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Abstract

In this paper, a new modified proximal point algorithm involving fixed point of nonspreading-type
multivalued mappings in Hilbert spaces is proposed. Under suitable conditions, some weak convergence and
strong convergence to a common element of the set of minimizers of a convex function and the set of fixed
points of the nonspreading-type multivalued mappings in Hilbert space are proved. The presented results
in the paper are new. (©)2016 All rights reserved.
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1. Introduction

Throughout this paper we always assume that H is a real Hilbert space and C' is a nonempty closed and
convex subsets of H. In the sequel we denote by CB(C') and K (C') the families of nonempty closed bounded
subsets and nonempty compact subsets of C, respectively. The Hausdorff metric on CB(C) is defined by

H(A, B) = max{supd(z, B), supd(y,A)}, A, B € CB(C),
€A yeDB
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where d(z, B) = infycp d(z, b).
In what follows, we denote by Fix(T") the fixed point set of a mapping 7. And write x,, — z to indicate
that the sequence {z,} converges weakly to z and z,, — x implies that {z,,} converges strongly to z.
Recall that a single-valued mapping 7' : C' — C is said to be nonexpansive if

1Tz =Tyl < [|lz —yl|, Vz,yeC.
A multivalued mapping T': C — C'B(C) is said to be nonexpansive if
H(Tz,Ty) < ||z —yll, Va,y €C,
and T : C — CB(C) is said to be quasi-nonexpansive if Fix(T) # () and
H(Tz,Tp) < ||z —pl|, Yo e, pecFix(T).
Recall that a single-valued mapping T': C' — C is said to be nonspreading mappings [12] if
2Tz — Ty|l? < |l — Tyl* + lly - Tal®, Va,y € C.
It is easy to prove that T': C' — C is nonspreading if and only if
| Tx — Tyl < [le —y||* +2(x — T, y = Ty), Va,y e C.
A mapping T : C' — CB(C) is said to be nonspreading-type multi-valued mapping [0] if
2H(Tz,Ty)? < d(x,Ty)? + d(y, Tx)?, Vz,y € C.

It is easy to see that, if T is a nonspreading-type multi-valued mapping, and Fix(T") # ), then T is a
quasi-nonexpansive multi-valued mapping, i.e.,

H(Tz,Tp) < ||z —p|| Vo € C and p € Fix(T). (1.1)
Indeed, for all 2z € C' and p € Fix(T'), we have
2H(Tx, Tp)* < d(p, Tz)? + d(x, Tp)*
< H(Tx,Tp)* + ||z —p||*.

This implies that
H(Tz,Tp) < ||z — pl|.

Example 1.1 (Example of nonspreading-type multi-valued mapping, [6]). Let C' = [—3,0] with the usual
norm. Define a multivalued mapping 7' : C — CB(C') by

T — {0}, if z € [-2,0];
[—exp{x + 2}, 0], if z & [—2,0].

It is easy to prove that T is a nonspreading-type multi-valued mapping but it is not a multi-valued nonex-
pansive mapping.

Recall that a multivalued mapping T': C — CB(C) is said to be demi-closed at 0, if {z,} C C such
that z,, — = and lim,,_, o d(zy, Txy,) = 0 imply x € Tx.

Let f : H — (—o00,00] be a proper convex and lower semi-continuous function. One of the major
problems in optimization in Hilbert space H is to find x € H such that

f(z) = min f(y).

yeH
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We denote by argmin, ¢ f(y) the set of minimizers of f in H.

A successful and powerful tool for solving this problem is the well-known proximal point algorithm
(shortly, the PPA) which was initiated by Martinet [14] in 1970. In 1976, Rockafellar [15] generally studied,
by the PPA, the convergence to a solution of the convex minimization problem in the framework of Hilbert
spaces.

Indeed, let f be a proper, convex, and lower semi-continuous function on a Hilbert space H which attains
its minimum. The PPA is defined by

r1 € H,

. 1
Tt = axgmin,e (F(y) + 53— lly = 2al ) V21,
n

where A, > 0 for all n > 1. It was proved that the sequence {z,} converges weakly to a minimizer of f
provided X2, \,, = o0.

However, as shown by Giiler [8], the PPA does not necessarily converge strongly in general. In 2000,
Kamimura-Takahashi [11] combined the PPA with Halpern’s algorithm [9] so that the strong convergence
is guaranteed.

In the recent years, the problem of finding a common element of the set of solutions of various convex
minimization problems and the set of fixed points for a single-valued mapping in the framework of Hilbert
spaces and Banach spaces have been intensively studied by many authors, for instance, see [4], 5] [7, 13] and
the references therein.

The purpose of this paper is to introduce and study the following modified proximal point algorithm
involving fixed point for nonspreading-type multivalued mappings in Hilbert spaces.

) 1
uy, = argming e [f(y) + |y — znl)?],
2\n

Yn = (1 - /Bn)xn + Brwn,

Tnt1 = (1 — ap)xy + apoy,

Vn > 1,

where T : C — CB(C) is a nonspreading-type multivalued mapping, w, € Tu, and v, € Ty, for all
n > 1. Under suitable conditions, some weak convergence and strong convergence to a common element of
the set of minimizers of a convex function and the set of fixed points of the nonspreading-type multivalued
mappings in Hilbert space are proved. The presented results in the paper are new.

2. Preliminaries

In order to prove the main results of the paper, we need the following notations and lemmas.
Let f: H — (—o00, 0] be a proper convex and lower semi-continuous function. For any A > 0, define
the Moreau-Yosida resolvent of f in H by

Ta() = axgmin,e [ (0) + o ly — «l!] Vo € H. (21)

It was shown in [3] that the fixed point set Fix(Jy) of the resolvent associated of f coincides with the
set argmin, cy f(y) of minimizers of f.

Lemma 2.1 ([10]). Let f: H — (—o0, 0] be proper conver and lower semi-continuous. For any A > 0, the
resolvent Jy of f is nonexpansive.

Lemma 2.2 (Sub-differential inequality, [2]). Let f : H — (—oo, 00| be proper convex and lower semi-
continuous. Then, for all x,y € H and A > 0, the following sub-differential inequality holds:

1 2 1 2 1 2
— —yl? = —|lz— |z — < f(y). 2.2
e =yl = e =yl + 5l = Daal? + f(he) < £() (22)
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Lemma 2.3 ([6]). Let C be a nonempty closed and convex subset of H.

() If T : C — CB(C) is a nonspreading-type multivalued mapping and Fix(T) # (), then the following
conclusions hold.
(i) Fix(T) is closed;
(ii) if, in addition, T satisfies the condition: Tp = {p} for all p € Fix(T), then Fix(T') is convex.
(IT) Let T :C — K(C) be a nonspreading-type multivalued mapping,
(iii) if x,y € C and u € Tx, then there exists v € Ty such that

H(Tz,Ty)* < |lx — yl* + 2(x —u, y —v);

(iv) (demi-closed principle) if {xzyn} is a bounded sequence in C' such that x, — p and lim,_, ||z —
yn|| = 0 for some y,, € Txy, then p € Tp.

Lemma 2.4 (The resolvent identity, [10]). Let f : H — (—o00,00] be a proper convexr and lower semi-
continuous function. Then the following identity holds:

A_
Ax:JM—KﬁAx+§@‘mefhmdA>u>0

Definition 2.5. A Banach space X is said to satisfy Opial condition, if x, — z (as n — o0) and z # y
imply that

limsup ||z, — z|| < limsup ||z, — y||.

It is well-known that each Hilbert space H satisfies the Opial condition.

3. Weak convergence theorems
We are now in a position to give the following main result.

Theorem 3.1. Let f: C — (—o0, 00| be a proper convex and lower semi-continuous function, and T : C —
K(C) be a nonspreading-type multivalued mapping. Let {cn}, {Bn} be sequences in [0,1] with 0 < a <
ap, Bn <b <1 foralln>1. Let {\,} be a sequence such that A, > X > 0 for alln > 1 and some A. For
any given xg € C, let {x,} be the sequence generated by the following manner:

) 1
up, = argmingco[f(y) + 51— [ly — a1,
2\,

Yn = (1 - 571)51311 + Brwn,

Tpt+l = (1 - O‘n)xn + Qi Un,

Vn > 1, (3.1)

where wy, € Tuy and vy, € Ty, for alln > 1. If Q := Fix(T) N argmin o f(y) # 0, then {x,} converges
weakly to a point x* € Q which is a minimizer of f in C as well as it is also a fixed point of T in C.

Proof. Let g € Q. Then ¢ = T'q and f(q) < f(y) for all y € C. This implies that

1 2 1 2
_ < _
ﬂ®+2Mm ﬂl_ﬂw+ZMM ql|*, Yy eC,

and hence ¢ = Jy, ¢ for all n > 1, where J,, is the Moreau-Yosida resolvent of f in H defined by ({2.1)).

(I) First, we prove that lim,_, ||z, — ¢|| exists for all g € Q.
Indeed, since u, = Jy,xn, by Lemma J, 1s nonexpansive. Hence we have

[lun = all = I/x,2n = In,gll < llzn = gl (3-2)
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It follows from (3.1)), , and (1.1)) that

Hyn - QH < H(l _/Bn)xn +ann _qH
< (1= Bu)llwn — gl + Bullwn — ql|

< (1= B)llzn — gl + BnH (Tup, T'q) (3.3)
< (1= Bn)llzn — qll + Bullun — ql| (by (L.1)
< |lzn —qll-
From (3.1)), (3.3]), and (1.1)) we have
|zn1 — gl = [[(1 = an)zn + anvn — 4|
< (1= on)l|zn — ql| + oml[vn — 4|
< (1= an)llzn — gl + e H(T(yn), Tq) (3.4)

< (1 — ap)||zn — g|| + anllyn — ql|
SHwn—QH, VTLZl

This shows that {||x,, —¢||} is decreasing and bounded below. Hence lim,,_, ||, — q|| exists. Without loss
of generality, we can assume that
lim ||z, —q|| = ¢ (3.5)
n—oo

Therefore the sequences {xy,}, {yn}, {un}, {wn}, {T2.}, and {Ty,} all are bounded.

(II) Next, we prove that
lim ||z, —uy|| = 0. (3.6)
n—oo

Indeed, by the sub-differential inequality (2.2)) we have

1
o Ulun = all* = Mz = gl + [z = wnl*} < £(0) = f(un).
Since f(q) < f(uy) for all n > 1, it follows that
lan = unl® < llzn = qll* — [lun — all*. (3.7)

Therefore in order to prove lim, o ||Z, — uy,|| = 0, it suffices to prove ||u, — ¢|| — c.
In fact, it follows from ({3.4]) that

|nt1 = qll < (1 = an)llzn — gll + anllyn — |-
By simplifying we have

|zn = all < —[llen = gl = [2nt1 = qll] + [[yn = dl|

1
Qp

IN

1
Slan = dll = llznsr = all] + [y — d|
This together with (3.5 shows that

¢ = liminf ||z, — ¢|| < liminf ||y, — q||- (3.8)
n—oo n—oo
On the other hand, it follows from ({3.3]) and (3.5) that

limsup ||y, — ¢|| < limsup ||z, —q|| = c.
n—oo n—o0

This together with (3.8]) implies that
lim |y, —q|| =c (3.9)
n—oo
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Also, by (83),
lyn —all < (1 = Bu)llzn — qll + Bullun — qll,

which can be rewritten as

1
—[llzn = ql| = llyn — @|l] + [|un — 4]
Bn

1
a

IN

[|zn — gl

IN

Hzn = qll = llyn = all] + [lun — ql|-
This together with shows that

¢ = liminf ||z, — g| < lim inf{[u, — g|.
From , it follows that

lim sup ||u, — q|| < limsup||z, —q|| = c.
n—o0 n—oo

This together with (3.10)) shows that lim, o ||u, — q|| = ¢. Therefore it follows from (3.7)) that

lim ||z, — uy|| = 0.
n—oo
(ITI) Now we prove that
lim ||z, —wy,|| =0, lim
n—oo n—oo
Indeed, it follows from (3.1)), (3.2)), and (1.1} that

yn — all* = [|(1 = Bn)zn + Buwn — ql|?
L — Bu)llzn — qH2 + Bullwn — qH2 — Bn(1 = Bn)||7n — wnH2

l|Zn, — yn|| =0, and lim |Ju, —wy|| = 0.
n—oo

L= Bn)l|zn _‘IH2 + Bnllun _q”2 = Bn(1 = Bp)||zn — wn’|2

<
<
<
<|lzn — QHZ = Bn(1 = Bp)||wn — wnHQ-

After simplifying and by using the condition that 0 < a < ay,, £, < b < 1, it follows from (3.12]) that

a(l = b)||z, — wn”2 < Bu(1 = B)llzn — wn”2
< ||lzn —q|* = [|lyn — q|I* = 0 (as n — 00).

This implies that

lim ||z, —wy|| =0.
n—oo

Hence from (3.6) and (3.13]) we have

yn = @nll = |1 = Br)@n + Bnwn — @n|l = (1 = Bn)[|2n — wnl| = 0 (as n = o).

So is
lJun, — wal|| < |Jun — nl|| + || — wp|| — 0 (as n — c0).

(IV) Now we prove that
lim d(xy,, Tzy,) = 0.

n—o0

In fact, by Lemma (iii), for each wuy,, =y, and w, € Tu, there exists a k,, € Tz, such that

H(Tun,Tavn)2 < ||up, — anQ + 2(up — wy, Ty — ky) for eachn > 1.

|
(
(1= Ba)llzn — qlI* + B H (T, Tql* — Bn(L = Bl — wal[?
(
|

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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Therefore by (3.16), (3.13), (3.6), (3.14), and noting that the sequences {z,} and {z,} are bounded, we

have
d(xp, Txy) < ||zn — wyl|| + d(wy, Txy,)

< ||zp, — wpl|| + H(Tup, Txy)

< ||zn — wal| + \/||Un _anQ + 2(up — Wy, Tp — kp) = 0.

(V) Now we prove that
lim ||z, — Jyzn|| =0, where A\, > A > 0. (3.17)
n—oo

In fact, it follows from (3.6) and Lemma that

[[Iazn — zul| < |[Iazn — unl| + Jun — zol| = [|Ia2n — Ix, @all + |[un — 20|
An — A
An

A
- HJ,\.%'n—J)\( J)\nxn‘k/\*xn))‘i‘”un_wn”

A A
< Hxn - (1 - T)JAnwn - 71'11“ + Hun — xn”

n >\7L
A
<(1- 7)“3% — D Tnll + [[un — 20|
n
A
= (1= )llzn — unl| + [Jun — 20|[ = 0.

An

(VI) Finally we prove that {z,,} converges weakly to p* (some point in £2).

In fact, since {u,} is bounded, there exists a subsequence wu,, C {u,} such that u,, — p* € C (some
point in C). By (B.11), ||un, — wy,|| = 0. It follows from Lemma (iv) that p* € Fix(T). Again by
(3-6), l|zn, — un,|| = O, hence z,,, — p*. Therefore from we have ||z, — Jaxy,|| — 0. Since J) is
a single-valued nonexpansive mapping, it is demi-closed at 0. Hence px € Fix(Jy) = argmin ¢ f(y). This
shows that px € €.

If there exists another subsequence {x,;} C {z,} such that z,; — ¢* € C and p* # ¢*, by the same
method as given above we can also prove that ¢* € 2. Since H has the Opial property, we have

limsup ||z, — p*|| < limsup ||z,, — ¢*|| = lUm ||z, — ¢7||
n;—00 n;—00 n—00

— limsup [z, — ¢°|| < limsup [lz,, — p|

n;j—00 n;—00
= lim ||z, — p*|| = limsup ||z,, — p*||-
n—00 n; —00

This is a contradiction. Therefore p* = ¢* and z,, — p* € Q.
This completes the proof of Theorem [3.1] O

If T:C — Cis a single-valued nonspreading mapping, then the following theorem can be obtained from
Theorem immediately.

Theorem 3.2. Let H, C, f be the same as in Theorem[3.1 Let T : C — C' be a single-valued nonspreading
mapping and {a,}, {Bn} be sequences in [0,1] with 0 < a < ayn, B < b <1 forallmn > 1. Let {\,} be a
sequence such that A, > X\ > 0 for alln > 1 and some X. For any given x¢ € C, let {x,} be the sequence
generated in the following manner:

] 1
un = argmingec[f(y) + 51—y — zall’]
2\,

Yn = (1 - Bn)xn + BnTuna
Tn+l1 = (1 - an)xn + apT'yn,

Vn > 1.
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If Q := Fix(T) N argmin e f(y) # 0, then {xn} converges weakly to a point x* € Q which is a minimizer of
f in C as well as it is also a fixed point of T in C.

Remark 3.3.

(1) Theorem is a generalization of Agarwal et al. [1], Ba¢dk [4], and the corresponding results in
Ariza-Ruiz et al. [3]. In fact, we present a new modified proximal point algorithm for solving the
convex minimization problem as well as the fixed point problem of nonspreading-type multivalued
mappings.

(2) Theorem [3.2)is an improvement and generalization of the main result in Rockafellar [15] and Giiler [8].

4. Some strong convergence theorems

Let (X, d) be a metric space, and C' be a nonempty closed and convex subset of X.

Recall that a mapping T : C' — CB(C) is said to be demi-compact, if for any bounded sequence {z,}
in C such that d(x,,Tx,) — 0 (as n — o0), then there exists a subsequence {x,,} C {z,} such that {z,,}
converges strongly (i.e., in metric topology) to some point p € C.

Theorem 4.1. Under the assumptions of Theorem [3.1], if, in addition, T or Jy is demi-compact, then the
sequence {x,} defined by (3.1) converges strongly to a point p* € §Q.

Proof. In fact, it follows from (3.15)), (3.17)), (3.6, and (3.11]) that

li_>m d(xn, Tx,) =0, (4.1)
Tim ([ — Ja(aa)| = 0, (12)
and
lim ||z, —up|| =0, lm ||uy, —wy|| =0. (4.3)
n—oo n—oo

By the assumption that T or Jy is demi-compact, without loss of generality, we can assume T is demi-
compact, it follows from that there exists a subsequence {z,,} C {x,} such that {z,,} converges
strongly to some point p* € C. Since J) is nonexpansive, it is demi-closed at 0. Hence it follows from
that p* € Fix(Jy). Also it follows from that u,, — p* and T is also demi-closed at 0. This implies that
p* € Fix(T'). Hence p* € Q. Again by lim;, o0 ||z, — p*|| exists. Hence we have lim,,_, ||z, —p*|| = 0.

This completes the proof of Theorem O

Theorem 4.2. Under the assumptions of Theorem[3.d], if, in addition, there exists a nondecreasing function
g :10,00) = [0,00) with g(0) = 0,g(r) > 0 for all r > 0, such that

9(d(z, ) < d(z, Jyz) + d(z,Tx) Vx e C,
then the sequence {xy} defined by (3.1) converges strongly to a point p* € Q.

Proof. Tt follows from (4.1)) and (4.2)) that lim,_ . g(d(zp,$2)) = 0. Since g is nondecreasing with g(0) = 0
and g(r) > 0, r > 0, we have
lim d(z,,) =0.

n—oo
Next we prove that {z,} is a Cauchy sequence in C'. In fact, it follows from (3.4)) that for any ¢ € Q
|zn41 —qll < [lzn —ql| Vn > 1.
Hence for any positive integers n, m we have
Zntm = Znll < [|2nem = gll + llen — ql] < 2d(2n,q) Vg €
This shows that
| Zntm — n|] < 2d(zp, Q) — 0 (as n,m — c0).
Hence {z,} is a Cauchy sequence in C. Since C is a closed subset in H, it is complete. Without loss of

generality, we can assume that {z,} converges strongly to some point p* € C. Since Fix(J)) and Fix(T)
both are closed subsets in C, so is €). Hence p* € ). This completes the proof of Theorem O
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