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Abstract

In this paper, by Leggett-William fixed point theorem, we establish the existence of triple positive
solutions of a new kind of integral boundary value problem for the nonlinear singular differential equations
with p-Laplacian operator, in which q(t) can be singular at t = 0, 1. We also show that the results obtained
can be applied to study certain higher order mixed boundary value problems. At last, we give an example
to demonstrate the use of the main result of this paper. The conclusions in this paper essentially extend
and improve the known results. c©2016 All rights reserved.
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1. Introduction

In this paper, by using Leggett-William fixed point theorem, we will study the existence of triple positive
solutions for the following a new kind of second order singular integral boundary value problem (IBVP):

(φp(u
′))′(t) + q(t)f(u(t), u′(t), (Tu)(t), (Su)(t)) = 0, 0 ≤ t ≤ 1,

φp(u
′(0)) = α

∫ ξ

0
φp(u

′(s))ds, u(1) = βg(u′(η)),
(1.1)
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where φp(s) = |s|p−2s(p > 1) is an increasing function, (φp)
−1(s) = φq(s),

1
p + 1

q = 1; 0 ≤ ξ ≤ 1, 0 ≤ αξ <
1, β > 0, 0 ≤ η ≤ 1; and T and S are two linear operators defined by

Tu(t) =

∫ t

0
k(t, s)u(s)ds, Su(t) =

∫ 1

0
h(t, s)u(s)ds, u ∈ C1[0, 1],

in which k ∈ C[D,R+], h ∈ C[D0, R
+], D = {(t, s) ∈ R2 : 0 ≤ s ≤ t ≤ 1}, D0 = {(t, s) ∈ R2 : 0 ≤ s, t ≤

1}, R+ = [0,+∞), R = (−∞,+∞), k0 = max{k(t, s) : (t, s) ∈ D}, and h0 = max{h(t, s) : (t, s) ∈ D0}.
The existence and multiplicity of positive solutions for differential equations BVPs with the p-Laplacian

operator have been extensively investigated in recent years, see [1–10, 12–16] and the references therein.
Especially, the following differential equations with one-dimensional p-Laplacian:

(φp(u
′))′ + q(t)f(t, u) = 0, 0 ≤ t ≤ 1

has been studied subject to different kinds of boundary conditions, see [5, 9, 13, 16] and the references
therein. The methods mainly depend on Kransnosel’skii fixed point theorem, upper and lower solution
technique, Leggett-Williams fixed point theorem and some new fixed point theorems in cones and so on.

Recently, in [8], Kong et al. have studied the existence of triple positive solutions for the following BVP:{
(φp(u

′))′(t) + q(t)f(u(t), u′(t), (Tu)(t), (Su)(t)) = 0, 0 ≤ t ≤ 1,

u′(0) = 0, u(1) = g(u′(1)).
(1.2)

In [7], Hu and Ma have studied the existence of triple positive solutions for the following BVP:{
(φp(u

′))′(t) + q(t)f(u(t), u′(t), (Tu)(t), (Su)(t)) = 0, 0 ≤ t ≤ 1,

u′(0) = βu′(η), u(1) = g(u′(1)).
(1.3)

More recently, in [14], Wang and Yu have pointed out some mistakes in [8] and [7], and studied the
existence of triple positive solution for the following BVP:

(φp(u
′))′(t) + q(t)f(u(t), u′(t), (Tu)(t), (Su)(t)) = 0, 0 ≤ t ≤ 1,

φp(u
′(0)) =

m−2∑
i=1

βiφp(u
′(ηi)), u(1) = g(u′(1)),

Motivated by the work above, in this paper, we will discuss the existence of solutions for the IBVP (1.1).
Obviously, when α = 0, β = 1, η = 1, IBVP (1.1) reduces to BVP (1.2). In addition, when β = 1, η = 1
and the integral boundary condition can be translated into u′(0) = φq(αξ)u

′(ζ) (ζ ∈ [0, ξ]) by mean-value
theorem of integrals, IBVP(1.1) reduces to BVP (1.3). Hence, BVPs (1.2) and (1.3) are special cases of
IBVP (1.1).

Throughout this paper, we always suppose the following conditions hold:

(C1) f ∈ C(R+ ×R×R+ ×R+, (0,+∞));

(C2) q(t) ∈ C([0, 1], R+) may be singular at t = 0, 1 and 0 <
∫ 1
0 q(t)dt < +∞, so it is easy to see that there

exists a constant M > 0 such that 0 <
∫ 1
0 q(t)dt < φp(M);

(C3) g : R→ R+ is nonincreasing and continuous, and 0 ≤ g(v) ≤ |v| for v ∈ R.

We deal with the existence and uniqueness of solutions for BVP (1.1) by using the Schauder’s fixed
point theorem and Banach’s contraction mapping principle and obtain multiplicity results which extend and
improve the known results.
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2. Preliminary results

In this section, we firstly present some definitions, theorems and lemmas, which will be needed in the
proof of the main result.

Definition 2.1. Let E be a real Banach space. A nonempty closed convex set P ⊂ E is called a cone if it
satisfies the following two conditions:

(i) x ∈ P, λ ≥ 0 implies λx ∈ P ;

(ii) x ∈ P,−x ∈ P implies x = 0.

Definition 2.2. Given a cone P in a real Banach space E. A continuous map α is called a concave (resp.
convex) functional on P if and only if for all x, y ∈ P and 0 ≤ t ≤ 1, it holds

1. α(tx+ (1− t)y) ≥ tα(x) + (1− t)α(y),

2. (resp. α(tx+ (1− t)y) ≤ tα(x) + (1− t)α(y)).

We consider the Banach space E = C1[0, 1] equipped with norm ‖u‖ = max0≤t≤1{‖u(t)‖0, ‖u′(t)‖0},
where ‖u‖0 = max0≤t≤1 |u(t)|.

We denote, for any fixed constants a, b, r,

C+[0, 1] = {u ∈ C[0, 1] : u(t) ≥ 0, t ∈ [0, 1]},
P = {u ∈ E|u(t) is concave and nonincreasing on [0, 1]},
Pr = {u ∈ P : ‖u‖ < r},

P (α, a, b) = {u ∈ P : a ≤ α(u), ‖u‖ < b}.

It is easy to see that P is a cone in E.

Theorem 2.3 (Leggett-William). Let A : P c → P c be a completely continuous map and let α be a nonneg-
ative continuous concave functional on P with α(u) ≤ ‖u‖ for any u ∈ P c. Suppose there exist constants
a, b and d with 0 < a < b < d ≤ c such that

(i) {u ∈ P (α, b, d) : α(u) > b} 6= φ and α(Au) > b for all u ∈ P (α, b, d);

(ii) ‖Au‖ < a for all u ∈ P a;

(iii) α(Au) > b for all u ∈ P (α, b, c) with ‖Au‖ > d.

Then A has at least three fixed points u1, u2, and u3 satisfying

‖u1‖ < a, b < α(u2), ‖u3‖ > a, and α(u3) < b.

Lemma 2.4. Suppose y ∈ C1[0, 1] with (φp(y
′))′ ∈ L1[0, 1] satisfies

(φp(y
′))′(t) ≤ 0, 0 ≤ t ≤ 1,

φp(y
′(0)) = α

∫ ξ

0
φp(y

′(s))ds, y(1) = βg(y′(η)).

Then, y(t) ≥ 0 is concave and nonincreasing on [0, 1], that is, y ∈ P.

Proof. Since (φp(y
′))′(t) ≤ 0, we know that φp(y

′) is nonincreasing, that is, y′(t) is nonincreasing, which

means y(t) is concave. At the same time, we have y′(t) ≤ y′(0), so y′(0) = φq(α

∫ ξ

0
φp(y

′(s))ds) ≤

φq(α

∫ ξ

0
φp(y

′(0))ds) = φq(αξ)y
′(0), namely y′(0) ≤ 0. Then y′(t) ≤ 0, that is to say y(t) is nonincreas-

ing. So y(t) ≥ y(1) = βg(y′(η)) ≥ 0. Above all, y ∈ P. This completes the proof.



C. Yu, J. Wang, Y. Guo, J. Nonlinear Sci. Appl. 9 (2016), 6048–6057 6051

Lemma 2.5. Let y ∈ C[0, 1] and (φp(u
′))′ ∈ L1[0, 1], then BVP

(φp(u
′))′(t) = −y(t), 0 ≤ t ≤ 1,

φp(u
′(0)) = α

∫ ξ

0
φp(u

′(s))ds, u(1) = βg(u′(η)),

has a unique solution

u(t) =

∫ 1

t
φq

(
α

1− αξ

∫ ξ

0
(ξ − r)y(r)dr +

∫ s

0
y(r)dr

)
ds

+ βg

(
− φq

(
α

1− αξ

∫ ξ

0
(ξ − r)y(r)dr +

∫ η

0
y(r)dr

))
.

Define the operator A : P → E by

(Au)(t) =

∫ 1

t
φq

(
α

1− αξ

∫ ξ

0
(ξ − r)q(r)f(u, u′, Tu, Su)dr +

∫ s

0
q(r)f(u, u′, Tu, Su)dr

)
ds

+ βg

(
− φq

(
α

1− αξ

∫ ξ

0
(ξ − r)q(r)f(u, u′, Tu, Su)dr +

∫ η

0
q(r)f(u, u′, Tu, Su)dr

))
,

(2.1)

obviously, A is well-defined and u ∈ E is a solution of BVP (1.1) if and only if u is a fixed point of A.

Lemma 2.6. A : P → P is completely continuous.

Proof. It is similar to the proof of Lemma 2.2 in [8].

Lemma 2.7. For any u ∈ P, we have ‖Au‖0 ≤ (1 + β)‖(Au)′‖0, ‖Au‖ ≤ (1 + β)‖(Au)′‖0.

Proof. From (2.1), we obtain

‖(Au)‖0 =

∫ 1

0
φq

(
α

1− αξ

∫ ξ

0
(ξ − r)q(r)f(u, u′, Tu, Su)dr +

∫ s

0
q(r)f(u, u′, Tu, Su)dr

)
ds

+ βg

(
− φq

(
α

1− αξ

∫ ξ

0
(ξ − r)q(r)f(u, u′, Tu, Su)dr +

∫ η

0
q(r)f(u, u′, Tu, Su)dr

))
≤
∫ 1

0
φq

(
α

1− αξ

∫ ξ

0
(ξ − r)q(r)f(u, u′, Tu, Su)dr +

∫ s

0
q(r)f(u, u′, Tu, Su)dr

)
ds

+ βφq

(
α

1− αξ

∫ ξ

0
(ξ − r)q(r)f(u, u′, Tu, Su)dr +

∫ η

0
q(r)f(u, u′, Tu, Su)dr

))
≤ (1 + β)φq

(
α

1− αξ

∫ ξ

0
(ξ − r)q(r)f(u, u′, Tu, Su)dr +

∫ 1

0
q(r)f(u, u′, Tu, Su)dr

)
= (1 + β)|(Au)′(1)|
= (1 + β)‖(Au)′‖0.

Since ‖Au‖ = max{‖Au‖0, ‖(Au)′‖0}, so we have ‖Au‖ ≤ (1 + β)‖(Au)′‖0, which completes the proof.

3. Existence and uniqueness results

For any δ ∈ (0,min{ξ, 1− ξ, η, 1− η}), we define a nonnegative continuous concave function α : P → R+

by α(u) = minδ≤t≤(1−δ) u(t). Obviously, the following two conclusions hold:

α(u) = u(1− δ) ≤ ‖u‖0 and α(Au) = Au(1− δ) ∀u ∈ P.

The main result of this paper is the following.
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Theorem 3.1. Let m = min0≤t≤1 q(t) and 0 ≤ αξ < 1. Suppose (C1), (C2) and (C3) hold. Suppose further
that there exist numbers δ ∈ (0,min{ξ, 1− ξ, η, 1− η}), a, b, c and d such that 0 < a < b ≤ mδd

M < d ≤ c, and

(H1) f(u, v, w, l) ≤ (1− αξ)φp( a
(1+β)M ) for (u, v, w, l) ∈ [0, a]× [−a, 0]× [0, k0a]× [0, h0a];

(H2) f(u, v, w, l) ≤ (1− αξ)φp( c
(1+β)M ) for (u, v, w, l) ∈ [0, c]× [−c, 0]× [0, k0c]× [0, h0c];

(H3) f(u, v, w, l) > φp(
b
δL) for (u, v, w, l) ∈ [b, d]× [−d, 0]× [0, k0d]× [0, h0d], where L = φq(

∫ 1−δ
0 q(t)dt);

(H4) min(u,v,w,l)∈J f(u, v, w, l)φp(
M

(1+β)m)
∫ 1−δ
0 q(t)dt ≥ max(u,v,w,l)∈J f(u, v, w, l)

∫ 1
0 q(t)dt, where

J = [0, c]× [−c, 0]× [0, k0c]× [0, h0c].

Then IBVP (1.1) has at least three positive solutions u1, u2 and u3 such that

‖u1‖ < a, b < min
δ≤t<1−δ

u2(t), ‖u3‖ > a and min
δ≤t<1−δ

u3(t) < b.

Proof. We divide the proof into three steps.

Step 1. We prove AP c ⊂ P c, AP a ⊂ P a, that is, (ii) of Theorem 2.3.
By Lemma 2.6, we have AP c ⊂ P, so for all u ∈ P c, we get 0 ≤ u(t) ≤ c,−c ≤ u′(t) ≤ 0, 0 ≤ (Tu)(t) ≤

k0c, 0 ≤ (Su)(t) ≤ h0c. For t ∈ [0, 1], and by (H2)

‖(Au)′‖0 = φq

(
α

1− αξ

∫ ξ

0
(ξ − r)q(r)f(u, u′, Tu, Su)dr +

∫ 1

0
q(r)f(u, u′, Tu, Su)dr

)
≤ φq

(
αξ

1− αξ

∫ 1

0
q(r)f(u, u′, Tu, Su)dr +

∫ 1

0
q(r)f(u, u′, Tu, Su)dr

)
≤ φq

(
1

1− αξ

∫ 1

0
q(r)f(u, u′, Tu, Su)dr

)
≤ φq

(
φp

(
c

(1 + β)M

))
φq

(∫ 1

0
q(r)dr

)
≤ c

1 + β
≤ c,

and by Lemma 2.7, it is obvious that

‖(Au)‖0 ≤ (1 + β)‖(Au)′‖0 ≤ (1 + β)
c

1 + β
= c.

Hence, ‖Au‖ < c and AP c ⊂ P c. Similarly, we obtain AP a ⊂ P a.
Step 2. We show

{u ∈ P (α, b, d) : α(u) > b} 6= φ, (3.1)

and

α(Au) > b for all u ∈ P (α, b, d), (3.2)

that is, (i) of the Theorem 2.3.
Let u = b+d

2 , then u ∈ P (α, b, d), α(u) = b+d
2 > b. Hence (3.1) holds. For any u ∈ P (α, b, d), we have

b ≤ u(t) ≤ d,−d ≤ u′(t) ≤ 0, 0 ≤ (Tu)(t) ≤ k0d, 0 ≤ (Su)(t) ≤ h0d, t ∈ [0, 1− δ], so by (H3), we have
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α(Au) = min
t∈[δ,1−δ]

(Au)(t) = (Au)(1− δ)

=

∫ 1

1−δ
φq

(
α

1− αξ

∫ ξ

0
(ξ − r)q(r)f(u, u′, Tu, Su)dr +

∫ s

0
q(r)f(u, u′, Tu, Su)dr

)
ds

+ βg

(
− φq

(
α

1− αξ

∫ ξ

0
(ξ − r)q(r)f(u, u′, Tu, Su)dr +

∫ η

0
q(r)f(u, u′, Tu, Su)dr

))
≥ δφq

(
α

1− αξ

∫ ξ

0
(ξ − r)q(r)f(u, u′, Tu, Su)dr +

∫ 1−δ

0
q(r)f(u, u′, Tu, Su)dr

)
+ βg

(
− φq

(
α

1− αξ

∫ ξ

0
(ξ − r)q(r)f(u, u′, Tu, Su)dr +

∫ η

0
q(r)f(u, u′, Tu, Su)dr

))
≥ δφq

(∫ 1−δ

0
q(r)f(u, u′, Tu, Su)dr

)
≥ δφq

(
φp

(
b

δL

)
φq

(∫ 1−δ

0
q(r)dr

)
= b.

Hence (3.2) holds.

Step 3. We show that α(Au) > b for all u ∈ P (α, b, c) with ‖Au‖ > d, that is, (iii) of the Theorem 2.3.
If u ∈ P (α, b, c) with ‖Au‖ > d, we obtain 0 ≤ u(t) ≤ c,−c ≤ u′(t) ≤ 0, 0 ≤ (Tu)(t) ≤ k0c, 0 ≤ (Su)(t) ≤

h0c, for any t ∈ [0, 1], and so by (H4), we have

φp

(
M

(1 + β)m

)∫ 1−δ

0
q(r)f(u, u′, Tu, Su)dr ≥

∫ 1

0
q(r)f(u, u′, Tu, Su)dr.

Furthermore, we have

φp

(
M

(1 + β)m

)∫ 1−δ

0
q(r)f(u, u′, Tu, Su)dr + φp

(
M

(1 + β)m

)
α

1− αξ

∫ ξ

0
(ξ − r)q(r)f(u, u′, Tu, Su)dr

≥
∫ 1

0
q(r)f(u, u′, Tu, Su)dr +

α

1− αξ

∫ ξ

0
(ξ − r)q(r)f(u, u′, Tu, Su)dr.

Therefore, by Lemma 2.7, we have

α(Au) = (Au)(1− δ)

=

∫ 1

1−δ
φq

(
α

1− αξ

∫ ξ

0
(ξ − r)q(r)f(u, u′, Tu, Su)dr +

∫ s

0
q(r)f(u, u′, Tu, Su)dr

)
ds

+ βg

(
− φq

(
α

1− αξ

∫ ξ

0
(ξ − r)q(r)f(u, u′, Tu, Su)dr +

∫ η

0
q(r)f(u, u′, Tu, Su)dr

))
≥ δφq

(
α

1− αξ

∫ ξ

0
(ξ − r)q(r)f(u, u′, Tu, Su)dr +

∫ 1−δ

0
q(r)f(u, u′, Tu, Su)dr

)
≥ δφq

( α
1−αξ

∫ ξ
0 (ξ − r)q(r)f(u, u′, Tu, Su)dr +

∫ 1
0 q(r)f(u, u′, Tu, Su)dr

φp(
M

(1+β)m)

)

=
(1 + β)mδ

M
φq

(
α

1− αξ

∫ ξ

0
(ξ − r)q(r)f(u, u′, Tu, Su)dr +

∫ 1

0
q(r)f(u, u′, Tu, Su)dr

)
=

(1 + β)mδ

M
|(Au)′(1)| = (1 + β)mδ

M
‖(Au)′‖0

≥ mδ

M
d ≥ b.
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Hence, by Theorem 2.3, the results of Theorem 3.1 hold. This completes the proof of Theorem 3.1.

Corollary 3.2. Suppose there exist constants a, b, c, and d with 0 < a < b ≤ mδ
M d < d ≤ c. Suppose also

that f satisfies (H1)-(H3) of Theorem 3.1 and the following conditions:

(H5) k(t, s) ≡ c1, h(t, s) ≡ c2, c1 and c2 are constants, and 0 < c1, c2 ≤ 1, f(u, v, w, l) is increasing with
respect to (u, v) and decreasing with respect to (w, l) for 0 ≤ u ≤ c,−c ≤ v ≤ 0, 0 ≤ w ≤ k0c, 0 ≤ l ≤
h0c;

(H6) φq

(
M

(1+β)m

)
≥

∫ 1
0 q(t)dt∫ 1−δ

0 q(t)dt
.

Then IBVP (1.1) has at least three positive solutions u1, u2, and u3 such that

‖u1‖ < a, b < min
δ≤t<(1−δ)

u2(t), ‖u3‖ > a and min
δ≤t<(1−δ)

u3(t) < b.

Proof. By the proof of Theorem 3.1, we only need to show α(Au) > b for all u ∈ P (α, b, c) with ‖Au‖ > d.
In fact, for any u ∈ P (α, b, c), we have 0 ≤ u(t) ≤ c,−c ≤ u′(t) ≤ 0, 0 ≤ (Tu)(t) ≤ k0c, 0 ≤ (Su)(t) ≤ h0c.
From the fact that the functions u(t) and u′(t) are decreasing, and the functions (Tu)(t) and (Su)(t) are
increasing, we get∫ 1

1−δ
q(r)f(u(r), u′(r), (Tu)(r), (Su)(r))dr ≤ f(u(1− δ), u′(1− δ), (Tu)(1− δ), (Su)(1− δ))

∫ 1

1−δ
q(r)dr,∫ 1−δ

0
q(r)f(u(r), u′(r), (Tu)(r), (Su)(r))dr ≥ f(u(1− δ), u′(1− δ), (Tu)(1− δ), (Su)(1− δ))

∫ 1−δ

0
q(r)dr,

and so ∫ 1
1−δ q(r)f(u(r), u′(r), (Tu)(r), (Su)(r))dr∫ 1−δ
0 q(r)f(u(r), u′(r), (Tu)(r), (Su)(r))dr

≤
∫ 1
1−δ q(r)dr∫ 1−δ
0 q(r)dr

,

then ∫ 1
0 q(r)f(u(r), u′(r), (Tu)(r), (Su)(r))dr∫ 1−δ

0 q(r)f(u(r), u′(r), (Tu)(r), (Su)(r))dr
≤

∫ 1
0 q(r)dr∫ 1−δ

0 q(r)dr
,

which yields

α
1−αξ

∫ ξ
0 (ξ − r)q(r)f(u, u′, Tu, Su)dr +

∫ 1
0 q(r)f(u, u′, Tu, Su)dr

α
1−αξ

∫ ξ
0 (ξ − r)q(r)f(u, u′, Tu, Su)dr +

∫ 1−δ
0 q(r)f(u, u′, Tu, Su)dr

≤
∫ 1
0 q(r)f(u(r), u′(r), (Tu)(r), (Su)(r))dr∫ 1−δ

0 q(r)f(u(r), u′(r), (Tu)(r), (Su)(r))dr
≤

∫ 1
0 q(r)dr∫ 1−δ

0 q(r)dr
≤ φp

(
M

(1 + β)m

)
.

Then proceeding as in Step 3 in the proof of Theorem 3.1, we complete the proof of Corollary 3.2.

Remark 3.3. Similarly, we can study the existence of three positive solutions for the following two boundary
value problems: 

(φp(u
′))′(t) + q(t)f(u(t), u′(t), (Tu)(t), (Su)(t)) = 0, 0 ≤ t ≤ 1,

φp(u
′(1)) = α

∫ ξ

0
φp(u

′(s))ds, u(0) = βg(u′(η)),

and 
(φp(u

′))′(t) + q(t)f(u(t), u′(t), (Tu)(t), (Su)(t)) = 0, 0 ≤ t ≤ 1,

φp(u
′(0)) = α

∫ ξ

0
φp(u

′(s))ds, u(1) = β

∫ 1

0
g(u′(s))ds.
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4. Applications

Our results can also be applied to study the solution of some higher order mixed boundary value problems
(MBVPs; see[11, 14]). Here we consider the following IBVP:

(φp(x
′′′))′(t) + q(t)f(x′′, x′′′, x′, x) = 0, 0 ≤ t ≤ 1,

α1x(0) + α2x
′(0) = 0,

β1x(1) + β2x
′(1) = 0,

x′′′(0) = α

∫ ξ

0
φp(u

′′′(s))ds, x′′(1) = βg(x′′′(η)).

(4.1)

Assume α2
1 + α2

2 > 0, β21 + β22 > 0,∆ = α1β1 + α2β2 − α2β1 6= 0 and f ∈ C[R × R, (0,+∞)]. Let x′′ = u;
then

x′(t) =

∫ t

0
u(s)ds ≡ Tu(t), k(t, s) ≡ 1, 0 < s ≤ t < 1,

x(t) =

∫ 1

0
h(t, s)u(s)ds ≡ Su(t), t ∈ (0, 1),

where h(t, s) is the Green function of the following BVP:
x′′(t) = 0,

α1x(0) + α2x
′(0) = 0,

β1x(1) + β2x
′(1) = 0.

Thus MBVP(4.1) can be transformed to the following IBVP:
(φp(u

′))′(t) + q(t)f(u(t), u′(t), (Tu)(t), (Su)(t)) = 0, 0 ≤ t ≤ 1,

φp(u
′(0)) = α

∫ ξ

0
φp(u

′(s))ds, u(1) = βg(u′(η)),

and by Theorem 3.1, MBVP(4.1) has at least three solutions under proper conditions.

Example 4.1. Consider the following IBVP:
(|u′|u′)′(t) + q(t)f(u(t), u′(t), (Tu)(t), (Su)(t)) = 0, 0 ≤ t ≤ 1,

|u′(0)|u′(0) =
1

2

∫ 1
2

0
φp(u

′(s))ds, u(1) =
1

2
g(u′(

7

16
)),

(4.2)

where

q(t) =

 t−
1
2 , 0 ≤ t ≤ 9

16 ,

−76

25
t+

913

300
, 9

16 ≤ t ≤ 1,

f(u, v, w, l) =


10u10 +

2 + ev

500
+

3
√
w

500
+

√
l

500
, 0 ≤ u ≤ 1, v ≤ 0, w, l ≥ 0,

10 10
√
u+

2 + ev

500
+

3
√
w

500
+

√
l

500
, 1 ≤ u, v ≤ 0, w, l ≥ 0,

g(v) =

{
v

1
2 , |v| ≥ 1,

v2, |v| < 1.
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Since p = 3,M =
√

2 and m = 1
300 , α = 1

2 , ξ = 1
2 , β = 1

2 , η = 7
16 , δ = 7

16 , a = 1
4 , b = 1, d = 1600, c = 3600,

k(t, s) = 1 and h(t, s) = 1, then we can obtain 0 < a < b ≤ mδd
M < d ≤ c, and

L =

√∫ 1− 7
16

0
q(t)dt =

√∫ 9
16

0
t−

1
2dt =

√
3

2
, φp(

a

(1 + β)M
) = φp(

1
4

3
2

√
2

) =
1

72
,

φp(
c

(1 + β)M
) = φp(

3600
3
2

√
2

) =
24002

2
, φp(

b

δL
) = φp(

1

7
16

√
3
2

) =
162

72
2

3
=

512

147
.

Next, we show that (H1)-(H4) are satisfied.
If 0 ≤ u ≤ 1

4 ,−
1
4 ≤ v ≤ 0, 0 ≤ w, l ≤ 1

2 , then

f(u, v, w, l) < 10 · (1

4
)10 +

3

500
+

2

500
< (1− αξ)φp(

a

(1 + β)M
) =

1

96
.

So (H1) is satisfied.
If 0 ≤ u ≤ 3600,−3600 ≤ v ≤ 0, 0 ≤ w, l ≤ 3600, then

f(u, v, w, l) < 10
10
√

3600 +
3

500
+

60× 2

500
< (1− αξ)φp(

c

(1 + β)M
) = 720000.

So (H2) is satisfied.
If 1 ≤ u ≤ 1600,−1600 ≤ v ≤ 0, 0 ≤ w, l ≤ 1600, then

f(u, v, w, l) > 10
10
√

1 +
2

500
> φp(

b

δL
) =

512

147
.

So (H3) is satisfied.
For any (u, v, w, l) ∈ [0, 3600]× [−3600, 0]× [0, 3600]× [0, 3600], we have

min f(u, v, w, l) ≥ 2

500
, max f(u, v, w, l) ≤ 10

10
√

3600 +
3

500
+

60× 2

500
,

φp(
M

(1 + β)m
) = 2 · 2002,

∫ 1−δ

0
q(t)dt =

3

2
,

∫ 1

0
q(t)dt =

17207

9600
.

Hence, it is easy to know that (H4) is satisfied.
So by Theorem 3.1, we conclude that the IBVP (4.2) has three positive solutions u1, u2, and u3 satisfying

‖u1‖ <
1

4
, 1 < min

δ≤t<1−δ
u2(t), ‖u3‖ >

1

4
, and min

δ≤t<1−δ
u3(t) < 1 for δ =

7

16
.
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