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Abstract

The purpose of this paper is to investigate fixed points of an asymptotically quasi-¢-nonexpansive map-
ping in the intermediate sense and a bifunction equilibrium problem. We obtain a strong convergence
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1. Introduction and Preliminaries

Let E be a real Banach space and let C' be a convex closed subset of E. Let B : C' x C — R, where
R denotes the set of real numbers, be a bifunction. Recall that the following equilibrium problem in the
terminology of Blum and Oettli [4]. Find z € C' such that

B(zy) >0,y € C. (1.1)

In this paper, we use Sol(B) to denote the solution set of equilibrium problem (I.1)). That is, Sol(B) =
{x e C:B(x,y) >0,Vy € C}.
The following restrictions on bifunction B are essential in this paper.

(Ql) B(a,a) =0,Ya € C;
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(Q2) B(b,a) + B(a,b) <0,Ya,be C,
(Q3) B(a,b) > limsup,_,o B(tc+ (1 —t)a,b), Va,b,c € C,
(Q4) b B(a,b) is weakly lower semi-continuous and convex, Va € C.

Equilibrium problem , which includes complementarity problems, variational inequality problems
and inclusion problems as special cases, provides us a natural and unified framework to study a wide class
of problems arising in physics, economics, finance, transportation, network, elasticity and optimization;
see [3], [8], [10], [12], [14], [23], [28], and the references therein. Recently, equilibrium problem has
been extensively investigated based on fixed point algorithms in Banach spaces; see [9], [11], [13], [15]-[18],
124)-[27], [29]-[32] and the references therein.

Let E* be the dual space of E. Let S¥ be the unit sphere of E. Recall that E is said to be a strictly
convex space iff [|[x+y|| < 2 for all 7,y € S¥ and = # y. Recall that E is said to have a Gateaux differentiable
norm iff limy— 1 (||| — ||z + ty|) exists for each z,y € SE. In this case, we also say that E is smooth. E
is said to have a uniformly Gateaux differentiable norm if for each y € Bg, the limit is attained uniformly
for all z € S¥. F is also said to have a uniformly Fréchet differentiable norm iff the above limit is attained
uniformly for ,y € S¥. In this case, we say that E is uniformly smooth.

Recall that the normalized duality mapping J from E to 27" is defined by

Jo={y € E": |lz]* = (z,9) = |ly*}.

It is known

if F is uniformly smooth, then J is uniformly norm-to-norm continuous on every bounded subset of F;

if F is a strictly convex Banach space, then J is strictly monotone;

if £ is a smooth Banach space, then J is single-valued and demicontinuous, i.e., continuous from the
strong topology of E to the weak star topology of E;

if F is a reflexive and strictly convex Banach space with a strictly convex dual E* and J* : E* — E is
the normalized duality mapping in E*, then J~! = J*;

if F is a smooth, strictly convex and reflexive Banach space, then J is single-valued, one-to-one and
onto.

From now on, we use — and — to stand for the weak convergence and strong convergence, respectively.
Recall that E is said to have the Kadec-Klee property (KK property) if lim, o ||z, — z|| = 0 as n — oo,
for any sequence {z,,} C E, and z € E with z,, = z, and ||z,| — ||z|| as n — oo.

Let T be a mapping on C. Recall that a point p is said to be a fixed point of T if and only if p = Tp.
p is said to be an asymptotic fixed point [22] of T if and only if C' contains a sequence {z,}, where x,, — p
such that x,, — T'z, — 0. From now on, we use Fiz(T") to stand for the fixed point set and F%(T) to stand
for the asymptotic fixed point set.

Next, we assume that F is a smooth Banach space which means J is single-valued. Study the functional

¢(x,y) = al® + |yl = 2, Jy), VayeE.

Let C be a closed convex subset of a real Hilbert space H. For any z € H, there exists a unique nearest
point in C, denoted by Pcx, such that ||z — Pox|| < [ — yl|, for all y € C. The operator Pg is called the
metric projection from H onto C. It is known that P is firmly nonexpansive. In [2], Alber studied a new
mapping Projc in a Banach space E which is an analogue of Po, the metric projection, in Hilbert spaces.
Recall that the generalized projection Projc : E — C'is a mapping that assigns to an arbitrary point x € £
the minimum point of ¢(z,y), which implies from the definition of ¢ that

(lyll + llz1)? = é(z,y) = (lz]| — lyl)?, Vz,y € B.

Recall that T is said to be relatively nonexpansive [6], [7] iff

Fiz(T) = Fiz(T) # 0,6(p,Tz) < ¢(p,x), Ve € C,¥p € Fia(T).
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T is said to be relatively asymptotically nonexpansive [I] iff
Fiz(T) = Fiz(T) # 0, ¢(p, T"x) < (tin + 1)é(p, x), Vax € C,Vp € Fiz(T),Yn > 1,

where {pun} C [0,00) is a sequence such that p, — 0 as n — oo.
T is said to be relatively asymptotically nonexpansive in the intermediate sense iff Fiz:(T) = Fix(T) # ()
and

lim sup sup (d)(p, T"x) — gb(p,:c)) <0.
n—oo peFiz(T),zeC

Putting &, = max{0, Sup,c piz(1) zcc (¢(p, T"z) — ¢(p,2))}, we see &, — 0 as n — oo.
T is said to be quasi-¢-nonexpansive [19] iff

Fix(T) # 0,6(p, Tz) < ¢(p,x), Ve C,Vpe Fix(T).

T is said to be asymptotically quasi-¢-nonexpansive [20] iff there exists a sequence {u,} C [0,00) with
tn — 0 as n — oo such that

Fix(T) #0,¢(p, T"x) < (pn + 1)é(p,x),  Va € C,Vp € Fix(T),Vn = 1.
T is said to be asymptotically quasi-¢-nonexpansive in the intermediate sense [21] iff Fiz(T) # () and

limsup ~ sup  (é(p,T"x) — ¢(p,x)) < 0.
n—oo peFiz(T),xeC
Putting &, = max{0, Sup,c piz(1) zcc (¢(p, T"z) — ¢(p,z))}, we see &, — 0 as n — oco.

Remark 1.1. The class of relatively asymptotically nonexpansive mappings covers the class of relatively
nonexpansive mappings. The class of (asymptotically) quasi-¢-nonexpansive mappings (in the intermedi-
ate sense) is more desirable than the class of relatively (asymptotically) nonexpansive mappings (in the
intermediate sense) because of restriction Fixz(T) = F%(T)

Remark 1.2. The class of asymptotically quasi-¢-nonexpansive mappings in the intermediate sense is reduced
to the class of asymptotically quasi-nonexpansive mappings in the intermediate sense, which was considered
in [5] as a non-Lipschitz continuous mappings, in the framework of Hilbert spaces.

Lemma 1.3 ([2]). Let E be a strictly convez, reflexive, and smooth Banach space and let C be a closed and
convex subset of E. Let x € E. Then

o(y,z) — o(Ucw,z) > ¢(y,llcz), VyeC,
(y — xo, Jr — Jag) <0, Yy € C if and only if zo = Hex.

Lemma 1.4 ([24]). Let E be a strictly convex, smooth, and reflexive Banach space and let C be a closed
convez subset of E. Let B be a function with restrictions (Q1), (Q2), (Q3) and (Q4). Let x € E and let
r > 0. Then there exists z € C such that rB(z,y) + (z —y, Jz — Jx) <0, Yy € C Define a mapping WE™ by

WBTe ={2eC:rB(z,y)+ (y — 2, Jz— Jz) >0, VyeC}.
The following conclusions hold:
(1) WBT is single-valued quasi-p-nonexpansive.
(2) Sol(B) = Fiz(W") is closed and convex.

Lemma 1.5 ([2I]). Let E be a strictly convex, smooth and reflexive Banach space such that both E* and
FE have the KK property. Let C' be a convex and closed subset of E and let T be an asymptotically quasi-¢-
nonexpansive mapping in the intermediate sense on C. Then Fix(T) is conver.
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2. Main results

Theorem 2.1. Let E be a smooth, strictly convex, and reflexive Banach space such that both E and E* have
the KK property and let C' be a conver and closed subset of E. Let B be a bifunction satisfying (Q1), (Q2),
(Q3) and (Q4) and let T be an asymptotically quasi-¢-nonexpansive mapping in the intermediate sense on
C. Assume that T is uniformly asymptotically reqular and closed and Fiz(T) N Sol(B) # (0. Let {x,} be a
sequence generated by

(xo € E chosen arbitrarily,
C1 = C,x21 = Projc, o,
T B(tn, 1) > (uy — p, Jup, — Jxn), u € C,
Jyn = anJT™upy + (1 — ) Jzy,
Cr1 = {2 € Cp 1 ¢(2,2n) + & > ¢(2,9n) },

(Znt1 = Projc, . %1,

where &, = max{SUPpe piz(1)ccC (¢(p, T"x) — ¢(p,x)),0}, {on} is a real sequence in [a, 1], where a € (0, 1]
is a real number, and {r,} C [r,00) is a real sequence, where r is some positive real number. Then {z,}
converges strongly to ProjFix(T)ﬁSol(B)xl'

Proof. The proof is split into seven steps.

Step 1. Prove Sol(B) N Fixz(T) is convex and closed.

Using Lemma [1.4] and Lemmal[L.5] we find that Sol(B) is convex and closed and Fiz(T) is convex. Since
T is closed, one has Fiz(T) is also closed. So, Sol(B) N Fiz(T) is convex and closed. Projgo(p)nriz(T)T i
well defined, for any element x in E.

Step 2. Prove (), is convex and closed.

It is obvious that C7 = C is convex and closed. Assume that C,, is convex and closed for some
m > 1. Let p1,pas € Chpt1. It follows that p = sp;1 + (1 — s)pe € C),, where s € (0,1). Notice that
(1, ym) — d(P1, Tm) < Em, and d(p2, Ym) — G(P2, Tm) < &m. Hence, one has

Em + meHZ - HymH2 > 2(p1, JTm — JYm),

and
Em + 1zm)® = Nlyml? > 2(p2, JT2m — Jym)-

Using the above two inequalities, one has ¢(p, xm) + &n > (2, ym). This shows that Cp,41 is closed and
convex. Hence, €, is a convex and closed set. This proves that Projc, ,x1 is well defined.

Step 3. Prove Sol(B) N Fix(T) C C,,.

Note that Sol(B) N Fiz(T) C C; = C is clear. Suppose that Sol(B) N Fix(T) C C,, for some positive
integer m. For any w € Sol(B) N Fix(T) C Cy,, we see that

S(w, ym) = [|(1 = am) Tz + am I T um||* + [Jw]|?
—2(w, (1 — am)Jzm + amJ T uy,)
< |lw|? = 200 (w, JT™up) — 2(1 — o) (w, )
+ am | T um* + (1 = o) 2m |
< am (W, Um) + am&m + (1 — am)o(w, zm)
< o(w, Tm) + &m,
where &, = max{Sup,c piz(1) zcc (¢(p, T™x) — ¢(p,x)),0}. This shows that w € Cpqq. This implies that

Sol(B) N Fixz(T) C C,,.
Step 4. Prove {z,} is bounded.
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Using Lemma one has (z — x,, Jx; — Ja,) <0, for any z € C,,. It follows that
0> (w—xy, Jry — Ja,),Yw € Sol(B) N Fixz(T) C C,,.

Using Lemma [1.3] yields that
S pia(1)nSol(B)T15 T1) > G(Tn, 1) > 0,

which implies that {¢(zp,x1)}. Hence {x,} is also a bounded sequence. Without loss of generality, we may
assume z,, — . Since C,, is convex and closed, we see & € C),.

Step 5. Prove z € Fix(T).

Using the fact ¢(zn, 1) < ¢(Z,x1), one has

&(T,x1) > limsup ¢(xy, 1) > liminf ¢(z,,21) = liminf(Ha:nH2 + Hx1||2 — 2xy, Jx1)) > O(T, x1).
n—00 n—r00

n—oo

It follows that lim, oo ¢(zn,x1) = ¢(Z,x1). Hence, we have

¢(Tnt1,21) — ¢(Tn, ¥1) = G(Tpt1,75) > 0.

Therefore, we have limy,_,o0 ¢(Zp+1,2n) = 0. Since x,4+1 € Cp41, one sees that

¢(xn+1a$n) + gn > ¢(xn+la yn) > 0.

It follows that lim,_ oo @(Zn+1,yn) = 0. Hence, one has limy, oo (||yn|| — [|Zn+1]]) = 0. This implies that
Il = 1zl = lim gl = lim [yl

This implies that {Jy,} is bounded. Assume that {Jy,} converges weakly to y* € E*. In view of the
reflexivity of E, we see that J(F) = E*. This shows that there exists an element u € E such that Jy = y*.
It follows that ¢(zni1,Yn) + 2(Tnt1, JYn) = |Tnt1l|? + || Jynl/?. Taking liminf, o, one has 0 > ||z]|? —
2z,y*) + ly*|I> = 1z)* + | Jy|> — 2(z, Jy) = ¢(Z,y) > 0. That is, Z = y, which in turn implies that
Jz = y*. Hence, Jy, — JZ € E*. Using the KK property, we obtain lim, s Jy, = JZ. Since J ! is demi-
continuous and E has the KK property, one gets y,, — &, as n — oo. Using the restriction on {«,}, one has
limy, o0 || JZn — JT™uy,|| = 0. This implies that lim,, oo ||JT"u, — JZ|| = 0. Since J~! is demicontinuous,
one has T"u, — Z. Since
T unll = lIZ[[| < 1 (T"un) = Jz|,

one has ||T"uy| — ||Z||, as n — oo. Since E has the KK property, we obtain lim,_,« ||Z — T"u,| = 0.
Since T is also uniformly asymptotically regular, one has limy, oo [|Z — T u,|| = 0. That is, T(T"u,) — Z.
Using the closedness of T', we find T = z. This proves z € Fiz(T).

Step 6. Prove z € Sol(B).

Since and(Tnt1,Un) < O(Tnt1, Tn)+En, one has lim, o0 ¢(Tp+1, un) = 0. Hence, one has limy, o0 (||tun || —
|Zns1]]) = 0. This implies that

lzll = 172] = lim || Jun] = lim [lun]]

This implies that {Juy} is bounded. Assume that {Ju,} converges weakly to y* € E*. In view of the
reflexivity of E, we see that J(E) = E*. This shows that there exists an element u € E such that Ju = u*.
It follows that

(@1, Un) + 2241, Jun) = [[@nal* + || Jun*.

Taking lim inf,,_,,, one has

0> [|z]* — 2(z, u") + [[w*|* = [|2]* + | Jull* - 2(z, Ju) = ¢(z,u) > 0.
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That is, £ = w, which in turn implies that «* = JZz. Hence, Ju, — Jz € E*. Using the KK property, we
obtain lim,_e Ju, = JZ. Since J~! is demi-continuous and E has the KK property, one gets u,, — Z, as
n — oo. Since

rnB(y, upn) + (un —y, Juy, — Jyn) > 0,Vy € C,,

we see that B(y,z) < 0. Let 0 < ¢t < 1 and define y; = ty + (1 — ¢)z. It follows that y; € C, which yields
that B(y:, ) < 0. It follows from the (Q1) and (Q4) that

0= By, yt) < tB(yt,y) + (1 — ) B(ys, T) < tB(yt,y).

That is, B(y:,y) > 0. It follows from (Q3) that B(z,y) > 0, Vy € C. This implies that = € Sol(B). This
completes the proof that & € Sol(B) N Fix(T).

Step 7. Prove T = PrOjSol(B)ﬂFim(T)xl'

Note the fact (w — zp, Jo1 — Jzp) <0, YVw € Sol(B) N Fiz(T). It follows that

(x —w,Jry — Jz) >0, Yw e Fiz(T)N Sol(B).
Using Lemma we find that that £ = Projpi;(r)nsepy®1. This completes the proof. O
From Theorem the following results are not hard to derive.

Corollary 2.2. Let E be a smooth, strictly convex, and reflexive Banach space such that both E and E*
have the KK property and let C' be a convex and closed subset of E. Let B be a bifunction satisfying (Q1),
(Q2), (Q3) and (Q4). Assume that Sol(B) # (. Let {x,} be a sequence generated by

xg € E chosen arbitrarily,

C1 = C,x1 = Projc, o,

rnB(tn, 1) > (up, — p, Juy — Jan), p € C,
Jyn = anJun, + (1 — an)Jxy,

Cnt1 ={2€Cy:0(2z,2n) > 0(2,9yn) },

Tnt1 = Proje, . 71,

\

where {ay, } is a real sequence in |a, 1], a € (0,1] is a real number and {r,} C [r,o0) is a real sequence, where
r is some positive real number. Then {x,} converges strongly to Projsqpyzi-

Corollary 2.3. Let E be a Hilbert space and let C' be a convex and closed subset of E. Let B be a bifunction
satisfying (Q1), (Q2), (Q3) and (Q4) and let T be an asymptotically quasi-nonexpansive mapping in the
intermediate sense on C. Assume that T is uniformly asymptotically regqular and closed and Fix(T) N
Sol(B) # 0. Let {xy} be a sequence generated by

'(E() € E chosen arbitrarily,

C1 = C,x1 = Pg,wo,

TnB(tn, 1) > (up — py Uy, — Tp), 1 € C,

Yn = anT™up + (1 — o) xn,

Crs1 ={2 € Cpt [lz — zal” + & 2 ||z — yal?},

\xn—&-l - PC»,hlel?

where &, = Max{SUPpc piz(7) zcC ([lp—T"z||*~|lp—=||?),0}, {on} is a real sequence in [a, 1], where a € (0, 1]
is a real number, and {rp} C [r,00) is a real sequence, where r is some positive real number. Then {xy}
converges strongly to Priz(Tynsol(B)T1-
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