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Abstract

In this paper, we introduce the concept of generalized ordered contractive mappings on cone b-metric
spaces over Banach algebras and establish a new common some fixed point theorems of such mappings
under some natural conditions. The results extend and improve recent related results. (©2016 All rights
reserved.
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1. Introduction and preliminaries

In 2007, Huang and Zhang [3] replaced real numbers by ordering Banach space and defined a cone metric
space, and some fixed point theorems of contractive mapping on cone metric spaces are established in this
paper. In 2013, in order to generalize the Banach contraction principle to more general form, Liu and Xu
[4] introduced the concept of cone metric spaces over Banach algebras by replacing Banach spaces with
Banach algebras. In 1989, Bakhtin [2] introduced b-metric space as a generalization of metric space. Since
then, more other generalized b-metric spaces such as quasi-b-metric spaces [7], b-metric-like spaces [I] and
quasi-b-metric-like spaces [10] were introduced.

Recently, Yin et al. [9] introduced the concept of ordered contractive mappings on cone metric spaces
over Banach algebras. They have proved some fixed point theorems of ordered contractive mappings.
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Motivated by the above works, in this paper, we introduce the concept of cone b-metric space over the
Banach algebra A and the generalized ordered contractive mappings on such spaces. In this way, we prove
some fixed point theorems of generalized ordered contractive mappings on cone b-metric spaces over Banach
algebras. Our main theorem extends the main results in [9].

The following definitions and results will be needed in this paper.

Let A always be a real Banach algebra, that is, A is a real Banach space in which an operator of
multiplication is defined, subject to the following properties (for all z,y,z € A, a € R):

L (zy)z = 2(yz);

2. 2(y+z2)=zy+xz and (z+y)z =zz+yz;

3. afzy) = (ax)y = z(ay);

4 lzyll < llzlllyll-

In the following, we assume that a Banach algebra has a unit (i.e., a multiplicative identity) e such that
ex = xe = x for all x € A. An element x € A is said to be invertible, if there is an inverse element y € A
such that zy = yz = e. The inverse of z is denoted by z~'.

A non-empty closed subset P of a Banach algebra A is called a cone, if

1. {0,e} C P;

2. aP + pP C P for all non-negative real numbers «, 3;
3. P2=PPC P;

4. Pn(—P) = {6},

where 6 denotes the null of the Banach algebra A.

For a given cone P C A, a partial ordering <’ with respect to P can be defined by =z < y, if and only if
y—x € P. x <y stands for x <y and x # y, while x < y stands for y — « € int(P), where int(P) denotes
the interior of P. P is called a solid cone if int(P) # 0.

Definition 1.1. Let X be a non-empty set and A be a real Banach algebra. Assume that the mapping
d: X x X — A satisfies:

(1) 0 <X d(zx,y) for all z,y € X and d(z,y) = 0, if and only if x = y;
(2) d(x,y) =d(y,x) for all z,y € X;
(3) d(z,y) < sld(x, z) + d(z,y)] for all z,y,z € X,

where s € P with p(s) > 1 (spectral radius p(s) of s). Then d is called a cone metric on X, and (X,d) is
called a cone b-metric space over the Banach algebra A.

Remark 1.2. If s = e, then (X, d) in Definition is reduced to the definition of a cone metric space over
the Banach algebra A in [4]. If the Banach algebras replaced by Banach spaces in Definition then (X, d)
reduces to the cone b-metric space, in this case, d : X x X — [0,00) and s > 1.

Definition 1.3 ([3,/4]). Let (X, d) be a cone b-metric space over the Banach algebra A, x € X and {z,} a
sequence in X. Then

1. {z,} converges to x whenever for each ¢ € A with § < ¢, there is a natural number N such that
d(xp,x) < ¢, for all n > N. We denote this by lim,_,cc z,, = x or z, — x;

2. {z,} is a Cauchy sequence, if for each ¢ € A with § < ¢, there is a natural number N such that
d(xp, Tm) < ¢, for all n,m > N;

3. (X,d) is a complete cone b-metric space, if every Cauchy sequence is convergent.

Definition 1.4. Let (X,d) be a b-cone metric space over the Banach algebra A and T': X — X be a
mapping. We say that T is continuous, if for any {x,} C X, x, — = implies Tz,, = Tx (n — 00).
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Definition 1.5 ([9]). Let (X, d) be a b-cone metric space over the Banach algebra A and ¢ : X — A be a
mapping. A relation '<’ (for the sake of differing from the partial ordering <’ in A, we denote it by '<’) in
X is defined as follows:

yeX, w<y < dz,y) 2er) - o).

Obviously, '<’ is a partial ordering in X and x < y implies ¢(z) > ¢(y). Then (X, d) is called a partial
ordering cone b-metric space over the Banach algebra A.

Definition 1.6 ([9]). Let (X,d) be a partial ordering cone b-metric space over the Banach algebra A. We
say that z,y € X are comparable, if x < y or y < z holds.

Remark 1.7. Assume that A is a real Banach algebra, u, v, w € A. The following results are clear.

(i) If v and v are comparable, then u — v and v — u are comparable and 6 < (u —v) V (v — u).
(ii) If u and v, u and w together with v and w are comparable, then

(u—v)V@w—u) 2 (u—w)V(w—u)+ ((w—2)V(v—w)).

2. Main result
By [6, §], we have the following:

Lemma 2.1. Let A be a Banach algebra with a unit e, and x € A. If the spectral radius p(x) of = is less
than 1, i.e.,
= i o3 = in o)
pla) = lim "> = inf Jla"|[> <1,

then e — x is invertible, (e —z)™' = > 2%, and p((e — 2)~1) < (1 — p(z))~ L.
=0
Lemma 2.2 ([8]). Let z,y € A. If x and y commute, then the spectral radius p satisfies the following

properties:

1) p(zy) < p(x)p(y);
(ii) p(z +y) < p(x) + p(y);
(iil) |p(z) — p(Y)| < p(z —y).

Lemma 2.3 ([3]). Let {z,} and {y,} be two sequences in X and x, — xo, Yo — Yo as n — oo. Then
d(xnv yn) — d($07y0) (TL - OO)

Lemma 2.4 ([5]). If E is a real Banach space with a solid cone P and if ||x,|| — 0 (n — o0), then for any
0 < ¢, there exists N € N such that, for any n > N, we have x, < c.

Definition 2.5. Two mappings 7,5 : X — X are said to be generalized @p-ordered contractive, if there
exist k; € P (i = 1,...,5) with 0 < Z?:1 p(k;) < 1 such that for any x,y € X, if z and y are comparable,
then Tx and Sy, Tx and x, Sy and y, Tx and y, and Sy and z are all comparable, and satisfies

(p(Tx) — p(Sy)) V (¢(Sy) — o(T'x))

= k1[(p(x) = p(y) V (p(y) = o(@))] + k2l(p(Tx) — p(2)) V (p(z) — 9(T2))]
+ ks[(@(Sy) —e(y) V (p(y) — p(Sy))] + ka[(p(y) — p(Tz)) V (p(T) — ¢(y))]
+ ks[(o(x) — 9(Sy)) V (p(Sy) — ¢())].

Remark 2.6. If s=e, T =S, and ko = k3 = k4 = k5 = 0, then Definition reduces to the Definition 2.6
in [9].
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Theorem 2.7. Let (X,d) be a complete b-cone metric space over the Banach algebra A and let P be the
underlying solid cone. If two continuous mappings T, S : X — X are generalized p-ordered contractive with
p(s)p(k1+ks+ka)+p(ka+ks) < 1, and there exists o € X such that xo and Sz are comparable, then T and
S have a common fixed point x* in X. Moreover, the iterative sequence xo, = TxTon—1 and Ton—1 = STo,—_9
(n =1,2...) converges to z* and

d(z*,20) =< s(e — s(e — k2 — ka) " (k1 + ks + ka)) " [(p(21) — @(20)) V ((20) — p(21))],
where s is as in Definition [1.1]

Proof. Let xg € X be an arbitrary point. Put 1 = Sx¢ and 9 = Tzq, then let 3 = Sxo and x4 = Tx3.
By the induction, a sequence {z,} in X can be chose such that

Ton4+2 = Tx2n+1 and Ton4+1 = SJZQn, n = 0, 1, 2,

Since zo and Sxg = x1 are comparable, we have by Definition that Sxg = x1 and T'r; = z9 are
comparable, and T'xy = x5 and Sze = x3 are comparable. By the induction, it is easy to prove that for any
natural number n, x, and x,y1 are comparable. If n is an odd, then by Definition and Remark (ii)
we have that

(P(zns1) = p(zn) V (p(2n) = @(2nt1)) = (p(T2n) = @(Stn-1)) V (P(Stn-1) = ¢(Tn))
= kal(p(@n) — p(2n-1)) V (p(zn-1) — (zn))]

+ ka[(p(Tzn) — (zn)) V (0(zn) — @(Tn))]
+ k3[(p(Szn-1) — 0(2n-1)) V (p(zn-1) — ¢(STn-1))]
+ ka[(p(@n-1) — p(Tzn)) V (p(T2n) — p(2-1))]
+ ks [(p(2n) — @(S2p-1)) V (p(STn-1) — (zn))]
= kil(p(xn) — o(@n-1)) V (p(Tn-1) — @(zn))]
+ ka[(p(@n+1) — 0(@n)) V (p(0) — @(Tn+1))]
+ E3[(p(zn) — @p(wn-1)) V (p(Tn-1) — @(T2))]
+ ka[(p(n-1) — p(xn)) V (p(0) — (Tn-1))]
+ ka[(p(2n) — p(Tnt1)) V (p(Tn41) — p(20))]-

From the definition of < and Lemma [2| we obtain that

d(Tpt1,70) 2 (P(Tnr1) — @(Tn)) V ((Tn) — P(Tne1))
< (e = k2 — ka) " (k1 + k3 + ka)[(0(20) — p(2n-1)) V (9(2n-1) — p(20))]

< [(e = kg — ka) " (k1 + k3 + k)] [(0(21) = @(20)) V ((20) — p(21))]

=K"D,
where

K = (6 — ko — k4)71(k’1 + k3 + k4),
and
D = (¢(z1) — ¢(x0)) V (¢(20) — @(21)).
Similarly, if n is an even, then (2.1) is also holds. By Definition Lemmas and and the
condition p(s)p(k1 + ks + ka) + p(k2 + k4) < 1, we obtain
p(K) = p((e — ko — ka) " (ky + k3 + ka)) < p((e — kg — ka) ") p(ky1 + k3 + k)

1
< (1= pka + ka)) (ks + ks + ka) < Fo) <1

(2.2)
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For any natural numbers n, m with n < m, we have

d(xrw xm) = S[d(.%‘n, xn—l—l) + d(xn-‘rlv xm)]

= 8d(Zn, Tny1) + SQ[d(xn+1a Tpt2) + d(Tni2, Tm))

= sd(Xp, Tnt1) + SQd($n+1, Tpyo) + -+ " d(Tm—1, Tm)
<sK"D+ s*K" ™D+ ... 4 s "K™ 1D

< SnKnD+Sn+1Kn+1D+ L _}_Smflele

=[(sK)" + (SK)"Jrl + -+ (sK)mfl]D

(Z(sK)‘) (sK)"D

i=0
=(e— sK)_l(sK)"D.

By Lemmas [2.1] and and Eq. (2.2)), we have p(sK) < p(s)p(K) < 1, and

|(sK)"| =0, n—=o00, and [(e—sK) ! < oo. (2.3)

IA

By Lemma [2.4] and the fact that |(e — sK)~*(sK)"D|| — 0 (n — o) (by (2.3))), it follows that for any
c € A with 0 < ¢, there exists N € N such that, for any m > n > N, we have

d(xp, Tm) = (e — sK) 1 (sK)"D < ¢,

which implies that the sequence {z,} is a Cauchy sequence. By the completeness of X, there exists z* € X
such that z, — x* as n — oo. Moreover, x2, — z* and z9,+1 — 2*. Now we prove that «* = Tx* = Sz*.
The continuity of 7" and S implies that

Tonto = Txopy1 — Tx*, x9pi1 = Sxoy — Sz*, n — oo.

Hence Tz* = Sx* = x*. That is, 2 is a common fixed point of T" and S.
Moreover, from Lemma and Eq. (2.1)), we get

d((L’ 71.0) - nli)ngO d(l’n, xO)

A

. i (o , . igri—1 i—1
= nIL%ZS d(xi—1,x;) < HILIEOZS K™D < s;(sK) D

i=1 =1

s(e — sK) " (p(z1) — @(0)) V (p(x0) — (21))]
= s(e — s(e — ky — ka) 7 (k1 + k3 + k1)) " (0(21) — p(x0)) V (0(20) — p(21))]-

O

Remark 2.8. f T =S, s = e and kg = k3 = k4 = ks = 6, then Theorem [2.7| reduces to Theorem 3.1 in [9].
Remark 2.9. If T =S, s = e and k4 = ks = 0, then Theorem reduces to Theorem 3.3 in [9].
Remark 2.10. If T'= S5, s = e and ky = k3 = 0, then Theorem reduces to Theorem 3.5 in [9].
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