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Abstract

In this paper, we introduce the notion of logarithmically B-preinvex functions and establish certain new
Hermite-Hadamard type inequalities for the functions whose derivatives in absolute value are logarithmically
B-preinvex. Our results generalize several known results for the classes of logarithmically preinvex functions.
Some estimates for the left and right hand side of the Hermite-Hadamard inequality are also obtained for a
new class of differentiable logarithmically α-preinvex functions. c©2016 All rights reserved.
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1. Introduction

Let function f : I ⊆ R→ R be a convex function and a, b ∈ I with a < b, then

f(
a+ b

2
) ≤ 1

b− a

b∫
a

f(x)dx ≤ f(a) + f (b)

2
.

The inequality is known as Hermite-Hadamard inequality for convex functions.
Convex functions had remained an area of great interest due to its wide applications in many branches

of mathematics and the other sciences e.g., engineering, economics and optimization theory. In 1986, Israel
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and Mond [2] gave a sufficient condition for a differentiable function to be an invex function. In 1987,
Hanson and Mond [3] identified it as a general class of functions. In [13], Weir and Mond named this class
as preinvex functions. They further identified that “Preinvex functions are convex like, however, preinvex
functions have some interesting properties that are not generally shared by the wider class of convex like
functions. For example, as for convex functions, every local minimum of a preinvex function is a global
minimum and nonnegative linear combinations of preinvex functions are preinvex”. In 1993, Suneja et al.
[11] generalized the notion of preinvex functions by introducing B-preinvex functions. In [5, 6, 8, 9], Noor et
al. generalized the preinvex functions to h-preinvex, logarithmically preinvex and logarithmically h-preinvex
functions.

We, first, restate some basic preinvexity domains and related results.
Let S be a non-empty closed subset of Rn, f : S → R and η : S × S → Rn be continuous functions.

Definition 1.1. A set S is said to be invex with respect to η(·, ·) if for x, y ∈ S and t ∈ [0, 1].

y + tη (x, y) ∈ S.

The invex set S is also called an η-connected set.

Definition 1.2. Let S be an invex set with respect to η. For every x, y ∈ S, the η-path Pxv joining the
points x and v = x+ η(y, x) is defined as follows:

Pxv := {z : z = x+ tη(y, x) : t ∈ [0, 1]} .

Definition 1.3. A function f is said to be preinvex with respect to an arbitrary bi-function η(·, ·) if

f (y + tη (x, y)) ≤ tf (x) + (1− t) f (y)

holds for all x, y ∈ S and t ∈ [0, 1].

Remark 1.4. If η(x, y) = x− y, then preinvex function becomes convex function.

Mohan and Neogy [4] further investigated the properties of invex sets and preinvex functions. The
condition C for preinvex functions given by Mohan and Neogy is stated as follows:

Definition 1.5. Let S ⊆ Rn be an invex subset with respect to bi-function η. Then, for any x, y ∈ S and
and t ∈ [0, 1], we have

η (y, y + tη (x, y)) = −tη (x, y) ,

η (x, y + tη (x, y)) = (1− t) η (x, y) .

We say that η satisfies condition C, if for any x, y ∈ S and t1, t2 ∈ [0, 1], we have

η (y + t1η (x, y) , y + t2η (x, y)) = (t2 − t1) η (x, y) .

Definition 1.6. A non-negative function f on the invex set S is said to be logarithmically preinvex with
respect to η, if

f(y + tη (x, y)) ≤ [f(x)]t[f(y)]1−t

for all x, y ∈ S and t ∈ [0, 1].

Remark 1.7. A function is logarithmically preinvex with respect to η, if log f is preinvex.

In [7], Noor proved the following analogue of Hermite-Hadamard inequality for preinvex and logarithmi-
cally preinvex functions.



F. Zafar, N. Hussain, N. Yasmin, H. Mehboob, J. Nonlinear Sci. Appl. 9 (2016), 6096–6112 6098

Theorem 1.8. Let f : S = [a, a+ η (b, a)] → (0,∞) be a preinvex function on a real interval S0 and
a, b ∈ S0 with a < a+ η (b, a) . Then, the following inequality holds

f(a+
η (b, a)

2
) ≤ 1

η (b, a)

a+η(b,a)∫
a

f(x)dx ≤ f(a) + f (a+ η (b, a))

2
≤ f(a) + f (b)

2
.

Theorem 1.9. Let f be a log-preinvex function on the interval [a, a+ η (b, a)] . Then,

1

η (b, a)

a+η(b,a)∫
a

f(x)dx ≤ f (a)− f (b)

log f (a)− log f (b)
.

For more results on preinvex and logarithmically preinvex functions see [1, 6, 10]. In [9], Noor et al.
presented the Hermite-Hadamard inequalities for logarithmically h-preinvex functions. Logarithmically h-
preinvex functions are defined as follows:

Definition 1.10. Let h : J → R, where (0, 1) ⊆ J be an interval in R and let S be an invex set with respect
to η(·, ·). A non-negative function f : S → (0,∞) is called logarithmically h-preinvex with respect to η(·, ·),
if

f(y + tη (x, y)) ≤ [f(x)]h(t)[f(y)]h(1−t)

for all x, y ∈ S and t ∈ [0, 1].

In this paper, we introduce a new class of logarithmically B-preinvex functions and give some new
estimates for Hermite-Hadamard type inequalities for the functions whose derivatives in absolute value are
logarithmically B-preinvex.

2. Main results

We, first, define a generalized notion of logarithmically preinvex functions as follows.

Definition 2.1. Let b1, b2 : [0, 1] → R be nonnegative functions. A non-negative function f : S → (0,∞)
on the invex set S is said to be logarithmically B-preinvex w.r.t. η if the inequality

f(y + tη (x, y)) ≤ [f(x)]b2(t)[f(y)]b1(t),

holds for all x, y ∈ S and t ∈ [0, 1] such that b1 (t) , b2 (t) ≥ 0, b1 (t) + b2 (t) ≤ 1, b1 (0) = 1 = b2 (1) .

Remark 2.2.

1. For b1 (t) = 1 − t and b2 (t) = t, the logarithmically B-preinvex function reduces to logarithmically
preinvex function.

2. For b1 (t)=(1− t)s and b2 (t) = ts, the logarithmically B-preinvex function reduces to s-logarithmically
preinvex function [12].

3. For b1 (t) = 1 − tα and b2 (t) = tα, the logarithmically B-preinvex function reduces to a new class,
logarithmically α-preinvex function which cannot be obtained as a special class of logarithmically
h-preinvex functions [9].

4. For b1 (t) = 1
1−t and b2 (t) = 1

t , the logarithmically B-preinvex function reduces to logarithmically
Q-preinvex function [9].

Remark 2.3. A function is logarithmically B-preinvex with respect to η, if log f is B-preinvex [11].

We, now, give an example to show that a function can be logarithmically B-preinvex without being
logarithmically h-preinvex.
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Example 2.4. Let us define
f (x) = e−|x|,

and

η (x, y) =

{
x− y, xy < 0,
y − x, xy > 0.

Since, we know that a function is logarithmically B-preinvex, if log f is B-preinvex, we show that log f
is B-preinvex without being h-preinvex. Now, if b1 (t) = 1− tα and b2 (t) = tα, t ∈ (0, 1), then

f(y + tη (x, y)) ≤ tαf(x) + (1− tα) f (y)

holds for all x, y and α i.e., log f is B-preinvex while if h (t) = tα, then we have for x = 1, y = 1, t = 1
2 and

α = 1
2

f(y + tη (x, y)) = f (1) = −1 > tαf(x) + (1− t)α f (y) =
1√
2
f (1) = −

√
2,

which shows that log f is not h-preinvex.

The following Lemmas will be needed in the sequel.

Lemma 2.5 ([1]). Let f : S → (0,∞) be a differentiable mapping on Int [a, a+ η (b, a)] ⊆ S with η (b, a) > 0.
If f

′ ∈ L [a, a+ η (b, a)] , then

1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f (a) + f (a+ η (b, a))

2
=
η (b, a)

2

1∫
0

(1− 2t) f
′
(a+ tη (b, a)) dt.

Lemma 2.6 ([10]). Let f : S → (0,∞) be a differentiable mapping on Int [a, a+ η (b, a)] ⊆ S with η (b, a) >
0. If f

′ ∈ L [a, a+ η (b, a)] , then

1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f
(
a+

η (b, a)

2

)

= η (b, a)


1
2∫

0

tf
′
(a+ tη (b, a)) dt+

1∫
1
2

(1− t) f ′ (a+ tη (b, a)) dt

 .
(2.1)

Now we give the generalized Hermite-Hadamard inequalities for logarithmically B-preinvex functions
stated as follows:

Theorem 2.7. Let f be a logarithmically B-preinvex function η satisfies condition C, then, for η (b, a) > 0,
we have:

log

(
f

(
a+

η (b, a)

2

))
≤ 1

η (b, a)

a+η(b,a)∫
a

log f (x) dx

≤

 1∫
0

b1 (t) dt

 log f (a) +

 1∫
0

b2 (t) dt

 log f (b) .

Consequently,

f

(
a+

η (b, a)

2

)
≤ exp

 1

η (b, a)

a+η(b,a)∫
a

log f (x) dx

 ≤ [f (a)]
∫ 1
0 b1(t)dt [f (b)]

∫ 1
0 b2(t)dt .
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Proof. By using the definition of logarithmically B-preinvex function and condition C, we get

f

(
a+

η (b, a)

2

)
= f

(
a+ (1− t) η (b, a) +

η (a+ tη (b, a) , a+ (1− t) η (b, a))

2

)
≤ [f (a+ (1− t) η (b, a))]b1(

1
2) [f (a+ tη (b, a))]b2(

1
2) . (2.2)

By taking the logarithm on both sides of (2.2), we get

log f

(
a+

η (b, a)

2

)
≤ log

[
[f (a+ (1− t) η (b, a))]b1(

1
2) [f (a+ tη (b, a))]b2(

1
2)
]

= b1

(
1

2

)
log [f (a+ (1− t) η (b, a))] + b2

(
1

2

)
log [f (a+ tη (b, a))] .

(2.3)

By integrating on the both sides of (2.3) with respect to t ∈ [0, 1] , we obtain

log f

(
a+

η (b, a)

2

)
= b1

(
1

2

) 1∫
0

log [f (a+ (1− t) η (b, a))] dt

+ b2

(
1

2

) 1∫
0

log [f (a+ tη (b, a))] dt,

or

log f

(
a+

η (b, a)

2

)
=

(
b1
(
1
2

)
+ b2

(
1
2

))
η (b, a)

a+η(b,a)∫
a

log [f (x)] dx

≤ 1

η (b, a)

a+η(b,a)∫
a

log [f (x)] dx.

(2.4)

Now, by applying log on the definition of logarithmically B-preinvex function and integrating with respect
to t ∈ [0, 1] , we get

1

η (b, a)

a+η(b,a)∫
a

log [f (x)] dx ≤

 1∫
0

b1 (t) dt

 log f (a) +

 1∫
0

b2 (t) dt

 log f (b) . (2.5)

By combining (2.4) and (2.5), we have the required result.

Remark 2.8. For respective choices of the functions b1 (t) and b2 (t) in Theorem 2.7 as given in Remark 2.2,
we can get estimates for logarithmically preinvex, s-logarithmically preinvex, logarithmically α-preinvex and
logarithmically Q-preinvex functions.

Theorem 2.9. Let f : S → (0,∞) be a differentiable function and f
′ ∈ L [a, a+ η (b, a)] . If

∣∣∣f ′∣∣∣ is logarith-

mically B-preinvex on [a, a+ η (b, a)] ⊆ S, b1 (t) + b2 (t) = 1 and η (b, a) > 0, then∣∣∣∣∣∣∣
1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f (a) + f (a+ η (b, a))

2

∣∣∣∣∣∣∣ ≤
η (b, a)

2

∣∣∣f ′ (a)
∣∣∣ 1∫
0

|1− 2t|

∣∣∣∣∣ f
′
(b)

f ′ (a)

∣∣∣∣∣
b2(t)

dt. (2.6)
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Proof. Since η (b, a) > 0, thus by using Lemma 2.5 and the properties of modulus function, it follows that∣∣∣∣∣∣∣
1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f (a) + f (a+ η (b, a))

2

∣∣∣∣∣∣∣ ≤
η (b, a)

2

1∫
0

|1− 2t|
∣∣∣f ′ (a+ tη (b, a))

∣∣∣ dt. (2.7)

By applying the definition of logarithmically B-preinvex function on
∣∣∣f ′∣∣∣, we have from (2.7),∣∣∣∣∣∣∣

1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f (a) + f (a+ η (b, a))

2

∣∣∣∣∣∣∣ ≤
η (b, a)

2

1∫
0

|1− 2t|
∣∣∣f ′ (a)

∣∣∣b1(t) ∣∣∣f ′ (b)∣∣∣b2(t) dt. (2.8)

By using the condition b1 (t) + b2 (t) = 1 on (2.8), we have the required inequality (2.6).

Theorem 2.10. Let f : S → (0,∞) be a differentiable function and f
′ ∈ L [a, a+ η (b, a)] . If

∣∣∣f ′∣∣∣ is

logarithmically B-preinvex on [a, a+ η (b, a)] ⊆ S, b1 (t) + b2 (t) = 1 and η (b, a) > 0, then∣∣∣∣∣∣∣
1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f
(
a+

η (b, a)

2

)∣∣∣∣∣∣∣ ≤ η (b, a)
∣∣∣f ′ (a)

∣∣∣ (2.9)

×


1
2∫

0

t

∣∣∣∣∣ f
′
(b)

f ′ (a)

∣∣∣∣∣
b2(t)

dt+

1∫
1
2

(1− t)

∣∣∣∣∣ f
′
(b)

f ′ (a)

∣∣∣∣∣
b2(t)

dt

 .

Proof. By applying modulus and its properties on (2.1) and using the definition of Logarithmically B-
preinvex function, the inequality (2.9) follows similar to (2.6).

Theorem 2.11. Let f : S → (0,∞) be a differentiable function and f
′ ∈ L [a, a+ η (b, a)] . If

∣∣∣f ′∣∣∣q is

logarithmically B-preinvex on [a, a+ η (b, a)] ⊆ S for q > 1, b1 (t) + b2 (t) = 1 and η (b, a) > 0, then∣∣∣∣∣∣∣
1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f (a) + f (a+ η (b, a))

2

∣∣∣∣∣∣∣ ≤
η (b, a)

2
2− 1

q

∣∣∣f ′ (a)
∣∣∣
 1∫

0

|1− 2t|

∣∣∣∣∣ f
′
(b)

f ′ (a)

∣∣∣∣∣
qb2(t)

dt


1
q

. (2.10)

Proof. Given η (b, a) > 0. By using Lemma 2.5, the properties of modulus function and the Hölder’s in-
equality, it follows that∣∣∣∣∣∣∣

1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f (a) + f (a+ η (b, a))

2

∣∣∣∣∣∣∣
≤ η (b, a)

2

1∫
0

|1− 2t|1−
1
q |1− 2t|

1
q

∣∣∣f ′ (a+ tη (b, a))
∣∣∣ dt

≤ η (b, a)

2

 1∫
0

|1− 2t| dt

1− 1
q
 1∫

0

|1− 2t|
∣∣∣f ′ (a+ tη (b, a))

∣∣∣q dt


1
q

.

(2.11)
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By applying the definition of logarithmically B-preinvex function on
∣∣∣f ′∣∣∣q, we have from (2.11) that∣∣∣∣∣∣∣

1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f (a) + f (a+ η (b, a))

2

∣∣∣∣∣∣∣ ≤
η (b, a)

2

(
1

2

)1− 1
q

×

 1∫
0

|1− 2t|
∣∣∣f ′ (a)

∣∣∣qb1(t) ∣∣∣f ′ (b)∣∣∣qb2(t) dt


1
q

.

(2.12)

By using the condition b1 (t) + b2 (t) = 1 on (2.12), we have the required inequality (2.10).

Theorem 2.12. Let f : S → (0,∞) be a differentiable function and f
′ ∈ L [a, a+ η (b, a)] . If

∣∣∣f ′∣∣∣q is

logarithmically B-preinvex on [a, a+ η (b, a)] ⊆ S for q > 1, b1 (t) + b2 (t) = 1 and η (b, a) > 0, then∣∣∣∣∣∣∣
1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f
(
a+

η (b, a)

2

)∣∣∣∣∣∣∣
≤ η (b, a)

2
3− 3

q

∣∣∣f ′ (a)
∣∣∣×



1
2∫

0

t

∣∣∣∣∣ f
′
(b)

f ′ (a)

∣∣∣∣∣
qb2(t)

dt


1
q

+

 1∫
1
2

(1− t)

∣∣∣∣∣ f
′
(b)

f ′ (a)

∣∣∣∣∣
qb2(t)

dt


1
q

 .
(2.13)

Proof. Bu using Lemma 2.6, the proof is similar to Theorem 2.11.

Theorem 2.13. Let f : S → (0,∞) be a differentiable function and f
′ ∈ L [a, a+ η (b, a)] . If

∣∣∣f ′∣∣∣q is

logarithmically B-preinvex on [a, a+ η (b, a)] ⊆ S for q > 1 and 1
p + 1

q = 1, b1 (t)+ b2 (t) = 1 and η (b, a) > 0,
then ∣∣∣∣∣∣∣

1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f (a) + f (a+ η (b, a))

2

∣∣∣∣∣∣∣
≤ η (b, a)

2

1

(p+ 1)
1
p

∣∣∣f ′ (a)
∣∣∣
 1∫

0

∣∣∣∣∣ f
′
(b)

f ′ (a)

∣∣∣∣∣
qb2(t)

dt


1
q

.

(2.14)

Proof. Given η (b, a) > 0. By using Lemma 2.5, the properties of modulus and the Hölder’s inequality, it
follows that ∣∣∣∣∣∣∣

1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f (a) + f (a+ η (b, a))

2

∣∣∣∣∣∣∣
≤ η (b, a)

2

 1∫
0

|1− 2t|p dt


1
p

×

 1∫
0

∣∣∣f ′ (a+ tη (b, a))
∣∣∣q dt


1
q

.

(2.15)

By applying the definition of logarithmically B-preinvex function on
∣∣∣f ′∣∣∣q and simplifying, we have from

(2.15) that
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1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f (a) + f (a+ η (b, a))

2

∣∣∣∣∣∣∣
≤ η (b, a)

 1∫
0

∣∣∣∣12 − t
∣∣∣∣p dt


1
p
 1∫

0

∣∣∣f ′ (a)
∣∣∣qb1(t) ∣∣∣f ′ (b)∣∣∣qb2(t) dt


1
q

= η (b, a)


1

2∫
0

(
1

2
− t
)p

dt+

1∫
1

2

(
t− 1

2

)p
dt


1
p

(2.16)

×

 1∫
0

∣∣∣f ′ (a)
∣∣∣qb1(t) ∣∣∣f ′ (b)∣∣∣qb2(t) dt


1
q

=
η (b, a)

2

1

(p+ 1)
1
p

 1∫
0

∣∣∣f ′ (a)
∣∣∣qb1(t) ∣∣∣f ′ (b)∣∣∣qb2(t) dt


1
q

.

By using the condition b1 (t) + b2 (t) = 1 on (2.16), we have the required inequality (2.14).

Theorem 2.14. Let f : S → (0,∞) be a differentiable function and f
′ ∈ L [a, a+ η (b, a)] . If

∣∣∣f ′∣∣∣q is

logarithmically B-preinvex on [a, a+ η (b, a)] ⊆ S for q > 1 and 1
p + 1

q = 1, b1 (t)+ b2 (t) = 1 and η (b, a) > 0,

then ∣∣∣∣∣∣∣
1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f
(
a+

η (b, a)

2

)∣∣∣∣∣∣∣ ≤
η (b, a)

21+
1
p

1

(p+ 1)
1
p

∣∣∣f ′
(a)
∣∣∣

×




1
2∫

0

∣∣∣∣∣ f
′
(b)

f ′ (a)

∣∣∣∣∣
qb2(t)

dt


1
q

+

 1∫
1
2

∣∣∣∣∣ f
′
(b)

f ′ (a)

∣∣∣∣∣
qb2(t)

dt


1
q

 .
(2.17)

Proof. By using Lemma 2.6, the proof is similar to Theorem 2.13.

The following theorem establishes new inequalities for two logarithmically B-preinvex functions.

Theorem 2.15. Let f, g : [a, a+ η (b, a)]→ (0,∞) be logarithmically B-preinvex on Int [a, a+ η (b, a)] and
a, b ∈ Int [a, a+ η (b, a)] with b1 (t) + b2 (t) = 1 and η (b, a) > 0. Then, the following inequality holds:

2

η (b, a)

a+η(b,a)∫
a

f (x) g (x) dx ≤ [f (a)]2
1∫

0

[
f (b)

f (a)

]2b2(t)
dt+ [g (a)]2

1∫
0

[
g (b)

g (a)

]2b2(t)
dt.

Proof. Let f, g be logarithmically B-preinvex functions. Then,

f (a+ tη (b, a)) ≤ [f (a)]b1(t) [f (b)]b2(t) ,

g (a+ tη (b, a)) ≤ [g (a)]b1(t) [g (b)]b2(t) .

Now,

a+η(b,a)∫
a

f (x) g (x) dx = η (b, a)

1∫
0

f (a+ tη (b, a)) g (a+ tη (b, a)) dt
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≤ η (b, a)

2

1∫
0

[
{f (a+ tη (b, a))}2 + {g (a+ tη (b, a))}2

]

≤ η (b, a)

2

1∫
0

[[
[f (a)]b1(t) [f (b)]b2(t)

]2
+
[
[g (a)]b1(t) [g (b)]b2(t)

]2]
dt

=
η (b, a)

2

[f (a)]2
1∫

0

[
f (b)

f (a)

]2b2(t)
dt+ [g (a)]2

1∫
0

[
g (b)

g (a)

]2b2(t)
dt

 .
Thus, we have the required result.

Remark 2.16. For respective choices of the functions b1 (t) and b2 (t) in Theorems 2.9–2.14 as given in Remark
2.2, we recapture estimates for logarithmically preinvex given in [10]. Moreover, some new estimates can
also be obtained for the logarithmically α-preinvex functions.

Now we give the results for logarithmically α-preinvex functions.

Theorem 2.17. Let f : S → (0,∞) be a differentiable function and f
′ ∈ L [a, a+ η (b, a)] . If

∣∣∣f ′∣∣∣ is

logarithmically α-preinvex on [a, a+ η (b, a)] ⊆ S, and η (b, a) > 0, then∣∣∣∣∣∣∣
1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f (a) + f (a+ η (b, a))

2

∣∣∣∣∣∣∣ ≤
η (b, a)

2

∣∣∣f ′ (a)
∣∣∣ M (α, t) ,

where

M (α, t) =


1
2 , for µ = 1,

1
(α lnµ)2

[
4µ

α
2 + µα (α lnµ− 2)− (α lnµ+ 2)

]
, for µ < 1,(

α
lnµ

)2 [
4µ

1
2α + µ

1
α

(
1
α lnµ− 2

)
−
(
1
α lnµ+ 2

)]
, for µ > 1,

and µ is defined as:

µ =

∣∣∣∣∣ f
′
(b)

f ′ (a)

∣∣∣∣∣ .
Proof. For b1 (t) = 1− tα, b2 (t) = tα in (2.8), we have∣∣∣∣∣∣∣

1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f (a) + f (a+ η (b, a))

2

∣∣∣∣∣∣∣ ≤
η (b, a)

2

∣∣∣f ′ (a)
∣∣∣ 1∫
0

|1− 2t|

∣∣∣∣∣ f
′
(b)

f ′ (a)

∣∣∣∣∣
tα

dt. (2.18)

Let µ =

∣∣∣∣ f ′ (b)f ′ (a)

∣∣∣∣ in (2.18), we have three cases:

Case 1: For µ = 1, (2.18) takes the form∣∣∣∣∣∣∣
1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f (a) + f (a+ η (b, a))

2

∣∣∣∣∣∣∣ ≤
η (b, a)

2

∣∣∣f ′
(a)
∣∣∣ 1∫
0

|1− 2t| dt

≤ η (b, a)

2

∣∣∣f ′
(a)
∣∣∣


1
2∫

0

(1− 2t) dt+

1∫
1
2

(2t− 1) dt


≤ η (b, a)

4

∣∣∣f ′
(a)
∣∣∣ .

(2.19)
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Case 2: For µ < 1, we have µt
α ≤ µαt. Thus, (2.18) becomes∣∣∣∣∣∣∣

1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f (a) + f (a+ η (b, a))

2

∣∣∣∣∣∣∣
≤ η (b, a)

2

∣∣∣f ′ (a)
∣∣∣ 1∫
0

|1− 2t|µαtdt

≤ η (b, a)

2

∣∣∣f ′ (a)
∣∣∣


1
2∫

0

(1− 2t)µαtdt+

1∫
1
2

(2t− 1)µαtdt


≤ η (b, a)

2

∣∣∣f ′ (a)
∣∣∣ [− 1

α lnµ
+

2

(α lnµ)2

(
µ
α
2 − 1

)
+

µα

α lnµ
− 2

(α lnµ)2

(
µα − µ

α
2

)]
≤ η (b, a)

2 (α lnµ)2

∣∣∣f ′ (a)
∣∣∣ [4µα2 + µα (α lnµ− 2)− (α lnµ+ 2)

]
.

(2.20)

Case 3: For µ > 1, we have µt
α ≤ µ

t
α . Thus, (2.18) becomes∣∣∣∣∣∣∣

1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f (a) + f (a+ η (b, a))

2

∣∣∣∣∣∣∣
≤ η (b, a)

2

∣∣∣f ′
(a)
∣∣∣ 1∫
0

|1− 2t|µ t
α dt

≤ η (b, a)

2

∣∣∣f ′
(a)
∣∣∣


1
2∫

0

(1− 2t)µ
t
α dt+

1∫
1
2

(2t− 1)µ
t
α dt


≤ η (b, a)

2

∣∣∣f ′
(a)
∣∣∣ [− 1

1
α lnµ

+
2(

1
α lnµ

)2 (µ 1
2α − 1

)
+

µ
1
α

1
α lnµ

− 2(
1
α lnµ

)2 (µ 1
α − µ 1

2α

)]

≤ η (b, a)

2

(
α

lnµ

)2 ∣∣∣f ′
(a)
∣∣∣ [− 1

α
lnµ+ 2

(
µ

1
2α − 1

)
+

1

α
lnµµ

1
α − 2

(
µ

1
α − µ 1

2α

)]
≤ η (b, a)

2

(
α

lnµ

)2 ∣∣∣f ′
(a)
∣∣∣ [4µ 1

2α + µ
1
α

(
1

α
lnµ− 2

)
−
(

1

α
lnµ+ 2

)]
.

(2.21)

Therefore, (2.19), (2.20) and (2.21) are the required inequalities.

Theorem 2.18. Let f : S → (0,∞) be a differentiable function and f
′ ∈ L [a, a+ η (b, a)] . If

∣∣∣f ′∣∣∣ is

logarithmically α-preinvex on [a, a+ η (b, a)] ⊆ S, and η (b, a) > 0, then∣∣∣∣∣∣∣
1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f
(
a+

η (b, a)

2

)∣∣∣∣∣∣∣ ≤ η (b, a)
∣∣∣f ′ (a)

∣∣∣


1
2∫

0

t

∣∣∣∣∣ f
′
(b)

f ′ (a)

∣∣∣∣∣
tα

dt+

1∫
1
2

(1− t)

∣∣∣∣∣ f
′
(b)

f ′ (a)

∣∣∣∣∣
tα

dt


≤ η (b, a)

∣∣∣f ′ (a)
∣∣∣ M (α, t) ,
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where

M (α, t) =


1
22
, for µ = 1,

1
(α lnµ)2

[
−2µ

α
2 + µα + 1

]
, for µ < 1,(

α
lnµ

)2 [
−2µ

1
2α + µ

1
α + 1

]
, for µ > 1,

and µ is defined as

µ =

∣∣∣∣∣ f
′
(b)

f ′ (a)

∣∣∣∣∣ .
Proof. For b1 (t) = 1− tα, b2 (t) = tα in (2.15), we have∣∣∣∣∣∣∣

1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f
(
a+

η (b, a)

2

)∣∣∣∣∣∣∣ ≤ η (b, a)
∣∣∣f ′ (a)

∣∣∣

×


1
2∫

0

t

∣∣∣∣∣ f
′
(b)

f ′ (a)

∣∣∣∣∣
tα

dt+

1∫
1
2

(1− t)

∣∣∣∣∣ f
′
(b)

f ′ (a)

∣∣∣∣∣
tα

dt

 .
(2.22)

Let µ =

∣∣∣∣ f ′ (b)f ′ (a)

∣∣∣∣ in (2.22), we have three cases:

Case 1: For µ = 1, (2.22) takes the form∣∣∣∣∣∣∣
1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f
(
a+

η (b, a)

2

)∣∣∣∣∣∣∣ ≤ η (b, a)
∣∣∣f ′ (a)

∣∣∣


1
2∫

0

tdt+

1∫
1
2

(1− t) dt


≤ η (b, a)

4

∣∣∣f ′ (a)
∣∣∣ .

(2.23)

Case 2: For µ < 1, we have µt
α ≤ µαt. Thus, (2.22) becomes∣∣∣∣∣∣∣

1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f
(
a+

η (b, a)

2

)∣∣∣∣∣∣∣
≤ η (b, a)

∣∣∣f ′ (a)
∣∣∣


1
2∫

0

tµαtdt+

1∫
1
2

(1− t)µαtdt


≤ η (b, a)

∣∣∣f ′ (a)
∣∣∣ [ µ

α
2

2α lnµ
− 1

(α lnµ)2

(
µ
α
2 − 1

)
− µ

α
2

2α lnµ
+

1

(α lnµ)2

(
µα − µ

α
2

)]

≤ η (b, a)
∣∣∣f ′ (a)

∣∣∣ [µα − µα2 − µα2 + 1

(α lnµ)2

]

≤
η (b, a)

∣∣∣f ′ (a)
∣∣∣

(α lnµ)2

[
−2µ

α
2 + µα + 1

]
.

(2.24)
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Case 3: For µ > 1, we have µt
α ≤ µ

t
α . Thus, (2.22) becomes∣∣∣∣∣∣∣

1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f
(
a+

η (b, a)

2

)∣∣∣∣∣∣∣ ≤ η (b, a)
∣∣∣f ′

(a)
∣∣∣


1
2∫

0

tµ
t
α dt+

1∫
1
2

(1− t)µ t
α dt


≤ η (b, a)

∣∣∣f ′
(a)
∣∣∣

×

[
− 1(

1
α lnµ

)2 (µ 1
2α − 1

)
+

1(
1
α lnµ

)2 (µ 1
α − µ 1

2α

)]

≤ η (b, a)
∣∣∣f ′

(a)
∣∣∣ [µ 1

α − µ 1
2α − µ 1

2α + 1(
1
α lnµ

)2
]

≤
α2η (b, a)

∣∣∣f ′
(a)
∣∣∣

(lnµ)
2

[
−2µ

1
2α + µ

1
α + 1

]
.

(2.25)

Therefore, (2.23), (2.24) and (2.25) are the required inequalities.

Theorem 2.19. Let f : S → (0,∞) be a differentiable function and f
′ ∈ L [a, a+ η (b, a)] . If

∣∣∣f ′∣∣∣q is

logarithmically α-preinvex on [a, a+ η (b, a)] ⊆ S for q > 1, and η (b, a) > 0, then∣∣∣∣∣∣∣
1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f (a) + f (a+ η (b, a))

2

∣∣∣∣∣∣∣ ≤
η (b, a)

2
2− 1

q

∣∣∣f ′ (a)
∣∣∣
 1∫

0

|1− 2t|

∣∣∣∣∣ f
′
(b)

f ′ (a)

∣∣∣∣∣
qtα

dt


1
q

≤ η (b, a)

2
2− 1

q

∣∣∣f ′ (a)
∣∣∣M (t, α, q) ,

where

M (t, α, q) =


1

2
1
q
, for µ = 1,

1
(αq lnµ)2

[
4µ

αq
2 + µαq (αq lnµ− 2)− (αq lnµ+ 2)

] 1
q
, for µ < 1,

α2

(q lnµ)2

[
4µ

q
2α + µ

q
α

( q
α lnµ− 2

)
−
( q
α lnµ+ 2

)] 1
q
, for µ > 1,

and µ is defined as

µ =

∣∣∣∣∣ f
′
(b)

f ′ (a)

∣∣∣∣∣ .
Proof. For b1 (t) = 1− tα, b2 (t) = tα in (2.16), we have∣∣∣∣∣∣∣

1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f (a) + f (a+ η (b, a))

2

∣∣∣∣∣∣∣
≤ η (b, a)

2

(
1

2

)1− 1
q

 1∫
0

|1− 2t|
∣∣∣f ′ (a)

∣∣∣q(1−tα) ∣∣∣f ′ (b)∣∣∣qtα dt


1
q

≤ η (b, a)

2
2− 1

q

∣∣∣f ′ (a)
∣∣∣
 1∫

0

|1− 2t|

∣∣∣∣∣ f
′
(b)

f ′ (a)

∣∣∣∣∣
qtα

dt


1
q

.

(2.26)

Let µ =

∣∣∣∣ f ′ (b)f ′ (a)

∣∣∣∣ in (2.26), we have three cases:
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Case 1: For µ = 1, (2.26) takes the form∣∣∣∣∣∣∣
1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f (a) + f (a+ η (b, a))

2

∣∣∣∣∣∣∣ ≤
η (b, a)

22−
1
q

∣∣∣f ′
(a)
∣∣∣
 1∫

0

|1− 2t| dt


1
q

≤ η (b, a)

22−
1
q

∣∣∣f ′
(a)
∣∣∣


1
2∫

0

(1− 2t) dt+

1∫
1
2

(2t− 1) dt


1
q

≤ η (b, a)

22−
1
q

∣∣∣f ′
(a)
∣∣∣ [1

2

] 1
q

≤ η (b, a)

4

∣∣∣f ′
(a)
∣∣∣ .

(2.27)

Case 2: For µ < 1, we have µt
α ≤ µαt. Thus, (2.26) becomes∣∣∣∣∣∣∣

1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f (a) + f (a+ η (b, a))

2

∣∣∣∣∣∣∣
≤ η (b, a)

2
2− 1

q

∣∣∣f ′ (a)
∣∣∣
 1∫

0

|1− 2t|µαqtdt


1
q

≤ η (b, a)

2
2− 1

q

∣∣∣f ′ (a)
∣∣∣


1
2∫

0

(1− 2t)µαqtdt+

1∫
1
2

(2t− 1)µαqtdt


1
q

(2.28)

≤ η (b, a)

2
2− 1

q

∣∣∣f ′ (a)
∣∣∣ [− 1

αq lnµ
+

2

(αq lnµ)2

(
µ
αq
2 − 1

)
+

µαq

αq lnµ
− 2

(αq lnµ)2

(
µαq − µ

αq
2

)] 1
q

≤ η (b, a)

2
2− 1

q

∣∣∣f ′ (a)
∣∣∣ [ 1

(αq lnµ)2

(
4µ

αq
2 + µαq (αq lnµ− 2)− (αq lnµ+ 2)

)] 1
q

.

Case 3: For µ > 1, we have µqt
α ≤ µ

qt
α . Thus, (2.26) becomes∣∣∣∣∣∣∣

1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f (a) + f (a+ η (b, a))

2

∣∣∣∣∣∣∣
≤ η (b, a)

2
2− 1

q

∣∣∣f ′ (a)
∣∣∣
 1∫

0

|1− 2t|µ
qt
α dt


1
q

(2.29)

≤ η (b, a)

2
2− 1

q

∣∣∣f ′ (a)
∣∣∣


1
2∫

0

(1− 2t)µ
qt
α dt+

1∫
1
2

(2t− 1)µ
qt
α dt


1
q

≤ η (b, a)

2
2− 1

q

∣∣∣f ′ (a)
∣∣∣ [− 1

q
α lnµ

+
2( q

α lnµ
)2 (µ q

2α − 1
)
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+
µ
q
α

q
α lnµ

− 2( q
α lnµ

)2 (µ q
α − µ

q
2α

)] 1
q

≤ η (b, a)

2
2− 1

q

∣∣∣f ′ (a)
∣∣∣ [ α2

(q lnµ)2

(
4µ

q
2α + µ

q
α

( q
α

lnµ− 2
)
−
( q
α

lnµ+ 2
))] 1

q

.

Therefore, (2.27), (2.28) and (2.29) are the required inequalities.

Theorem 2.20. Let f : S → (0,∞) be a differentiable function and f
′ ∈ L [a, a+ η (b, a)] . If

∣∣∣f ′∣∣∣q is

logarithmically α-preinvex on [a, a+ η (b, a)] ⊆ S for q > 1, and η (b, a) > 0, then

∣∣∣∣∣∣∣
1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f
(
a+

η (b, a)

2

)∣∣∣∣∣∣∣ ≤
η (b, a)

2
3− 3

q

∣∣∣f ′ (a)
∣∣∣



1
2∫

0

t

∣∣∣∣∣ f
′
(b)

f ′ (a)

∣∣∣∣∣
qtα

dt


1
q

+

 1∫
1
2

(1− t)

∣∣∣∣∣ f
′
(b)

f ′ (a)

∣∣∣∣∣
qtα

dt


1
q


≤ η (b, a)

2
3− 3

q

∣∣∣f ′ (a)
∣∣∣M (t, α, q) ,

where

M (t, α, q) =



1

2
3
q−1

, for µ = 1,(
µ
α
2

2α lnµ −
1

(α lnµ)2

(
µ
α
2 − 1

)) 1
q

+
(
− µ

α
2

2α lnµ + 1
(α lnµ)2

(
µα − µ

α
2

)) 1
q
, for µ < 1,(

µ
1
2α

2
α
lnµ
− 1

( 1
α
lnµ)

2

(
µ

1
2α − 1

)) 1
q

+

(
− µ

1
2α

2
α
lnµ

+ 1

( 1
α
lnµ)

2

(
µ

1
α − µ

1
2α

)) 1
q

, for µ > 1,

and µ is defined as:

µ =

∣∣∣∣∣ f
′
(b)

f ′ (a)

∣∣∣∣∣ .

Proof. For b1 (t) = 1− tα, b2 (t) = tα in (2.13), we have

∣∣∣∣∣∣∣
1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f
(
a+

η (b, a)

2

)∣∣∣∣∣∣∣ ≤
η (b, a)

2
3− 3

q

∣∣∣f ′ (a)
∣∣∣



1
2∫

0

t

∣∣∣∣∣ f
′
(b)

f ′ (a)

∣∣∣∣∣
qtα

dt


1
q

+

 1∫
1
2

(1− t)

∣∣∣∣∣ f
′
(b)

f ′ (a)

∣∣∣∣∣
qtα

dt


1
q

 .
The rest of the proof is similar to Theorem 2.19.
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Theorem 2.21. Let f : S → (0,∞) be a differentiable function and f
′ ∈ L [a, a+ η (b, a)] . If

∣∣∣f ′∣∣∣q is

logarithmically α-preinvex on [a, a+ η (b, a)] ⊆ S for q > 1 such that 1
p + 1

q = 1, and η (b, a) > 0, then∣∣∣∣∣∣∣
1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f (a) + f (a+ η (b, a))

2

∣∣∣∣∣∣∣ ≤
η (b, a)

2

1

(p+ 1)
1
p

∣∣∣f ′ (a)
∣∣∣
 1∫

0

∣∣∣∣∣ f
′
(b)

f ′ (a)

∣∣∣∣∣
qtα

dt


1
q

≤ η (b, a)

2

1

(p+ 1)
1
p

∣∣∣f ′ (a)
∣∣∣M (t, α, q) ,

where

M (t, α, q) =


1, for µ = 1,[

1
αq lnµ (µαq − 1)

] 1
q
, for µ < 1,[

α
q lnµ

(
µ
q
α − 1

)] 1
q
, for µ > 1,

and µ is defined as

µ =

∣∣∣∣∣ f
′
(b)

f ′ (a)

∣∣∣∣∣ .
Proof. For b1 (t) = 1− tα, b2 (t) = tα in (2.14), we have:∣∣∣∣∣∣∣

1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f (a) + f (a+ η (b, a))

2

∣∣∣∣∣∣∣ ≤ η (b, a)


1

2∫
0

(
1

2
− t
)p

dt+

1∫
1

2

(
t− 1

2

)p
dt


1
p

×

 1∫
0

∣∣∣f ′ (a)
∣∣∣q−qtα ∣∣∣f ′ (b)∣∣∣qtα dt


1
q

≤ η (b, a)

2

1

(p+ 1)
1
p

∣∣∣f ′ (a)
∣∣∣
 1∫

0

∣∣∣∣∣ f
′
(b)

f ′ (a)

∣∣∣∣∣
qtα

dt


1
q

.

(2.30)

Let µ =

∣∣∣∣ f ′ (b)f ′ (a)

∣∣∣∣ in (2.30), we have three cases:

Case 1: For µ = 1, (2.30) takes the form∣∣∣∣∣∣∣
1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f (a) + f (a+ η (b, a))

2

∣∣∣∣∣∣∣ ≤
η (b, a)

2

1

(p+ 1)
1
p

∣∣∣f ′ (a)
∣∣∣
 1∫

0

1.dt


1
q

≤ η (b, a)

2

1

(p+ 1)
1
p

∣∣∣f ′ (a)
∣∣∣ .

(2.31)

Case 2: For µ < 1, we have µqt
α ≤ µαqt. Thus, (2.30) becomes∣∣∣∣∣∣∣

1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f (a) + f (a+ η (b, a))

2

∣∣∣∣∣∣∣ ≤
η (b, a)

2

1

(p+ 1)
1
p

∣∣∣f ′
(a)
∣∣∣
 1∫

0

µαqtdt


1
q

≤ η (b, a)

2

1

(p+ 1)
1
p

∣∣∣f ′
(a)
∣∣∣ [ 1

αq lnµ
(µαq − 1)

] 1
q

.

(2.32)
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Case 3: For µ > 1, we have µqt
α ≤ µ

qt
α . Thus, (2.30) becomes∣∣∣∣∣∣∣

1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f (a) + f (a+ η (b, a))

2

∣∣∣∣∣∣∣ ≤
η (b, a)

2

1

(p+ 1)
1
p

∣∣∣f ′
(a)
∣∣∣
 1∫

0

µ
qt
α dt


1
q

≤ η (b, a)

2

1

(p+ 1)
1
p

∣∣∣f ′
(a)
∣∣∣ [ 1

q
α lnµ

(
µ
q
α − 1

)] 1
q

≤ η (b, a)

2

1

(p+ 1)
1
p

∣∣∣f ′
(a)
∣∣∣ [ α

q lnµ

(
µ
q
α − 1

)] 1
q

.

(2.33)

Therefore, (2.31), (2.32) and (2.33) are the required inequalities.

Theorem 2.22. Let f : S → (0,∞) be a differentiable function and f
′ ∈ L [a, a+ η (b, a)] . If

∣∣∣f ′∣∣∣q is

logarithmically α-preinvex on [a, a+ η (b, a)] ⊆ S for q > 1 and 1
p + 1

q = 1, and η (b, a) > 0, then:∣∣∣∣∣∣∣
1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f
(
a+

η (b, a)

2

)∣∣∣∣∣∣∣
≤ η (b, a)

2
1+ 1

p

1

(p+ 1)
1
p

∣∣∣f ′ (a)
∣∣∣



1
2∫

0

∣∣∣∣∣ f
′
(b)

f ′ (a)

∣∣∣∣∣
qtα

dt


1
q

+

 1∫
1
2

∣∣∣∣∣ f
′
(b)

f ′ (a)

∣∣∣∣∣
qtα

dt


1
q


≤ η (b, a)

2
1+ 1

p

1

(p+ 1)
1
p

∣∣∣f ′ (a)
∣∣∣M (t, α, q) ,

where

M (t, α, q) =


1, for µ = 1,(

1
αq lnµ

(
µ
αq
2 − 1

)) 1
q

+
(

1
αq lnµ

(
µαq − µ

αq
2

)) 1
q
, for µ < 1,(

α
q lnµ

(
µ

q
2α − 1

)) 1
q

+
(

α
q lnµ

(
µ
q
α − µ

q
2α

)) 1
q
, for µ > 1,

and µ is defined by

µ =

∣∣∣∣∣ f
′
(b)

f ′ (a)

∣∣∣∣∣ .
Proof. For b1 (t) = 1− tα, b2 (t) = tα in (2.17), we have∣∣∣∣∣∣∣

1

η (b, a)

a+η(b,a)∫
a

f (x) dx− f
(
a+

η (b, a)

2

)∣∣∣∣∣∣∣
≤ η (b, a)

2
1+ 1

p

1

(p+ 1)
1
p

∣∣∣f ′ (a)
∣∣∣



1
2∫

0

∣∣∣∣∣ f
′
(b)

f ′ (a)

∣∣∣∣∣
qtα

dt


1
q

+

 1∫
1
2

∣∣∣∣∣ f
′
(b)

f ′ (a)

∣∣∣∣∣
qtα

dt


1
q

 .
The rest of the proof is similar to Theorem 2.21.
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