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Abstract

In this paper, quasi-variational inclusions and fixed point problems of pseudocontractions are investigated
based on a three step iterative process. Some convergence theorems are established in framework of Hilbert
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1. Introduction

Let C' be a nonempty closed convex subset of a real Hilbert space H. Let B : C'— H be a single-valued
nonlinear mapping and M : H — 2 be a multi-valued mapping. The so-called quasi-variational inclusion
problem is to find a u € 2¥ such that

0 € Bu+ Mu. (1.1)

In this paper, we use VI(H, B, M) to denote the solution of problem . A number of problems arising
in structural analysis, mechanics, and economics can be studied in the framework of this kind of variational
inclusions, see for instance [3| 4, 8, [15]. For related work, see [11 [5, [6], [16]. The problem includes many
problems as special cases.

Next, we consider two special cases of problem .
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(1) If M = 0¢ : H — 21 where ¢ : H — R U {+00} is a proper convex lower semi-continuous function
and 0¢ is the sub-differential of ¢, then problem (1.1]) is equivalent to find u € H such that

(Bu,v —u) + ¢(v) — ¢(u) >0, Yve H,
which is called the mixed quasi-variational inequality (see [14]).

(2) If M = ¢, and d¢ : H — [0, 0] is the indicator function of C, i.e.,

S — 0, xz e (),
7 400, z¢C,

then problem (|1.1]) is equivalent to the classical variational inequality problem, denoted by VI(C, B),
which is to find u € C such that
(Bu,v—u) >0, YvedC.

This problem is called the Hartman-Stampacchia variational inequality (see [10]).

Let T : C — C be a nonlinear mapping. The iterative scheme of Mann’s type for approximating fixed
points of T is the following:

xo € C, and xp41 = anty + (1 —ap)Txy,

for all n > 1, where {a,} is a sequence in [0,1]. For two nonlinear mappings S and 7', Takahashi and
Tamura [I7] considered the following iteration procedure

zog € C, and zpi1 = apxy + (1 — an)S(Brxn + (1 = Bn)Txy),

for all n > 1, where {«,} and {3, } are two sequences in [0, 1].
A typical problem is to minimize a quadratic function over the set of the fixed points of a nonexpansive
mapping on a real Hilbert space H:

IMn<1Mm—@—h@0, (1.2)

zeF(S) \ 2

where A is a linear bounded and strongly positive operator, F'(S) is the fixed point set of nonexpansive
mapping S and h is a potential function for v f, that is, h'(x) = vf(x), for x € H.

Iterative methods for nonexpansive mappings have recently been applied to solve convex minimization
problems. Marino and Xu [12] studied the following iterative scheme:

20 € H, xpt1 = — anA)Sxy + anyf(zy), Yn >0,

where f is an a-contractive mapping. They proved {z,} generated by the above iterative scheme converges
strongly to the unique solution of the variational inequality

(vf— Az, —a*) <0, VoeF(S),

which is the optimality condition for minimization problem ([1.2)).
Later, Zhang et al. [20] considered problem (1.1)). They studied the following iterative scheme:

Tyl = QpZo + (1 - an)Syn’
Yn = Ju(Tn — ABzy), Vn >0,

where S is a nonexpansive mapping, B is an inverse-strongly monotone mapping and Jjz, is the resolvent
operator associated with M. They proved {z,} generated by the above iterative scheme converges strongly

to Pp(s)nvi(H,B,M)Z0-
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Recently, Meng et al. [13] considered problem (|1.1)) and they studied the following iterative scheme:

Yn = KT I\ (2, — ABxy) + (1 — &)y (zn — ABxy,),
Tp4+1 = O‘n'}/f(xn) + (I - anA)yna Vn > 1,

where f is a contractive mapping, 7' is a strictly pseudocontractive mapping, A is a strongly positive linear
bounded operator, B is an inverse-strongly monotone mapping, and Jjz, is the resolvent operator associated
with M. They proved {x, } generated by the above iterative scheme converges strongly to the unique solution
of the variational inequality

(vf—Az,w—2) <0, Ywe F(T)NVI(H,B,M).

Motivated and inspired by the works in this field, the purpose of this paper is to consider the quasi-
variational inclusion and fixed point problems of pseudocontractions. A three step iterative algorithm is
presented. A strong convergence theorem is demonstrated. We also discuss several special cases. The results
in this paper extend and improve the corresponding results announced by many other authors.

2. Preliminaries

Throughout this paper, we assume H is a real Hilbert space with the inner product (-,-) and norm || - ||.
Let C be a nonempty, closed and convex subset of H. We write z,, — = to indicate that the sequence {x,}
converges weakly to z and xz,, — x implies that {z,} converges strongly to x.

Definition 2.1. A mapping A : C — H is called

(i) monotone, if

(ii) m-strongly monotone, if there exists a constant > 0 such that
<A:U - Ay,l’ - y) > 77”.27 - yH27 Vl‘,y € C;
iii) (-inverse-strongly monotone, if there exists a constant ¢ > 0 such that
gly
<A$ - Ay,ﬂ? - y> > C”AHZ‘ - AyH27 ny@/ eC.

It is easy to see that the projection P is l-inverse-strongly monotone. Inverse-strongly monotone
operators have been applied widely in solving practical problems in various fields. It is obvious that if A is
(-inverse-strongly monotone, then A is monotone and %—Lipschitz continuous. Moreover, we also have the
conclusion that if 0 < A < 2(, then I — AA is a nonexpansive mapping from C to H.

The metric (or nearest point) projection from H onto C' is the mapping Po : H — C which assigns to
each point x € H, a unique point Pox € C satisfying the property

— P, = inf ||z —y|| := d(z,C).
lv = Pea|| = inf |z —y]| := d(z, C)

Some important properties of projections are gathered in the following proposition.

Proposition 2.2. For given x € H and z € C':

(i) z=Pex & (x —z,y — 2) <0, VyeC,
(i) z=Poz & |z — 2> < |lz —yll* - lly — 2I*, VyeC;
(iii) (Pox — Poy,x —y) > ||Pcx — Poy|?, Vy € H.

Consequently, Po is nonexpansive and monotone.
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Definition 2.3. A mapping T : H — H is said to be
(i) L-Lipschitzian, if there exists a constant L > 0 such that

[Tz =Tyl < Lijz —yll, v,y € H,

in the case of L = a € (0,1). T is said to be an a-contractive mapping; in the case of L = 1, T' is said
to be nonexpansive;
(ii) firmly nonexpansive, if 27" — I is nonexpansive, or equivalently, if 7' is 1-inverse-strongly monotone
(1-ism),
(x —y, Tz —Ty) > ||[Tz — Ty||>, Vr,y < H,
alternatively, T is firmly nonexpansive, if and only if 7" can be expressed as
1
2
where S : H — H is nonexpansive; projections are firmly nonexpansive;
(iii) T is called a strictly pseudocontractive, if there exists a constant 0 < k < 1 such that

T=_(I+5),

|72 — Tyl < |l — yl]® + k| (I = T)a — (I - Ty, Va,y € H.

In this case, we say that 7" is a k-strict pseudocontraction. It is obvious that any inverse-strongly
monotone mapping is Lipschitz continuous. Meantime, strictly pseudocontractive mapping can be
expressed as

(Tw—Ty,w—4) <l —yl? ~ 52N =Ty — (L~ TP, Vaye H.

We know that if T is a k-strict pseudocontractive mapping, then T is Lipschitz continuous with constant
%, ie., ||[Tz — Tyl < %Hx — vyl for all z,y € C. We denote by F(T') the set of fixed points of S. It is
clear that the class of strict pseudocontractions strictly include the one of nonexpansive mappings.
Definition 2.4. Let M : H — 2" be a multi-valued mapping. dom(M) is the effective domain, that is,
dom(M) = {x € H: Mz # (0}. M is said to be a monotone operator on H, if (x —y,u —v) > 0 for all
xz,y € dom(M),u € Mz,v € My. M is said to be maximal, if its graph is not property contained in the
graph of any other monotone operator on H. For a maximal monotone operator M on H and r > 0, we
may define a single-valued operator Jysx(u) = (I + AM)~!(u), for all u € H which is called the resolvent
operator associated with M, where X is any positive number and I is the identity mapping. The resolvent
operator Jyy \ associated with M is single-valued. It is clear that the resolvent .Jy » is firmly nonexpansive,
that is,

[ Taax = Jaayll® < (z =y, Juaz — Juay), Yo,y € H.
Consequently, Jys  is nonexpansive and monotone.

We need the following facts and lemmas for the proof of our results.
In a real Hilbert space H, the following hold:

lz = ylI* = llzl® = llylI* = 2z -y, ),
lz +ylI* < ll2ll* + 2(y, @ + ),
Az + (1= Nyl? = Alz]* + @ = Nlyl* = A1 = Ve -y,
for all x,y € H and y € [0,1]. It is also known that H satisfies the Opial’s condition [10], i.e., for any
sequence {z,} C H; with =, — z, the inequality
liminf ||z, — z| < liminf ||z, —y||,
n—oo n—oo

holds for every y € H with x # y. Hilbert space H satisfies the Kadec-Klee property [17], that is, for any
sequence {z,} if z, — x and ||z, || — ||z, then ||z, — z|| — 0.
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Consider the following variational inequality for an inverse strongly monotone mapping B:
Find w € C such that (Bu,v —u) >0, Yve C.
The set of solutions of the variational inequality is denoted by VI(C, B). It is well-known that
ueVI(C,B) <= u= Po(u— ABu), A>0.

Lemma 2.5 ([2]). Let H be a Hilbert space, C a closed convex subset of H, and T : C — H a k-strictly
pseudo-contractive mapping. Define a mapping J : C — H by Jx = ax + (1 — )Tz, for all x € C. Then,
as a € [k, 1), J is a non-expansive mapping such that F(J) = F(T).

Lemma 2.6 ([I8]). Let H be a real Hilbert space. Let V : H — H be an l-Lipschitzian mapping with a
constant | > 0, and let G : H — H be a k-Lipschitzian and n-strongly monotone mapping with constants
k,m > 0. Then for 0 < vyl < un,

(WG = AV)z — (G =V )y, —y) > (i — )|z —y|*, Va,y e C.
That is, uG — vV is strongly monotone with constant un — yl.

Lemma 2.7 ([20]). Let M : H — 2 be a multi-valued mazximal monotone mapping. Then the single-valued
mapping Jy ) : H — H defined by Jyx(w) = (I + AM)~(u), for all w € H is called the resolvent operator
associated with M, where \ is any positive number and I is the identity mapping. The resolvent operator
Ju,n associated with M is single-valued and nonexpansive for all X > 0. u € H is a solution of variational

inclusion (L.1), if and only if u = Jpy\(u — ABu), for all X > 0, that is,
VI(H,B,M) = F(Jyx(I— AB)), VA > 0.

Lemma 2.8 ([19]). Let C be a nonempty, closed, and convex subset of a real Hilbert space H. LetT : C — C

be a &-strictly pseudocontractive mapping. Let~y and § be two nonnegative real numbers such that (y+9)§ < 7.
Then
v(@—y)+6(Tz—Ty)|| < (v+d)|z—yl, Vz,yecCl.

Lemma 2.9 ([I1]). Assume that {a,} is a sequence of nonnegative real numbers such that
Qnt1 < (1 - 7n)an + On,
where {vn} is a sequence in (0,1) and {5, } is a sequence such that
(2) 220Z1 7 = 005
(b) limsup,, o0 On/vn <0 or Y07 |0n] < 00.
Then lim,,_ o oy, = 0.
Lemma 2.10 ([I0]). Each Hilbert space H satisfies the Opial condition, that is, for any sequence {x,} with
ZTp — x, the inequality liminf,, o ||z, — z|| < iminf,_ ||z, — y||, holds for every y € H with y # x.

Lemma 2.11 ([9]). (Demiclosedness Principle). Let C' be a closed convex subset of a real Hilbert space H and
let T : C — C be a nonexpansive mapping. Then I —T is demiclosed at zero, that is, x, — x, T, —Txy — 0
imply that x = Tx.

Lemma 2.12 ([7]). Let H be a real Hilbert space and M : H — 2H be a mazimal monotone mapping
and P : H — H be a hemi-continuous bounded monotone mapping with D(M) = H. Then, mapping
M + P: H — 2% is mazimal monotone.

3. Main result

In this section, we introduce and analyze a three step iterative algorithm for common solutions of quasi-
variational inclusion and fixed point problems. We prove the strong convergence of the proposed algorithm
to the unique solution of variational inequality under some suitable conditions. And many known results
are the special cases of our result.
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In the rest of the paper, unless otherwise specified, we assume that C' is a nonempty, closed, and convex
subset of a real Hilbert space H.

Assumption 3.1.

(a) M : H — 2" is a maximal monotone operator with dom(M) C C;

(b) Jaua: H — H defined by Jpya(w) = (I +AM)"Y(u), for all u € H is the resolvent operator associated
with M, where X is any position number and I is the identity mapping;
c) T : H— H is a-strictly pseudo-contractive mapping;

(d) B:C — H is an r-inverse-strongly monotone mapping;

f) V:C — C 1is an l-Lipschitzian mapping with constant I > 0;
(g) Constant p >0 and v > 0 satisfy 0 < p < iQ and 0 <yl < 7, where 7 = 1 — /1 — u(2n — pk?).

(c)

)
(e) G:C — C is a k-Lipschitzian and n-strongly monotone mapping with constant r,n > 0;
(f)

)

We propose the following three step iterative algorithm for finding common solutions of F(7T) N
VI(H,B,M).

Algorithm 3.2. For an arbitrarily chosen x1 € C, let the iterative sequence {x,} be generated by

Yn = ST I\ (xn — ABxy) + (1 — ) Jara(2n — ABxy,),
Zn = BnTn + YnYn + 5nTyn7 (31)
Tnt1 = anYVn + (I — apuG)z,, Yn > 1,

where s € (0,1 —¢&] and X\ € (0,2r].

Next, we give two special cases of Algorithm
(1) If 6,, = 0, then Algorithm reduces to the following three step iterative algorithm.

Algorithm 3.3. For an arbitrarily chosen x1 € C, let the iterative sequence {x,} be generated by

Yn = gTJM,)\(xn - Aan) + (1 - g)JM,)\(mn - )\an)a

Zn = Pnn + (1 - ﬁn)ynv
Tnt1 = YV, + (I — onpuG)zn, Yn>1,

where ¢ € (0,1 —¢&] and X € (0,2r].

(2) If 5, =0, V = f a contraction, G = A a strongly positive linear bounded operator, then Algorithm
reduces to the following iterative algorithm.

Algorithm 3.4. For an arbitrarily chosen x1 € C, let the iterative sequence {x,} be generated by

Yn = §TJM,)\(~Tn - )\an) + (1 - §)JM,)\($n - )\an)a
Tn+1 = an’)/fﬂ?n + (I - OénA)yn, vn 2 ]-7

where ¢ € (0,1 —¢&] and X € (0,2r] (This is just the Algorithm in [13]).
The following result provides the convergence of the sequence generated by Algorithm

Theorem 3.5. In addition to Assumption[3.1], suppose that @ = F(T)NVI(H, B, M) # 0. And {an},{Bn},
{} and {6,} are sequences in (0,1) satisfying the following conditions:

(c1) limp o0 0y =0, and Y07 | ay = 00;

(€2) Bn+m+0n=1, (Yo + 0n)& < Vn, for alln > 1, and B3, C [a,b] C (0,1);

(€3) donti lom — an—1] < 00,3707 [Bn — Bu-1] < 00, and 3277 |y — Yn-1] < 005

(c4)

c4) lim,,_o0 65, = 0.
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Then the sequence {xy,} generated by Algom'thm converges strongly to a point z € 0, which is the unique
solution of the following variational inequality:

(WV = u@)zy,w — 2z) <0, Yw e Q. (3.2)

Proof. By putting S = ¢T + (1 — <), from Lemma we see that S is nonexpansive with F'(S) = F(T).
From Lemma we know that vV — uG is strongly monotone. From the strong monotonicity of uG —~V,
we can easily get the uniqueness of solution of variational inequality . Suppose z1 € 2 and 29 € €2 both
are solutions to . It follows that

(VW = uG)z2, 20 — 21) 2 0,

and
<("}/V — /LG)Zl,Zl — 22> >0

By adding up the two inequalities, we see that

(WV = uG)zy — (WV — uG)ze, 21 — z9) > 0

The strong monotonicity of vV — uG implies that z; = 29 and the uniqueness is proved. Below we use z to
denote the unique solution of (3.2)).

We divide the rest of proof into several steps.

Step 1. We prove that {x,} is bounded.
From the condition on A, we can see that the mapping I — AB is nonexpansive. By taking p € ), we
find from Lemma that p = Jara(p — ABp). It follows that

1yn = Il < ST (20 — ABzn) — pl|
< |[Jm(wn — ABxy) — Jua(p — ABp)||
< [len = pl|-
By utilizing , Lemma and the above inequality, we have

Iz = pll = |BnZn + Yn¥n + 60 Tyn — pl|
= Hﬁn(xn —P) + Yn(Yn — p) + 5n(Tyn - p)H
< Ballzn = pll + |70 (yn — p) + 60 (Tyn — p)||
< Bullzn — pll + (90 + n)llyn — pl|
< Bullzn — pll + (v + 0n)l|zn — Dl
= ||z — pl.
It follows that
[Zn41 = pll = lloan(YVan — pGp) + (I — anpuG)zn — (I — anuG)p||
< (I —an7)ll2zn = pll + anV[[Van = Vpl| + an[yVp — G|
< (1 = an7)l|zn — pll + anyll|2n — pl| + an|lvVp — pGp||

= 11— an(r — AD))ll2n — pl + an(r — 1) V2GR
T =7l
Vo—uG
Smax{nmn_p”’!h p—H pH}.
T ="

By the induction, we obtain

‘WVp_'UGP||}7 Vn > 1.

\wn—pnsme@ml—pm
T =l

Thus, {z,} is bounded and so are the sequences {y,} and {z,}.
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Step 2. We prove that lim,,_c || Zn+1 — 2n|| = 0.
Note that
lYn+1 — Ynll < [T (@ne1 — ABxpgr) — S (xn — ABxy)||
< |(@n+1 — ABzny1) — (zn — ABy,)|| (3.3)
< Hxn—l-l - an
Furthermore, define z, = fpzy, + (1 — 5, )wy, for all n > 1. It follows that
Whal — Wy, = Zn+1 — Bn—i—lxn—i-l . Zn — /ann
" " 1— 6n+1 1-—- Bn
_ Yn+1Yn+1 + 5n+1Tyn+1 o YnYn + 5nTyn
1- ﬂn+1 1- 671 (3 4)
_ 'YnJrl(ynJrl - yn) + 5n+1(Tyn+1 - Tyn) '
1= B+
Yn+1 Tn 5n+1 5n )
+ - + = Tyn.
<1_Bn+1 1_Bn>yn (1_Bn+1 1—511 Yn
Since (7, + 0p)€ < 7y, for all w > 1, by utilizing Lemma we have
V41 (Wns1 = Yn) + Ont1 (TYns1 — Tyn) | < (Wnt1 + Ons 1) 1Ynt1 — yull- (3.5)
Hence, it follows from (3.3)), (3.4)), (3.5)) that
”'7n+1(3/n+1 —Yn) + 1 (TYnt1 — T?/n)”
11— ] < :
- BnJrl
Tn+1 Tn 6n+1 5n
+ - + — T
‘I_BnJrl 1_ﬁn ”ynH ‘1_/Bn+1 1_Bn H ynH
(Yn+1 + Ong1) ‘ Tn+1 Tn
< 2B RS 1 — + — +||T" 3.6
o gl T2 - T2 Ul + 1Tl (0)
Tn+1 Tn
- - - T
s = il + [ 7255 = 2| gl + 1730
Yn+1 Tn
< — — T .
< llwsr = ool + | 2250 = 22|l + 170
In the meantime, simple calculation shows that
Zni1 = 2n = Bu(@Tns1 — Tn) + (1 = Bn)(Wna1 — wn) + (Brny1 — Ba) (Tni1 — wng1).
So, it follows from ({3.6]) that
”ZnJrl - Zn” < ﬁn||33n+1 - xn” + (1 - Bn)”wnJrl - wn” + |5n+1 - Bn|||xn+1 - wnJrlH
Yn41 Vi
< Bullenss =0l + (1= ) {lmia = 2l + [ 7255 = 2l + Tl
1- /Bn—f—l 1— /Bn
+1B8n+1 = BalllTnt1 — wnia ||
— al(1 = Ba) + Yl — B
< nsa — ] + 2ot =000 = o) Wl = Bl )
1 — Bnt1
+1Bn+1 = BulllTns1 — wntll
+ T +||T
< enar = 2l + Pynss — ol W0l g g <||:cn+1 | + W)

< Hxn—&-l - xn” + My (’7n+1 - ’Yn‘ + ‘5n+1 - /BnDy
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where sup,,>; {W + [|Zna1 — Wpat|| + W} < My for some My > 0. Next, we estimate

|Zn+1 — znll = e YVan + (I — anpG) 2y — an-17Vap—1 — (I — an-1pG) 21|

= [lany(Vay — Vap_1) + (an — an—1)YVan_1 + (I — anuG)zy — (I — anpuG)zn—1
+ (I = anpG)zn—1 — (I — ap—11G) zn 1|

< apYll|lzn = an—all + (1= Tan) |20 = 2n-1ll + [on — a1 |(VIVEn-ll + pl|Gzn-al])

< O‘n'ylen - xanH +(1— Tan){Hxn — Tp1]| + MO("WL — Yn—1| 4+ [Bn — /anll)}
+lan = ana|(Y[Van |l + pllGznl])

< (A= (r =vDan)l|zn — 2p—1|l + Mo([yn — Ya—-1] + |Bn — Bn-1l)
+lon = ana|(Y[Van |l + pllGznal])

< (1= (7 = an)llen — znall + Mi(lan — 1|+ [Bn = Boi] + [0 — ym-1l),

where sup,, > {Mo +7||Van 1| + pl|Gzn—1|} < My for some My > 0. It follows by conditions (c1)-(c4) and

Lemma 2.9 that
lim ||zp41 — 25| = 0. (3.7)
n—o0

Step 3. We show that limy, o0 ||2n — Jarr(2n — ABzy)|| = 0 and limy, o ||z — yn|| = 0.
Since zp41 — 2n = an(YVx, — nGzy), which implies from the restriction imposed on {«,,} that

nl;rglo |Znt1 — 2zl = 0. (3.8)
By combining (3.8) with (3.7, we can easily get
nh—>IEO |z — 20| = 0. (3.9)

Since p € Q = F(T)NVI(H, M, B), one has
lyn = pl1? = 1STna(@n — ABay) = pl|* < | Jagp(@n — ABan) — p||?
< |l(@n — ABzy) — (p — ABp)|*
< l&n = plI* = A@2r — A)|| By, — Bp|*.
It follows from (3.1)) and the above inequality that

Hzn - p”2 :H/ann + YnYn + 5nTyn _pH2

B~ )+ (1= ) (2T )

2 2

Bl = pIP 4 (1= 5,) | 2T g (1 gy | Tt ST

“ullen I + 1 = ) [0 =D T DI g 1 g0

<Bullen i + (1 = gy Q2 E LV g g g llon =l Y
~Bnltn = DI + (1= Ba)lon = pIP = 125l = P

<ullzn — pIP + (1= Ba) {2 — pIP = A@r = M| Ban — BolP) = 12 zn — 2l

Sllan = Bl = (1= Bu)A@r = V| B = Bl = 12w =

1*/871
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By using and (| -, we have

| Tnt1 — p”2 = [lanyVan + (I — anpG)zy, _pH2
= [lan(yVan — pGp) + (I = anpG)(zn — p)|1?
< (om|VVan — uGpll + (1 = ant)l|zn — pl)?
< an|[YVan — pGpl* + (1 — 7|20 — plI* + 20 (1 — )7V — pGplll|zn — p
< anlyVan — pGpl® + lzn — pl* = (1 = an7)(1 = Bo)A(2r — A)|| Bz, — Bp||?

- (1 —an7) 120 = @nll” + 200 (1 = @) YV @0 — nGpll|| 20 — pl-

Bn
1_571

Hence, we have

(1—an7)(1 = Bu)A(2r — \)||Bzn, — Bpl|? + (1 — 1)

|2n — anQ

Bn
1 =B
<anVVan — uGpl® + lzn = plI* = lzn1 = pl* + 200 (1 = an)[VWan — uGplll|zn — p|
<an|[yVan = uGpl* + |zni1 = zall (|2 = pll + llzns1 = pll) + 200 (1 = ant)[yVan — uGpllllza - pl.

From (3.7) and the condition (cl), we get
lim || Bz, — Bpl|| = 0. (3.11)
n—oo

On the other hand, since Jyy y is firmly nonexpansive, one has

| Jar A (20 = ABag) = pl|* < (20 — ABzy) — (p — ABp), Jura (@ — ABxn) — p)
< 5 (1n — ABz2) — (p~ ABp)|” + |Tas (e~ ABra)
—len — Tatan — ABan) — A(Ba, — Bp)|)
< 3z =PI + |Tasa(wn — ABa) — plf?

~llzn = Jaga(@n = ABz)|* = X*|| Bxy — Bp|®
+ 2|2 — Jar (0 — ABa,)||[| Bz, — Bpl]).

Therefore, we arrive at

lyn = lI* = [1STasa(2n = ABan) = plI* < [Jasa (20 — ABzn) — pl|?
< lzn = plI* = |20 = Jara(@n — ABwa)[|* = A Ban — Bp|®
+ 2| zp — (0 — ABxy,)|||| B, — Bpl|.

It follows from (3.10]) that

o = 17 < Bl = 2P + (1= Bl = BIP = 122 2 —
< Bullan = DI+ (1= Bz — Bl ~ ln — Jnir(2n — ABa) | — X2 Ba — Bpl?
+ 2\l = i — ABan)[| B — B} = 122l = P (312)
<l — Bl ~ (1= Bu)len — Jagalan — AB,) |2~ A2(1 — 5,)][ B, — B
F2M1 = Bu)lln — Tasaan — ABaa) | Ban — Bpll = 12z —

— Bn
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By using (3.1]) and (3.12)), we have
lTn1 —p||2 = lanyVa, + (I — anpG)zy, _pH2

= [lan(YVan — nGp) + (I — anpG)(zn — p)||*

< (anlyVan — pGpll + (1 — an7) |20 — pl|)?

< aplyVa, — HGPHZ + (1 = an7)|l2n — p”2 + 20, (1 — an7) |7V, — puGpll||zn — p||

< anlWVan — pGpll? + llzn — pl® = (1 = an7) (1 = Ba)llzn — Jara(zn = ABzy) |2 (313)
-(1- anT))‘Z(l — Bn)l|Bay — Bp||2 -(1- anT)l_BnﬁHzn - 5Un||2

n

+ (1 = an7)2M1 = B)llen — Ty (n — ABxy) ||| Bzn, — Bp||
+ 20 (1 — an7)[[VVan — pGollll2n — pl-

Then, from (3.13)), we get
(1 —an7)(1 = Bn)llen — Jua(@n — )‘an)HQ + (1= anT))‘Q(l = Bn) || Bxn — Bp||2

n
1- Py
< apl|yVa, — puGpl* + llzn — pl? = 201 — pl?
(1~ agm)2M(1 — B2 — Taga (e — ABa) | B — B
+ 20, (1 — o T)|[VVzr — uGpll||zn — pl|

+ (1 — anT) ||zn_~'13n”2

< an|vVan — pGpl? + 2ns1 — nll(l2n — pl
st — pll) + 20(1 — an7) Iy Van — uGolllzn — pl
+ (1 — an7)2X(1 = Bo)l|lzn — I p(xn — ABxy)|||| Bz, — Bp)|.

From (3.7)), (3.11)) and the condition (c1), we get
lim ||z, — Jya(zn — ABxy,)| = 0. (3.14)

n—00
Also, observe that
Zn = Tn = Yn(Yn = Tn) + 6n(Tyn — ), Yn = 1.
Hence, we obtain
Yollyn = znll < [l2n — @n|| + 0nl|Tyn — zn |-
So, from and the condition (c4), it follows that

nl;rgo |zn, — ynl = 0. (3.15)

Step 4. We show that
limsup((YV — puG)z,z, — 2) <0,

n—oo

where z € ) is the unique solution of the variational inequality (3.2]).
To show this, we can choose a subsequence {z,,} of {z,} such that

limsup((vV — uG)z,zn — z) = lim (VV — uG)z, zp, — 2).
1—00

n—oo

Since {z,} is bounded, there exists a subsequence {x,,} of {z,} which converges weakly to w. Without loss
of generality, we can assume that z,, = w. Next, we prove w € Q = Fiz(T)NVI(H, M, B). Note that

|lzn — S|l < |on — ST a(xn — ABxy)|| + |STama(zn — ABxy) — Sy ||
< Hwn - yn” + ||<]M,)\(xn - )\B-xn) - xn”
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By using and (3.15)), one has lim, o [|2n — Szp| = 0. From Lemmas and one gets w €
F(S)=F(T).

Next, we prove w € VI(H, M, B). In fact, since B is r-inverse-strongly monotone, it follows from B is
Lipschitz continuous. It follows from Lemma that M + B is a maximal monotone operator. Let (u,v) €
G(M + B). That is, v — Bu € M (u). By setting t, = Jy(xn — ABzy,), we have z, — ABx,, € t,, + AMt,,
that is,

—t
x")\ “ _ Bz, € Mt,.

By virtue of the maximal monotonicity of M + B, we have

—t
<u—tn,v—Bu—$n)\ n+B:cn>20.

Hence, we have

—t
(u—tp,v) > <u—tn,Bu—i—$n)\ L —an>

¢
<u—tn,Bu—Btn+Btn—an+x")\ ”>

A

From (33.14)), we have (u —w,v) > 0. Since B + M is maximal monotone, this implies that 0 € (M + B)(w),
that is, w € VI(H,MB), and sow € Q=T(T)NVI(H, M, B).
Now, since z is the unique solution of the variational inequality (3.2]), we conclude

—t
2<u—tn,Btn—B:1:n>+<u—tn,mn n>

limsup((vV — uG)z, zy, — z) = lim (YV — uG)z, zp, — 2)
1—00

n—oo

=((vV - puG)z,w—2) <0

Step 5. Finally, we show that z,, — z, as n — co.
Indeed, we have

2041 = 211 = (Vs + (I = anpG)zn — 2, 2041 — 2)
= (an(YWan — uGz) + (I — anpuG)(2n — 2), Tnt1 — 2)
<an(YWay, — pGz,2p41 — 2) + (1 — anm)(2n — 2, Tpt1 — 2)
< an(YWxy —YVz,2p41 — 2) + an((7V — pG)z, xpg1 — 2)
(1= anr)lzn — 2llznss — 2]
< apll|lzn = zl[[en1 = 2| + an{(YV = pG)z, 2ni1 — 2)
+ (1= an7)llzn — 2ll[[2ns1 — 2|

apyl
< B (a2 — 2)% + [@ns1 — 201%) + an((3V — pG)z, 2arn — 2)

- 2
1—a,7
+ 2

(120 = 2lI* + |zp41 — 2[1%)-

It follows from (3.10]) that

oyl
[Tns1 — 2|I* < ) (lzn = 2% + |#ng1 — 2l1°) + an (W2 — pGz, 2n41 — 2)
2
1—a,7
+ = (lwn = 2" = (1 = B2)A@2r = A)|| Bay — Bz
B

120 = 2l + 2ns1 = 2]1%)

1_511
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1—ap(r—71 1—ap(r—7l
—M|]xn —z|* + 71(27)||xn+1 — 2| 4+ an((YV — pG) 2z, Tpy1 — 2)
1—a,7 9 l—ant By 9
— ——— (1= Bp)A(2r — N)||Bx,, — Bz||" — ———— -
9 (1= Bn)A(2r )| By, | ) 1_Bn||2n Zn
1—ap(t—91 1—ap(t—91
<Al g E O 2 4 ol — G2, s — 2.
It follows that
1 —an(t —A1) 2
— 1?2 < n — 4|2 n V — uG —
Hxn—l—l ZH =7 —|—Ckn(7' _,Yl) Hxn ZH + 1 —|—Ozn(7' _,_Yl> <(7 2 )Z7xn+1 Z)
2a
< (1= an(r — D)) |n — 22 + ——0 (4 — uG _ 2.
< (1=l = ) = 2l o s (O HG)z i — 2)
By using Lemma [2.9] we get the desired conclusion immediately. This completes the proof. O

Remark 3.6. Theorem improve, extend, supplement and develop Theorem 3.1 in [I3] in the following
aspects:

(i) The iterative algorithm of [13] is extended to a three step iterative algorithm.

(ii) The contraction mapping f of Theorem 3.1 in [I3] is extended to the case of a Lipschitzian mapping
\%

(iii) The strongly positive linear bounded operator A of Theorem 3.1 in [I3] is extended to the case of the
k-Lipschitzian and n-strongly monotone G.

(iv) If B, = 0,7, = 1,9, = 0, G = A a strongly positive linear bounded operator, V' = f a contraction,
then the proposed method is an extension and improvement of a method studied in [13].

Corollary 3.7. In addition to Assumption[3.1], suppose that @ = F(T)NVI(H,B,M) # 0. And {an},{B,}
and {yn} and are sequences in (0,1) satisfying the following conditions:

(ii) Bn + Yn + on =1, ('Yn + 5n)£ < Yn, foralln > 1, and B, C [a7 b] C (0, 1)’.
(i) %% o — an—1] < 00, 5% B — Baoi] < 00, and S°° Jyn — n_1| < oo

Then the sequence {x,} generated by Algom'thm converges strongly to a point z € Q, which is the unique
solution of the variational inequality (3.2)).

Corollary 3.8. In addition to Assumption [3.1], let f be a contraction of H into itself with the coefficient
a0 < a < 1) and let A be a strongly positive linear bounded self-joint operator with the coefficient 7 > 0.
Assume that 0 < v < F/a and Q = F(T)NVI(H,B,M) # 0. And {a,} is a sequences in (0,1) such
that limy, o0 0y = 0, D02 oy = 00, and > o2 oy, — an—1| < 0o. Then the sequence {x,} generated by
Algorithm converges strongly to a point z € {2, which is the unique solution of the variational inequality

(3-2)-
Remark 3.9. This is exactly the form of Theorem 3.1 of [13].

4. Applications
In this section, we obtain the following results by using a special case of the proposed method for example.

Theorem 4.1. Let C be a nonempty,closed, and convex subset of a real Hilbert space H. Let M : H — 2H o
mazximal monotone operator. Let B : C'— H be a r-inverse-strongly monotone and let T be a nonerpansive
mapping on H. Let G : C — C be a k-Lipschitzian and n-strongly monotone mapping, and let' V : C — C
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be an [-Lipschitzian mapping. Assume that 0 < pu < i—g and 0 < vl <71, where 1 =1 — \/1 — u(2n — pk?)
and Q=F(T)NVI(H,B,M) # 0. Let x1 € C, and sequence {x,} be generated by

Yn =TIy A(zn — ABzy,),
Zn = BnTn + Yaln + 00T Yn, (4.1)
Tn+1 = Oén’}/v.’ﬁn + (I - a?’LMG)Zna \V/’I’L 2 17

where X € (0,2r]. And {an},{Bn}, {1} and {6,} are sequences in (0, 1) satisfying the following conditions:

(c1) limp oo 0y =0, and Y07 | ay = 005

(€2) Bn+ v+ 0n = 1,(n + 6n)€ < An, for alln > 1, and B, C [a,b] C (0,1);
(C3) Z?C’)Lozl ’an - an—1| < 00, Z;.Lozl |ﬂn - ﬁn—ﬂ < 00 and Z?LO:I |’7n - ’Yn—l‘ < 00,
(c4) lim, o0 65, = 0.

Then the sequence {x,} generated by (4.1) converges strongly to a point z € Q, which is the unique solution
of the variational inequality (3.2)).

Theorem 4.2. Let C be a nonempty, closed, and conver subset of a real Hilbert space H. Let M : H — 2H
a mazimal monotone operator. Let B : C — H be a r-inverse-strongly monotone and Q = VI(H, B, M) # (.
Let G : C'— C be a k-Lipschitzian and n-strongly monotone mapping, and letV : C' — C be an l-Lipschitzian
mapping. Assume that 0 < p < i—;? and 0 < vl < 7, where 7 =1 — \/1 — u(2n — pk?). Let 1 € C, and
sequence {x,} be generated by

{ Yn = Bnl'n + (1 - /Bn)JM,A(xn - ABl’n)a (4'2)

Tni1 = o YVp + (I — anuG)y,, Vn>1,

where A € (0,2r]. And {an} and {Bn} are sequences in (0,1) satisfying the following conditions:

(c1) limp o0 0 =0, and Y07 | ay = 00;
(c2) By Cla,b] C (0,1);
(€3) D02 |am — an—1] < oo and 307 |Bn — Bn-1] < .

Then the sequence {x,} generated by (4.2) converges strongly to a point z € Q, which is the unique solution
of the variational inequality (3.2)).

If T is &-strictly pseudocontractive, then I — T is %—inverse—strongly monotone. We are in a position

to give a result on common fixed points of a pair of strictly pseudocontractive mappings.

Theorem 4.3. Let C' be a nonempty, closed, and convex subset of a real Hilbert space H. LetT be a &-strictly
pseudocontractive mapping on H and let S be a &-strictly pseudocontractive mapping on H. Let G : C — C
be a k-Lipschitzian and n-strongly monotone mapping, and let V : C — C be an l-Lipschitzian mapping.
Assume that 0 < p < 2727 and 0 <yl < 7, where T = 1 — /1 — u(2n — px?) and Q = F(T) N F(S) # 0. Let
x1 € C, and sequence {xn} be generated by

Up = ASZy + (1 — Az,

Yn = KTup + (1 — K)up,

Zn = BnTn + MnYn + 0nTYn,

Tnt1 = anYVn + (I — anuG)z,, Yn > 1,

(4.3)

where s € (0,1 —¢&] and A € (0,1 —€]. And {an}, {Bn}, {7} and {6,} are sequences in (0,1) satisfying the
following conditions:

(c1) limy o0 ap = 0, and donl Q= 005

(Cz) ﬁn + Tn + 5 (r}/n + 5 )5 S ) fOT’ all n Z 1} and /871 C [(l, b] - (07 1):

<C3) Z ’an Qp— 1| < 00722021 |Bn - Bn—l’ < oo, and Zzozl |’Yn - Vn—l‘ < 005

(c4)

c4 hmnﬁ\Oo n = 0.
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Then the sequence {x,} generated by (4.3) converges strongly to a point z € Q, which is the unique solution
of the variational inequality (3.2)).

(YW = puG)z,z —w) >0, YweQ.

Proof. By putting B :=1— 5, we find B is 1;5—invelrse—stlrongly monotone. We also find VI(H, B) = F(5)
and ASz, + (1 -z, = Jya(rn —ASzy). From Theorem, we obtain the desired result immediately. [

Let C' be a nonempty closed and convex subset of H and B : C' — H be a mapping. Recall that the
classical variational inequality is to find an € C such that (Bx,y — z) > 0, for all y € C. The solution
set of variational inequality is denoted by VI(C, B). It is known that x is a solution to the variational
inequality iff x is fixed point of the mapping Po(I — AB), where I denotes the identity on H. Let i¢c be a

function defined by
) 0, ze€C,
io(w) = { oo, x¢C.

It is easy to see that i¢ is proper lower and semicontinuous convex function on H, and the subdifferential
0;., of ic is maximal monotone. Define the resolvent J; . \ := (I + )\aic$)_1 of the subdifferential operator
Oi.- By letting x = J;, \y, we find that

r=Jio\y =y €x+ N, xv = x = Pry.
By putting M = 9;,, in Theorem we find the following results immediately.

Theorem 4.4. Let C be a nonempty, closed, and convex subset of a real Hilbert space H. Let B : C — H be
an r-inverse-strongly monotone and let T be a &-strictly pseudocontractive mapping on H. Let G : C — C
be a k-Lipschitzian and n-strongly monotone mapping, and let V : C — C be an [-Lipschitzian mapping.
Assume that 0 < p < i—’; and 0 < 4l < 7, where T = 1—+/1 — u(2n — pk2) and Q@ = F(T)NVI(H, B, M) # 0.
Let 1 € C, and sequence {x,} be generated by

Yn = (T Po(xy, — ABxy) + (1 — () Po(zn, — ABxy,),

Zn = Pnn + YnYn + 5nTym (4'4)

Tnt1 = anYVn + (I — anuG)zn, Yn > 1,

where ¢ € (0,1 —¢] and X € (0,2r]. And {an}, {Bn}, {1} and {6,} are sequences in (0,1) satisfying the
following conditions:

(c1) limy oo 0y = 0, and Y07 | oy = 005

(€2) B+ v+ 0n = 1,(n + 6n)E < A, for alln > 1, and B, C [a,b] C (0,1);
(C3) Z?Lozl ’an - an—1| < 00, Z;.Lozl |ﬂn - ﬁn—ﬂ < 00 and ZSLOZI |’7n - ’Yn—l‘ < 00;
(cd) limy o0 0n = 0.

Then the sequence {x,} generated by (4.4)) converges strongly to a point z € Q, which is the unique solution
of the variational inequality (3.2).
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