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Abstract

Our purpose in this work is to present several coupled fixed point results for different contraction map-
pings on cone metric spaces over Banach algebras by virtue of the properties of spectral radiuses. Also as
an application, we give a simple example at the end of the paper. c©2016 All rights reserved.
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1. Introduction

The coupled fixed point theorems of contractions as well as the iterative technique are useful and are
applicable to many situations. For example, Gnana Bhaskar and Lakshmikantham [4], by using a weak
contractivity type of assumption, proved a fixed point theorem for a mixed monotone mapping in a metric
space endowed with a partial order, moreover they used the obtained results to verify the existence and
uniqueness of solution for a periodic boundary value problem. In order to extend and generalize some recent
fixed point results of mixed monotone mappings, Lakshmikantham and Ćirić [6] introduced the concept
of the mixed g-monotone mappings and presented several coupled coincidence and coupled common fixed
point theorems for the mixed g-monotone mappings under certain contractive condition in partially ordered
complete metric spaces. Recently, there is a trend to study the existence of fixed point of contractions on
cone metric spaces (see [1–3, 8–12, 14, 15]). In particular in the past three years, some researchers started
to study the existence problems of (coupled) fixed points for some contractions in cone metric spaces over
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Banach algebras (see [7, 16]). It is of interest and signification to determine if it remains possible to establish
the existence of a unique (coupled) fixed point of a mixed monotone mapping in such a space since as pointed
out in [7], it can be proved that cone metric spaces over Banach algebras are not equivalent to metric spaces
in terms of the existence of the fixed points of some nonlinear mappings. In this paper, we follow the trend
to study the existence problem of coupled fixed points for different contraction mappings on cone metric
spaces over Banach algebras. And for the sake of showing the availability of our results, an example is also
given.

More precisely, we prove the existence of (x, y) ∈ X × X for the mappings F,G : X × X → X and
g : X → X, such that F (x, y) = G(x, y) = gx and F (y, x) = G(y, x) = gy, where X is a partially
cone metric space over Banach algebras. Furthermore, we present other coupled fixed point results and
coincidence point results under some natural and weak assumptions.

2. Preliminaries

In this section, we mainly recall some necessary conceptions and notations.
We assume always that the Banach algebra A has a unit e, i.e., ex = xe = x for all x ∈ A. x ∈ A is said

to be invertible if there is y ∈ A such that xy = yx = e. The inverse of x is denoted by x−1. We refer the
reader to [7] for more details.

A non-empty closed convex subset P of the Banach algebra A is called a cone if

(i) {θ, e} ⊂ P ;

(ii) αP + βP ⊂ P for all non-negative real numbers α, β;

(iii) P 2 = PP ⊂ P ;

(iv) P ∩ (−P ) = θ,

where θ denotes the null of the Banach algebra A.
Given a cone P ⊂ A, we define a partial ordering ” � ” with respect to P by x � y if and only if

y − x ∈ P . x ≺ y stands for x � y and x 6= y. x� y stands for y − x ∈ intP , where intP is the interior of
P . P is called a solid cone if intP 6= ∅.

Definition 2.1 ([5]). Let X be a nonempty set and A be a real Banach algebra. Suppose that the mapping
d : X ×X → A satisfies:

(d1) θ � d(x, y) for all x, y ∈ X and d(x, y) = θ if and only if x = y;

(d2) d(x, y) = d(y, x) for all x, y ∈ X;

(d3) d(x, z) � d(x, y) + d(y, z) for all x, y, z ∈ X.

Then d is called a cone metric on X and (X, d) is called a cone metric space over the Banach algebra A.

In the following, we always assume that (X, d) is a cone metric space over the Banach algebra A.

Definition 2.2 ([14]). An element (x, y) ∈ X × X is called a coupled fixed point of the mapping F :
X ×X → X if F (x, y) = x and F (y, x) = y.

Note that if (x, y) is a coupled fixed point of F , then (y, x) is also a coupled fixed point of F .

For the following concepts, we refer the reader to [6],[8] and [15].
An element (x, y) ∈ X ×X is called a coupled coincidence point of the mappings F : X ×X → X and

g : X → X if F (x, y) = gx = x and F (y, x) = gy = y.
Let {xn} be a sequence in X and x ∈ X. If for every c ∈ P with θ � c, there is N ∈ N (the set of

non-negative integers) such that d(xn, x) � c for all n ≥ N , then {xn} is said to be convergent and {xn}
converges to x. Meanwhile x is called the limit of {xn}. We denote this by lim

n→∞
xn = x or xn → x as

n→∞.
If for every c ∈ P with θ � c there is N ∈ N such that d(xn, xm) � c for all n,m ≥ N , then {xn} is

called a Cauchy sequence in X. (X, d) is complete if every Cauchy sequence in X is convergent.
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Let f , g be self-mappings on X. Then x ∈ X is called a coincidence point of pair (f, g) if fx = gx, and
z ∈ X is called a point of coincidence of pair (f, g) if fx = gx = z.

Next we review several lemmas which are indispensable for our proofs.

Lemma 2.3 ([16]). Let x, y be vectors in A. If x and y commute, then the spectral radius r satisfies the
following properties:

(i) r(xy) ≤ r(x)r(y);

(ii) r(x+ y) ≤ r(x) + r(y);

(iii) |r(x)− r(y)| ≤ r(x− y);

(iv) If 0 ≤ r(x) < 1, then e− x is invertible and r((e− x)−1) ≤ (1− r(x))−1.

Lemma 2.4 ([10]). Let P be a solid cone in the Banach algebra A and if ‖xn‖ → 0(n→∞), then for any
θ � c, there exists N ∈ N such that for any n > N , we have xn � c.

Lemma 2.5 ([10]). Let P be a solid cone in the Banach algebra A and let {un} be a sequence in P . Suppose
that k ∈ P is an arbitrarily given vector and {un} is a Cauchy sequence in P , then {kun} is a Cauchy
sequence too.

3. Coupled coincidence point results for contractions on cone metric spaces over Banach
algebras

In the rest of the paper, we always assume that (X, d) is a complete cone metric space over the Banach
algebra A and P is solid cone of A. We establish in this section a coupled coincidence point result for two
mappings F,G : X ×X → X satisfying certain contractive condition given by a fixed mapping g defined on
X. Let a ∈ A, we use r(a) to denote the spectral radius of a.

Theorem 3.1. Let the mappings F,G : X ×X → X and g : X → X satisfy

d(F (x, y), G(u, v)) �a1d(gx, gu) + a2d(gy, gv) + a3(d(F (x, y), gx) + d(G(u, v), gu))

+ a4(d(F (x, y), gu) + d(G(u, v), gx))

for all x, y, u, v ∈ X, where a1, a2, a3 and a4 ∈ P with r(a1) + r(a2) + 2r(a3) + 2r(a4) < 1. Moreover assume
that F,G, and g fulfill the following conditions:

1. F (X ×X) ⊆ g(X),

2. G(X ×X) ⊆ g(X), and

3. g(X) is a complete subspace of X.

Then F,G and g have a common coupled coincidence point.

Proof. Let x0, y0 be two arbitrary elements in X. Since F (X ×X) ⊆ g(X), we can choose x1, y1 ∈ X such
that gx1 = F (x0, y0) and gy1 = F (y0, x0). Again noting G(X × X) ⊆ g(X), we can choose x2, y2 ∈ X
such that gx2 = G(x1, y1) and gy2 = G(y1, x1). Continuing this process, we construct two sequences
{xn} and {yn} in X such that gx2n+1 = F (x2n, y2n), gy2n+1 = F (y2n, x2n), gx2n+2 = G(x2n+1, y2n+1) and
gy2n+2 = G(y2n+1, x2n+1).

For each n ∈ N, by the given conditions, we have

d(gx2n+1, gx2n+2) =d(F (x2n, y2n), G(x2n+1, y2n+1))

�a1d(gx2n, gx2n+1) + a2d(gy2n, gy2n+1) + a3(d(gx2n+1, gx2n) + d(gx2n+2, gx2n+1))

+ a4(d(gx2n+1, gx2n+1) + d(gx2n+2, gx2n)).

So
(e− a3 − a4)d(gx2n+1, gx2n+2) � (a1 + a3 + a4)d(gx2n, gx2n+1) + a2d(gy2n, gy2n+1). (3.1)
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Similarly, we get

(e− a3 − a4)d(gy2n+1, gy2n+2) � (a1 + a3 + a4)d(gy2n, gy2n+1) + a2d(gx2n, gx2n+1). (3.2)

By Lemma 2.3 and the given conditions, e− a3 − a4 is invertible. Let

λ = (a1 + a2 + a3 + a4)(e− a3 − a4)−1.

From the inequalities (3.1) and (3.2), we obtain that

d(gx2n+1, gx2n+2) + d(gy2n+1, gy2n+2) � λ(d(gx2n, gx2n+1) + d(gy2n, gy2n+1)). (3.3)

On the other hand, for every n ∈ N, we have

d(gx2n+1, gx2n) =d(F (x2n, y2n), G(x2n−1, y2n−1))

�a1d(gx2n, gx2n−1) + a2d(gy2n, gy2n−1) + a3(d(gx2n+1, gx2n) + d(gx2n, gx2n−1))

+ a4(d(gx2n+1, gx2n−1) + d(gx2n, gx2n)),

which implies that

(e− a3 − a4)d(gx2n, gx2n+1) � (a1 + a3 + a4)d(gx2n, gx2n−1) + a2d(gy2n, gy2n−1). (3.4)

By the similar arguments as above, we can get

(e− a3 − a4)d(gy2n, gy2n+1) � (a1 + a3 + a4)d(gy2n, gy2n−1) + a2d(gx2n, gx2n−1). (3.5)

Adding the inequalities (3.4) and (3.5), we get

d(gx2n, gx2n+1) + d(gy2n, gy2n+1) � λ(d(gx2n, gx2n−1) + d(gy2n, gy2n−1)). (3.6)

Then the inequality (3.3) together with (3.6) implies that

d(gx2n+1, gx2n+2) + d(gy2n+1, gy2n+2) � λ(d(gx2n, gx2n+1) + d(gy2n, gy2n+1))

� λ2(d(gx2n, gx2n−1) + d(gy2n, gy2n−1))

...

� λ2n+1(d(gx0, gx1) + d(gy0, gy1)).

Let {wn}∞n=0 = (gx0, gx1, gx2, . . .) and {zn}∞n=0 = (gy0, gy1, gy2, . . .). Then for n ∈ N, we have

d(wn, wn+1) + d(zn, zn+1) � λn(d(w0, w1) + d(z0, z1)). (3.7)

We need only to consider the following two cases:
Case 1: d(w0, w1) + d(z0, z1) = θ. This case yields that w0 = w1 and z0 = z1. By the formula (3.7), we

get that w0 = wn and z0 = zn for each n ∈ N. Hence gx0 = gx1 = F (x0, y0) and gy0 = gy1 = F (y0, x0).
Now we show that G(x0, y0) = gx0 and G(y0, x0) = gy0. For that, we have

d(gx0, G(x0, y0)) =d(F (x0, y0), G(x0, y0))

�a1d(gx0, gx0) + a2d(gy0, gy0) + a3(d(gx0, gx0) + d(G(x0, y0), gx0))

+ a4(d(gx0, gx0) + d(G(x0, y0), gx0)).

Hence
d(gx0, G(x0, y0)) � (a3 + a4)d(gx0, G(x0, y0)).
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Since r(a3) + r(a4) < 1, d(gx0, G(x0, y0)) = θ and gx0 = G(x0, y0). Similarly, we can show that gy0 =
G(y0, x0). Therefore we get that (x0, y0) is a common coupled coincidence point of F,G and g.

Case 2: d(w0, w1) + d(z0, z1) 6= θ. Indeed let m > n, then

d(wn, wm) � d(wn, wn+1) + · · ·+ d(wm−1, wm)

and
d(zn, zm) � d(zn, zn+1) + · · ·+ d(zm−1, zm).

In order to prove the following conclusion, we firstly verify the fact that r(λ) < 1.
In fact since r(a1) + r(a2) + 2r(a3) + 2r(a4) < 1, then r(a3) + r(a4) < 1 which together with Lemma 2.3

implies that (e− a3 − a4)−1 is existent. Then from Lemma 2.3 again,

r(λ) = r((a1 + a2 + a3 + a4)(e− a3 − a4)−1)
≤ r(e− (a3 + a4))

−1r(a1 + a2 + a3 + a4)

≤ r(a1) + r(a2) + r(a3) + r(a4)

1− r(a3)− r(a4)
< 1.

By (3.7) and the fact of r(λ) < 1, we have

d(wn, wm) + d(zn, zm) � λn(e− λ)−1(d(w0, w1) + d(z0, z1)).

Thus for each c ∈ P with θ � c, we can find a sufficient k ∈ N such that

λn

e− λ
(d(w0, w1) + d(z0, z1))� c,

which gives, for all n ≥ k,
d(wn, wm) + d(zn, zm)� c.

So {wn} and {zn} are Cauchy sequences in g(X). As g(X) is complete, there exist x, y in X such that
wn = gxn → gx and zn = gyn → gy as n → +∞. These give that gx2n+1 → gx, gx2n → gx, gy2n+1 → gy,
and gy2n → gy as n→∞. Now we prove that F (x, y) = G(x, y) = gx and F (y, x) = G(y, x) = gy. Clearly,

d(F (x, y), gx) � d(F (x, y), gx2n+2) + d(gx2n+2, gx). (3.8)

So the given conditions yield that

d(F (x, y), gx2n+2) =d(F (x, y), G(x2n+1, y2n+1))

�a1d(gx, gx2n+1) + a2d(gy, gy2n+1) + a3(d(F (x, y), gx) + d(gx2n+2, gx2n+1))

+ a4(d(F (x, y), gx2n+1) + d(gx2n+2, gx)).

Then the formula (3.8) turns to

d(F (x, y), gx) � λ1d(gx2n+2, gx) + λ2d(gx, gx2n+1) + λ3d(gy, gy2n+1),

where

λ1 = (e+ a3 + a4)(e− a3 − a4)−1, λ2 = (a1 + a3 + a4)(e− a3 − a4)−1 and λ3 = a2(e− a3 − a4)−1.

Since gx2n+1 → gx, gy2n+1 → gy and gx2n+2 → gx as n→ +∞, then for c� θ there is N0 ∈ N such that

d(gx2n+2, gx)� λ−11

3
c, d(gx2n+1, gx)� λ−12

3
c, and d(gy2n+2, gy)� λ−13

3
c

for all n ≥ N0. So d(F (x, y), gx) � c, that is, F (x, y) = gx. By the similar arguments as above and the
following inequality

d(gx,G(x, y)) � d(gx, gx2n+1) + d(gx2n+1, G(x, y)) = d(gx, gx2n+1) + d(F (x2n, y2n), G(x, y)),

we get G(x, y) = gx. Hence F (x, y) = G(x, y) = gx. Similarly we can get F (y, x) = G(y, x) = gy. Therefore
(x, y) is a common coupled coincidence point of F,G and g.
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4. Coupled fixed point results for T -contractions on cone metric spaces over Banach algebras

At first, we introduce the conception of T -contractions which is the main object considered in this section.

Definition 4.1. Let T, F : X → X be two mappings. F is said to be a T -contraction if there exists k ∈ P
with r(k) < 1, such that

d(TFx, TFy) � kd(Tx, Ty), ∀x, y ∈ X.

Remark 4.2. A contraction is T -contractive since it suffices to take T = I, where I is the identity mapping
on X.

Example 4.1. Let A = R2. For each x = (x1, x2) ∈ A, let ‖x‖ = |x1|+ |x2|. The multiplication is defined
by

xy = (x1, x2)(y1, y2) = (x1y1, x2y2).

Then A is a Banach algebra with unit e = (1, 1). Let P = {(x1, x2) ∈ R2|x1 ≥ 0, x2 ≥ 0} and Y = R2. A
metric d on Y is defined by

d(x, y) = d((x1, x2), (y1, y2)) = (|x1 − y1|, |x2 − y2|) ∈ P.

Then (Y, d) is a complete cone metric space over the Banach algebra A.
Now define the mappings F : Y → Y by

F (x, y) =

(
ln(ex−2 + 1), tan

(
2

π
arctan(y + 1)

))
and T : Y → Y by T (x, y) = (−ex − x,− arctan(y + 1)− y). Then F is a T -contraction.

In fact, let k = ( 2
e2
, 2π ) ∈ P , clearly k ∈ P and 0 < r(k) < 1 and it is not difficult to verify that, for each

pair x, y ∈ Y ,
d(TFx, TFy) � kd(Tx, Ty).

Theorem 4.3. Suppose that T : X → X is a surjective and one to one mapping. Furthermore, if the
mapping F : X ×X → X satisfies

d(TF (x, y), TF (u, v)) � αd(Tx, Tu) + βd(Ty, Tv) (4.1)

for all x, y, u, v ∈ X, where α, β ∈ P with r(α + β) < 1, then there exist unique x∗, y∗ ∈ X such that
F (x∗, y∗) = x∗ and F (y∗, x∗) = y∗, that is, F has a unique coupled fixed point.

Proof. Take x0, y0 ∈ X and we denote

xn+1 = F (xn, yn) = Fn+1(x0, y0), yn+1 = F (yn, xn) = Fn+1(y0, x0)

for all n ∈ N. Now according to (4.1), we have

d(Txn, Txn+1) = d(TF (xn−1, yn−1), TF (xn, yn)) � αd(Txn−1, Txn) + βd(Tyn−1, T yn) (4.2)

and
d(Tyn, T yn+1) = d(TF (yn−1, xn−1), TF (yn, xn)) � αd(Tyn−1, T yn) + βd(Txn−1, Txn). (4.3)

Let dn = d(Txn, Txn+1) + d(Tyn, T yn+1). From (4.2) and (4.3), we obtain

dn � (α+ β)(d(Txn−1, Txn) + d(Tyn−1, T yn)) = λdn−1,

where λ = α+ β, r(λ) < 1. Thus, for all n,

θ � dn � λdn−1 � λ2dn−2 � · · · � λnd0. (4.4)
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Without loss of generality, we assume that d0 > θ. Otherwise (x0, y0) is a coupled fixed point of F . If
m > n, then we have

d(Txn, Txm) � d(Txn, Txn+1) + d(Txn+1, Txn+2) + · · ·+ d(Txm−1, Txm) (4.5)

and similarly,

d(Tyn, T ym) � d(Tyn, T yn+1) + d(Tyn+1, T yn+2) + · · ·+ d(Tym−1, T ym). (4.6)

By (4.5), (4.6), and (4.4), we have

d(Txn, Txm) + d(Tyn, Tym) � dn + dn+1 + · · ·+ dm−1

� (λn + λn+1 + · · ·+ λm−1)d0

� λn(e− λ)−1d0.

Since r(λ) = r(α + β) < 1, by Remark 2.1 in [16], we get ‖λn‖ → 0, which together with Lemmas 2.4 and
2.5, implies that for every c ∈ int P , there exists N ∈ N such that d(Txn, Txm)+d(Tyn, T ym)� c for every
m > n > N . So {Txn} and {Tyn} are Cauchy sequences in X. The completeness of X gives that there
exist x∗, y∗ ∈ X such that

lim
n→+∞

TFn(x0, y0) = x∗, lim
n→+∞

TFn(y0, x0) = y∗.

Noting (4.1), we can easily verify that

d(TF (x∗, y∗), Tx∗) � d(TF (x∗, y∗), TF (xn, yn)) + d(TF (xn, yn), Tx∗)

� αd(Tx∗, Txn) + βd(Ty∗, Tyn) + d(Txn+1, Tx
∗).

From the surjective property of T and Lemma 2.5, it follows that d(TF (x∗, y∗), Tx∗) = θ, that is,
TF (x∗, y∗) = Tx∗. Since T is one-to-one, then F (x∗, y∗) = x∗. Similarly, we can get F (y∗, x∗) = y∗.
Therefore, (x∗, y∗) is a coupled fixed point of F . Now if (x

′
, y
′
) is another coupled fixed point of F , then

d(Tx∗, Tx
′
) = d(TF (x∗, y∗), TF (x

′
, y
′
)) � αd(Tx∗, Tx

′
) + βd(Ty∗, Ty

′
) (4.7)

and
d(Ty∗, Ty

′
) = d(TF (y∗, x∗), TF (y

′
, x
′
)) � αd(Ty∗, T y

′
) + βd(Tx∗, Tx

′
). (4.8)

From (4.7) and (4.8), we have

d(Tx∗, Tx
′
) + d(Ty∗, T y

′
) � λ[d(Tx∗, Tx

′
) + d(Ty∗, T y

′
)]. (4.9)

Since r(λ) = r(α+ β) < 1, it follows from (4.9) that d(Tx∗, Tx
′
) + d(Ty∗, T y

′
) = θ. Hence

d(Tx∗, Tx
′
) = d(Ty∗, T y

′
) = θ.

That is Tx∗ = Tx
′

and Ty∗ = Ty
′
. As T is one to one, we have (x∗, y∗) = (x

′
, y
′
). Thus F has a unique

coupled fixed point.

Corollary 4.4. Suppose that (X, d) is a complete cone metric space over the Banach algebra A, P is a solid
cone of A, and T : X → X is a surjective and one to one mapping. Then any T -contraction on X has a
unique fixed point.

5. Coincidence point results for contractions on cone metric spaces over Banach algebras

In order to present the next result, we firstly introduce some necessary conditions.
Let φ : P → P be a mapping satisfying:

(1) if a, b ∈ P with a � b, then there exists k ∈ A with r(k) < 1 for which φ(a) � kφ(b);
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(2) φ(a+ b) � φ(a) + φ(b) for all a, b ∈ P ;

(3) φ is sequentially continuous, i.e., if an, a ∈ P and lim
n→∞

an = a, then lim
n→∞

φ(an) = φ(a);

(4) if φ(an)→ θ, then an → θ.

It is clear that φ(a) = θ if and only if a = θ provided φ satisfies all above properties.

Theorem 5.1. Suppose that f, g, h are self-mappings on X satisfying

φ(d(fx, gy)) � aφ(d(hx, hy)) + bφ(d(hx, fx)) + cφ(d(hy, gy)), (5.1)

where a, b, c ∈ P with 0 < r(a) + r(b) + r(c) < 1. Moreover if f(X) ∪ g(X) ⊂ h(X) and h(X) is a complete
subspace of X, then f, g, and h have a unique point of coincidence in X.

Proof. Let x0 ∈ X. Since f(X) ∪ g(X) ⊂ h(X), starting with x0 we define a sequence {yn} such that

y2n = fx2n = hx2n+1 and y2n+1 = gx2n+1 = hx2n+2

for all n ≥ 0. We shall prove that {yn} is a Cauchy sequence in X. If yn = yn+1 for some n, e.g., if
y2n = y2n+1, then from (5.1) we obtain

φ(d(y2n+2, y2n+1)) = φ(d(fx2n+2, gx2n+1))

� aφ(d(hx2n+2, hx2n+1)) + bφ(d(hx2n+2, fx2n+2)) + cφ(d(hx2n+1, gx2n+1))

= aφ(d(y2n+1, y2n)) + bφ(d(y2n+1, y2n+2)) + cφ(d(y2n, y2n+1)).

Since y2n = y2n+1 it follows from the above inequality that

φ(d(y2n+2, y2n+1)) � bφ(d(y2n+1, y2n+2)).

As r(b) < 1, φ(d(y2n+2, y2n+1)) = θ which gives d(y2n+2, y2n+1) = θ, i.e., y2n+2 = y2n+1. Similarly we obtain
that

y2n = y2n+1 = y2n+2 = · · · = v.

So {yn} is a Cauchy sequence. Suppose yn 6= yn+1 for all n. Then from (5.1) it follows that

φ(d(y2n, y2n+1)) = φ(d(fx2n, gx2n+1))

� aφ(d(hx2n, hx2n+1)) + bφ(d(hx2n, fx2n)) + cφ(d(hx2n+1, gx2n+1))

= aφ(d(y2n−1, y2n)) + bφ(d(y2n−1, y2n)) + cφ(d(y2n, y2n+1))

= (a+ b)φ(d(y2n−1, y2n)) + cφ(d(y2n, y2n+1)),

i.e.,
φ(d(y2n, y2n+1)) � (a+ b)(e− c)−1φ(d(y2n−1, y2n)) = λφ(d(y2n−1, y2n)),

where

r(λ) ≤ r((a+ b)(e− c)−1) ≤ r(a) + r(b)

1− r(c)
< 1.

Writing dn = φ(d(yn, yn+1)), we obtain
d2n � λd2n−1. (5.2)

Again

φ(d(y2n+2, y2n+1)) = φ(d(fx2n+2, gx2n+1))

� aφ(d(hx2n+2, hx2n+1)) + bφ(d(hx2n+2, fx2n+2)) + cφ(d(hx2n+1, gx2n+1))

= aφ(d(y2n+1, y2n)) + bφ(d(y2n+1, y2n+2)) + cφ(d(y2n, y2n+1))

= (a+ c)φ(d(y2n+1, y2n)) + bφ(d(y2n+1, y2n+2)),
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i.e.,
φ(d(y2n+2, y2n+1)) � (a+ c)(e− b)−1φ(d(y2n+1, y2n)) = φ(d(y2n+1, y2n)).

Let µ = (a+ c)(e− b)−1, then r(µ) = r((a+ c)(e− b)−1) < 1. Therefore

d2n+1 � µd2n. (5.3)

From (5.2) and (5.3) we get
d2n � λd2n−1 � λµd2n−2 � · · · � λnµnd0,

and
d2n+1 � µd2n � λµd2n−1 � · · · � λnµn+1d0.

Thus
d2n + d2n+1 � λnµn(e+ µ)d0 (5.4)

and
d2n+1 + d2n+2 � λnµn+1(e+ λ)d0. (5.5)

Let n,m ∈ N, then for the sequence {yn}, we consider φ(d(yn, ym)) in two cases.

(i) If n is even and m > n, then using (5.4) we obtain

φ(d(yn, ym)) � kφ(d(yn, yn+1)) + kφ(d(yn+1, yn+2)) + · · ·+ kφ(d(ym−1, ym))

� k(dn + dn+1 + dn+2 + dn+3 + · · · )

� k(λ
n
2 µ

n
2 (e+ µ)d0 + λ

n+2
2 µ

n+2
2 (e+ µ)d0 + · · · ).

So
φ(d(yn, ym)) � k(λµ)

n
2 (e+ µ)(e− λµ)−1d0.

(ii) If n is odd and m > n, then using (5.5) we obtain

φ(d(yn, ym)) � kφ(d(yn, yn+1)) + kφ(d(yn+1, yn+2)) + · · ·+ kφ(d(ym−1, ym))

� k(dn + dn+1 + dn+2 + dn+3 + · · · )

� k(λ
n−1
2 µ

n−1
2

+1(e+ µ)d0 + λ
n+1
2 µ

n+1
2

+1(e+ λ)d0 + · · · ).

So
φ(d(yn, ym)) � k(λµ)

n−1
2 (e+ λ)(e− λµ)−1d0.

Since 0 < r(λ) < 1, 0 < r(µ) < 1, 0 < r(λµ) < 1, in both cases φ(d(yn, ym)) → θ as n → ∞, and we have
d(yn, ym)→ θ as n→∞. Then by Lemmas 2.4 and 2.5, {yn} = {hxn−1} is a Cauchy sequence. Since h(X)
is complete, there exist v ∈ h(X) and u ∈ X such that lim

n→∞
yn = v and v = hu.

Next we show that u is a coincidence point of pairs (f, h) and (g, h), i.e., fu = gu = hu.
If fu 6= hu then θ < d(fu, hu). Using (5.1) we obtain

φ(d(fu, y2n+1)) = φ(d(fu, gx2n+1))

� aφ(d(hu, hx2n+1)) + bφ(d(hu, fu)) + cφ(d(hx2n+1, gx2n+1))

= aφ(d(hu, y2n)) + bφ(d(hu, fu)) + cφ(d(y2n, y2n+1))

= aφ(d(hu, y2n)) + bφ(d(hu, fu) + cd2n.

Since y2n → hu, d2n → θ, d(fu, y2n+1)→ d(fu, hu) as n→∞, letting n→∞ in above inequality we get

φ(d(fu, hu)) � bφ(d(hu, fu))

< φ(d(hu, fu)),
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a contradiction. Therefore fu = hu. Similarly it can be shown that gu = hu. Therefore

fu = gu = hu = v.

Thus v is a point of coincidence of pairs (f, h) and (g, h).
In the following, we show that the point of coincidence of pairs (f, h) and (g, h) is unique.
Suppose w is another point of coincidence of (f, h) and (g, h), i.e., fz = gz = hz = w for some z ∈ X.

Then from (5.1) it follows that

φ(d(w, v)) = φ(d(fz, gu))

� aφ(d(hz, hu)) + bφ(d(hz, fz)) + cφ(d(hu, gu))

= aφ(d(w, v)) + bφ(d(w,w)) + cφ(d(v, v))

= aφ(d(w, v)).

So φ(d(w, v)) = θ, i.e., w = v. Namely, the point of coincidence of pairs (f, h) and (g, h) is unique.

6. Applications

In the section, we give a simple application of one of the main results. Also the presented example shows
that the given conditions of the main results are realizable and valid.

Let C2
R([0, 1]) be the space of all real functions on [0, 1] whose second derivative is continuous. We recall

that for a, b > 0, the space C2
R([0, 1]) with the norm

‖f‖ = ‖f‖∞ + a‖f ′‖∞ + b‖f ′′‖∞

is a Banach space, where ‖f‖∞ = supt∈[0,1] |f(t)|. This space is a Banach algebra if and only if 2b ≤ a2 (see

[13, page 272]), and henceforth, we assume that 0 < a, 0 < 2b ≤ a2.
If we take X = C2

R([0, 1]) with the above norm and P = {u ∈ X : u ≥ 0}, then (X, d) becomes a cone
metric space where d(x, y) = ( sup

t∈[0,1]
|x(t)− y(t)|)f(t) and f : [0, 1]→ R, f(t) = et.

We now study the existence of solution for the nonlinear Volterra integral equation

x(t) = z0(t) +

∫ t

0
K(t, s, x(s))ds, z0(t), x(t) ∈ C2

R([0, 1]), t ∈ [0, 1]. (6.1)

If the following conditions are satisfied, then the equation (6.1) has a unique solution in C2
R([0, 1]),

(i) K : [0, 1]× [0, 1]×X → X has a continuous derivative;

(ii) for any x(t), y(t) ∈ C2
R([0, 1]), t, s ∈ [0, 1],

|K(t, s, x(s))−K(t, s, y(s))| � 1

3

(
1 + t3

)
|x(s)− y(s)|.

In fact, let A(x(t)) = z0(t) +
∫ t
0 K(t, s, x(s))ds, z0(t), x(t) ∈ C2

R([0, 1]), t ∈ [0, 1] and take k(t) = 1
3(1 + t3),

t ∈ [0, 1], then k ∈ P and r(k) < 1. Moreover, we can check that d(A(x), A(y)) � kd(x, y) for all x(t), y(t) ∈
C2
R([0, 1]). Thus by Corollary 4.4, the equation (6.1) has a unique solution in C2

R([0, 1]).

Remark 6.1. Under the current conditions, it is not easy to claim that the equation (6.1) has a unique
solution in C2

R([0, 1]) by other known results rather than ours. But by our results, it becomes a no-brainer
problem.
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