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Abstract

In this paper, a new modified proximal point algorithm involving fixed point of nonspreading-type
multivalued mappings in Hilbert spaces is proposed. Under suitable conditions, some weak convergence and
strong convergence to a common element of the set of minimizers of a convex function and the set of fixed
points of the nonspreading-type multivalued mappings in Hilbert space are proved. The presented results
in the paper are new. ©2016 All rights reserved.
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1. Introduction

Throughout this paper we always assume that H is a real Hilbert space and C is a nonempty closed and
convex subsets of H. In the sequel we denote by CB(C) and K(C) the families of nonempty closed bounded
subsets and nonempty compact subsets of C, respectively. The Hausdorff metric on CB(C) is defined by

H(A,B) = max{sup
x∈A

d(x,B), sup
y∈B

d(y,A)}, A,B ∈ CB(C),
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where d(x,B) = infb∈B d(x, b).
In what follows, we denote by Fix(T ) the fixed point set of a mapping T . And write xn ⇀ x to indicate

that the sequence {xn} converges weakly to x and xn → x implies that {xn} converges strongly to x.
Recall that a single-valued mapping T : C → C is said to be nonexpansive if

||Tx− Ty|| ≤ ||x− y||, ∀x, y ∈ C.

A multivalued mapping T : C → CB(C) is said to be nonexpansive if

H(Tx, Ty) ≤ ||x− y||, ∀x, y ∈ C,

and T : C → CB(C) is said to be quasi-nonexpansive if Fix(T ) 6= ∅ and

H(Tx, Tp) ≤ ||x− p||, ∀x ∈ C, p ∈ Fix(T ).

Recall that a single-valued mapping T : C → C is said to be nonspreading mappings [12] if

2||Tx− Ty||2 ≤ ||x− Ty||2 + ||y − Tx||2, ∀x, y ∈ C.

It is easy to prove that T : C → C is nonspreading if and only if

||Tx− Ty||2 ≤ ||x− y||2 + 2〈x− Tx, y − Ty〉, ∀x, y ∈ C.

A mapping T : C → CB(C) is said to be nonspreading-type multi-valued mapping [6] if

2H(Tx, Ty)2 ≤ d(x, Ty)2 + d(y, Tx)2, ∀x, y ∈ C.

It is easy to see that, if T is a nonspreading-type multi-valued mapping, and Fix(T ) 6= ∅, then T is a
quasi-nonexpansive multi-valued mapping, i.e.,

H(Tx, Tp) ≤ ||x− p|| ∀x ∈ C and p ∈ Fix(T ). (1.1)

Indeed, for all x ∈ C and p ∈ Fix(T ), we have

2H(Tx, Tp)2 ≤ d(p, Tx)2 + d(x, Tp)2

≤ H(Tx, Tp)2 + ||x− p||2.

This implies that
H(Tx, Tp) ≤ ||x− p||.

Example 1.1 (Example of nonspreading-type multi-valued mapping, [6]). Let C = [−3, 0] with the usual
norm. Define a multivalued mapping T : C → CB(C) by

Tx =

{
{0}, if x ∈ [−2, 0];

[− exp{x+ 2}, 0], if x 6∈ [−2, 0].

It is easy to prove that T is a nonspreading-type multi-valued mapping but it is not a multi-valued nonex-
pansive mapping.

Recall that a multivalued mapping T : C → CB(C) is said to be demi-closed at 0, if {xn} ⊂ C such
that xn ⇀ x and limn→∞ d(xn, Txn) = 0 imply x ∈ Tx.

Let f : H → (−∞,∞] be a proper convex and lower semi-continuous function. One of the major
problems in optimization in Hilbert space H is to find x ∈ H such that

f(x) = min
y∈H

f(y).
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We denote by argminy∈Hf(y) the set of minimizers of f in H.
A successful and powerful tool for solving this problem is the well-known proximal point algorithm

(shortly, the PPA) which was initiated by Martinet [14] in 1970. In 1976, Rockafellar [15] generally studied,
by the PPA, the convergence to a solution of the convex minimization problem in the framework of Hilbert
spaces.

Indeed, let f be a proper, convex, and lower semi-continuous function on a Hilbert space H which attains
its minimum. The PPA is defined by

x1 ∈ H,

xn+1 = argminy∈H(f(y) +
1

2λn
||y − xn||2) ∀n ≥ 1,

where λn > 0 for all n ≥ 1. It was proved that the sequence {xn} converges weakly to a minimizer of f
provided Σ∞n=1λn =∞.

However, as shown by Güler [8], the PPA does not necessarily converge strongly in general. In 2000,
Kamimura-Takahashi [11] combined the PPA with Halpern’s algorithm [9] so that the strong convergence
is guaranteed.

In the recent years, the problem of finding a common element of the set of solutions of various convex
minimization problems and the set of fixed points for a single-valued mapping in the framework of Hilbert
spaces and Banach spaces have been intensively studied by many authors, for instance, see [4, 5, 7, 13] and
the references therein.

The purpose of this paper is to introduce and study the following modified proximal point algorithm
involving fixed point for nonspreading-type multivalued mappings in Hilbert spaces.

un = argminy∈C [f(y) +
1

2λn
||y − xn||2],

yn = (1− βn)xn + βnwn,

xn+1 = (1− αn)xn + αnvn,

∀n ≥ 1,

where T : C → CB(C) is a nonspreading-type multivalued mapping, wn ∈ Tun and vn ∈ Tyn for all
n ≥ 1. Under suitable conditions, some weak convergence and strong convergence to a common element of
the set of minimizers of a convex function and the set of fixed points of the nonspreading-type multivalued
mappings in Hilbert space are proved. The presented results in the paper are new.

2. Preliminaries

In order to prove the main results of the paper, we need the following notations and lemmas.
Let f : H → (−∞,∞] be a proper convex and lower semi-continuous function. For any λ > 0, define

the Moreau-Yosida resolvent of f in H by

Jλ(x) = argminy∈H [f(y) +
1

2λ
||y − x||2] ∀x ∈ H. (2.1)

It was shown in [3] that the fixed point set Fix(Jλ) of the resolvent associated of f coincides with the
set argminy∈Hf(y) of minimizers of f .

Lemma 2.1 ([10]). Let f : H → (−∞,∞] be proper convex and lower semi-continuous. For any λ > 0, the
resolvent Jλ of f is nonexpansive.

Lemma 2.2 (Sub-differential inequality, [2]). Let f : H → (−∞,∞] be proper convex and lower semi-
continuous. Then, for all x, y ∈ H and λ > 0, the following sub-differential inequality holds:

1

2λ
||Jλx− y||2 −

1

2λ
||x− y||2 +

1

2λ
||x− Jλx||2 + f(Jλx) ≤ f(y). (2.2)
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Lemma 2.3 ([6]). Let C be a nonempty closed and convex subset of H.

(I) If T : C → CB(C) is a nonspreading-type multivalued mapping and Fix(T ) 6= ∅, then the following
conclusions hold.

(i) Fix(T ) is closed;
(ii) if, in addition, T satisfies the condition: Tp = {p} for all p ∈ Fix(T ), then Fix(T ) is convex.

(II) Let T : C → K(C) be a nonspreading-type multivalued mapping,

(iii) if x, y ∈ C and u ∈ Tx, then there exists v ∈ Ty such that

H(Tx, Ty)2 ≤ ||x− y||2 + 2〈x− u, y − v〉;

(iv) (demi-closed principle) if {xn} is a bounded sequence in C such that xn ⇀ p and limn→∞ ||xn −
yn|| = 0 for some yn ∈ Txn, then p ∈ Tp.

Lemma 2.4 (The resolvent identity, [10]). Let f : H → (−∞,∞] be a proper convex and lower semi-
continuous function. Then the following identity holds:

Jλx = Jµ(
λ− µ
λ

Jλx+
µ

λ
x) ∀x ∈ H and λ > µ > 0.

Definition 2.5. A Banach space X is said to satisfy Opial condition, if xn ⇀ z (as n → ∞) and z 6= y
imply that

lim sup
n→∞

||xn − z|| < lim sup
n→∞

||xn − y||.

It is well-known that each Hilbert space H satisfies the Opial condition.

3. Weak convergence theorems

We are now in a position to give the following main result.

Theorem 3.1. Let f : C → (−∞,∞] be a proper convex and lower semi-continuous function, and T : C →
K(C) be a nonspreading-type multivalued mapping. Let {αn}, {βn} be sequences in [0, 1] with 0 < a ≤
αn, βn < b < 1 for all n ≥ 1. Let {λn} be a sequence such that λn ≥ λ > 0 for all n ≥ 1 and some λ. For
any given x0 ∈ C, let {xn} be the sequence generated by the following manner:

un = argminy∈C [f(y) +
1

2λn
||y − xn||2],

yn = (1− βn)xn + βnwn,

xn+1 = (1− αn)xn + αnvn,

∀n ≥ 1, (3.1)

where wn ∈ Tun and vn ∈ Tyn for all n ≥ 1. If Ω := Fix(T )
⋂

argminy∈Cf(y) 6= ∅, then {xn} converges
weakly to a point x∗ ∈ Ω which is a minimizer of f in C as well as it is also a fixed point of T in C.

Proof. Let q ∈ Ω. Then q = Tq and f(q) ≤ f(y) for all y ∈ C. This implies that

f(q) +
1

2λn
||q − q||2 ≤ f(y) +

1

2λn
||y − q||2, ∀y ∈ C,

and hence q = Jλnq for all n ≥ 1, where Jλn is the Moreau-Yosida resolvent of f in H defined by (2.1).

(I) First, we prove that limn→∞ ||xn − q|| exists for all q ∈ Ω.
Indeed, since un = Jλnxn, by Lemma 2.1, Jλn is nonexpansive. Hence we have

||un − q|| = ||Jλnxn − Jλnq|| ≤ ||xn − q||. (3.2)
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It follows from (3.1), (3.2), and (1.1) that

||yn − q|| ≤ ||(1− βn)xn + βnwn − q||
≤ (1− βn)||xn − q||+ βn||wn − q||
≤ (1− βn)||xn − q||+ βnH(Tun, T q)

≤ (1− βn)||xn − q||+ βn||un − q|| (by (1.1)

≤ ||xn − q||.

(3.3)

From (3.1), (3.3), and (1.1) we have

||xn+1 − q|| = ||(1− αn)xn + αnvn − q||
≤ (1− αn)||xn − q||+ αn||vn − q||
≤ (1− αn)||xn − q||+ αnH(T (yn), T q)

≤ (1− αn)||xn − q||+ αn||yn − q||
≤ ||xn − q||, ∀n ≥ 1.

(3.4)

This shows that {||xn− q||} is decreasing and bounded below. Hence limn→∞ ||xn− q|| exists. Without loss
of generality, we can assume that

lim
n→∞

||xn − q|| = c. (3.5)

Therefore the sequences {xn}, {yn}, {un}, {wn}, {Tzn}, and {Tyn} all are bounded.

(II) Next, we prove that
lim
n→∞

||xn − un|| = 0. (3.6)

Indeed, by the sub-differential inequality (2.2) we have

1

2λn
{||un − q||2 − ||xn − q||2 + ||xn − un||2} ≤ f(q)− f(un).

Since f(q) ≤ f(un) for all n ≥ 1, it follows that

||xn − un||2 ≤ ||xn − q||2 − ||un − q||2. (3.7)

Therefore in order to prove limn→∞ ||xn − un|| = 0, it suffices to prove ||un − q|| → c.
In fact, it follows from (3.4) that

||xn+1 − q|| ≤ (1− αn)||xn − q||+ αn||yn − q||.

By simplifying we have

||xn − q|| ≤
1

αn
[||xn − q|| − ||xn+1 − q||] + ||yn − q||

≤ 1

a
[||xn − q|| − ||xn+1 − q||] + ||yn − q||.

This together with (3.5) shows that

c = lim inf
n→∞

||xn − q|| ≤ lim inf
n→∞

||yn − q||. (3.8)

On the other hand, it follows from (3.3) and (3.5) that

lim sup
n→∞

||yn − q|| ≤ lim sup
n→∞

||xn − q|| = c.

This together with (3.8) implies that
lim
n→∞

||yn − q|| = c. (3.9)
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Also, by (3.3),
||yn − q|| ≤ (1− βn)||xn − q||+ βn||un − q||,

which can be rewritten as

||xn − q|| ≤
1

βn
[||xn − q|| − ||yn − q||] + ||un − q||

≤ 1

a
[||xn − q|| − ||yn − q||] + ||un − q||.

This together with (3.9) shows that

c = lim inf
n→∞

||xn − q|| ≤ lim inf
n→∞

||un − q||. (3.10)

From (3.2), it follows that
lim sup
n→∞

||un − q|| ≤ lim sup
n→∞

||xn − q|| = c.

This together with (3.10) shows that limn→∞ ||un − q|| = c. Therefore it follows from (3.7) that

lim
n→∞

||xn − un|| = 0.

(III) Now we prove that

lim
n→∞

||xn − wn|| = 0, lim
n→∞

||xn − yn|| = 0, and lim
n→∞

||un − wn|| = 0. (3.11)

Indeed, it follows from (3.1), (3.2), and (1.1) that

||yn − q||2 = ||(1− βn)xn + βnwn − q||2

≤ (1− βn)||xn − q||2 + βn||wn − q||2 − βn(1− βn)||xn − wn||2

≤ (1− βn)||xn − q||2 + βnH(Tun, T q||2 − βn(1− βn)||xn − wn||2

≤ (1− βn)||xn − q||2 + βn||un − q||2 − βn(1− βn)||xn − wn||2

≤ ||xn − q||2 − βn(1− βn)||xn − wn||2.

(3.12)

After simplifying and by using the condition that 0 < a ≤ αn, βn < b < 1, it follows from (3.12) that

a(1− b)||xn − wn||2 ≤ βn(1− βn)||xn − wn||2

≤ ||xn − q||2 − ||yn − q||2 → 0 (as n→∞).

This implies that
lim
n→∞

||xn − wn|| = 0. (3.13)

Hence from (3.6) and (3.13) we have

||yn − xn|| = ||(1− βn)xn + βnwn − xn|| = (1− βn)||xn − wn|| → 0 (as n→∞).

So is
||un − wn|| ≤ ||un − xn||+ ||xn − wn|| → 0 (as n→∞). (3.14)

(IV) Now we prove that
lim
n→∞

d(xn, Txn) = 0. (3.15)

In fact, by Lemma 2.3 (iii), for each un, xn, and wn ∈ Tun there exists a kn ∈ Txn such that

H(Tun, Txn)2 ≤ ||un − xn||2 + 2〈un − wn, xn − kn〉 for each n ≥ 1. (3.16)
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Therefore by (3.16), (3.13), (3.6), (3.14), and noting that the sequences {xn} and {xn} are bounded, we
have

d(xn, Txn) ≤ ||xn − wn||+ d(wn, Txn)

≤ ||xn − wn||+H(Tun, Txn)

≤ ||xn − wn||+
√
||un − xn||2 + 2〈un − wn, xn − kn〉 → 0.

(V) Now we prove that

lim
n→∞

||xn − Jλxn|| = 0, where λn ≥ λ > 0. (3.17)

In fact, it follows from (3.6) and Lemma 2.4 that

||Jλxn − xn|| ≤ ||Jλxn − un||+ ||un − xn|| = ||Jλxn − Jλnxn||+ ||un − xn||

= ||Jλxn − Jλ(
λn − λ
λn

Jλnxn +
λ

λn
xn)) + ||un − xn||

≤ ||xn − (1− λ

λn
)Jλnxn −

λ

λn
xn||+ ||un − xn||

≤ (1− λ

λn
)||xn − Jλnxn||+ ||un − xn||

= (1− λ

λn
)||xn − un||+ ||un − xn|| → 0.

(VI) Finally we prove that {xn} converges weakly to p∗ (some point in Ω).
In fact, since {un} is bounded, there exists a subsequence uni ⊂ {un} such that uni ⇀ p∗ ∈ C (some

point in C). By (3.11), ||uni − wni || → 0. It follows from Lemma 2.3 (iv) that p∗ ∈ Fix(T ). Again by
(3.6), ||xni − uni || → 0, hence xni ⇀ p∗. Therefore from (3.17) we have ||xni − Jλxni || → 0. Since Jλ is
a single-valued nonexpansive mapping, it is demi-closed at 0. Hence p∗ ∈ Fix(Jλ) = argminy∈Cf(y). This
shows that p∗ ∈ Ω.

If there exists another subsequence {xnj} ⊂ {xn} such that xnj ⇀ q∗ ∈ C and p∗ 6= q∗, by the same
method as given above we can also prove that q∗ ∈ Ω. Since H has the Opial property, we have

lim sup
ni→∞

||xni − p∗|| < lim sup
ni→∞

||xni − q∗|| = lim
n→∞

||xn − q∗||

= lim sup
nj→∞

||xnj − q∗|| < lim sup
nj→∞

||xnj − p∗||

= lim
n→∞

||xn − p∗|| = lim sup
ni→∞

||xni − p∗||.

This is a contradiction. Therefore p∗ = q∗ and xn ⇀ p∗ ∈ Ω.
This completes the proof of Theorem 3.1.

If T : C → C is a single-valued nonspreading mapping, then the following theorem can be obtained from
Theorem 3.1 immediately.

Theorem 3.2. Let H, C, f be the same as in Theorem 3.1. Let T : C → C be a single-valued nonspreading
mapping and {αn}, {βn} be sequences in [0, 1] with 0 < a ≤ αn, βn < b < 1 for all n ≥ 1. Let {λn} be a
sequence such that λn ≥ λ > 0 for all n ≥ 1 and some λ. For any given x0 ∈ C, let {xn} be the sequence
generated in the following manner:

un = argminy∈C [f(y) +
1

2λn
||y − xn||2],

yn = (1− βn)xn + βnTun,

xn+1 = (1− αn)xn + αnTyn,

∀n ≥ 1.
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If Ω := Fix(T )
⋂

argminy∈Cf(y) 6= ∅, then {xn} converges weakly to a point x∗ ∈ Ω which is a minimizer of
f in C as well as it is also a fixed point of T in C.

Remark 3.3.

(1) Theorem 3.1 is a generalization of Agarwal et al. [1], Bačák [4], and the corresponding results in
Ariza-Ruiz et al. [3]. In fact, we present a new modified proximal point algorithm for solving the
convex minimization problem as well as the fixed point problem of nonspreading-type multivalued
mappings.

(2) Theorem 3.2 is an improvement and generalization of the main result in Rockafellar [15] and Güler [8].

4. Some strong convergence theorems

Let (X, d) be a metric space, and C be a nonempty closed and convex subset of X.
Recall that a mapping T : C → CB(C) is said to be demi-compact, if for any bounded sequence {xn}

in C such that d(xn, Txn)→ 0 (as n→∞), then there exists a subsequence {xni} ⊂ {xn} such that {xni}
converges strongly (i.e., in metric topology) to some point p ∈ C.

Theorem 4.1. Under the assumptions of Theorem 3.1, if, in addition, T or Jλ is demi-compact, then the
sequence {xn} defined by (3.1) converges strongly to a point p∗ ∈ Ω.

Proof. In fact, it follows from (3.15), (3.17), (3.6), and (3.11) that

lim
n→∞

d(xn, Txn) = 0, (4.1)

lim
n→∞

||xn − Jλ(xn)|| = 0, (4.2)

and
lim
n→∞

||xn − un|| = 0, lim
n→∞

||un − wn|| = 0. (4.3)

By the assumption that T or Jλ is demi-compact, without loss of generality, we can assume T is demi-
compact, it follows from (4.1) that there exists a subsequence {xni} ⊂ {xn} such that {xni} converges
strongly to some point p∗ ∈ C. Since Jλ is nonexpansive, it is demi-closed at 0. Hence it follows from (4.2)
that p∗ ∈ Fix(Jλ). Also it follows from (4.3) that uni → p∗ and T is also demi-closed at 0. This implies that
p∗ ∈ Fix(T ). Hence p∗ ∈ Ω. Again by (3.5) limn→∞ ||xn−p∗|| exists. Hence we have limn→∞ ||xn−p∗|| = 0.

This completes the proof of Theorem 4.1.

Theorem 4.2. Under the assumptions of Theorem 3.1, if, in addition, there exists a nondecreasing function
g : [0,∞)→ [0,∞) with g(0) = 0, g(r) > 0 for all r > 0, such that

g(d(x,Ω)) ≤ d(x, Jλx) + d(x, Tx) ∀x ∈ C,
then the sequence {xn} defined by (3.1) converges strongly to a point p∗ ∈ Ω.

Proof. It follows from (4.1) and (4.2) that limn→∞ g(d(xn,Ω)) = 0. Since g is nondecreasing with g(0) = 0
and g(r) > 0, r > 0, we have

lim
n→∞

d(xn,Ω) = 0.

Next we prove that {xn} is a Cauchy sequence in C. In fact, it follows from (3.4) that for any q ∈ Ω

||xn+1 − q|| ≤ ||xn − q|| ∀n ≥ 1.

Hence for any positive integers n,m we have

||xn+m − xn|| ≤ ||xn+m − q||+ ||xn − q|| ≤ 2d(xn, q) ∀q ∈ Ω.

This shows that
||xn+m − xn|| ≤ 2d(xn,Ω)→ 0 (as n,m→∞).

Hence {xn} is a Cauchy sequence in C. Since C is a closed subset in H, it is complete. Without loss of
generality, we can assume that {xn} converges strongly to some point p∗ ∈ C. Since Fix(Jλ) and Fix(T )
both are closed subsets in C, so is Ω. Hence p∗ ∈ Ω. This completes the proof of Theorem 4.2.
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