a
nonexpansive mapping, then the condition {x,} A— converges to x and dist(xy, T (x,)) — 0 imply x € F(T).

The following fact is also needed.

Lemma 2.13 ([9]). Let E be a closed convex subset of a complete CAT(0) space X and T : E — BC(X)
be a nonexpansive mapping. If T satisfies the endpoint condition, then F(T) is closed and convez.
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3. Main results

Now we are ready to give our main results in this paper.
Let (X, d) be a metric space. Define a mapping d : (X x X) x (X x X) — R" by

d((z1,91), (22, 92)) = d(z1,22) + d(y1,72)

for all z1,z9,y1,y2 € X. Then it is easy to verify that (X x X, cf) is a metric space, and (X x X, cZ) is
complete if and only if (X, d) is complete.

Lemma 3.1. Let E be a closed convex subset of a complete CAT(0) space X. Let f,g : E — E be two
contractions with contractive constant k € (0,1), and let T1, T : E — K(E) be two nonexpansive mappings.
For any s € (0,1), define a multivalued mapping Gs : E x E — E X E by

Gs(z,y) = (sf(Try) ® (1 — s)Thw, sg(Thz) ® (1 — s)Toy).
Then Gy is a multivalued contraction on E x E.

Proof. For all (z1,y1), (z2,y2) € E x E and for all (u1,v1) € Gs(x1,y1), for all (ug,ve) € Gs(x2,y2), there
exist wy € Thix1,we € Thxa, 21 € Thy1, 29 € Thys, such that

up = sf(z1) ® (1 — s)wy,
vy = sg(w1) ® (1 — 8)z1,

and

ug = sf(z2) ® (1 — s)wa,
vy = sg(we) ® (1 — $)22,

then we have
d((u1,v1), (u2,v2)) =d(u1,ua) + d(vi, va)

=d(sf(21) ® (1 = s)wy, sf(22) ® (1 — s)wa)
+ d(sg(w1) ® (1 = 5)21, sg(w2) (1 — 5)22)
(

<sd(f(z1), f(#2)) + (1 = s)d(w1, w2) + sd(g(w1), g(w2)) + (1 — s)d(z1, 22)
<skd(z1,22) + (1 — s)d(wy, ws) + skd(wi,ws) + (1 — 8)d(z1, 22)
<(1—s(1 —k))(d(z1,22) + d(wy,ws))

<(1—s(1—k))(H(Tay1, Tay2) + H(T121, Tiw2))
<(1=s(1—k))(d(z1,22) + (y1,92))

=(1 = s(1 = k))d((x1,11), (z2,2)).

Again since (u1,v1) € Gs(x1,y1) and (ug,v2) € Gs(z2,y2), we have

d((u1,v1), Gs(x2,92)) < d((ur,v1), (u2,v2)), d((ua,v2), Gs(w1,91)) < d((uz, v2), (u1,v1)).

These imply that

d((u1, 1), (uz, v2)) > max{d((u1,v1), Gs(w2,52)), d(Gs(a1, 1), (u2, v2))}

for all (u1,v1) € Gs(z1,y1) and for all (ug,v2) € Gs(x2,y2). Hence we have

max{d((ulv v1)7GS(x2>y2))7&(GS(x17y1)a (u27v2))} < (1 - 3(1 - k))d((xlvyl)a (x27y2)>' (3'1)
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Taking supremum limit on both sides in (3.1)), we have

maX{ sup CZ((Ub Ul), Gs(ivz, yz)), sup d(Gs(l‘l, 3/1), (U27 UZ))}
(u1,01)€Gs(x1,31) (u2,v2)€Gs(w2,y2)

<(1 - 51— B)d((1,91), (2 10),
- H(Ga(1,51), Galara, 12)) < (1 — s(1 — ))d((x1, 1), (22, 2).

This implies that G is a multivalued contraction mapping. Applying Nadler’s theorem [21], G5 has a (not
necessarily unique) fixed point (zs,ys) € E x E such that

{ Ts € Sf(TZQS) D (1 - S)Tll'sa

3.2
Ys € Sg(Tlxs) @ (1 - S)TZys- ( )

O

Theorem 3.2. Let E be a closed convex subset of a complete CAT(0) space X, and let T1,T> : E — K(FE)
be two nonexrpansive mappings satisfying the endpoint condition. Let f,g be two contractions on E with
contractive constant k € (0,1). For each s € (0,1], let {zs} and {ys} be the nets defined by (3.2). Then
s — o and ys — y* as s — 0 such that v* = Pp) f(y"),y" = Pren,)9(x*) which is a solution of HOP

(3).

Proof. We first show that both {z,} and {ys} are bounded. In fact, it follows from (3.2)) that for each pair
Ts, Ys, there exist zg € Thxs, us € Toys such that

s = s5f(us) ® (1 —s)zs,
Ys = Sg(zs) (S5) (1 — s)us.

By the endpoint condition, for each (p,q) € F(11) x F(T3), we have

(s, p) + d(ys, q) =d(sf(us) ® (1 = 8)zs,p) + d(s9(25) @ (1 = 5)us, q)
<sd(f(us),p) + (1 = 8)d(zs,p) + sd(9(25),¢) + (1 — s)d(us, q)
<s(d(f(us), f(q)) +d(f(q),p)) + (1 = s)d(zs, p)
+ 5(d(g(zs), 9(p)) + d(g(p), q)) + (1 — s)d(us, q)
<skd(us, q) + sd(f(q),p) + (1 = 8)d(zs,p) + skd(zs,p) + sd(9(p), q) + (1 — s)d(us, )
=skdist(us, Toq) + sd(f(q),p) + (1 — s)dist(zs, T1p) + skdist(zs, T1p)
+ sd(g(p), q) + (1 — s)dist(us, T2q)
<skH(Tays,T2q) + sd(f(q),p) + (1 — s)H(T1zs, T1p)
+ skH(Thxs, Tip) + sd(g(p), q) + (1 — s)H(Trys, T2q)
<skd(ys, q) + sd(f(q),p) + (1 = s)d(xs,p) + skd(zs,p) + sd(g(p), q) + (1 — s)d(ys, @)

+
+

After simplifying, we have

A(rsop) +d(yer0) < 1 (d(F(@), ) + dl(p). ).
Hence both {zs} and {ys} are bounded, so are {z},{us} and {f(us)} and {g(zs)}. We note that,

dist(zs, Thzs) + dist(ys, Toys) < d(@s, 25) + d(ys, us)
< sd(f(us),us) + sd(g(zs),zs) = 0 (as s — 0).
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Next, we show that {(xs,ys)} converges strongly to (z*,y*) where 2* = Pp(p) f(¥*),y* = Pr(m,)g(z")
and it is a solution of HOP (|1.4)).

In fact, let {s,} be a sequence in (0,1) converging to 0 and put z,, := zs, and y, := ys,. Now we show
that there exists a subsequence of {(zy,yn)} converging to (z*, y*) where z* = P f(y*), y* = Pr(1,)9(7").
By Lemmas [2.3]and [2.12] there exists a subsequence {(wnk,ynk)} of {(n,yn)} and ( *y*) € F(Th) x F(T»)
such that

A — lim z,, =2z%, A— lim y,, =y
k—o00 k—00

It follows from the endpoint condition and Lemma (i) that

\

4
dQ(xnk,x*) + dz(ynkay*) :<mnkx£7xnkx4> + <ynky47ynky >

< ()22 ) 4 (1= $,) sy )
80 0G0 U )+ (1= 30,) (it Ynd)
<y (F ()2 T ™) + (1 = 50, )d (20, 25)d (2, )
50 0G0 )+ (1= $0,) 0,y A i )
<y (f ()T T ™) + (1 = 5, )dist (2, , Tra*)d(n, , %)
S (9 )0 Y ) + (1= 0, )dlist (e, Toy*) A, y)
<y (f ()35, ¥ + (1 = 8, ) H (T, , Tya*)d(,,, )
509G )0 ) + (L= 0,V H (Topg, Ty V(Y )
<8y (f ()25, 2 2®) + (1 = 8, )d? (2, )

e e
+ Sy, <9(an)y ’ynky*> + (1 - Snk)dz(ynk’ y*)

Simplifying it we have

&* (2, ") + d*(Yny, ¥

()7 2aga’) + (gm0 s Yl

(F (ng ) F @), @ng ™) + (f(y")2*, ™) + (g( nk)g(x*i,ynkyﬂﬂ (z)y", ynkyﬂ

FUE ) + dlg(0). 9@ )W ) + GG 9
F ) +

IN

IN

d(f(uny ), F(y" ) (T, 27) + (F(y" )", an

k(d(uny, y™)d(@ny, 27) + d(zng, 27)d(Yny, y")) + (f(y7)z (9@)y" ")
F(dist(tng, Toy")d(@n, s @) + dist (2, T12")d(yngs y*)) + (F(y7)2", 2 2”) + (9(27)y" yn,y")
k(H ( (

F)a*, an,2®) + (9(2)y yn, ")

IA

s Ly, L

IA

| /\

(T2(Yny ), T2y )d(@ny,, %) + H(T1 (2n,), T12")d(Yny, ¥7)) +
2kd(Yny, y*)d(L s %) + (F (") 2", ™) + (9(2) Y, Ynp v
<k(d*(ny, @) + d* (Yo, ) + (F ()25 202 + (9(@) Y, Y.

IA

Thus
* 1 * *
d* (@, %) + d* (Y, y*) < Tl )2*, 20, ) + (9(2*)yF, Yy (3.3)
Since A—limy_oon, = %, A=limg_o0yn, = y*, by Lemma 2.8, we have
. 1 P . PR A . i 1
lim sup[(f(y*)x ,xnkxi) + (g(z )yi,ynkyﬂ] < limsup(f(y*)ax™, zp,z") + limsup(g(z*)y™, yn,y™) < 0.

k—o0 k—o0 k—o0

It follows from (3.3)) that d*(zy,,z*) + d*(yn,,y*) — 0. Hence x,,, — z* and yn, — y*.
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Next, we show that (z*,y*) € F(I1) x F(T), which solves HOP (1.4)), where z* = Prry f(y),y* =
Pp(1y)9(z").
In fact, since T3 satisfies the endpoint condition, we have
Qist( (tm ), Tritmy) < d(f iy ), F)) + d(F(7), 27) + dist(a”, Trizm)

< kd(up,,y*) +d(f(y*), z*) + dist(z*, Ty zp, )
< kdist(un,,, Toy™) + d(f(y*),2") + H(Thz*, Tixy,)
< kH(Toyn,, Toy*) + d(f(y*),2") + H(T12", T1zn,)
< kd(Yn, y*) + d(@n,,, ") +d(f(y"), "),

and
d(f(y"),=") = dist(f(y"), T1z")
<d(f(y"), f(un,)) + dist(f(un,), Than,) + H(T 2y, T1z")
< kd(y*, un,,) + dist(f(un, ), T12n, ) + d(xn,,, ")
< kdist(uy,,, Toy™) + dist(f (un, ), T12n,) + d(zp,, ")
< kH(Toyn,, Toy™) + dist(f (un,, ), Ti2p,, ) + d(n,, )
< kd(Yn,, y*) + d(zp,, x*) + dist(f (un,, ), Th2n,,)-
Thus
st (1), Tiong) — A (), 2] < (g, 3°) + kg 57) = 0 (a5 1, > ). (3.4

It follows from that for any (p,q) € F(T1) x F(T3), we have
dz(xnkyp) = dZ(Snkf(unk) D ( Snk)znkap)
< Snkd2(f(unk)7p) (1 - Snk)dz(znwp) - Snk(l - snk)dQ(f(unk), an)
< snde(f(unk),p) ( snk)H2(T1xnk7T1p) - snk(l - Snk)dQ(f(unk)> an)
< Snkd2(f(unk)ap) ( Snk)dQ(xnkap) - Snk(l - Snk)d2(f(unk)a an)~

This implies that
dQ(xnk,p) < d2(f(unk),p) - (1 - Snk)dQ(f(unk)a an)

< d?(f (ung ) p) = (1= sn, ) [dist(f (uny), T1n,)]
Taking k — oo, this together with (3.4]) shows that
d*(a*,p) < d*(f(y"),p) — E*(f(y"), z*).

Hence

0< %[d2($*7$*) + (). p) — (e, p) — B(f(y").a")] = (@ F(y).pa"), (vp € F(T1)).

It is similar to prove that —
(g @), ayt) > 0, (vq € F(T3)).

That is, (z*,y*) solves inequalities ([1.4]). By Lemma x* = Ppir)f(y*) and y* = Pp(p,yg(z*) and this
completes the proof. O

Now, we define an explicit iterative sequence for multivalued nonexpansive mappings.
Let T1,T» : E — K(FE) be two nonexpansive mappings, f,g: E — E be two contractions, and {«,} be
a sequence in (0,1). For given x1,y; € E and 21 € Thx1,u; € oy, let

72 = o f(ur) ® (1 - ar)zn,
y2 = a19(z1) & (1 — a)uy.
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By the definition of Hausdorff distance and the nonexpansiveness of 71,75, we can choose zo € Tixs, us €
T5yo such that

d(z1,22) < d(x1,22), d(ur,uz) < d(y1,y2).
Inductively, we have
Tn4+1 = anf(un) @ (]— - Oén)Zn, Up € szn,

Yn+1 = ang(zn) S (1 - an)una Zn € Tld:nu (35)
d(zn, 2nt1) < d(2n, Tpy1), d(un, uny1) < d(Yn, Yny1), Yn e N

Theorem 3.3. Let E be a closed convex subset of a complete CAT(0) space X, and let T1, Ty : E — K(FE)
be two nonexpansive mappings satisfying the endpoint condition. Let f,qg: E — E be two contractions with
contractive constant k € [0, 3). Let {ay,} be a sequence in (0, 7 satisfying

(C1) limy, 00 ay = 0;
(C2) >o0% an = oo

(C3) Z;’;l loty, — apt1] < 00 or limy, 00 o = 1

Then the sequence {(xn,yn)} defined by (3.5) converges strongly to (x*,y*), where x* = Pp) f(y*),y* =
Pr(1y,)9(x*), which solves HOP (1.4)).

Proof. We divide the proof into three steps.

Step 1. We show that {x,},{yn}, {un}, {zn} and {f(un)},{9(zn)} are bounded sequences. Let (p,q) €
F(T1) x F(T»). In fact, by Lemma [2.2] (i), we have

d(zn+1,p) + d(Yn+1,9)
Sand(f(un),p) + (1 — an)d(zn, p) + and(g(zn), q) + (1 — an)d(un, q)
<an(d(f(un), f(q)) +d(f(q),p)) + (1 — ) H(T 12, T1p)
+ an(d(g(zn), 9(p)) +d(g9(p), @) + (1 — an) H(Toyn, Toq)
<an(kd(un, q) +d(f(q),p)) + (1 — an)d(zn, p) + an(kd(zn, p) + d(g(p), ) + (1 — an)d(yn, q)
<an(kH(Tayn, T2q) + d(f(q),p)) + (1 — an)d(zn, p)
+ an(kH (T 2y, Tip) + d(g(p), ) + (1 — an)d(Yn, q)
<(ank + (1 — an))[d(yn, q) + d(zn, p)] + an(d(f(q),p) + d(9(p). q))

(1= an(1 — K) (A0 ) + (g @) + an(1 — k) L2V T AP, 0)

1—k
d(f(q),p) +d(9(p),q)}
1—k '

<max{d(xn,p) + d(yn, q),

By the induction, we can prove that

d(f(g),p) +d(g(p); q)

d(zp, p) + d(yn, q) < max{d(z1,p) + d(y1,q), T % }

for all n € N. This implies that {x,} and {y,} are bounded, so are {uy},{zn}, {f(un)} and {g(z,)}.
Step 2. We show that lim,,_,o0 d(zp+1,2n) = 0 and limy,—00d(Yn+1,yn) = 0.
In fact, it follows from (3.5 that

d(Tns1;Tn) + d(Ynt1, Yn) =d(on f(un) S (1 — an)zn, an-1f(Un—1) O (1 — an_1)zn-1)
+ d(ang(zn) & (1 — Oén)una an—lg(zn—l) & (1 - an—l)un—l)
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<d(anf(un) ® (1 — an)zn, anf(un—1) ® (1 — an)zn-1)
+ d(anf(un—1) ® (1 — an)zn—1, @n-1f(un-1) ® (1 — ap—1)zn-1)
+ d(ang(zn) © (1 — an)tn, ang(zn-1) & (1 — an)un-1)
+ d(ang(zn-1) @ (1 — an)un—1,0n-19(2n-1) © (1 — ap_1)upn—1)
<(1 = an)d(zn, 2n—1) + and(f (un), f(un—1)) + |an — an—1]d(f (un-1), 2n—1)
+ (1 = an)d(un, un—1) + and(g(zn), g(zn-1)) + lon — an—1|d(g(zn-1), un—1)
<(1 = an(l = k))[d(@n, Tn-1) + d(yn, Yn—1)]
+ lon — antl[d(f(un—1), 2n—-1) + d(g(2n-1), un—1)]-
Hence we have
cn1 < (1 =7n)en + ¥nbn,
where ¢, = d(zpn, n—1) + d(Yn, Yn—-1), 1 = (1 — k), and

1 |17 Qp—1
1-k Qp,

op = Hd(f(unfl)a anl) + d(g(znfl)a unfl)]-

By conditions (C2) and (C3) and Lemma we obtain
lim d($n+1a xn) + d(yn+1a yn) =0
n—oo

and thus limy, o0 d(Zp41,2,) = 0 and lim, 00 d(Yn+1,yn) = 0.

Step 3. We show that {(zn,ys)} converges strongly to (z*,y*) € F(T1) x F(1z), where % = Pp)f(y"),
Y= PF(TQ)Q(iU*)-

Indeed, for each s € (0,1), let {zs} and {ys} be defined by (3.2). By Theorem [3.2] we have z; — z* and

ys — y* as s — 0 such that * = Ppp)f(y*),y" = Pp(p,)g(z*), which solves the variational inequalities

(1.4). We note that

dist(zy, Thxy,) + dist(yn, Toyn) <d(n, 2n) + d(Yn, un)
Sd($n7 l'nJrl) + d(anrb Zn) + d(ynv yn+1) + d(yn+1, un)
Sd($n7 xn—i—l) + and(f(un)7 Zn) + d(ym yn+1) + and(9<zn)7 Un)
—0 as n — co.

This implies that
dist(zp, Tix,) — 0, dist(yn, Toy,) — 0 (as n — o).

Since {z,} is a bounded sequence in E and p is a Banach limit, if there exist some 7,y € R such that
pn(d®(f(y*),zn)) <m <y < d(f(y"), 2"),
then there exist a subsequence {zy, } of {z,} such that
A (f(y*), xn,) < 7 for all k € N. (3.6)
Indeed, suppose to the contrary that
d*(f(y*),zn) >~ for all large n,

which implies that p,d?(f(y*),,) > v > 7, a contradiction, and therefore (3.6)) holds. By Lemmas and
2.12| we assume that A — limy,, 00 T, = p € F(T1). Then by (3.6) and Lemma p is contained in the
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closed ball centered at f(y*) of radius /7. This contradicts the fact that z* is the unique nearest point of
f(y*) in F(T1), hence we have

i (d*(f(y™), 2*) — d*(f(y*),2n)) <0 V Banach limits .
Similarly we can also prove that
pin(d*(g(z*),y*) — d*(g(z*),yn)) < 0 V Banach limits .
Moreover, since limy,—yood(Zpn41, Zn) = 0, limy00d(Yn+1, Yn) = 0, we have
1im:3§o[d2(f(y*),fﬂ*) — ("), wnr1) = (@ (f(y"), %) = P(f(y), 20))] = 0,
lim sup [d*(g(z*),y") — d*(9(z"), yn+1) — (d*(g9(z"),y") — d*(9("), yn))] = 0.

n—0o0

Therefore it follows from Lemma 2.9 that

limsup(d®(f(y*), z*) — d*(f(y*), zn)) <0, limsup(d®(g(z*),y*) — d*(g(z*),yn)) < 0. (3.7)

n—o0 n—oo

For each n € N, we set w, = a,z* ® (1 — an)z, and v, = apy* @& (1 — ay)uy,. It follows from Lemmas
and 2.7 that

&* (i1, 2%) + & (Yns1. ¥*)
N , —2
SdQ(wrn QZ*) + d2(1}n, y*) + 2<xn+1wna 15n+1-77*> + 2<yn+1vny Yn+1Y >
<(1-oan Z[dz(znv ") + d2(um Y] + 2[an<f(un)wn,:vn+1xi) + (1 - an)<zn—w>m$n+1x )]

(Zn)vna Yn+1Y > (1 - an)<unvm Yn+1Y >]
H*(Tyzn, Tyz*) + H* (Tayn, Toy™)]

+ 2[an,

<(1—oy

)
)
)

(9
[

+ 2002 (F(un)2t, Ts1w) + an(l = @) (F(tn)oms Eni17) + (1l = an) (20" 212

+ 2002 (gCza)y  Ynr19') + (L = @) (90 ns Yo 19') + (1 = @) (g s yur19')]
<(1 = )2 [d2 (@0, 2%) + & Yo y")] + 2002 (Flun), 1) + an(l = an) (Fun)a' s 2pia’)]
+2002(g(z)y 1) + (1 — )Gy g1y )
—(1 = )2 (A2 (@0, ) + A (g, )] + 200 (F(n) s 2nr12) + 200 {9y s Ynr 19
~(1 = )2 (A2 (@n, %) + A (g, 5)] + 200 (F () F 7 Ss 1) + 200 (F g7 )2 s B

+ 2an<g(zn)g(x j yn+1y§> + 20%(9(% )y > Yn+1Y >
<(1- O‘n)Q d? (T, ") + dz(ynv )+ 2kand(un, y*)d(zng1, ) + 2an<f(y*)$*,ajn+1m§>

[
+ 2htnd(zn ) d(Yas1,y") + 200 (9 @)y Yrr1y)

<(1 = an)?[d*(@n, %) + d*(yn, y")] + 2k H(Toyn, Toy")d(@n 1, 2%) + 200 (f(y") 2", 21 2)

+ 2k d(Ty 2, Ty )d(Ys, y*) + 200 (9@ )y Yns1y)

[

(

[

<(1 = an)*[d*(xn, &) + d* (Y, y*)] + 2kand(yn, y*)d(Tp41, 27) + 2an<f(y*)x4,xn+1x4>
+ 2hatnd(n, 7)1, 57) + 20 (90N g1y
<(1 = a)?[d*(wn, &) + d*(yn, y)] + kan[d* (yn, y*) + & (Tni1, 27)]
+ an[dQ(f@/ ), ) + ($n+1, z¥) — dQ(f(?ﬁ)? Tnt1)] + kan[dQ(xm z*) + d2(yn+la y)]
+an[d*(g(2"), y*) + A (ynr1,y") — d*(9(z"), ynt1))-
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After simplifying, it yields that

d2(£n+17 LIT*) + d2 (yn+17 y*)

— (2= k)ay, + o2 @,
< B o) a4 T U000~ ) )
T ey @ 0 Ao, )
L= (@2=kan o

[d% (2, 2%) + d*(yn, y")] + WM

[P (f(y),2") = P (f(y*), 2nsr) + d(9(2"), y") = d*(g("), ynt1)],

“1-(1+Ek)a,
L an
1—(1+k)a,

where M = sup,en{d(zn, x*) + d(yn,y*)} < co. It follows that

d*(2n11,2%) + A (Yny1,y%) < (1 = ) [d*(@n, 2*) + & (Yn, y™)] + Ylins (3.8)
where
(1 =2k)ay,
I 0+ R
and
= S M [ (f(y),27) — () mns1) + A9, ) — d2(g("), 1))

(1—2k) (1—2k)
Since ay, € (0, 527) and k € [0, 3), we have ~, € (0,1). By (C1) and (3.7), limsup,, 7, < 0. Applying Lemma

to the inequality(3.8)), we have d?(z,,z*) + d?(yn,y*) — 0. Hence z,, — z* and y,, — y* as n — oo.
This completes the proof of Theorem [3.3 O

4. R-Trees
Definition 4.1. An R-tree is a geodesic space X such that:

(i) there is a unique geodesic segment [z, y| joining each pair of points z,y € X;
(i) if [y, 2] N [z, 2] = {«}, then [y, 2] U [z, 2] = [y, 2].

By (i) and (ii) we have

(iii) if w,v,w € X, then [u,v] N [u, w]| = [u, 2] for some z € X.

It is well-known that every R-tree is a CAT(0) space which does not contain the Euclidean plan. To
avoid the endpoint condition, we prefer to work on R-trees. Although an R-tree is not strong enough to
make all nonexpansive mappings having the endpoint condition (see Example 5.3 in [23]), but it is strong
enough to make our theorems hold without this condition.

Let E be closed convex subset of a complete R-tree (X, d) and 11,7 : E — BCC(FE) be two multivalued
mappings. Then, by Theorem 4.1 of [2], there exists a single-valued mapping ¢; : E — E (i = 1,2) such that
ti(z) € T;i(z) and

d(ti(x),ti(y)) < H(Ti(z), Ti(y)) for all x,y € E. (4.1)
In this case, we call ¢; a nonexpansive selection of T; (i = 1,2).

Let f, g be two contractions on E, and let 71,75 : E — BCC(E) be two multivalued mappings and fix
x1,y1 € E. We define a sequence {(z,,y,)} in E x E by

{ Tn+l = anf(un) & (1 - an)zn7

4.2
Yn+1 = ang(zn) @ (1 - an)una ( )

where u,, = t2(yn) € Ta(yn), 2n = t1(xy) € T1(zy) for all n € N.
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Theorem 4.2. Let E be a nonempty closed convex subset of a complete R—tree (X,d), and let Ty, Ty : E —
BCC(E) be two nonexpansive mappings with F(T;) # 0 (i = 1,2). Let f,g be two contractions on E with
contractive constant k € [0, %) and {a} be a sequence in (0, 527) satisfying:

(C1) limy—00 vy = 0;
(C2) 32021 an = o0;

(C3) 02 | — apyr] < 00 or limy, o0 Ozil =1,

Then the sequence {(zn,yn)} defined by (4.2)) converges strongly to (x*,y*), where x* = Ppr) f(y*),y" =
Pp(1y)9(z*), which solves HOP (1.4)).

Proof. By Theorem 4.2 of [2] (see also Theorem 2 of [14]), F(t;) = F(T;),i = 1,2, and the set F'(¢;) is closed
and convex by Proposition 1 of [19] and ¢; (¢ = 1,2) are nonexpansive by (4.1). The conclusion follows from
Theorem [4.2] immediately. O
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