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1. Introduction and Preliminaries

Bifunction equilibrium problem [4], which was introduced two decades ago, have emerged as an interest-
ing and fascinating branch of applicable mathematics with a wide range of applications in industry, finance,
optimization, social, pure and applied sciences; see [3], [I1], [12], [20], [22], [23] and the references therein.
Since bifunction equilibrium problem covers variational inequality problems, zero point problems, and vari-
ational inclusion problems, it has been investigated by many authors via fixed point algorithms; see, for
example, [5, 6 8, 9, 10], [13])-[17], [24]-[28], [30] and the references therein.

Let E be a real Banach space and let E* be the dual space of E. Let C be a nonempty subset of E
and let G be a bifunction from C' x C to R, where R denotes the set of real numbers. Recall the following
equilibrium problem. Find z € C such that
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G(z,y) >0, VyeC. (1.1)
We use Sol(G) to denote the solution set of equilibrium problem . That is,
Sol(G)={x€C:0<G(z,y) YyeC}.
Given a mapping A : C' — E*, let
G(z,y) = (y —x,Azx) Vz,y e C.
Then = € Sol(G) if Z is a solution of the following variational inequality. Find Z such that
(y—z,Az) >0 VyeC. (1.2)

In order to study the solution of problem ([1.1)), we assume that G satisfies the following conditions:

(C-1) G(z,z) =0 Vx € C;

(C-2) 0> G(x,y) +G(y,x) Vo,y € C;

(C-3) G(z,y) > limsup, o G(tz + (1 - t)x,y) Vz,9,2 € C;

(C-4) y — G(z,y) is weakly lower semi-continuous and convex for each x € C.

Recall that a Banach space E is said to be strictly convex iff | 252 || < 1 for all 7,y € E with ||z = [jy|| = 1
and x # y. It is said to be uniformly convex if lim,, o ||z, — yn|| = 0 for any two sequences {x, } and {y,}

in E such that
Tp + Yn

[ 2]l = [lyn]l = 1 and  lim || =1
n—oo

Let Ug = {x € E : ||z|| = 1} be the unit sphere of E. Then the Banach space E is said to be smooth if

el e+ 1]
t—0 t

exists for each z,y € Ug. It is also said to be uniformly smooth if and only if the above limit is attained
uniformly for z,y € Ug. It is known that if E is uniformly smooth if and only if £* is uniformly convex.

In this paper, we use — and — to denote the strong convergence and weak convergence, respectively.
Recall that a Banach space E has the Kadec-Klee property if for any sequence {z,} C E and x € E with
z, = z and ||z,| — ||z|, then ||z, — x| — 0 as n — oo. It is well known that if E is a uniformly convex
Banach spaces, then E has the Kadec-Klee property.

Recall that the normalized duality mapping J from E to 27" is defined by

Je={f" € E":|z|* = (z, f*) = I *|*},

where (-,-) denotes the generalized duality pairing.

It is known if E' is uniformly smooth, then J is uniformly norm-to-norm continuous on every bounded
subset of F; if F is a smooth Banach space, then J is single-valued and demicontinuous, i.e., continuous
from the strong topology of E to the weak star topology of E; if E is smooth, strictly convex and reflexive
Banach space, then J is single-valued, one-to-one and onto.

Consider the functional defined by
o(x,y) = l|=l” + lyl* - 2{z, Jy) Va,y € E.

Observe that, in a Hilbert space H, the equality is reduced to ¢(z,y) = ||z — y||? for all 2,y € H. As
we all know that if C' is a nonempty closed convex subset of a Hilbert space H and P : H — C is the
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metric projection of H onto C', then Py is nonexpansive. This fact actually characterizes Hilbert spaces
and consequently, it is not available in more general Banach spaces. In this connection, Alber [2] recently
introduced a generalized projection operator Il in a Banach space E which is an analogue of the metric
projection Pg in Hilbert spaces.

Recall that generalized projection Ilo : E — C is a map that assigns to an arbitrary point z € E the
minimum point of the functional ¢(x,y), that is, Illcx = Z, where Z is the solution to the minimization
problem

¢(z,x) = min ¢(y, ).

yeC

Existence and uniqueness of the operator Il follows from the properties of the functional ¢(x,y) and strict
monotonicity of the mapping J. In Hilbert spaces, Il = P¢. It is obvious from the definition of function ¢
that

Uyl + 1121)? = ¢z, y) = (=l = llyl)* Va,y € B, (1.3)
and

qb(x,y) - ¢(x> Z) = ¢(Zay) + 2<CE —Z Jz — Jy> VCL',y,Z €FE. (14)

Let T': C' — C be a mapping. In this paper, we use Fiz(T') to denote the fixed point set of T. T is said
to be closed if for any sequence {z,} C C such that lim,, o ,, = z¢ and lim,,_, Tz, = Yo, then T'zo = yo.

Recall that a point p in C is said to be an asymptotic fixed point of T if C' contains a sequence {z,}
which converges weakly to p such that lim,_, ||z, — T'zy| = 0. The set of asymptotic fixed points of T
will be denoted by Fiz(T).

Recall that a mapping T is said to be relatively nonexpansive if
%(T) =Fiz(T)#0, ¢(p,Tx) < $(p,x) VreC, Vpe Fix(T).
Recall that a mapping T is said to be relatively asymptotically nonexpansive if
Fiz(T) = Fiz(T) # 0, ¢(p,T"z) < knd(p,z) Vz € C, Vp € Fix(T),¥n > 1,

where {k,} C [1,00) is a sequence such that k, — 1 as n — oo.

Remark 1.1. The class of relatively asymptotically nonexpansive mappings, which covers the class of rela-
tively nonexpansive mappings, was first considered in [I]. See also [2I] and the references therein.

Recall that a mapping T is said to be quasi-¢-nonexpansive if
Fiz(T) #0, ¢(p,Tx) < ¢(p,x) VreC, Vpe Fix(T).

Recall that a mapping T is said to be asymptotically quasi-¢-nonexpansive if there exists a sequence
{kn} C [1,00) with k,, — 1 as n — oo such that

Fiz(T)#0, ¢, T"z) < knd(p,z) Vo e C, Vpe Fiz(T), Vn > 1.

Remark 1.2. The class of asymptotically quasi-¢-nonexpansive mappings, which covers the class of quasi-¢-
nonexpansive mappings [I8], was considered in Qin, Cho and Kang [19] and Agarwal and Qin [I7]; see also
Zhou, Gao and Tan [31].

Remark 1.3. The class of quasi-¢-nonexpansive mappings and the class of asymptotically quasi-¢- non-
expansive mappings are more general than the class of relatively nonexpansive mappings and the class
of relatively asymptotically nonexpansive mappings. Quasi-¢-nonexpansive mappings and asymptotically
quasi-¢-nonexpansive do not require the restriction Fiz(T') = Fix(T).

In order to our main results, we also need the following lemmas.
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Lemma 1.4 ([]). Let C be a closed convexr subset of a smooth, strictly convex and reflexive Banach space
E. Let G be a bifunction from C x C to R satisfying (C-1), (C-2), (C-3) and (C-4). Let r >0 and x € E.
Then there exists z € C such that

rG(z,y) +(z—y,Jr —Jz) >0 VYyeC.

Lemma 1.5 ([2]). Let E be a reflexive, strictly convex, and smooth Banach space, C' a nonempty, closed,
and convex subset of E and x € E. Then

oy, z) > ¢(y, Uex) + ¢(Ilgz,z) Yy € C.

Lemma 1.6 ([2]). Let C be a nonempty, closed, and convex subset of a smooth Banach space E and x € E.
Then
gz = o,
if and only if
(ro —y,Joxog — Jz) <0 VyeC.

Lemma 1.7 ([19]). Let E be a uniformly conver and smooth Banach space and let C' be a nonempty closed
and convexr subset of E. Let T : C' — C be a closed asymptotically quasi-¢-nonexpansive mapping. Then
Fix(T) is a closed convex subset of C.

Lemma 1.8 ([I8]). Let C be a closed convez subset of a smooth, strictly convex and reflexive Banach space
E. Let G be a bifunction from C x C to R satisfying (C-1), (C-2), (C-3) and (C-4). Letr >0 and x € E.
Define a mapping S, : E — C by

Srx={z2€C:rG(z,y)+{y—zJz—Jz) >0 YyeC}.
Then the following conclusions hold:
(1) S, is single-valued;
(2) Sy is a firmly nonezpansive-type mapping, i.e. for all x,y € F,

(Srx — Syy, Jx — Jy) > (Spx — Spy, JSrx — JSry);

(3) S, is quasi-¢-nonexpansive;
(4) ¢(q,2) = ¢(q, Srx) + ¢(Srw, ) Vg € Fix(S,);
(5) Sol(G) = Fix(S,) is convex and closed.

2. Main results

Theorem 2.1. Let E be a uniformly conver and smooth Banach space such that E* has the Kadec-Klee
property and let C be a nonempty closed and convex subset of E. Let A be an index set and let G; be a
bifunction from C x C to R satisfying (C-1), (C-2), (C-3) and (C-4). Let T; : C — C' be an asymptotically
quasi-¢-nonexpansive mapping for every i € A. Assume that T; is closed and uniformly asymptotically
reqular on C' for every i € A and NiepFix(T;) () NieaSol(G;) is nonempty and bounded. Let {x,} be a
sequence generated in the following manner:
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(20 € E chosen arbitrarily,

Ca,y =0,
C1 = NieaClu),
Tl = HC1$07

Yni) = I oy T2 + (1 — g ) J T ),

U(nyg) € Cy, such that T(n,i)Gi(U(n,z’)vy) + (y — U(ns)s JU(nJ) — Jy(ni)) >0 VyeCy,
Clny1,i) = {12 € Clnyy 82, 20) + @y D > ¢(2,u(n )}

Crt1 = NieACn1,i)

( Tn+1 = HCnJrl:L‘la
where D := sup{¢(w,z1) : p € Nieal"ix(T;) (1 NieaSol(Gi)}, {a(mq)} is a real sequence in (0,1) such that

limp 00 i) = 0 and {r,;)} is a real sequence in [a;,00), where {a;} is a positive real number sequence
for every i € A. Then the sequence {x,} converges strongly to HnerFia(T:) N NieaSol(G) T1-

Proof. Using Lemma and Lemma we find that Njep Fiz(T;) () NieaSol(G;) is convex and closed so
that the generalization projection onto the set is well defined.

Next, we prove that C,, is convex and closed. To show C,, is convex and closed, it suffices to show that,
for each fixed but arbitrary i € A, C(;,;) is convex and closed. This can be proved by induction on n. It is
obvious that C(; ;) = C' is convex and closed. Assume that C(,, ;) is convex and closed for some m > 1. Let
For 21, 22 € Cpy1,4), We see that 21, 20 € Cyy, 5. It follows that z = tz1 + (1 —t)z2 € C(, 3y, where t € (0,1).
Notice that

¢(21, xn) + a(m,i)D > ¢(Z17 u(m,z))

and
P22, Zn) + Am) D > G(22, U(mz))-
The above inequalities are equivalent to

Zm|* + g, D = 2(21, Jam — Jugmi) + 1uma I

and
[Zml|® + iy D = 2(z2, Jam — Jtgn i) + [tgmil>.

Multiplying ¢ and (1 — ¢) on the both sides of the inequalities above, respectively yields that and

2l = 1t I + QniyD = 202, Jam — Jum.)-

That is,
¢(Z, -rn) + a(m,i)D > (b(za u(m,i))a

where 2z € C, 5. This finds that C,, 11 ;) is convex and closed. We conclude that C(;, ;) is convex and closed.
This in turn implies that Cj, = NieaC(y ;) is convex and closed. This implies that Il¢, ,z1 is well defined.
Now, we are in a position to prove Njep Fiz(T;) () NieaSol(G;) C C,,. Note that

C = C1 2 NieaFiz(T,) [ | NieaSol(G:)

is clear. Suppose that C(, ;) 2 NieaFiz(T;) (NieaSol(G;) for some positive integer m. For any w €
NieaFiz(T;) (N NieaSol(Gi) C Cpp ), We see that
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O(w, Tm) + iy D = i@ (w, 21) + (1 — g z))d(w, T;" x4,
= wl|® = 2, (w, Jz1) = 2(1 = A, (w, JT 2 m)
+ agmp 21 + (1 = i) | T 2l
> Hw||2 — 2w, iy JT1 + (1 = Q0)) T 7))
+ llagmiy Tz + (1= i) JT; | (2.1)

where

D :=sup{op(w,z1) : w € NiepA F(T;) ﬂﬂieASol(Gi)}.

This shows that w € C(y,41,4). This implies that C(,, ;) 2 NieaFix(T;) (1 NieaSol(G;). Hence, NigaCy i) 2
NieaFiz(T;) () NieaSol(G;). This completes the proof that C,, O Njcpa Fiz(T;) [ NieaSol(G;). In the light
of the construction Il x; = x,, we find from Lemma that (x, —z, Jo1 — Jx,) > 0 for any z € C,,. Since

Cn 2 NieaFiz(T;) (| NieaSol(Gi),
we find that
0> (w—an, Jor — Jag), Yw € NiepFix(T;) ﬂﬂieASol(Gi). (2.2)
Using Lemma [1.5] one sees that
(T, Fia(T) () e Sol(Gi) T15 1)
> (U, Fie(T)) N NsenSol(G) L1 1) — O(Tn, ) Fia(Ty) M nica Sol(Gs) P15 Tn)
Z ¢(wn7 xl)'

This implies that {¢(z,,z1)} is bounded. Hence, {z,} is also bounded. Since the space is reflexive, we may
assume that z,, — . Since (), is convex closed, we find C,, > z. This implies that ¢(z,z1) > ¢(x,,z1). On
the other hand, we see from the weakly lower semicontinuity of the norm that

¢(j‘7 CCl) > lim sup d)(xna CCl)

n—oo

> lim inf ¢(zp, 1)
n—oo

= liminf(|[z,)|? = 2(2n, Jo1) + |21]?)
n—oo

> ||z]|? - 2(z, Ja1) + |||

= ¢(z, 1),

which implies that lim,, . ¢(zn, 1) = ¢(Z, x1). Hence, we have lim,,_, ||z5| = ||Z||. Using the Kadec-Klee
property of E, one has z,, = Z as n — oo. Since z,, = [I¢,x1, and

Tn+1 = HC'n_Hxl S Cn+1 - C’m

one sees ¢(Tnt1, 1) > ¢(xn, z1). This shows that {¢(zp,x1)} is nondecreasing. Since it is bounded, we find
that limy,_,c0 ¢(xy, 1) exists. It follows that

¢(xn+17 .’L’l) - (ZS(CCn, ‘Tl) > (Z)(mn-f—l? .’,Zin)-

This implies that
lim ¢(xn+1> xn) =0. (2'3)
n—oo
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In the light of Cp, 1 3 Il

i1 T1 = Tpi1, we find that

A(Tny1,n) + a(n,i)D > ¢(Tn+1, u(n,i))'

This implies from ([2.3]) that

nh—>Holo A(Tnt1, Un,iy) = 0. (2.4)
Using inequality , we see
Tim (il ~ lugnall) = 0.
This implies that
im fJugl = (2]

On the other hand, we have

T (gl = 7] = Tim [ Jug.q| = 172 (2.5)

This implies that {Ju(, ;) } is bounded. Since both £ and E* are reflexive, we may assume that Ju,; —
u*?) € E*. Since E is reflexive, we see J(E) = E*. This shows that there exists an element u’ € E such
that Ju' = u(*9). It follows that

O(@ni1, Uny)) = 1T 1P + 2o l” = 20@ni1, Jugs))-
Therefore, one has
0> (|2 + [[u?* = 2(2,ut*?) = [|2]* + [lu'||* — 2(z, Ju') = ¢(z,u’) > 0.

That is, Z = «’, which in turn implies that «**) = Jz. It follows that Ju(py — Jr € E*. Since E* has the
Kadec-Klee property, we obtain from ([2.5)) that

lim Jug,;) = JT.

n—o0

Since J~! : E* — E is demi-continuous and E has the Kadec-Klee property, we obtain U(ng) — T, as

n — oo. Using ([2.1)) and ({2.3)), one has

Jim ¢(zn41,Y(n) = 0. (2.6)
Using inequality ([1.3]), we see
Timn (et — [9nl)) = 0.

This implies that

Tim_[lya | = 171
On the other hand, we have
2 = 1] = lim_[Jypll = Hm g (2.7)

This implies that {Jy(m)} is bounded. Since both E' and E* are reflexive, we may assume that Jyg, ;) —
y™*1) e E*. Since E is reflexive, we see E* = J (E). This shows that there exists an element y* € E such
that 9 = Jy'. Tt follows that

2ng1 |1 + 1Y) |1? = 2(@ns1s TYni) = O(@ns1s Yins))-
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Therefore, one has ‘ '
0> [|Z[* + [y — 2(z, y*)

= |lzl® + lly'lI* — 2(z. Jy")

=o(7,9").
That is, Z = y, which in turn implies that y*% = Jz. It follows that JYns — JT € E*. Since E* has the
Kadec-Klee property, we obtain from ([2.7) that

lim Jy(n’l) =Jz.

n—o0

Since J~! : E* — F is demi-continuous and E has the Kadec-Klee property, we obtain Y(ni) —> T, a8 N — 00.
In view of S?"<n,i) Y(n,i) = U(n,i), We see that

(Y = Upn,iys T,y = JYn,i)) + Tni) Gi(Uinga), y) =20 Vy € G,
It follows from (C-2) that
1y = wni) 1 T = TYma | = 700 Gi(Ys Unay) Yy € Ch.
In view of (C-4), one has G;(y,z) <0 Vy € Cy. For 0 < t; <1 and y € C, define
Yei) = tiy + (1 — ;).
It follows that y ;) € C, which yields that G;(y,), %) < 0. It follows from the (C-1) and (C-4) that
tiGi(Yi),¥) > Gy, y) + (1 =) Gy, T)

> Gi(Yi)r Yie,i)
=0.

That is, Gi(y(t,:),y) > 0. Letting ¢; | 0, we obtain from (C-3) that 0 < G;(Z,y), Vy € C. This implies that
Z € Sol(G;) for every i € A. This shows that € N;epSol(G;).
Next, we prove T € Nijep Fiz(T;). Using the condition imposed on {a, )}, one has

i || Ty — TT ]| = 0.

Using the fact
12 — JTP 2l < |y — T2+ 1Ty — TT 0]l

one has JI'x, — JZ as n — oo, for every i € A. Since J~! is demi-continuous, we have T)'z,, — Z for
every i € A. Since
1T (T} wn) = Jx|| = [T} 2nll — [ Z]l],

one has || Tz, || — ||Z||, as n — oo, for every i € A. Since E has the Kadec-Klee property, one obtains
h_}ngO Tz, — z|| = 0.
On the other hand, we have
T g — 2| < NT7 an = Tan|| + | T2 — 2.
In view of the uniformly asymptotic regularity of 7T;, one has
lim |77y, — 2| =0,

that is, T;T;'x, — T — 0 as n — oo. Since every Tj is closed, we find that T;z = Z for every i € A.
Finally, we prove T = Il _, piz(7)) nicaSol(G:)T1- Letting n — oo in (2.2)), we see that

(T —w,Joy — JT) 20, Yw € NieaFiz(T;) [ |NieaSol(Gy).

In view of Lemma we find that that Z = Tln,_, piz(1;) ) rueaSol(G,)®1- This completes the proof. O

i
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Remark 2.2. The algorithm is efficient for an uncountable infinite family of operators and bifunctions. The
space does not require the uniform smoothness. Theorem [2.I], which mainly improve the corresponding
results in [7], [19] and [29], unify the corresponding results announced recently.

From Theorem the following result is not hard to derive.

Corollary 2.3. Let E be a uniformly convexr and smooth Banach space such that E* has the Kadec-Klee
property and let C' be a nonempty, convex and closed subset of E. Let G be a bifunction from C x C to
R satisfying (C-1), (C-2), (C-3) and (C-4). Let T : C — C be an asymptotically quasi-¢-nonexpansive
mapping. Assume that T is closed and uniformly asymptotically regular on C and Fix(T) N Sol(G) is
nonempty and bounded. Let {x,} be a sequence generated in the following manner:

(20 € E chosen arbitrarily,

C,=C,

x1 = e, xo,

Yn = J N1 = ap)JT "y + apJay),

up € Cp, such that r,G(upn,y) + (y — upn, Ju, — Jyp) >0 Vy € Cp,
Cny1 =1{2€Cy: d(z,2y) + anD > ¢(2z,un)},

Tp4+1 = HCnJrlml)

where D := sup{¢p(w, x1) : p € Fix(T)NSol(G)}, {an} is a real sequence in (0,1) such that lim, o a;, = 0,
and {ry} is a real sequence in |a,c0), where a is a positive real number. Then the sequence {x,} converges
strongly to U ;. (r)nsol(q)%1-

In Hilbert spaces, Theorem is reduced to the following.

Corollary 2.4. Let E be a Hilbert space and let C be a nonempty closed and convex subset of E. Let A
be an index set and let G; be a bifunction from C x C to R satisfying (C-1), (C-2), (C-3) and (C-4). Let
T; : C — C be an asymptotically quasi-nonexpansive mapping for every i € A. Assume that T; is closed
and uniformly asymptotically regular on C' for every i € A and Niep Fix(T;) () NieaSol(G;) is nonempty and
bounded. Let {x,} be a sequence generated in the following manner:

(10 € E chosen arbitrarily,

Cay =0,
Cr = NieaCl1),
xr1 = Polx()a

Yini) = UniT1 T (1 — )T Tn,

Uniy € Cn such that v, iy Gi(Uniy, Y) + (Y = Uni), Unyi) = Yna)) =0 Yy € Cp,
Clns1,) = {2 € Clnyiy |12 = 2l ® + auy D > |12 = w17},

Cn+1 = NieAClnt1i)s

Tp4+1 = PCnle’

where D = sup{[|w — z1|* : p € NieaFiz(T3) N NieaSol(Gi)}, {agmq} is a real sequence in (0,1) such that
limy, 00 a(ni) = 0 and {r(, )} is a real sequence in [a;,00), where {a;} is a positive real number sequence
for every i € A. Then the sequence {x,} converges strongly to Pr s Fiz(T)) N NicaSol(G;) L1-

Proof. In the framework of Hilbert space, the class of asymptotically quasi-¢-nonexpansive mappings is
reduced to the class of asymptotically quasi-nonexpansive mappings and the ¢(z,y) = ||z — y||>. Using
Theorem we can conclude the desired result immediately. O
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