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Abstract

In this paper, we obtain some fixed point theorems for admissible mappings in b-metric spaces. Some
useful examples are given to illustrate the facts. We also discuss an application to a nonlinear quadratic
integral equation. Our results complement, extend and generalize a number of fixed point theorems including
the well-known Geraghty [M. A. Geraghty, Proc. Amer. Math. Soc., 40 (1973), 604-608] and Ciri¢ [L.
B. Ciri¢, Proc. Amer. Math. Soc., 45 (1974), 267-273] theorems on b-metric spaces. (©2016 All rights
reserved.
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1. Introduction

Geraghty [13] and Cirié [9] obtained two important generalizations of the classical Banach contraction
principle (BCP) as follows:

Theorem 1.1 ([13]). Let (X, d) be a complete metric space and T : X — X be a self-mapping such that for
all x,y € X,
d(Tz,Ty) < B(d(z,y))d(z,y),

where (:[0,00) — [0,1) is a function satisfying B(t,) — 1 implies t,, — 0 as n — co. Then T has a unique
fized point z € X.
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Theorem 1.2 ([9]). Let X be a T-orbitally complete metric space and T : X — X be a quasi-contraction,
that is, there exists a real number r € [0,1) such that for all x,y € X,

d(Tx, Ty) <r m(z,y),
where m(x,y) = max{d(z,y),d(z,Tx),d(y, Ty),d(x,Ty),d(y,Tz)}. Then T has a unique fized point z € X.

As per Rhoades [18], a quasi-contraction on a metric space is the most general among contractions.

Recently, Kumam et al. [16] introduced the notion generalized quasi-contraction and obtained an inter-
esting generalization of Theorem

Definition 1.3. A self-mapping 7' of a metric space X is called a generalized quasi-contraction, if there
exists a number r € [0, 1) such that for all z,y € X

d(Tz,Ty) <r M(z,y),
where
M(z,y) = max{d(z,y),d(z,Tz),d(y, Ty),d(z, Ty), d(y, Tx),d(T?z, z),d(T°z, Tx), d(T?z, y), d(T°z, Ty)}.

Theorem 1.4 ([16]). Let T be a generalized quasi-contraction on a T-orbitally complete metric space X .
Then T has a unique fixed point z € X.

On the other hand, Samet et al. [19] introduced the concept of a-1) contractive type mappings as well
as a-admissible mappings and established various results in complete metric spaces. Indeed, they extended
and generalized many existing fixed point results in the literature. Subsequently, a number of extensions
and generalizations of their results have appeared in [2}, 3] [7, &, 15 21] and elsewhere. Motivated by Ciri¢
9], Geraghty [13], Kumam et al. [16] and Samet et al. [I9], in this paper we obtain some fixed point
theorems for admissible mappings in b-metric spaces. Besides presenting some useful examples, we discuss
an application to a nonlinear quadratic integral equation.

2. Preliminaries
For the sake of completeness, we recall some basic definitions and results.

Definition 2.1 ([9] 16]). Let X be a metric space and T': X — X be a self-mapping. For each z € X and
n € N, define
O(x;n) ={z,Tx,....,T"z} and O(x;00) = {z,Tz,....,T"x, ...}

The set O(z;00) is called the orbit of T and the metric space X is said be T-orbitally complete, if every
Cauchy sequence in O(z;00) is convergent in X.

Every complete metric space is T-orbitally complete for all mappings T : X — X but the converse is
not true.

Example 2.2 ([I6]). Let X be a metric space which is not complete and T : X — X, a mapping defined by
Tx = xg for all x € X and some zy € X. Then X is a T-orbitally complete metric space but not complete.

In [I0HI2], Czerwik et al. introduced a wider class of metric spaces namely b-metric spaces and extended
some fixed point theorems from metric spaces to these spaces. In recent years, a number of fixed point
results for single-valued and multi-valued operators in b-metric spaces have been studied extensively in
[4-6] [T0HI2], 17, 20] and elsewhere.

Definition 2.3 ([10-H12]). Let X be a non-empty set and d : X x X — [0,00) be a functional. Then d is
called a b-metric on X, if
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(1) d(z,y) =0,if z = y;
(2) d(z,y) = d(y, );
(3) d(z,y) < s[d(x, z) + d(y, z)], where s > 1.
The pair (X, d) is called a b-metric space or a generalized metric space.

If we take s = 1, we get the usual definition of a metric space. However, a b-metric on X needs not to
be a metric on X. Therefore the class of b-metrics is larger than the class of metrics.

The following examples are some known b-metric spaces.
Example 2.4. Let X = {z1,22,23} and d: X x X — [0,00) be a function such that
d(z1,m0) = a > 2, d(x1,23) =d(xe,23) =1, d(zp,x,) =0,
d(xp, ) = d(zK, ), d(Tn, 1) < g[d(xn,xi) +d(x;, zr)], n,k,i€{1,2,3}.

Then (X, d) is a b-metric space.

Example 2.5 ([5]). Let R be the set of reals and £,(R) = {{xn} CR: Y |z,P < oo} with 0 < p < 1. The
n=1
functional d : £,(R) x £,(R) — R defined by

00 1/p
d(z,y) = (Z]wn — yn\p> , forall o = {z,}, v={yn} € lL(R),

k=1
is a b-metric on £,(R) with coefficient s = 21/7 > 1.
Notice that the above result holds for the general case £,(X) with 0 < p < 1, where X is a Banach space.

Definition 2.6. Let X be a b-metric space and {z,} a sequence in X. Then

(a) the sequence {x,} is convergent, if there exists z € X such that nh_}n;() (xn,2z) = 0;

(b) the sequence {z,} is Cauchy, if lim d(zy,xm) = 0;
,1M—00
(c) X is complete, if every Cauchy sequence in X is convergent.
Remark 2.7. Also note that,

(d) every convergent sequence {z,} in X has a unique limit;
(e) every convergent sequence {z,} in X is Cauchy.

In general, a b-metric needs not to be a continuous functional.

Example 2.8 ([I7]). Let X = NU{oo} and d: X x X — [0,00) be defined by

0 if m =n,

L _ L if one of m, n is even and the other is even or oo,

5 if one of m,n is odd and the other is odd (and m # n) or oo,
2 otherwise.

Then (X, d) is a b-metric space (with s = 5/2). Let x,, = 2n for each n € N. Then

1
lim d(x,,00) = lim d(2n,00) = lim — =0,
n—00 n—00 n—o00 21

but lim d(z,,1) =2 # 5 =d(co,1).

n—0o0
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Definition 2.9 ([19]). Let o : X x X — [0,00) be a functional. A mapping T': X — X is said to be
a-admissible, if for all z,y € X,

a(z,y) > 1 implies o(Tz,Ty) > 1.
Definition 2.10 ([14]). The mapping T': X — X is said to be triangular a-admissible, if for all z,y,z € X,
(i) a(z,y) > 1 implies a(Tz, Ty) > 1;

(ii)) a(z,z) > 1 and a(z,y) > 1 implies a(z,y) > 1.

3. Generalized a-quasi contraction

In this section, we obtain a Ciri¢ type result for admissible mappings. Now onwards, N denotes the set
of natural numbers and X a b-metric space (X, d), where d is continuous.

Definition 3.1. Let X be a b-metric space. A mapping T : X — X is said to be generalized a-quasi
contraction, if there exists a functional a : X x X — [0,00) and ¢ < S% such that

a(z,y)d(Tz, Ty) < gM(z,y).
Our main result of this section is prefaced by the following lemmas.

Lemma 3.2 ([14]). Let T be a triangular a-admissible mapping. Assume that there exists xo € X such that
a(zg, Txo) > 1. Define a sequence {x,} by x, = T"xy. Then a(xpm,xy) > 1 for all m,n € N with m < n.

Lemma 3.3. Let X be a b-metric space and T : X — X be a generalized a-quasi contraction satisfying the
following conditions:

(A) T is triangular a-admissible;

(B) there exists xg € X such that oz, Tzo) > 1.

Then for all positive integers i,j € {1,2,--- ,n}, (i < j)
d(T'xo, T x0) < q.0[0(z0,n)].

Proof. By assumption, there exists g € X such that a(xg, Txg) > 1. Define x,, = T"xq for all n € N. Since
T is triangular a-admissible, from Lemma [3.2] it follows that

Tz, T x0) = axi, ) > 1, for i,j € NU{0} with i < j.
Let 1 <i<n-—1and 1< j<n.Then T" 'z, Tlxo, TI  xg, Tz € O(zo,n). Since T is a generalized
a-quasi contraction, we have
d(Tzo, T z0) = d(TT  tzg, TTI ag)

< a(T g, TV L ag)d(TT Lo, TTV )

< q.max{d(T" tao, T?  xg), d(T" 2o, TT tay), d(T7 xo, TT 'a),
AT Yoo, TTV  Yag), d(T9 g, TT  Lag), d(T?T" ag, T L 2g),
A(T*T Yo, TT L ag), d(T?*T g, TV L ag), d(T?*T L 2o, TTV L 20) }

= q. max{d(T" Yo, TV ag), (T xg, Tag), (T g, T z0), d(T 2, T 20),
ATV ag, Tao), d(T 2o, T Lag), d(T M 2o, T ), d(TH 2, TV ),
d(T™ 2o, T 20)}

< q.0[0(wo, n)].

This proves the lemma. O
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Remark 3.4. It follows from the above lemma that if T" is a generalized a-quasi contraction and xzg € X,
then for every positive integer n, there exists a positive integer k& < n such that

d(a:o,Tka:O) = 6[0(x0,n)].

Theorem 3.5. Let X be a T-orbitally complete b-metric space (with constant s > 1) and T : X — X a
generalized a-quasi contraction satisfying conditions (A) and (B) of Lemma . Then T has a fized point
mn X.

Proof. By assumption, there exists g € X such that a(xg, T'zg) > 1. Define a sequence {z,,} by x,, = Tz
for all n € N. We show that the sequence {T"xzo} is a Cauchy sequence. By the triangle inequality and
Lemma [3.3] and Remark [3.4] we have

< sld(zo, Txo) + d(Txo, T*20)]

< s[d(zg, Txo) + q.0[O(x0,n)]]

= s[d(zo, Txzo) + q.d(xo, T"x0)].

Therefore,

s
5[0 = d(zg, TFz¢) <
[O(20,n)] = d(zo, T"w0) < 1— ”
Let n and m be positive integers with n < m. Since T is a generalized a-quasi contraction, it follows
from Lemma [3.3] that

d(:ﬂo, Tl‘o)

d(T"zo, T o) = d(TT" tao, TT™ L)

< (T tag, T 1ag)d(TT™ Lo, TT™ tao)

< q.max{d(T" Y ao, T™ Lag), d(T" tao, TT" o), d(T™ ao, T™x0),
d(T" Yoo, T o), d(T™ tag, TT™ ag), d(T?*T™ Lz, T L2y),
d(T*T" Yo, TT™ o), d(T?*T" g, T™ L ag), d(T?*T™ g, T™20)}

= q. max{d(T" tao, T T L ag), d(T™ Lo, TT" L y),
A(T™ T gy, T ), d(T g, T LT ),
d(T™ T Lo, TT" Lag), d(T*T™ 2o, T Lag), d(T?*T" Lag, TT L),
A(T*T" o, T T ag), d(T?T" o, T 1T ag) }.

Since
OT" tzg,m —n+1) = {T" tag, TT" tao, T?°T" tag, -, T T L, T T g0},
the above inequality reduces to
d(T"xo, T™x0) < q.0[O(T" ‘20, m — n +1)]. (3.1)
By Remark there exists an integer k1, 1 < k3 < m — n + 1 such that
S[O(T" g, m —n 4 1)] = d(T" Lo, TH T Lay). (3.2)
Again, by Lemma we have

d(T" o, T T o) = d(TT" 220, TH T 210)
< q.8[0(T" 2o, ky + 1)]
< q.8[0(T™" 2zg,m — n + 2)].
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Then (3.2)) becomes
S[O(T" ey, m —n+1)] < ¢.0[0(T" 2xg, m — n + 2)]. (3.3)
Therefore, from and ., we get

d(T"xo, T™x0) < q.0[0(T" ‘2o, m —n + 1))
< 00T 2z, m — n + 2)]

< ¢".0[0(zp, m)]

<

d Txgp).
g5 (20, T'o)

Since lim ¢" = 0, the sequence {T"zo} is Cauchy in X. Since X is T-orbitally complete, there exists

n—oo

u € X such that

lim T"x¢ = u.
n—oo

By the triangular inequality, we get

d(u, Tu) < s[d(u, T" o) + d(Tu, T )]
= s[d(u, T" " ao) + d(Tu, TT"x)]
s[d(u, T" ™ 20) + a(u, T"20)d(Tu, TT"x0)]
s[d(u, T" M xg) + qmax{d(T"xo, u), d(T"zo, TT"x¢), d(u, Tu), d(T"xq, Tu),
d(u, TT"x0), d(T*T "z, T"x0), d(T*T"xo, TT"x0), d(T*T™x0, 1), d(T*T"x0, Tu)}]
s[d(u, T" M xg) + qmax{d(T"zo, u), d(T"zo, T" x0), d(u, Tu), d(T"zo, Tu),
d(u, T" ), d(T" 2o, T"x0), d(T" 220, T o), d(T™ 220, u), d(T" 2o, Tu)}]
< sld(u, T o) + gmax{d(T™zo, u), s[d(T"xo, u) + d(u, T 20)], d(u, Tu),
s[d(T"xg,w) + d(u, Tw)], d(u, T" M ag), s[d(T" 220, u) + d(u, T"x)],
s[d(T" 20, u) + d(u, T" M ag)], d(T" 220, u), s[d(T" 20, w) + d(u, Tu)}].

IN A

By letting n — oo, we get
d(u, Tu) < gs max{d(u,Tu), sd(u, Tu)}
= gs%d(u, Tu).
. 1 . .
Since ¢ < —;, we get d(u,Tw) = 0. Hence u is a fixed point of 7', O]
s

Corollary 3.6 ([21]). Let (X,d) be a complete b-metric space (with constant s > 1), a: X x X — [0,00) a
functional and T : X — X be an a-quasi-contraction, that is,

a(z,y)d(Tz, Ty) < qm(z,y)
for allx,y € X, where 0 < q <1 and
m(x,y) = max{d(z,y),d(z, Tz),d(y, Ty),d(z,Ty),d(y, Tx)}.

Suppose that the following conditions hold:
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(i) T is a-admissible;

(i) there exists xog € X such that a(xo, Txo) > 1.

1
If we set ¢ < ———, then T' has a fized point in X.
s+ s

When a(z,y) =1 for all x,y € X, we obtain the following results:
Corollary 3.7. Theorem [1.4]
Corollary 3.8. Theorem[1.2]
The following example shows the generality of Theorem [3.5] over [L.4
Example 3.9. Let X = [0,4] be endowed with the b-metric d : X x X — [0, 00) defined by d(z,y) = |z —y|>.
Define T : X — X by .
_— { 7 ifzelo],

4 ifxe(1,4],

and a: X x X — [0,00) by
_ 2 if(zy) €l01],
al,9) = { 0 otherwise.

Then (X, d) is a T-orbitally complete b-metric space with s = 2.
If z,y € [0,1], then

T Y2
T, T :2’7—7

1
= glr - Yy = qd(z,y) < qM(z,y),

1 1 1
where ¢ = s <1= 2 If z € [0,1] and y € (1,4], then a(x,y)d(Tx,Ty) = 0 < gM(z,y). Now, if z =0
s
and y = 4, then d(70,74) = 16 = M (0,4). Hence d(70,74) > ¢M(0,4) for any ¢ < 1. Therefore, the
contractive condition of Theorem is not satisfied. Since a(z,y)d(Tx,Ty) = 0 < gM(z,y), the mapping T
is a generalized a-quasi-contraction. Further, it is easy to check that T is triangular a-admissible. Therefore,

the mapping T satisfies all the conditions of Theorem and x = 0 and x = 4 are the fixed points of T.

4. Geraghty type contractive mapping
In this section, we present some Geraghty type results for admissible mappings.

Definition 4.1 ([7]). Let X be a b-metric space, T': X — X and o, : X x X — [0,00). The mapping
T is said to be an («, §)-admissible mapping, if a(x,y) > 1 and S(x,y) > 1 implies a(T'z,Ty) > 1 and
B(Txz,Ty) > 1 for all z,y € X.

Definition 4.2 ([7]). Let a, 5 : X x X — [0,00). A b-metric space X is (a, §)-regular, if {x,} is a sequence
in X such that z,, —» = € X, a(xn, znt+1) > 1 and f(xy, 2p41) > 1 for all n and there exists a subsequence
{nk} of {zy} such that o(zp,, xn,+1) > 1, B(@n,, Tn,4+1) > 1 forall k € N. Also a(x,Tz) > 1, f(z,Tx) > 1.

We need the following class of functions to prove certain results of this section:

1. © is a family of functions 6 : [0,00) — [0, 1) such that for any bounded sequence {¢,,} of positive reals,
0(t,) — 1 implies t,, — 0;
2. ¥ is a family of functions ¢ : [0,00) — [0,00) such that 1 is continuous, strictly increasing and

$(0) = 0.
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Definition 4.3. Let X be a b-metric space, T : X — X and «, 5 : X x X — [0,00). A mapping 7T is said to
be («, 5)-Geraghty type contractive mapping, if there exists 6§ € O such that for all z,y € X, the following
condition holds:

a(z, Tx)B(y, Ty)y(s*d(Tx, Ty)) < O((N(z,y) (N (z,y)), (4.1)

T T
where N(z,y) = max {d(x,y),d(x,T@, d(y, Ty), d(z, y);—d(y, z) } and ¢ € U.
s

Theorem 4.4. Let (X,d) be a complete b-metric space, T : X — X and o, 5 : X x X — [0,00). Suppose
the following conditions hold:

(A) T is an (o, B)-admissible mapping;
(B) T is an («, B)-Geraghty type contractive mapping;
(C) there exists xg € X such that a(xg, Txo) > 1 and S(xg, Txo) > 1;

(D) either T is continuous or X is («, B)-regular.
Then T has a unique fixed point.

Proof. By assumption, there exists g € X such that a(xg, T'z¢) > 1 and S(xg, Tzp) > 1. Define a sequence
{zn} in X by z, = T"x¢ = Tx,—; for n € N. It is obvious that if x,, = x,, 1 for some n; € N, then z,, is
a fixed point of T" and we are done. Suppose that z, # x,4+1 for all n € N. Since T is («, 3)-admissible, so

a(zg, Txo) = a(zg,z1) > 1 = a(Txo, Tx1) = a(x1,22) > 1 = a(Tx1,T22) = 9, 23) > 1.

By continuing this manner, we get a(zy,zp+1) > 1 for all n > 0. Similarly S(zy,, zp41) > 1 for all n > 0.

From , we have
Y(d(Tn+1, Tnt2)) = Y(d(T2n, Topt1))
(sgd(Txn, Txn+1))
(@, T2n) (@01, T )(8°d(Tp, Tty s1))
O (N (2, Tny1))) (N (20, Tni1)),

I/\ I/\ I/\

where

2s

d(xn, Tnio) + d(Tpi1, Tn
= max {d(ﬂj’n, IL‘nJrl)? d(l'ny anrl), d($n+1, $n+2), ( +2) 28( +1 +1) }

d nJT n d n 7T n
N(2p, Tpi1) :max{d(xmxn-l—l)yd(mexn):d(xn-l—l:Tl'n—l-l)a (@ Tnt1) + d@ns1, Te )}

- max{d(xn, $n+1), d($n+1, $n+2)}-

Now, if N(2p,xnt1) = d(Tpt1, Tni2), then

BA(En i1, Tns2)) < BN (@0, 2ni) DN (@0, T041))
= 0(Y(N(zn, Tn41)))Y(d(Tns1, Tniz))
< Y(d(Tny1, Tni2)),

a contradiction. Therefore N(xy, xnt1) = d(zpn, Tnt+1). Now

Y(d(@nt1, Tns2)) < O(WO(N (@0, Tnt1)) )N (@0, Tny)) (4.2)
= 0(Y(N (T, Tn11)))P(d(@n, Tny1))
< P(d(xp, Tpt1))-
Since v is a strictly increasing mapping, the sequence {d(zy,zn+1)} is decreasing and bounded from

below. Thus, there exists 7 > 0 such that

nhﬁr{olo d(.%'n, xn-{—l) =T
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From , we get
d(Tpa1, Ty
1200 12) (N (1, 2041)) < 1. (43)

¢(N($na $n+1))
By letting n — oo in (4.3)), we have 1 < lim O(¢(N(2n, zn11))) < 1.
n—oo

That is, lim O(¢(N(xn,Zp+1))) =1 and 6 € © implies lim (N (xy, zp41)) = 0 which yields that

n—o0 n—o0

r= nl;n;o d(xp, Tny1) = 0.

(4.4)

We show that {x,} is a Cauchy sequence in X. Suppose {x,} is not Cauchy. Then there exists ¢ > 0

and the subsequences {x,,, } and {z,, } of {x,} with ng > my > k such that
d(xn,, Tm,) > €,
and ny is the smallest number such that holds. From we get
d(Tn,—1, Tm,,) < €.
By using triangle inequality, and we have

d(Tpy s Tmy,)
S[d(l’nk, xnk_l) + d(xnk—la xmk)]
sld(xn,,, Tn,—1) + €].

By taking the upper limit as k — oo in (4.7) and using (4.4), we get

€

VAR VANVAN

e <limsupd(xy, , Tm,) < Se.
k—o0

From the triangle inequality, we have

d(xnkv xmk) < S[d(xnkvmnk-i-l) + d(mnk-i-l? xmk”’

and
d(xnk+1’ xmk) < s[d(xnk-‘rlv xnk) + d(xnm‘rmk)]

By taking the upper limit as k — oo in (4.9) and applying (4.4), (4.8) becomes

e<s <limsup d(xnkﬂ,a:mk)) ,

k—o0

and taking the upper limit as k — oo in (4.10]) gives

lim sup d(@p, 11, Tm,,) < 8.5€ = s%€.

k—00

Thus

<limsup d(zn,+1,%m,) < s%e.
k—o00

® | ™

Similarly, we get

<limsupd(zp,, Tm,+1) < s2e.
k—o0

® | ™

By triangular inequality, we have

d(l'nk-i-l, xmk) < S[d(l’nk+1, xmk+1) + d(xmk—i-la xmk)]

(4.5)

(4.6)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)
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By taking the upper limit as k — oo in (4.13)), from (4.4])) and (4.11)) we obtain that

€ .
- < slim sup d(l‘nk+1, xm;ﬁ-l)-
$ k—o0
That is, )
— < limsup d(@p, 11, Tmy41)- (4.14)
$ k—o0

Again, by following the above process, we get

lim sup d(@p, 11, Tmys1) < 8¢ (4.15)
k—o0

From (4.14]) and (4.15), we get
% < limsup d(xnk-i-lvxmk-i-l) < 836-
S k—o0

Since X is (a, B)-regular, by (4.1)) we have
QIZ) (53d($nk+la fEmk-i-l)) = 1/} (S3d(Tﬂfnk,TJ,'mk))

< @, Trn, ) B(Tmys Tm,, ) (SSd(Txnk,Txmk))
<0 (Y(N(2ny,, Tmy))) YN (T, Ty )

where

2s

d(xnkaxmk-i-l) + d(xmk7xnk+1) }
2s ’

d n 7T m d m 7T n
N(xnkvxmk)_max{d(wnmxmk)ad(x’ﬂkaTxnk)?d(xmvawmk)? (‘T : - k)+ (:C ; : k)}

_ max{d(wnk,xmn,d(a:nk,mnm,d(xmk,xmkm,

By taking limit supremum as k — oo in the above equation and using (4.4)), (4.8]), (4.11)) and (4.12]), we

obtain C . ) )
T+ < . s%e + s%€
e =max < e, =—= b <limsup N(zp,, Tm,) < maxq se, ————— o =
2s k—so0 2s
Similarly, we can show that
£4 £ s%e + s%e
e =max < e, *—= b <liminf N(zy,, Ty, ) < maxq se, ———— » = Se.
2s k—o0 2s

Hence, it follows from (4.14]) that

€

vise) = v (s(5))

< 1/] (83 lim sup d($nk+1, xmk-‘rl))

k—o0

IN

O‘(:Enk ) l‘nk+1)5(1’mk ) ."L'karl)’QZJ ('93 hin sup d(xnkJrl’ $mk+1)>
—00

IN

0 <¢(lim sup N (2, xmk))> Y(limsup N(zp,, Tm,))

k—o0 k—o0

0 (¢(s€)) ¥ (se)
P(se),

<
<
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which is a contradiction. Therefore {z,} is a Cauchy sequence. Since X is complete, there exists z* € X
such that z,, — x*. First, suppose that T is continuous. Then we have

¥ = hm Tntl = hm Tz, =T lim x, = Tz".
n—oo

Now, suppose that X is (o, 3)-regular. Then, there exists a subsequence {z,,} of {z,} such that
a(Zp,+1,%n,) > 1 and B(zp,4+1,2n,) > 1 for all k € N and a(z*,Tz*) > 1 and B(z*,Tz*) > 1. Now from
(4.1), with = = z,,, and y = z*, we obtain

¢(d($nk+1a Tx*)) = w(d(T‘TTLk?T‘r*))
<9 (s*d(Txp,, Tz*)) (4.16)
< a(xnk, Txy,)B(x*, Tx*)yY (s3d(Tmnk,T:n*))

where

2s
n 7T ) *7 n
—= max {d(ifnk,l‘*), d(xnka xnk+1), d(LU*,TZU*), d(l‘ k xr ) ;’Sd(x T k+1) }
max {d(xy, , "), s[d(xn,,x") + d(xp,+1,2")], d(z*, Tx"),
o ) + 0’ ) 4 " ),
2s '

d n ’T - d *7T n

IN

By letting k — oo, we get

d(x*, Tx*
lim N(zp,,z") < max{d(a:*,Tx*),w}

k—o0 2

=d(z*,Tx").
Therefore, by taking the limit as & — oo in (4.16)), we get
Y(d(a*, Ta") < im BN (g, a)0(d(a", Ta"))

That is, 1 < klim O(¢(N (xp,,,2"))), which implies that klim O((N(xp,,2z*))) = 1. Consequently, we
—00 — 00
obtain lim N(zy,,z*) = 0. Hence d(z*,Tz*) = 0, that is, 2* = Tx™.

k—o0
Further, suppose that z* and y* are two fixed points of T' such that z* # y* and a(z*,Tx*) > 1,
a(y*, Ty*) > 1 and B(z*,Tx*) > 1, B(y*, Ty*) > 1. Now by applying (4.1)), we have
P(d(z*,y")) = (T, Ty"))
< (s3d(Tx* Ty*))
< a(z*, Tz")B(y", Ty* ) (s3d Tz, Ty"))
<O W(N (™ y") (N (2%, y7)),

where

N(z*,y*) = max {d(fv*,y*), d(z*, Tz"),d(y", Ty"), 5%

=d(z*,y").

Hence, ¢(d(z*,y*)) < 6 (Y (N(z*,y*)))v(d(z*,y*)) < (d(z*,y*)), which is a contradiction unless
d(z*,y*) = 0 and T has a unique fixed point. O]

d(z*, Ty") + d(y", Tx") }
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Corollary 4.5. Let (X,d) be a complete b-metric space, T : X — X and o, : X x X — [0,00). Suppose
the following conditions hold:

(a) T is an a-admissible mapping;
(b) T is an a-Geraghty type contractive mapping;
(c) there exists xg € X such that a(xg, Txg) > 1;

(d) either T is continuous or X is a-regular.
Then T has a unique fized point.

Example 4.6. Let X = [0, 00) be endowed with the b-metric d : X x X — [0, 00) defined by d(z,y) = |z—y|>.
Then (X,d) is a complete b-metric space with s = 2. Let T': X — X be defined by

1_2
T Sx if € [0, 1],

2x otherwise.

Define o, f: X x X — [0,00), 6 : [0,00) — [0,1) and 9 : [0,00) — [0,00) as

3 . .
a(as,w:{ 2 MOV DI gy { L S O =T and v =

1 otherwise. 0 otherwise.

First we show that T is an («, §)-admissible mapping.

If x,y € [0,1], then a(x,y) > 1, B(x,y) > 1, T < 1 and Ty < 1. By the definition of o and 3, it follows
that a(Tz,Ty) > 1 and S(Tx,Ty) > 1. Further, if {x,} is a sequence in X such that a(z,,zn+1) > 1,
B(xp, xpt1) > 1 for all n € NU {0} and z,, —» = € X as n — oo, then z,, C [0,1] and hence x € [0,1]. This
implies that o(z,Tz) > 1 and f(x,Tx) > 1.

For z,y € [0, 1], we have

a(z,Tz)B(y, Ty)y(s*d(Tx, Ty)) = 12|Tx — Ty|?

3
6l Y2z +y)* < Dz -yl

= 0((d(z,y)))(d(z, y)) < O (M (2,y)))p(M(z,y))

Hence the contractive condition of Theorem |4.4|is satisfied. If z,y € (1,00), then Tx > 1 and o(z,Tx) >
1. Then we have

> W

3
_ E‘.%Q _y2’2 —

~—

a(z, Tx)y(s*d(Tx, Ty)) = 8|2z — 2y|?
= 320z — y|* > 0(W(M (2, )Y (M(z,y)).
Hence the contractive condition of Corollary is not satisfied by T. However,
a(z, T2)By, Ty)u(s*d(Tw, Ty)) = 0 < O((M (, y))(M(z, y)).

Again, if z € [0,1] and y > 1, a(z, Tx)B(y, Ty)(s*d(Tx, Ty)) = 0 < O((M(z,y)))¥(M (2, y)). There-
fore, all the conditions of Theorem are satisfied and T has a fixed point z* = V17 — 4.

5. Applications to nonlinear integral equations

In this section, we discuss an application to nonlinear quadratic integral equation.

Consider the integral equation

1
x(t) = h(t) + )\/k(t, s)f(s,z(s))ds, telI=10,1], A>0. (5.1)
0
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Also, consider the following conditions:

(a) h: I — R is a continuous function;
(b) f:1I xR — R is a continuous function, f(¢,z) > 0 and there exists a constant 0 < L < 1 such that for
all z,y € R,
[f(t ) = f(t )] < Lle@t) —y(0)];

(¢) k:IxI— Ris continuous at t € I for every s € I and measurable at s € I for all t € I such that

1
k(t,z) > 0 and [ k(t,s)ds < K;
0

(A) WEPLP < oo

(e) the space X = C(I) of continuous functions defined on I = [0, 1] with the standard metric given by

p(z,y) = Sup [z(t) —y(t)| for z,y € C(I).

Now, for p > 1, we define
o) = (o) = (sup o) = 0 ) =supla(t) = P, tor o,y € €
tel tel
Then (X, d) is a complete b-metric space with s = 2P~1 (cf. [I1 3]).
Theorem 5.1. Under assumptions (a)-(e) the nonlinear quadratic integral equation has a unique
solution in C(I).
Proof. Define an operator T : X — X by
1
Tz(t) = h(t) + )\/k(t, s)f(s,z(s))ds, tel=10,1], A>0.
0
Now, for z,y € X, we have
1 1
|Tx(t) — Ty(t)| = |h(t) + )\/k(t, s)f(s,x(s))ds — h(t) — )\/k(t, s)f(s,y(s))ds
0

0
1

SA/kwﬁﬁwwSD—fww@mw

0
1
gA/k@@Mﬂ@—y@W&
0

Since |z(s) —y(s)| < sup lz(s) —y(s)| = p(z,y), we get
se

Tx(t) — Ty(t)] < AKLp(z,y).
Now, we can write
d(Tz, Ty) = sup [Tx(t) — Ty(t)[”
tel
< (AKL(p(z,y)))*
< NKPLPd(z,y)
1

< 23p—3

Therefore, all the assumptions of Corollary are satisfied by the operator 7" and ([5.1) has a unique
solution in C(I). O

M(z,y).
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Example 5.2. Consider the following functional integral equation:

1

t 1 |z(s)]

t) = — ds, tel=|0,1].

) =1 18/9et1+t Y1+ |z(s)] 0,1]
0

It is observed that the above equation is a special case of ((5.1)) with

ht) = 1Jit2’

k(ta S) = %—i—t’

B ||
J62) = S+

Now, for arbitrary z,y € R such that > y and for ¢t € [0, 1], we obtain

2] ly] ‘
t,x) — ft,y)| = a
|f(t,z) — f(t,y)] 9et(1 + =) 9et(1 + |y])
_ 1 lz| vl
9¢t |1+ |z]  1+]y]
<1\:1:— |
=9 yl-

1
Thus, f satisfies condition (b) of the integral equation (5.1) with L = g It can be easily seen that h is

a continuous function and k satisfies condition (c) with

By substituting L =

—_

1 1 1
< — .
/k“ (/1 E I
0 0

, K =-and A = 3 in condition (d), we obtain

1 1 1 1
— X — X = < .
gr "~ 180 "~ 2p = 23p-3

The above inequality is true for each p > 1. Consequently, all the conditions of Theorem [5.1] are satisfied
and hence the integral equation ([5.1) has a unique solution in C(I).
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