Available online at www.tjnsa.com
J. Nonlinear Sci. Appl. 9 (2016), 8-21

Research Article

Nonlincar Sciences
4 % Asencanoas

L&aELy Journal of Nonlinear Science and Applications
L ap= B

Print: ISSN 2008-1898 Online: ISSN 2008-1901

Generalized fractional integrals involving product of
multivariable H-function and a general class of
polynomials

Dinesh Kumar?, S. D. Purohit?, Junesang Choi®*

?Department of Mathematics and Statistics, Jai Narain Viyas University, Jodhpur-342005, India.
bDepartment of Mathematics, Rajasthan Technical University, Kota-324010, India.
“Department of Mathematics, Dongguk University, Gyeongju 780-714, Republic of Korea.

Communicated by Yeol Je Cho

Abstract

A large number of fractional integral formulas involving certain special functions and polynomials have
been presented. Here, in this paper, we aim at establishing two fractional integral formulas involving the
products of the multivariable H-function and a general class of polynomials by using generalized fractional
integration operators given by Saigo and Maeda [M. Saigo, N. Maeda, Varna, Bulgaria, (1996), 386-400].
All the results derived here being of general character, they are seen to yield a number of results (known
and new) regarding fractional integrals. (©2016 All rights reserved.
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1. Introduction

Fractional calculus which are derivatives and integrals of arbitrary (real and complex) orders have found
many applications in a variety of fields ranging from natural science to social science. In recent years, it has
turned out that many phenomena in engineering, physics, chemistry and other sciences can be described very
successfully by means of models using mathematical tools deduced from fractional calculus. For example, the
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nonlinear oscillation of earthquakes can be modeled with fractional derivatives and the fluid-dynamic traffic
model with fractional derivatives can eliminate the deficiency arising from the assumption of continuum
traffic flow. Fractional derivatives are also used in modeling many chemical processes, mathematical biology
and many other problems in physics and engineering (see, e.g., [6]—[4], [18], [19], [35]).

Under various fractional calculus operators, the computations of image formulas for special functions of
one or more variables are important from the point of view of the usefulness of these results in the evaluation
of generalized integrals and the solution of differential and integral equations (see, e.g., [2], [3],[16], [20], [21],
[22], [27] and [38] and so on). Motivated essentially by diverse applications of fractional calculus we establish
two image formulas for the product of multivariable H-function and general class of polynomials involving
left and right sided fractional integral operators of Saigo-Meada [25]. By virtue of the unified nature of our
results, a large number of new and known results involving Saigo, Riemann-Liouville and Erdélyi-Kober
fractional integral operators and several special functions are shown to follow as special cases of our main
results.

The generalized fractional integral operators of arbitrary order involving Appell function Fj in the kernel
were defined and investigated by Saigo and Maeda [25] p. 393, Eqgs. (4.12) and (4.13)] as follows:

Let z >0, R(vy) >0, and «, o/, 8, B/, v € C. Then

(162977 £) (@) = £

/ac (‘T - t)7_1 t_a,F3 (a,a',ﬁ,ﬂ';v; 1- t/:I:’ 1- l’/t) f (t) dt (11)
0

and
_a/

(Iﬁf‘o,’ﬁ’ﬁwf) (z) = lgf(,y) /OO (t—a) "t Fy (a,d/, B, 871 — x/t, 1 —t/x) £ (t) dt. (1.2)

The operators ((1.1)) and (1.2)) are known to reduce to the fractional integral operators introduced by Saigo
[24] as follows:
0,8,8', o=y, —
Loy P f(a) = 1977 f(#) (€ C) (13)
and
ISP fx) = ISP fla) (v € ). (1.4)
The multivariable H-Function, introduced by Srivastava and Panda (see, [33] and [34]), is an extension of
the multivariable G-function. This multivariable H-Function includes Fox’s H-function, Meijer’s G-function,

the generalized Lauricella function of Srivastava and Daoust (see [31]), Apell function, the Whittaker function
and so on. The multivariable H-function is defined and represented in the following manner:

_ HO,n:{mT,nr} 33.1 <aj;a;-, ...,ay)>1’p : {( gr),’YJ( )>1,pr}

p.q:{pr.ar} :L; <bj; Bl ooy BJ('T))l,q : {(dg'r)’ 5§T>>1,QT}

T

- o ) o) TL (06 afdsi) (15)

L1

i=1
where
[Ir (1 —a+ Y a%)
6 (E1,.8) = — = - = S (1.6)
1 (- See) (1o 5 a0%)
j=n+1 i=1 j=1 i=1
and .
ﬁf(l—c()+7] ) ﬁl‘(di 5(”5)
0 (&) = —5— = (i €{1,2,..,r}). (1.7)

r () =) Inr (1-d+00)

Jj=n,;+1 J=mi+1
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Here, {m,,n,} stands for mi,ny;...;m,, n, and {(cg-r),fyj(.r))

(w%)lpl' (5)7%( ))1,pr'

Remark 1.1. The special case of (|1.5)) when r = 2 reduces to the H-function of two variables.

} stands for the sequence of r ordered pairs
1L,pr

Also S [x] occurring in the sequel denotes the general class of polynomials introduced by Srivastava
[30]:

[n/m]
Syt x] = Z (IZ?MCAn’k * (meN; neNy), (1.8)
k=0 )

where N is the set of positive integers, Ng := NU{0}, and the coefficient A,, ;, (n, k € Np) are arbitrary (real
or complex) constants. It is noted that, by suitably specializing the coefficients A, 1, S};" [z] is seen to yield
a number of known polynomials (see, e.g., [37, pp. 158-161]).

The following lemma is required in the proof of our main result (see [25]).

Lemma 1.2. Let o, o/, 8, 8, v, p € C.
IfR(v) >0, R(p) > max {0, R(a+a'+ B—7), R(¢' — )}, then

IS0 BB W gp=1 = gp=a—al+r-1 Lpl(pt+y—a—-o =pl(p+ 5 —a) (1.9)
! Plp+y—a—-a)T(p+y—a =B)(p+ )
IfR(y) >0, R(p) <1l+min{R(-p), R(a+a —7), R(a+ —7)}, then
Ig,sé’ﬁ,ﬁ’;yxp—l :xp—a—a’+7—1r(1+a+o/ —’y—p)r(l +a+5/_7_10) (1 _/8 p) (1‘10)

Fl-pll+a+a/+8 —y—pl(l+a—p5-p)

2. Main Results

In this section, we establish two theorems involving the products of multivariable H-function and a
general class of polynomials associated with the Saigo-Maeda fractional integral operators.

Theorem 2.1. Let o, &', B, B, v, p, m, 65, vi, zi, a, b, ¢;j € C with R(y) > 0, and \j > 0, g; > 0
(te{l,...,r}; j€{1,...,s}). Then we have

{Jgf BB <t“ " "HS”‘J [c] % ( —at)*ﬂ x H [zt (b—at)™" ..., 2 t7 (b—at)"""] ) } (x)

[n1/mi] [ns/ms Z Sik; Z Aj kj
— pgph—a—a/ -1 Z Z m1k1 E{:' )msks A;L1,m1 A%i),msclfl . lses % b i=1 =1
Pt k!
2T (r) (r) ()
) (a AL A ) ,Eq (c. Vs ) R —
HO,n+4:{mT,nT};1,O : J J 1,p J J 1,pr (2 1)
p+4,g+4:{pr,qr};0,1 5z , (r) (r) o(r) ’ ’
i <bj;Bj,...,Bj )lq,EQ: <dj 5! )1q . (0,1)

where, for simplicity, E1 and Eo are denoted by the following arrays:

Ei:=|1—-n- Zék],vl,.. Uy 1L, [ 11— — Z)‘kj’al"' o, 1],
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S S
1—,u—’y—f—oz—f—a/—i—ﬁ—Z)\jk‘j;al,...,ar,l , 1—,u—l—o/—ﬁ’—Z)\jk:j;al,...,or,l ;
=1 =1

and

s s
Ey = 1—7]—Z5jkj;2}1,...,v7«,0 , 1—,u—'y—i—a—i—a'—Z)\jkj;al,...,ar,l ,
— j=1

S
1—M—'y—l—a/—}-ﬁ—ZAjkj;al,...,ar,l A1=p—-08 - Z)\k],al,.. or, 1
j=1

The following conditions are further satisfied:

(i) |arg z;| < €%, Q; >0 (i =1,...,7), where

n ) p qi )
Q=Y A0 3 Al ZB“MZWJZ Z o +Z<5 S s s0 (22

7=1 Jj=n+1 J=1 Jj=n;+1 j=m;+1
(ii)
ok <d§-i)>
11313 0 >R (p) —min {R (), R(B), R(y—a—p)}. (2.3)
Sisr )

1<j<m; J

iii }%a:‘ <1
- (9)
d] )

>max {0,R (a+a' +8—7),R (' =)}

and

\3
=

()

>max{0 §R(a+a + 8- 7) %(a’—ﬁ’)}.

Proof. Let L be the left-hand side of (2.1)). Using (1.8]) and (1.5)), and by using the generalized binomial
theorem, expanding the term (b — az)” " as follows:

(b—az)™ =b" VZ S,S (ﬁ) ()“bx <1) (2.4)

and interchanging the summations and the integrals (which is guaranteed under the given conditions), after
a little simplification, we obtain

_nl)m k ( )mskzs 2 O3 %]
L= Z Z llgll k! A;me Agzss),ms Cllﬁ'"clscs (b) =
k1=0

()
X (2mi r+1/L / ¢ (&1, - 7§r 0; (&) zfl (b)i=1 gy ... d¢,
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r <"7 + 2_:1 dk; + ; vi&i + §r+1> foon
x = = _b“) dé 1
L s r
or (77 + E dikj + Z Uz"fz’) L1+ &41)

’ / N+Z )‘ k; +Z 0i&i+E&rr1—1
x| Iy = (2). (2.5)

Then applying ([1.9)) to the last integral in (2.5 and interpreting the involved Mellin-Barnes contour integrals
in terms of the multivariable H-function of r+ 1 variables, we readily obtain the right-hand side of (2.1)).

Setting n = p = ¢ = 0 in (2.1) is seen to break the multivariable H-function in (|1.5)) into an r-times
product of H-functions and yield an interesting result asserted by the following corollary.

Corollary 2.2. Let o, &', 3, 5, v, p, 1, j, vi, 2, a, b, ¢; € C with R(y) > 0, and X\j > 0, 05 > 0
(te{l,...,r}; j€{1,...,s}). Then we obtain

S
I e b= at) T S (et (0= at) ™|

<ci~, C’Z:>
—Uq Lpi

(z)

X H H'omi | 217 (b — at) ™"
. Piqi (dl DZ)
J 1,gi
[nl/ml] [ng/m ( n)
_ a—a/+v—1 mlkl msks A/ s k1 ks
= bghT x Y. Z i Al A
k1=0 ’
(&) ~(r)
— Y ok Y Ak L1 E1:<C' G T
=1 =1 0,4:m;,m51,0 | Zipv; J T T 1ps
xbJ ! 4414330, 1 ’ (2.6)

*h A .
T | By (4. 0)) c0.0)
where Ey and Ey are the same arrays in Theorem and Hpg" (+) is the familiar Fox’s H-function (see
[15)).

It is noted that a further special case of (2.6) when s =1 and r = 2 reduces to the known result given
by Baleanu et al. [5]. Considering the relation (1.3) we are led to the following formula given in Corollary
concerning the Saigo fractional integral operator, which is seen to be similar to that in Agarwal [1l p.
587, Eq. 18].

Corollary 2.3. Let a, f3, 7y, ft, 1, 6j, vi, 2i, a, b, ¢;j € C with R(a) > 0,\;, o5 > 0 (i €{1,...,r};
j€{l,...,s}). Then we get

{I &4 7(# L "HS”“ et 6= a) ™ | H 247 (b= at) ™t <b—“’f)w}>}(@

[n1/m,] [”s/m] 5; k; Ajk;
e S S Y e
= Tkl
e (r) { (r) () }
: aj; A, ..., A B (D) A .

T‘va

p+3,g+3:{pr,qr};0,1 POl (
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where EY and EY are arrays defined by
El=[1-n- Zék],vl,.. v 1, [ 1—p— Z)\ kjsor,..,or, 1],

S
1_M_’y—i_ﬁ_z)\jkj;alu"‘ua’l’al ;
j=1

and

s s
Eé:: 1—77—2(5]‘]%;1)1,...,1)“0 , 1—u+5—2/\jkj;0'1,...,0'r,1 ,

j=1
l—p—a—vy— Z)\jk‘j;al,...,ar,l
j=1
The following conditions are further satisfied:
(i) |arg zi| < 5%, >0 (i=1,...,r), where
p ( q g (
D LD SRS DRI DIPTE +25 >, 87 >0
j=n+1 7=1 =1 j=ni+1 j=m;+1
(i) [¢z| <1,
r ® (d)
R () + > o; min " /> max {0,R (8 — )}
L, 0 ’
i= J
and
r R (d@)
?R(n)—i—ZU min ! >max {0, R (5 —v)}
! 1<5<m; 5(1) ’

It is noted that the corresponding results associated with the Riemann-Liouville and Erdélyi-Kober
fractional integral operators can be easily obtained by setting f§ = —« and 8 = 0, respectively, in Corollary

2.3l

Theorem 2.4. Let o, &', B8, B, v, p, m, 65, vi, zi, a, b, ¢;j € C with R(y) > 0, and \; > 0, g; > 0
(tef{l,...,r}; j€{1,...,s}). Then we have

{IO"“'W’” (t“—l (b—at)"" ] Sn/ [cjtkj (b— at)_‘sf} X H [z1t7 (b—at)™" .., 2t (b—at)"""] ) } (z)
j=1

[n1/mi]  [ns/ms] SIS S
/ —n (g — > 68k > Ak
— prgreme Y ( 1)”2’3 ; : i, X AL AWk ey =T S

k1=0 k=0 5

1 L o
b¥1 () (r) (r)
,A/ A ) ,F : < Ly ) —
H07n+4:{m7”an7‘};170 : <a] ] 1,]7 ! { cj ij 17p7‘

, (2.8)
T bvr
7T

p+4,q+4:{pr,qr};0,1 ok (
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where F1 and Fa are arrays defined by
F = 25 kjsv1,...,v0,1 ], Z)\ kjio1,.,00,1 ],

S S
1—i—oz—i—o/—l—ﬁ’—'y—,u—Z)\jkj;al,...,Jr,l , 1—|—a—6—,u—Z)\jkj;al,...,ar,1 ;

j=1 j=1
and
S
Fy = 25 kj;v1,.,00,0 ], 1—1—04—1—0/—v—u—Z)\jkj;crl,...,Jr,l ,

j=1

S S

1+04+6/_7_:U’_ZAjkj;o—la"wo—hl ’ 1—ﬂ—/ﬁ—z)\jkj;017---70r71 )
j=1 j=1

r R (d\)

R()->or min §<>) <1t min {R(-5), R (a+a’ 7). % (a+5 )},
- [ (4]

%(n)—zvzlglig;n_ 0 <1+min{R(-8), R(a+ =), R(a+5 —7)},
i=1 == i

and the conditions (i)-(iii) in Theorem are also satisfied.

Proof. The same argument as in the proof of Theorem [2.1] will establish the result in Theorem So its
proof details are omitted. O

Setting n = p = ¢ = 0 in the result in Theorem we obtain the following formula.

Corollary 2.5. Let o, &', 8, B, v, p, m, 0j, vi, 2i, a, b, ¢; € C with R(y) > 0, and \; > 0, 0; > 0
(ted{l,....r}; je{l,...,s}). Then we get

S
[ BB | gt (b—at)™" H S;Zj {cjt)‘f (b— at)*fsj}
j=1

X H Hytot | 267 (b —at) ™" E;? Z?)l’pl (x)
—1 L
[r1/ma] - [ns/m,

= b‘ﬁxu—a—a’-k“/—l Z Z mlkl (_ns)msks
k!

k1=0

Zék Z)\k

/ (s) k1 k 1 =
X An1 my Ansmsc1 . Cgtb I ri=
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by (c(-i),C’(.T)) —
T | Ry (dg.;,D;“)ll;Z; 0,1) |’ (2:9)

x%
H0745mi7ni§1:0 Zim

X 4,4:p;,q:;0,1

where Fy and Fy are the same arrays in Theorem and Hpyg" (+) is the familiar H-function.

It is noted that a further special case of (2.9) when s = 1 and r = 2 reduces to the known result given
by Baleanu et al. [5]. Considering the relation (1.4)) we are led to the following formula given in Corollary
concerning the Saigo fractional integral operator, which is seen to be similar to that in Agarwal [1, p.
590, Eq. 25].

Corollary 2.6. Let o, B3, v, 1, 1, 05, Vs, 2, a, b, ¢; € C with R(a) > 0, Aj, o5 > 0 (i €{1,...,r};
j€{l,...,s}). Then we obtain

{Ia’ﬁ’7 (t“_l (b—at)™" f[ S [cthj (b — at)_‘ﬂ x H [zt (b—at)™", ..,z t7 (b—at)”"] ) } (z)
j=1

[nl/ml] [ns/ms] s s
o (=11) s oy - (—T05) ks & ., 2= 0iki 3 Ak
= pghPL Z Z mllﬁl' "N T2 AL e Agfs)’mscll... cish =L =t
k1=0 ks=0
Z1ﬂ
bU1 (r) / (r) ()
aAluuA ) 7F : ( RS o4 ) y—
0,n+3:{m,,n,};1,0 (a] J I J1p 1 { AL 1,pr
X Hp+3,tI+3:{pr7qr};071 zor (r) (r) «(r) ’ (2'10)
% o (bj;B;,...,Bj ) JFL (dj 5! ) £ (0,1)
—%Qj 17q 17‘17‘
where
S S
F| = 1—77—253'1@;1)1,...,1)7«,1 , 1—/1—2)\jkj;01,...,ar,1 ,
j=1 j=1
S
1“‘04"'/8—'7_#5_Z)\jk‘j;Ulw-,le ;
j=1
and

Fy

S S
1—77—Z5jkj;vl,...,vr,0 , 1—|—’y—u—Z)\jkj;01,...,ar,l ,
=1 =1

S
1+B*H*Z>\jkj;0'1,...,0'r,]. )
j=1

The following conditions are also satisfied:
(i) larg z;| < 5%, Q>0 (i=1,...,7),
q

p . . " ) Pi ) mio di )
PO LD LD SEED 3L ST
J= J=

j=n+1 j=1 j=ni+1 j=m;+1
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(i)

) <l4+min {R(B), R ()},

7) <1l+min{R(B), R (v)}.
j

It is noted that the corresponding results associated with the Riemann-Liouville and Erdélyi-Kober
fractional integral operators can be easily obtained by setting 8 = —a and § = 0, respectively, in Corollary
2.0l

3. Special Cases and Applications

We begin by remarking the following facts:

(i) The generalized fractional integral operators used in Theorem and are unified ones in nature.

(ii) The product of the general class of polynomials given in Theorem andreduce to a large spectrum
of known polynomials as illustrated in Srivastava and Singh [37].

(iii) The multivariable H-functions occurring in Theorem and can be suitably specialized to give a
large number of useful functions, for example, the generalized Mittag-Leffler function, Bessel functions
of one variable, generalized Wright hypergeometric functions, generalized Lauricella function and so
on.

Here, among a remarkably large number of possible special examples of the results in Theorem and
2.4] we consider only the following five examples.

Example 1. Let us reduce the multivariable H-function in Theorem [2.1] to the product of two Fox’s
H-functions, one of which reduces to an exponential function by taking o; = 1 and v; — 0. Then, after a
little simplification, we obtain the following result:

{Ia o \B,8" (tu l -n H S [Cjt)‘ _ at)—dj:| o2t

(¢35 Ci)1 py .
i D}< >

Pp2,q92

x HM2n2 [zg 72 (b — at)™ "

[nl/ml] [ng/m

— pNgppa— o’ +v—1 § : 2 : mlkl"'(_ns)msks
k!
k1=0 5
, 5) & Z d5k; Z Aj kj
s 1 1 i=1
X Ay g An a1 chap 0= xd
Zl'iv (1 n— Z 0j k]) ,U2, ) (1 H— Z Aj k,]7 ,02, >7

H04 10 mz,’ng,l,o x%2
4,4:0,1; p2,g2:0,1 2%z

_%"E (1 n— Z i k]) 7U270> (1 H—= ’Y"’_a"’_a_z Aj kJ7 70'2a]->7

(1 H— ’Y+a+a +B Z Aj k]7 70271>7 <1:u'+a/6/ Z Aj k]7 02, ) (C]’ )1 pg
= , (31)

(1 p—vy+a’/+8— Z Ajkjil,o2, )7 <1uﬁ’ Z Ajkjil 702,1)(071);(%‘ )1,q55(0:1)

whose validity conditions are easily modified and given from those in Theorem
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Remark 3.1. First, setting Sg;j =1,7=0,v2 =0and 21 =0 in and making suitable adjustment of
the involved parameters is seen to yield the known result given by Ram and Kumar [22]. Secondly, reducing
the Saigo-Maeda fractional integral operator into the Saigo fractional integral operator, set SZL].j =1,n=0,
v =02 =0in and making suitable adjustment of the involved parameters is seen to give the known
result due to Gupta et al. [8 p. 209, Eq. (25)]. Thirdly, if we reduce the Saigo-Maeda fractional integral
operator into the Riemann-Liouville fractional integral operator, set Sg;j =1,n =0, vg = 0 and arrange the
involved parameters suitably, we obtain the known result given by Kilbas and Saigo [10, p. 52, Eq.(2.7.9)].
Lastly, if we put S;’;L.j =1,1n=0,vy =0, 290 = 1/4, 09 = 2 and reduce the Fox’s H-function to the Bessel
function of the first kind, we obtain the known result given by Kilbas and Sebastain [I1, p. 873, Egs.
(25)-(29)].

Example 2. If we take zo = 1, 09 = 1 and v9 = 0 in (3.1)) and reduce the H-function of one variable to

the generalized Mittag-Leffler function [I7] in the result in Theorem after a little simplification, we can
easily obtain the following result:

S
IO b= at) TSR (et (0 - at) ™ B[] | b ()

j=1
[nl/m ] [ns/m ]
= b~ ph—a—a+y—1 Zl Z m1k‘1'”(_n5)msks
F(ﬁ) k1=0 1l k!
— 3 bk; SOWS
X A;n my gzss),ms lflmcl;s (b) ng % _:L-)jgl j Kj

S
217 <1—n—Z @@-;1,0,1),(1 u— ZAkJ,1,1,1>
=1
T ]s
—4g <1nz;15jkj;1,0,0> <1 p— ’y+a+a2)\kj,1,1,1>
7=

<1 H= 'y—i—a—i—a +ﬁ Z Aj k]71)171> (1_“+a/_ﬂ/ E Aj k]717171> 1(1_19’1)7_
, (3:2)
<1 B ’*/+C|{ +5 Z Aj k371’1:1> <1_N_B/ Z Aj k]1171’1> (0,1);(0,1),(1-7’];0),(1-&;&));(0,1)

whose validity conditions are easily modified and given from those in Theorem

Remark 3.2. First, setting S,ij =1,7=0in and making suitable adjustment of the involved parameters
is seen to yield the known result given by Ram and Kumar [22]. Secondly, reducing the Saigo-Maeda
fractional integral operator into the Saigo fractional integral operator, putting S}Z;j =1, n = 0 and making
suitable adjustment of in the involed parameters in gives the known result given by Gupta et al. [8, p.
210, Eq. (29)]. Lastly, if we reduce the Saigo-Maeda fractional integral operator to the Riemann-Liouville
fractional integral operator, set S:Zj =1, n = 0, v = 0 and make suitable adjustment of the involved
parameters in , we arrive at the known result given by Saxena et al. [28, p. 168, Eq. (2.1)].

Example 3. If we reduce the H-function of one variable to the generalized Wright hypergeometric
function [32, p. 19, Eq. (2.6.11)] in (3.1]), we arrive at the following result:

(= (0= 5 o 6

X 6172217&1#‘]2 [_2’2 2 (b—at)™" (0, 1()1,_( ’ Sj.v)bm)l a2 ] > } (x)
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[ram] - fna/ma]

— pNpha— a'+v—1 Z Z m1k1' (_ns)msks
1 k!

k1=0
i Sk >
k; A kj
, s Ky k ) iRj 2 "3
X Ay - A%5)7m501 oyt b = xd
S
Zl':v (1 n— Z dj k]7 ,U2, > (1 H— Z Aj k]7 302, >7
s« FOA4L05Lp2:L0 272
4,4:0,1; pa,q2;0,1 | T227p2
—%l’ 1- n— Z 0j k]7 7U27 1- H— ’Y+a+0¢*2 Aj k]a 702a1 )
=1

Jj=1

<1 n— 7+a+al+:8 Z Aj k]7 70271>’ (1_“+a1_ﬁl Z Aj k]7 ;02, > ;(Cj)cj)l,p2;—
, (3.3)
<1 p—y+a'+B— Z Ajkjiloz, > <1N5/ Z Ajkjs;l ,0271>1(071)§(dj7Dj)1,q2§(071)

whose validity conditions are easily modified and given from those in Theorem

Remark 3.3. Setting S:Z.j =1,71=0,v3 =0, z1 = 0 in (3.3) and making suitable adjustment in the involved
parameters is seen to yield the known result given by Ram and Kumar [22]. If we set ng.j =1,n =0,

vg, z1 = 0 in (3.3) and arrange the involved parameters suitably, we obtain the known result due to Gupta
et al. [8, p. 210, Eq. (27)].

Example 4. In Theorem if we reduce the multivariable H-function to the product of r different
Whittaker functions [32, p. 18, Eq. (2.6.7)] and take v; — 0 and o; = 1, we are led to the following result:

S
Igef’,ﬁﬂ’ﬂ (b —at)™" H S,Z;’.j {cj th (b — at)” } H ez Wx\l i (zit) (x)
j=1 i=1

ramal e ] k (—ns) K
_ —a—Q + 1 m S/msks
= b ) Z N

k1=0
A Als) k1 b leék a;/\jkj
X AL g An et x
s
21T 1—n—3 &k, 1,1 |, [ 1—p— Z,\kj, 1,..1,1,
. j=1 ~—— ~——
N rtimes rtimes

S|
T S S
a 1-n—3 §;k;1, ... 10 |, [ 1—p—ytata' — 3 Njks;l, .. 1,1 ],
—B.’IJ j=1 N—— j=1 ~——

T times 7 times

Jj=1

1—p—y+a+a'+5— Z)\ kj, . .1,1 | 1—p+a’=p5'= > )\]-kj;l,...l,l = (1=, 1)50 (1= 1) —
SN—— j=1 N——

T times 7 times

(1 n—vy+a'+L8— Z Aj k], . .1,1)7 (l—u—ﬂ’ Z Aj k], . .1,1):(;:I:p,l,l);...;(;:l:ur,l);(O,l)
S—— S——

T times T times

whose validity conditions are easily modified and given from those in Theorem

Remark 3.4. First, if we set Szj =1, r=1,7=01in and make suitable adjustment of the involved
parameters, then we arrive at the known result given by Ram and Kumar [22]. Secondly, if we reduce the
Saigo-Maeda fractional integral operator into Saigo fractional integral operator, put S:Zj =1Lr=1,n=0
in (3.4) and make a suitable adjustment of the involved parameters, we obtain the known result given by
Gupta et al. [8, p. 211, Eq. (31)]. Lastly, reducing the Saigo-Maeda fractional integral operator to the



P. Kumar, S. D. Purohit, J. Choi, J. Nonlinear Sci. Appl. 9 (2016), 8-21 19

Riemann-Liouville fractional integral operator, set S’Z;j =1,n7=0, vy =0 in (3.4) and making a suitable
adjustment of the involved parameters is seen to yield the known result due to Kilbas [9, p. 117, Eq. (11)].

Example 5. If we reduce the multivariable H-function to the product of two Fox’s H-functions in
Theorem one of which further reduces to the exponential function by setting o1 = 0, A\; = 0, v; = 0,

§; =0, cj =1, s =1, reducing S7 to the Hermite polynomial [I5 [36] and set S2 [z] = 2™/2H,, [ﬁ], in

(Cj7cj)1,p
(dj,Dj)L;D} ()

which case m =2, A, j, = (—1)k, we obtain the following interesting result:

/ / 1
{Igzjra BBy (t‘ul (b - at)in tn/QHn [M] 67v1tH;1;L’2(§;LQ |:2’2 192 (b _ at)im
[n/2]

ool (=n)
= plgh +7-1 Z o 2k (_x)k
k=0

21
! X1 :—i (¢, Cj)y 0 —

« H0,4:1,0;m2,n2;1,0
X2 - (07 1) ; (dj7 Dj)17q2 ) (1 - 77’U2) ; (07 1)

g2
4,3:0,1;p2,q2+1;0,1 | #2%
a

(3.5)

where x1 = (1—7;0,09,1), (1 — i — ki 1,09,1), (1= pi—y+a+a + 6 — ki 1,00,1),
(1—p+o =08 —k;l,09,1);

and X2 = (17M77+a+a/7k;150251)’ (1*#*74’0[/4“,8*]{3,1,0'2,1),

(1—pu— B —k;1,09,1), whose validity conditions are easily modified and given from those in Theorem

Remark 3.5. Setting z; = 0 and v = 0 in (3.5)) yields the following formula:

’ ’ _ 1 (C' C)
T BBy =1 (p — at) " tn/QHn |: :| HM2m2 | 5 402 72 ~371,p2 T
{ 0+ < ( ) Wi P2,q2 2 (djaDj)LqQ (z)

) [n/2] (—n) .
— pNgh—a—a +v—1 kz o 2k (_x)
=0

(1_777071)7 (1_M_k;02>1)7

L3O Lp2 et 0L | gy ’(1—u—v+a+a'—k;az,1>,<1—u—ﬁ’—k;az,n

% HO,4:1,0;m2,n2;1,0 |:22x02
(1-/1-’7+O[+C¥’+5—k;0’2,1),(1—,U,—i-O/—,BI—k;O'Q,l) L (Cj7Cj)17p27 (36)
(1_N_7+0/+/B_k70-271)(071)7(djaDj)l,(Da(1_7770)7(071) . .

4. Conclusion

Here we presented two very generalized and unified theorems associated with the generalized fractional
integral operators given by Saigo-Maeda. The main fractional integrals whose integrands being the products
of multivariable H-functions and a general class of polynomials, as shown in Section (3] can be specialized
to yield a large number of simpler results. The main results may find potentially useful applications in a
variety of areas.

Acknowledgments

The first author (Dinesh Kumar) is grateful to NBHM (National Board of Higher Mathematics) India,
for granting a Post-Doctoral Fellowship. This work was supported by Dongguk University Research Fund.



P. Kumar, S. D. Purohit, J. Choi, J. Nonlinear Sci. Appl. 9 (2016), 8-21 20

References
[1] P. Agarwal, Further results on fractional calculus of Saigo operator, Appl. Appl. Math., 7 (2012), 585-594.
[2] P. Agarwal, J. Choi, R. B. Paris, Eztended Riemann-Liouville fractional derivative operator and its applications,
J. Nonlinear Sci. Appl., 8 (2015), 451-466.
[3] D. Baleanu, P. Agarwal, S. D. Purohit, Certain fractional integral formulas involving the product of generalized
Bessel functions, Sci. World J., 2013 (2013), 9 pages.
[4] D. Baleanu, K. Diethelm, E. Scalas, J. J. Trujillo, Fractional calculus models and numerical methods, 3, Com-
plexity, Nonlinearity and Chaos, World Scientific, (2012).
[5] D. Baleanu, D. Kumar, S. D. Purohit, Generalized fractional integrals of product of two H -functions and a general
class of polynomials, Int. J. Comput. Math., 2015 (2015), 13 pages.
[6] D. Baleanu, O. G. Mustafa, On the global ezistence of solutions to a class of fractional differential equations,
Comput. Math. Appl., 59 (2010), 1835-1841.
[7] J. Choi, D. Kumar, Certain unified fractional integrals and derivatives for a product of Aleph function and a
general class of multivariable polynomials, J. Inequal. Appl., 2014 (2014), 15 pages.
[8] K. C. Gupta, K. Gupta, A. Gupta, Generalized fractional integration of the product of two H-functions, J.
Rajasthan Acad. Phys. Sci., 9 (2010), 203-212.
[9] A. A. Kilbas, Fractional calculus of the generalized Wright function, Fract. Calc. Appl. Anal., 8 (2005), 113-126.
[10] A. A. Kilbas, M. Saigo, H-Transforms, theory and applications, Chapman & Hall/CRC Press, Boca Raton,
(2004).
[11] A. A. Kilbas, N. Sebastain, Generalized fractional integration of Bessel function of first kind, Integral Transforms
Spec. Funct., 19 (2008), 869-883.
[12] D. Kumar, P. Agarwal, S. D. Purohit, Generalized fractional integration of the H -function involving general class
of polynomials, Walailak J. Sci. Tech. (WJST), 11 (2014), 1019-1030.
[13] D. Kumar, J. Daiya, Generalized fractional differentiation of the H-function involving general class of polynomials,
Int. J. Pure Appl. Sci. Technol., 16 (2013), 42-53.
[14] D. Kumar, S. Kumar, Fractional calculus of the generalized Mittag-Leffler type function, Int. Scholarly Res.
Notices, 2014 (2014), 5 pages.
[15] A. M. Mathai, R. K. Saxena, H. J. Haubold, The H-function: theory and applications, Springer, New York,
(2010).
[16] S. R. Mondal, K. S. Nisar, Marichev-Saigo-Maeda fractional integration operators involving generalized Bessel
functions, Math. Probl. Eng., 2014 (2014), 11 pages.
[17] T. R. Prabhakar, A singular integral equation with a generalized Mittag-Leffler function in the kernel, Yokohama
Math. J., 19 (1971), 7-15.
[18] S. D. Purohit, Solutions of fractional partial differential equations of quantum mechanics, Adv. Appl. Math.
Mech., 5 (2013), 639-651.
[19] S. D. Purohit, S. L. Kalla, On fractional partial differential equations related to quantum mechanics, J. Phys. A
, 44 (2011), 8 pages.
[20] S. D. Purohit, S. L. Kalla, D. L. Suthar, Fractional integral operators and the multiindex Mittag-Leffler functions,
Sci. Ser. A Math. Sci., 21 (2011), 87-96.
[21] S. D. Purohit, D. L. Suthar, S. L. Kalla, Marichev-Saigo-Maeda fractional integration operators of the Bessel
function, Matematiche (Catania), 67 (2012), 21-32.
[22] J. Ram, D. Kumar, Generalized fractional integration involving Appell hypergeometric of the product of two H -
functions, Vijnana Parishad Anusandhan Patrika, 54 (2011), 33—43.
[23] J. Ram, D. Kumar, Generalized fractional integration of the R-function, J. Rajasthan Acad. Phys. Sci., 10 (2011),
373-382.
[24] M. Saigo, A remark on integral operators involving the Gauss hypergeometric functions, Math. Rep. Kyushu
Univ., 11 (1978), 135-143.
[25] M. Saigo, N. Maeda, More Generalization of Fractional calculus, Transform Methods and Special Functions,
Varna, Bulgaria, (1996), 386—400.
[26] R. K. Saxena, J. Daiya, D. Kumar, Fractional integration of the H-function and a general class of polynomials
via pathway operator, J. Indian Acad. Math., 35 (2013), 261-274.
[27] R. K. Saxena, J. Ram, D. Kumar, Generalized fractional integration of the product of Bessel functions of the first
kind, Proceedings of the 9th Annual Conference, Soc. Spec. Funct. Appl., 9 (2011), 15-27.
[28] R. K. Saxena, J. Ram, D. L. Suthar, Fractional calculus of generalized Mittag-Leffler functions, J. Indian Acad.
Math., 31 (2009), 165-172.
[29] R. K. Saxena, M. Saigo, Generalized fractional calculus of the H-function associated with the Appell function Fs,
J. Fract. Calc., 19 (2001), 89-104.
[30] H. M. Srivastava, A contour integral involving Fox’s H-function, Indian J. Math., 14 (1972), 1-6.
[31] H. M. Srivastava, M. C. Daoust, A note on the convergence of Kampé de Fériet double hypergeometric series,

Math. Nachr., 53 (1972), 151-159.



P. Kumar, S. D. Purohit, J. Choi, J. Nonlinear Sci. Appl. 9 (2016), 8-21 21

[32]
[33)
[34]
35)
[36]
[37)

[38]

H. M. Srivastava, K. C. Gupta, S. P. Goyal, The H-functions of one and two variables with applications, South
Asian Publishers, New Delhi/Madras, (1982).

H. M. Srivastava, R. Panda, Some expansion theorems and generating relations for the H-function of several
complex variables I, Comment. Math. Univ. St. Paul., 24 (1975), 119-137.

H. M. Srivastava, R. Panda, Some expansion theorems and generating relations for the H-function of several
complex variables II, Comment Math. Univ. St. Paul., 25 (1976), 167-197.

H. M. Srivastava, R. K. Saxena, Operators of fractional integration and their applications, Appl. Math. Comput.,
118 (2001), 1-52.

H. M. Srivastava, R. K. Saxena, J. Ram, Some multidimensional fractional integral operators involving a general
class of polynomials, J. Math. Anal. Appl., 193 (1995), 373-389.

H. M. Srivastava, N. P. Singh, The integration of certain product of the multivariable H-function with a general
class of polynomials, Rend. Circ. Mat. Palermo, 32 (1983), 157—187.

J. Zhao, Positive solutions for a class of q-fractional boundary value problems with p-Laplacian, J. Nonlinear Sci.
Appl., 8 (2015), 442-450.



	1 Introduction
	2 Main Results
	3 Special Cases and Applications
	4 Conclusion

