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Abstract

The stabilization of some equilibrium points of a dynamical system via linear controls is studied. Nu-
merical integration using Lie-Trotter integrator and its properties are also presented. (©2016 All rights
reserved.
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1. Introduction

Stability problem is one of the most important issues when a dynamical system is studied. For a
Hamilton-Poisson system, like the considered system , the energy-methods are used in order to establish
stability results (see [2] or [4] for instance). New challenges appear when the energy-methods are inconclusive.
In this cases, a specific control can be found in order to stabilize a given equilibrium point.

The method was successfully applied in a lot of examples: for Maxwell-Bloch equations (see [6]), for the
rigid body (see [1]), for the Chua’s system (see [5]), for the Toda lattice (see [7]), and so on.

The goal of this paper is to find appropriate control functions that stabilize some equilibrium points of
a dynamical system arisen from a specific case of a drift-free left invariant control system on the Lie group
SO(3) x R? x R3.
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Following [3], the system can be written in the form below:

(.
1 = —Ts5Te

To = T7xy

T3 = T4T5 — T7X8

T4 = —T2Tg + T3T5
T5 = T1Tg — T3T4 (1.1)
Tg = —T1T5 + TaXy
i"z = —Z9X9 + T3TY

i:g = T1T9g — T3T7

Tg = —T1T8 + ToT7.

It is easy to see that

"™ — (0,0,0,M,0,N,0,P,Q), M,N,P,Q € R,

0,0,M,0,0,N,0,0,P), M,N,P € R,
OO7O7O7M’0707P7Q)7 M7P7Q€R7
0M70’0’N70’0’P70)7 M7N7PER?

= (
MNP (
= (
= (

MNP = (M,N,P,0,0,0,0,0,0), M,N,P cR,
= (
= (
= (

MNP

MNP M.,0,0,N,0,0,P,0,0), M,N,P cR,

)
)

MNP 0,0,0,M,0,N, P,0,0), M,N,P € R,
0

NP
M,0,N,P,0,—,0
77777M77

NP
eMNE — (OMNOOOOP 7 ) M.N,PER,

,0), M,N,P € R,

MNP — (ooo MONPO) M,N,P cR,
NP NP
MNP
M,N,0,——,P,0,———,—P,0), M,N,PeR
€11 ( M g M’ ) )7 ) ) € KR,
NP NP
e INP — (M,N,0,——,P,0,———, P,0), M,N,P R

ST
are the equilibrium points of our dynamics (|1

The results regarding nonlinear stability of € and eé‘/" NP have been proved in [3]. The goal
of our paper is to stabilize some other equlhbrlum pomts via linear controls.

The paper is organized as follows: in the first part, the linear control that stabilizes the equilibrium
states eé\/l NP of the system is found and the spectral and nonlinear stability of this points are estab-
lished. Numerical integration of the controlled system is analyzed via Lie-Trotter algorithm and some of its
properties are sketched. The subject of the second part is the stabilization of the equilibrium states e}/N*

of the system (1.1]) followed by the numerical integration of the controlled system via Lie-Trotter algorithm.

MNPQ MNP

2. Stabilization of eéVINP by one linear control

Let us employ the control u € C*° (R, R),

U(.’El, XL2,L3, T4, X5, L6, L7, L8, CCQ)
= (—Mzo, Mx1,0,—Muzs5, Mxy4,0,—Mzs, Mz7,0),

for the system (1.1). The controlled system (I.1]) — (2.1), explicitly given by

(2.1)



C. Petrisor, J. Nonlinear Sci. Appl. 9 (2016), 2019-2030 2021

x'l = —T5Te — M.IQ
To = x7x9 + M1y

.’i’3 = T4T5 — T7T8

T4 = —ToTg + x3x5 — Mxs

T5 = 21206 — X324 + Mxy (2.2)
Tg = —T1T5 + ToXy

T7 = —Toxg + 1328 — Mg

i’g = T1T9 — T3T7 + MI7

Tg = —x1T8 + T2X7,

has eé\/l NP as an equilibrium state.

Proposition 2.1. The controlled system (2.2)) has the Hamilton-Poisson realization

(R%,11, H),
where
0 —XI3 €T 0 —T6 xTs5 0 —X9 xTs )
T3 0 —X1 T 0 —X4 I9 0 —X7
—x9 T 0 —x5 x4 0 —xs5 7 0
0 —xz¢ x5 0 0 0 0 0 0
=] =6 0 —xz4 O 0 0 0 0 0 (2.3)
—x5 T4 0 0 0 0 0 0 0
0 —x9 a3 0 0 0 0 0 0
X9 0 —zy O 0 0 0 0 0
| —x3 a7 0 0 0 0 0 0 0
is the Poisson tensor of the system (1.1)), and the Hamiltonian function is
1
H(ZEl, L2,X3,T4,Ts5,L6,L7, T8, 339) = §($% + x% + ZE% + l‘% + $$) - M$3'
Proof. Indeed, one obtains immediately that
I-VH = [ &g @3 4 T5 46 47 T8 Bo)',
and II is a minus Lie-Poisson structure, see for details [3].
O

Remark 2.2 (J3]). The functions Cy, C, C3 : R — R given by

1
2, 2, 2
Ci(z1, 2, x3, T4, T35, T, T7, T8, Tg) = 5(564 + x5 + 7)),

1
2 2 2
Co(z1, 2, 3, T4, X5, T6, T7, T8, T9) = 5(957 + 3 + )

and
C3(x1, x2, 23, 24, T5, T6, T7, T, L9) = T4L7 + T528 + TeTy

are Casimirs of our Poisson configuration.

The goal of this paragraph is to study the spectral and nonlinear stability of the equilibrium state eé” NP

of the controlled system ([2.2]).
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MNP

Proposition 2.3. The controlled system (2.2)) may be spectral stabilized about the equilibrium states e

for all M, N, P € R*.

Proof. Let A be the matrix of linear part of our controlled system ([2.2]), that is

—T¢g I5
A= 0 —x4
—XI5 T4 0
0 —Xx9 xTs
xT9 0 —X7
| —xs x7 0

0
0
5

—x6
0
T4
r3 — M
0
—x

0
0
0

—5
0
0

19

I

o O O O

—x3+ M

0
Z9
— g
0
0
0
0

x2

0 0
0 T7
—x7 0
0 0
0 0
0 0
r3 — M —XI2
0 I
—X1 0

At the equilibrium of interest its characteristic polynomial has the following expression

Pagearnry(A) = AN+ (M? + N? + P?)A? + N2 P?).

Hence we have five zero eigenvalues and four purely imaginary eigenvalues. So we can conclude that the

equilibrium states e)!NP M, N, P € R* are spectral stable.

Moreover we can prove:

Proposition 2.4. The controlled system ([2.2]) may be nonlinear stabilized about the equilibrium states e

for all M, N, P € R*.

Proof. For the proof we shall use Arnold’s technique. Let us consider the following function

Fy 0= Co+ AH + puCy + vC3

2
7

+ 5(:1:2 + xg + x%) + v(zgx7 + x5T8 + TT9).

The following conditions hold:

. . P
(4) VFA,M,V(eg/[NP) =0iff p= N2 V=T

(74) Considering now

/r

= Span

=N elelaolBoNoNoNRel S

o eoNeBoNeoNeoNoN =

P
N

1
= (2% + 23 + x3) +

9

[l elNoNol =]

2

(il ool S =Nl

W = ker[dH (e!VF)] N ker[dCy (NP

SO OO OO OO

SO H OO OO oo

)] N ker[dCs5(e

A
(2% + 23 + 25 + 22 + 22 — 2Ma3)

MNP
2 )

O HrH O OO oo oo

I
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then, for all v € W, i.e. v = (a,b,c,d,e,0, f,9,0), a,b,c,d,e, f,g € R we have

P2 P2 P P
2 MNPyt 2 2 2 2 2 2 2
F vt = A AbT 4+ A —d A4 — A+1 —2—fd—2—
v-V ﬁg*%(ez ) a® + + c+N2 +< +N2>e + A+ f+g Nf NI
positive definite under the restriction A > 0, and so
VEF, p2 _p (3™ ) |y
NN

is positive definite.
Therefore, via Arnold’s technique, the equilibrium states eé\/l NP M N, P € R* are nonlinear stable, as

required.
O

We shall discuss now the numerical integrator of the dynamics (2.2)) via the Lie-Trotter integrator, see
for details [§]. For the beginning, let us observe that the Hamiltonian vector field Xz splits as follows

Xy =Xy, + Xp, + Xg, + Xp, + Xy + X,

where ) ) ) ) )
Z xT T T x

Hi==2 Hy==2 Hy==2 Hy==2, H;=-, Hg=—Mus.

1 9 2 9 3 9 4 9 5 9 6 x3

Their corresponding integral curves are, respectively, given by

[ 21(t) 7 [ 21(0) ]
w2 (t) 22(0)
z3(t) z3(0)
4(t) 24(0)
:E5(t) = Az(t) 1'5(0) 1= 1,6,
6(t) z6(0)
x7(t) z7(0)
s (t) z3(0)
L @o(t) L 29(0) |
where
[ 1 0 0 0 0 0 0 0 0 7
0 cosat sinat 0 0 0 0 0 0
0 —sinat cosat 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
Ai(t)=1 0 0 0 0 cosat sinat 0 0 0 (2.4)
0 0 0 0 —sinat cosat 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 cosat sinat
| O 0 0 0 0 0 0 —sinat cosat |
a = z1(0),
[ cosbt 0 —sinbt 0 0 0 0 0 0 T
0 1 0 0 0 0 0 0 0
sinbt 0 cosbt 0 0 0 0 0 0
0 0 0 cosbt 0 —sinbt 0 0 0
Aa(t) = 0 0 0 0 1 0 0 0 0 (2.5)
0 0 0 sinbt 0 cosbt 0 0 0
0 0 0 0 0 0 cosbt 0 —sinbt
0 0 0 0 0 0 0 1 0
L 0 0 0 0 0 0 sinbt 0 cosbt
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b= 1'2(0),

(2.6)

0
0
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Then the Lie-Trotter integrator is given by

that is

_ o 1A T
xg'H xy
1:?“ xy
xZH Ty
el | = Ay () Aa(t) Az (t) Ay(t) As(t) Ag(t) | 2 (2.9)
xn—&—l T
ph 6
x?f z7
x?gH—l xg
I $8+ ] [ x5 |

27 =(cos bt cos ct cos Mt + cos bt sin ct sin M)z}

)

n+1 __
:1:3 _—

+ (cos bt sin ct cos Mt — cos bt cos ct sin Mt)xs
— sinbtas — dt sin bt cos Mtxl) + dt sin bt sin Mtxy — dt cos bt cos ctag

+ et sin bt cos Mtxy — et sin bt sin Mtxg + et cos bt sin ctay,

= [(sin at sin bt cos ct — cos at sin ct) cos Mt
+(cos at cos ct + sin at sin bt sin ct) sin Mt]z}
+[(cos at cos ct + sin at sin bt sin ct) cos Mt
—(sin at sin bt cos ct — cos at sin ct) sin Mt]xy
+ sin at cos btz + dt sin at cos bt cos Mtx) — dit sin at cos bt sin Mtxy
+dt(— sin at sin bt cos ct + sin at cos ct)xg
—et sin at cos bt cos Mtxy + et sin at cos bt sin Mtxg

+(cos at cos ct + sin at sin bt sin ct)zg,

[(cos at sin bt cos ct + sin at sin ct) cos Mt

— (sin at cos ct — cos at sin bt sin ct) sin Mt]z}

+ [(—sin at cos ct + cos at sin bt sin ct) cos Mt

— (cos at sin bt cos ct + sin at sin ct) sin Mt]zy

+ cos at cos btxy + dt cos at cos bt cos Mtx)y — dt cos at cos bt sin Mtar
— d(cos at sin bt cos ct + sin at sin ct)zg

— et cos at cos bt cos Mtxy + et cos at cos bt sin Mtxg

— (sinat cos ct + cos at sin bt sin ct) g,

2" =(cos bt cos ct cos Mt + cos bt sin ct sin Mt)z"?
4 4

+ (cos bt sin ct cos Mt — cos bt cos ct sin Mt)zy — sin btxg,

zp ! =[(sin at sin bt cos ct — cos at sin ct) cos Mt

+ (cos at cos ct + sin at sin bt sin ct) sin Mt]z)
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+ [(cos at cos ct + sin at sin bt sin ct) cos Mt

— (sin at sin bt cos ct — cos at sin ct) sin Mt]zf + sin at cos bty

zg 't =[(cos at sin bt cos ct + sin at sin ct) cos Mt
— (sinat cos ¢t — cos at sin bt sin ct) sin Mt|x)
+ [(—sinat cos ct + cos at sin bt sin ct) cos Mt

— (cos at sin bt cos ct + sin at sin ct) sin Mt]xg + cos at cos btxg,

2t =(cos bt cos ct cos Mt + cos bt sin ct sin Mt)z}

+ (cos bt sin ct cos Mt — cos bt cos ct sin Mt)xg — sin bty

zgt! =[(sin at sin bt cos ct — cos at sin ct) cos Mt
+ (cos at cos ct + sin at sin bt sin ct) sin Mt]z7
+ [(cos at cos ct + sin at sin bt sin ct) cos Mt

— (sin at sin bt cos ct — cos at sin ct) sin Mt]xg + sin at cos btxg,

zgt =[(cos at sin bt cos ct + sin at sin ct) cos Mt

— (sinat cos ¢t — cos at sin bt sin ct) sin Mt]z?
+ [(— sin at cos ct + cos at sin bt sin ct) cos Mt

— (cos at sin bt cos ct + sin at sin ct) sin Mt]zg + cos at cos btxyg .
Now, a direct computation or using MATHEMATICA 8.0 leads us to

Proposition 2.5. Lie-Trotter integrator has the following properties:
(i) It preserves the Poisson structure I1;
(ii) It preserves the Casimirs C1, Co and C3 of our Poisson configuration (R II);
(7i1) It does not preserve the Hamiltonian H of our system ;
(tv) Its restriction to the coadjoint orbit (Ok,wy), where

9,2 2 2
Oy = {(z1, 22, x3, 4, x5, T6, T7, 8, T9) € R” | xf + x5 + x5 = const,
33% + :C% + x% = const, x4r7 + T5T8 + TeT9 = const}
and wy, s the Kirilov-Konstant-Souriau symplectic structure on Oy gives rise to a symplectic integrator.

Proof. The items (i), (i) and (iv) hold because Lie-Trotter is a Poisson integrator.
The item (ii4) is essentially due to the fact that

{H;, H;} #£0, i#].

3. Stabilization of eiVINP by one linear control

In order to stabilize the equilibrium states e}/V* of the system (I.I) we employ the linear control
u € C*°(R% R) given by

U($1,1§2,l’3,l’4,$5,1’6,$7, xs, .'179) = (Ml'g + 2N1‘6, Oa —Ml'l - 2N:L‘47 MZE(;, 07 _M:E4a M:Ega 07 _M'IB'?)? (31)

so the controlled system (1.1)) — (3.1)) can be explicitly written:
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T1 = —x526¢ + Mx3+ 2N xg
To = XT7Xg
T3 = 425 — X708 — Mx1 — 2N 124
T4 = —x2%¢ + x375 + Mg
I5 = T1Tg — T3T4 (3.2)
Te = —x125 + Xoxy — Mxy
Ty = —x2x9 + T3xg + Mxg
Ty = T1X9 — T3T7
| T9 = —1128 + wow7 — M7

Using the same arguments like in Proposition we obtain the following result:
Proposition 3.1. The controlled system has the Hamilton-Poisson realization
(R, 11, H),
where I1 s given by and the Hamiltonian function is

1
2 2 2 2 2
H(ml,mg,x3,x4,x5,x6,x7,x8,x9) = 7(:1:1 + Zy + 1'3 + .T5 + a:7) — ng — 2N.7J5.

2

Proposition 3.2. The controlled system (3.2) may be spectral stabilized about the equilibrium states e}INF
for all M, N, P € R*.

Proof. Let A be the matrix of linear part of our controlled system (3.2), that is

0 0 M 0 —xg —x5+ 2N 0 0 0 1
0 0 0 0 0 0 Tg 0 7
—M 0 0 x5 — 2N T4 0 —I8 —X7 0
0 —T6 xT5 0 I3 —T9 + M 0 0 0
A=| 26 0 —-x4 —a3 0 T 0 0 0
—I5 X4 0 To— M —xq 0 0 0 0

0 —X9 I3 0 0 0 0 r3 —xo+ M

Tg 0 —x7 0 0 0 —x3 0 T

| —xg X7 0 0 0 0 To— M —x 0 |

At the equilibrium of interest its characteristic polynomial has the following expression,
PaEyney(A) = 4T+ (M? 4 2N? + P?)A2 + N*(N? + P?)].
Hence we have five zero eigenvalues and four purely imaginary eigenvalues. So we can conclude that the

equilibrium states eflv" NP M N, P € R* are spectral stable. O

Moreover we can prove,

Proposition 3.3. The controlled system (3.2) may be nonlinear stabilized about the equilibrium states e}INF
for all M, N, P € R*.
Proof. Let us consider the function:

F)\,u,u =Cy+ \H + uCi + vCs

1 A
= Q(xg—l—xg +22) + 5(56% + 23 + 23 + 2% + 22 — 2Mxy — 4Nzs)

+ g( i+ x% + f%) + v(z4x7 + 2528 + TeTY).
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Then we have successively:

. P2 P
(Z) VF>\7;LI/(651WNP) —OIHM )\+N2’ :—N’
(ii) Considering now

W = ker[dH (e} F)] N ker[dCy (V)] N ker[dC3 (e} V)] =

(17 [0 107 [TO7] [TO] [OT 07)
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0

= Span 01,101,110,/ 0],]0],]01{,]0 ,
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 0
L0 LOJ LOJ LOJ LOJ LOJ L1

then, for all v € W, i.e. v = (a,b,c,d,0,e, f,0,9), a,b,c,d, e, f,g € R, we have

p2 P2 P P
MNP\t 2 2 2 2, 2 _
v-V? FA,NQ—M P (eNEY 0t = X2+ A2+ e +</\+ N2>d +</\+ N2> e+ (A+1)f +g" —2 fd—21zeq
positive definite under the restriction A > 0, and so
VQF p2 (eiWNP)‘WxW

N -%

is positive definite.
Therefore, via Arnold’s technique, the equilibrium states efl\/[ NP M N,P € R* are nonlinear stable, as

required.
O

We shall discuss now the numerical integrator of the dynamics (3.2)) via the Lie-Trotter integrator, see
for details [§]. For the beginning, let us observe that the Hamiltonian vector field Xy splits as follows:

XH :XH1 —I—XH2—|-XH3 +XI:I4+XET5 —i—XHG +XI:I7>

where

2 2 2 2
_ €T _ xT — x — T
H=2 H=2 Hy=2 H=72
1 27 2 27 3 2a 4 25

Hj; = %’ Hg = —Muzy, H7 = —2Nus.

Their corresponding integral curves are, respectively, given by

[ 21(t) ] [ 21(0) ]
z2(1) z2(0)
z3(t) x3(0)
x4(t) 74(0)
z5(t) | = Ai(t) | z5(0) 1=1,7,
z6(1) z6(0)
w7(t) r7(0)
(1) z5(0)
L z9(t) [ 29(0) |
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where A;(t), i = 1,5 are given by the relations — and
cosMt 0 sin Mt 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
—sin Mt 0 cosMt 0 0 0 0 0 0
0 0 0 cosMt 0 sin Mt 0 0 0
Ag(t) = 0 0 0 0 1 0 0 0 0
0 0 0 —sin Mt 0 cosMt 0 0 0
0 0 0 0 0 0 cosMt 0 sin Mt
0 0 0 0 0 0 0 1 0
i 0 0 0 0 0 0 —sinMt 0 cosMt |
M e R*,
1 0 0 0 0 2Nt 0 0 0
010 0 0O 0 000
001 2Nt 0O 0 OO0 O
0 00 1 0 0 000
A7z(t)=10 0 O 0 1 0 00 0],
0 00 0 0 1 000
0 00 0 0O 0 1 00
0 00 0 0 0 010
L0 0 0 0 0O 0 0 0 1]
N € R*.
Then, the Lie-Trotter integrator is given by
W o)
7y 7y
x%‘“ = A1 (t)A2(t)Az(t) As(t) A5(t) Ag(t) A7 (L) | 2 (3.3)
zpt xg
x?-&-l x?
x78l+1 xgz
I mg+1 | i :Cg ]

Now, a direct computation or using MATHEMATICA 8.0 leads us to

Proposition 3.4. Lie-Trotter integrator (3.3|) has the following properties:

(i) It preserves the Poisson structure I1;

(ii) It preserves the Casimirs C1, Cy and Cs of our Poisson configuration (R%,1I);

(iii) It does not preserve the Hamiltonian H of our system (3.2);

(iv) Its restriction to the coadjoint orbit (Ok,wy), where

9.2 2 2
Or, = {(x1, 22, x3, x4, T5, T6, T7, T8, T9) € R” | x5 + x5 + x§ = const,

x2 + 22 + 23 = const, x4x7 + T5T8 + TeTg = const}

and wy, is the Kirilov-Konstant-Souriau symplectic structure on Oy, gives rise to a symplectic integra-

tor.
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4. Conclusion

The paper presents the stabilization of two equilibrium points of a dynamical system for which the
energy-methods fail. In order to do this, for each equilibrium point, a specific linear control is found.
Numerical integration using the Lie-Trotter algorithm is analyzed and some properties of the Lie-Trotter
integrator are presented.
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