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Abstract

In this paper, we introduce the notion of generalized almost rational contraction with respect to a pair of
self mappings on a complete metric space. Several common fixed point results for such mappings are proved.
Our results extend and unify various results in the existing literature. An example and application to obtain
the existence of a common solution of the system of functional equations arising in dynamic programming
are also given in order to illustrate the effectiveness of the presented results. (©2016 All rights reserved.
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1. Introduction and Preliminaries

Fixed point theory plays a vital role in solving problems arising in various disciplines of mathematical
analysis such as split feasibility problems, variational inequality problems, nonlinear optimization problems,
equilibrium problems, complementarity problems, selection and matching problems, and problems of proving
an existence of solution of integral and differential equations. One of the basic and the most widely applied
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result in metric fixed point theory is ”Banach (or Banach-Cassioppoli) Contraction principle” due to Banach
[8]. It states that if (X, d) is a complete metric space and f : X — X satisfies

d(fz, fy) < kd(z,y),

for all x,y € X with k£ € (0,1), then f has a unique fixed point. The basic idea of this principle rests in
the use of successive approximations to establish the existence and uniqueness of solution of an operator
equation f(z) = =z, particularly it can be employed to prove the existence of solution of differential or
integral equations. Due to its applications in mathematics and other related disciplines, Banach contraction
principle has been generalized in many directions. Extensions of Banach contraction principle have been
obtained either by generalizing the domain of the mapping or by extending the contractive condition on the
mappings (see, [1I, 2, 3], 4, [5], © [7, 10, [1T], 13| 14} 151 16, 18], 19} 22 23], 24 26], 27, 28, 291 B0, 31, 32, 34], 35]
and references therein).

In metric fixed point theory, contractive conditions on mappings play vital role in finding the solution
of fixed point problems. It is a common practice to extend and generalize existing contractive conditions
and then to employ it to obtain fixed point result in the framework of a metric space. Following this trend,
Samet et al. [34] first introduced a-admissible mappings and then a-t)-contractive type mappings to obtain
some interesting generalizations of Banach contraction principle. For more results in this direction, we refer
to [0, 3], [14], 16l 17, 20, 211, 22, 24], 28| B0l B2] and references mentioned therein. Recently, Alizadeh et al.
[5] defined the concept of cyclic («, §)-admissible mapping as follows:

Definition 1.1 ([5]). Let X be a nonempty set and «, 5 : X — [0,00). A self-mapping 7" on X is called
cyclic (o, 5)-admissible mapping if

(1) a(x) > 1 for some x in X implies g (T'z) > 1,

(ii) B (x)>1 for some z in X implies o (T'x) > 1.

Definition 1.2 ([I8] 25]). A pair (f,T) of self-mappings on a set X is said to be weakly compatible if f
and T commute at their coincidence point (i.e. fTz =T fx, x € X whenever fr = Tx).

A point y € X is called a point of coincidence of two self-mappings f and T on X if there exists a
point x € Xsuch that y = fxr = Tx. Also, z € X is called a common fized point of mappings f and T if
r=fr="T.

The notations F(f,T) and C(f,T) stand for the set of all common fixed points and the set of all
coincidence points of f and T, respectively. In the sequel, we will indicate the set of all real numbers, the set
of all non negative real numbers and the set of all natural numbers by the letters R, R™ and N, respectively.

To obtain common fixed point results, we extend the definition of cyclic (a, 8)-admissible mapping to a
pair of two mappings as follows:

Definition 1.3. Let f,g,S and T be selfmaps of a nonempty set X and a,3 : X — R*. Then the pair
(f,9) is called cyclic (a, 8)-admissible with respect to (S,T) (briefly, (f,g) is cyclic (e, B) g ry-admissible
pair) if

(1) a(Sz) > 1 for some z € X implies S (fz) > 1,

(13) B(Tx) > 1 for some z € X implies « (gz) > 1.
If we take S =T = Ix (identity mapping on X), then Definition reduces to following definition.

Definition 1.4. Let f and g be selfmaps of a nonempty set X and «, 8 : X — R*. Then the pair (f,g) is
called cyclic («, 8)-admissible if

(1) a(z)>1 for some x € X implies § (fz) > 1,

(i) B (x)>1 for some x € X implies « (gx) > 1.
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On the other hand, Khan et al. [26] introduced and employed the notion of altering distance function
to obtain some interesting fixed point results in metric spaces. Note that altering distance functions are
continuous whereas Su [35] defined generalized altering distance function, not necessarily continuous, as
follows:

Definition 1.5 ([35]). A mapping 1 : R* — R™ is called a generalized altering distance function if

(1) m is non-decreasing,
(#4) n(t) =0 if and only if ¢t = 0.

We set

F ={n:R* = R" : 5 is generalized altering distance}.

® = {p: R" - R : ¢ is a nondecreasing, right upper semi-continuous and for all ¢ > 0, we have
n(t) > ¢(t), where 7 is a generalized altering distance}.

© ={6:R" — R" : 0 is continuous and 6(t) = 0 iff t = 0}.

Following the direction in [I3], we denote set Wy = {1, : RT" — RT : ¢y satisfies (i)-(iii)}, where

(7) 11 is nondecreasing and continuous in each coordinate;
(i1) 1 (t,t,t,t,t,t) <t for all t > 0;
(Z’LZ) 1 (tl,tg,tg, t4,t5,t6) =0iff t;, =0 for all 7 € {1, 2,3,4,5, 6}.

Wy = {1 : Rt - R : 1o is continuous in each coordinate and if any one of the argument is zero, then

Vo (t1,t2,t3,t4) = 0}
We now introduce generalized almost rational contraction mappings as follows:

Definition 1.6. Let f,¢,S and T be selfmaps of a metric space (X,d), and (f,g) be a cyclic (a,ﬂ)(&T)-
admissible pair. We say that (f, g) is a generalized almost (.5, T')-rational contraction pair if

a(Sz) B (Ty) > 1 implies n (d (fz, gy)) < ¢ (M (z,y)) + LO (N (2,y)) (L.1)
for all x,y € X and some L > 0, wheren € F, p € &, § € © and

M (z,y) =1 (d(Sx,Ty) ,d(Sz, fz),d(Ty, gy), d(Sz,gy) 42- d(fvay)’

d(Ty,gy) [1 +d(Sz, fz)] d(fz,Ty)[1+d(Sz, gy)])
1+d(Sz,Ty) ’ 1+d(Sz,Ty) ’

N (z,y) =2 (d (Sz, fx),d(Ty,gy),d (Sz,gy) ,d(fz,Ty)),

with ¢ € ¥y and 19 € Ws.

In this paper, we obtain some common fixed point results of generalized almost rational contraction
pairs. Our results extend, generalize and unify comparable results in the existing literature. An example
is presented to support the results obtained herein. We employ our results to give common fixed points
of cyclic mappings on complete metric spaces. As an application of our results, the existence of common
bounded solutions of a system of functional equations arising in dynamic programming are also investigated.

2. Main Results

Our main result is stated as follows.

Theorem 2.1. Let f,g,S and T be selfmaps of a complete metric space (X,d) with f(X) C T(X), g(X) C
S(X) and (f,g) be a generalized almost (S, T)-rational contraction pair. Suppose that:

(a) there exists xg € X such that o (Sxo) > 1 and B (Txo) > 1;
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(b) if {zn} is a sequence in X such that a(xy) > 1, B(xy) > 1 for all n and x, — x as n — oo, then
a(x)>1and B (z) > 1.

Then the pairs (f,S) and (g,T) have a point of coincidence in X. Moreover, if

(2) {f,S} and {g,T} are weakly compatible,
(11) a(Su)>1 and B(Tv) > 1 whenever u € C(f,S) andv € C(g,T).

Then f,qg,S and T have a common fized point.

Proof. Let zp be a given point in X such that a(Sxzg) > 1 and B (T'z9) > 1. Since fX C TX, we can
choose a point x1 € X such that fxg = Txy. Also, since g X C SX, there exists a point o € X such that
gr1 = Szo. Continuing this way, we can construct the sequences {x,} and {y,} in X such that

Yon = [Ton = Txopy1 and  Yopt1 = gTons1 = STont2, 1 € Ny, (2.1)

where No = N U {0}. Since (f,g) is a cyclic (o, 8)g)-admissible pair and a(Szo) > 1, we have
B (fro) = B(Tx1) > 1 which further implies « (gz1) = o (Sx2) > 1. Continuing this way, we obtain that
a(Szo,) > 1 and S (Txon+1) > 1 for all n € Ny. Similarly, by g (Txzp) > 1, we have 5 (Tx2,) > 1 and
a (Szapt1) > 1 for all n € Ny. This means that

a(Szy) >1and B(Tx,) > 1, forall n e Ny. (2.2)

If yo,, = yon+1, by simple procedures, the proof is finished. Suppose that yo, # yon+1 for all n € Np.
Now we show that
lim d (Y, Ynt1) = 0. (2.3)
n—oo

Putting © = 2, and y = 2,41 in (1.1) and using (2.1]) and (2.2)), we obtain

n (d (y2n7 y2n+l)) =" (d (fonv gx2n+1))
< 2 (M (x2n> x2n+1)) + Lo (N (xQna xQn—&-l)) ) (24)

where

M (xan, Tant+1) =1 (d (Szop, Txont1),d (Sxan, fran),d(Txon+1, 9Ton+1)

d (Sxon, grony1) + d (fron, TTons1)
2 )
d (Txont1, gron+1) [1 + d (Szap, fran)]
14+ d(Szon, Txont1)
d (fona Tx2n+1) [1 +d (Sx2n7 gx2n+1)] >
14+ d(Sxon, Txont1)

il

= (d (Y2n—1,Y2n) » d (Y2n—1,Y2n) , d (Y2n, Y2n+1) 5

d (Yon—1,Y2n+1) + d (Y2n, Y2n)
2 M
d (Qan y2n+1) [1 +d (y2n—17 an)]
1+ d (y2n—1, y2n)
d (y2n7 an) [1 +d (an—la y2n+1)] >
14+d (an—h y2n)

9

= (d (Y2n—1,Y2n) » d (Y2n—1,Y2n) , d (Y2n, Y2n+1) 5
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d (Y2n—1,Y2n+1)
d > mn 9
2 ) (yQ Y2 +1) 0

<in (d (Y2n—1,Y2n) » d (Y2n—1,Y2n) , d (Y2n, Y2n+1) 5

d (Y2n—1,Y2n) + d (Y2n, Y2n+1)
2

L d(Y2n, Yan+1), d(Yon, y2n+1)> ,
and

N (z2n, T2n41) = V2 (d (Sz2n, fron) , d (TTont1, 9T2n+1)  d (ST2n, gTon+1) , d (fT2n, TT2n+1))
= P2 (d (Y2n—1,Y2n) » & (Y2n, Y2n+1)  d (Y2n—1, Y2n+1) s d (Y20, y2n)) = 0.
If d (yon—1, y2n) < d(Y2n, Y2n+1) for some n € N, then by , we have
1 (d (Y2n, Y2n+1)) < 0 (M (T2, T2n+1))
< ¢(1/11 <d (Y2n—1,Y2n) s d (Y2n—1,Y2n) » d (Y2n, Yon+1) ,

d (Y2n—1,Y2n) + d (Y2n, Yon+1
( ) 5 ( + )7d(y2n>y2n+1)ad(y2nay2n+l)

< o(1(d (y2n, Y2n+1) » d (Y2n, Y2n+1) s d (Y2n, Y2n+1)
d (Yons Yon+1) > d (Y2n, Y2nt1) > d (Y2n, Y2n+t1)))
< o (d(Y2n,Y2n+1))

a contradiction to the fact ya, # yont1. So for all n € N, we have d (yon, yon+1) < d (Y2n—1, Y2n) -

From (2.4), we deduce
N (d (Y2n, Y2n+1)) < @ (d(Yan—1,Y2n)) - (2.5)

Putting x = z9,+1 and y = z9,,4+2 in (1.1 and following arguing similar to those given above, we get

0 (d (Y2n+1,Y2n+2)) < @ (d (Y2n, Y2nt1)) - (2.6)
From (2.5)) and , we conclude
77(d (ynvyn-i-l)) < So(d (yn—lvyn)) . (27)

It follows that the sequence {d (yn,yn+1)} is decreasing and bounded below. Hence, there exists r > 0
such that limy,e0 d (Yn, Ynt1) = . If ¥ > 0, then taking limit as n — oo on both sides of (2.7)), we have

n (T) th_{gon (d (yna yn+1))
< 1im ¢ (d (yn-1,yn)) < @ (1),

n—oo

a contradiction and hence r = 0, that is, the equation holds.

Now we show that {y,} is a Cauchy sequence in X. For that, it is sufficient to show that the sequence
{yan} is Cauchy in X. Assume on contrary that {ys,} is not a Cauchy sequence. Then, there exists some
¢ > 0 for which we can find two subsequences {yapm, } and {y2n, } of {y2,} such that ny is the smallest index
satisfying ng > my > k and

d <y2nk7y2mk) Z e and d(ank—17y2mk) <eE. (28)

Using the triangular inequality and ([2.8]),

e < d(Yany» Y2mi) < d (Yong, Y2n,—1) + d (Y2n,—1: Y2m,)
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< d(Yang, Yon,—1) + €.

Letting n — oo in the above inequality and using (12.3]), we obtain
lim d (y2n,,, Yom,) = €. (2.9)
k—o00

Also, from the triangular inequality, we have

‘d (anka y2mk+l) - d (ank 9 y?mk)| S d (mek ) y2mk+1) .

On taking limit as k — oo on both sides of above inequality and using (2.3)) and (2.9)), we get

lim d (yon,,, Yom,+1) = €. (2.10)
k—o0
Similarly, it is easy to show that
lim d (yan,—1,Y2m,,) = Hm d (Yan,—1, Y2m,+1) = €. (2.11)
k—o0 k—o0

Now, since

M (xan,, Tam,+1) =11 <d(5$2nk,Tx2mk+1) ,d (Sxon,, fron,) , d(TTom,+1, 9%2mu+1) 5

d (Szan,, g9Tom+1) + d (fron,, TTom,+1)
2 b
d (Tx2my+1, 9T2my+1) [1 + d (Sxan,, fron, )]
1+d (S:E2nk7T‘T2mk+1) ’
d(fxon,, Txom,+1) [1 +d (S&“an,g@mkﬂ)})
1+d (S.%'gnk R Txgmk_H)

:,l/}l <d (y2nk—17 mek) ) d (y2nk—17 y2nk) b) d (mek7 y2mk—|—1) )

d (ank—h mek—‘rl) + d (y?nk 9 mek)
2 )
d (Y2mys Yomp+1) [1 + d (Y2n,—15 Y2n, )]
1 + d (y2nkfl7 mek)
d (Y2nys Yomy,) [1 + d (yon, -1, y2mk+1)]>

)

and

N (2o, amy+1) =U2(d (Son,, fron, ), d (Tx2m,+1, 9T2mp+1) » A (STon,, 9T2mu+1) » d (fTon,, TTom,+1))

=2 (d (Y2n,—1, Y2ns,) » A (Y2mp> Y2mp+1) s & (Y2np—15 Y2me+1) » 4 (Y2ny > Y2my,)) »

then, letting n — oo, we deduce that

lim M (z2n,, Tam,+1) =114{€,0,0,¢,0,e} < e, and

k—o0

lim NV (xQlea x?mk-f—l) :1/}2 {07 07 &€, E} =0.

k—o0

From (2.2)), we have a (Szap, ) B (T'T2m,+1) > 1. Substituting « = x9,, and y = xom,, +1 in (1.1), we get

0 (d (Y2ny, Y2me+1)) =1 (d (fx2n,,, 9T2my+1))
<@ (M (z2n,,, T2amu+1)) + LO (N (220, , T2m,+1)) -
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On taking limit as kK — oo, we have

n(e) Sklim N (d (Y2ny» Y2mg+1))
—00

< lim ¢ (M (xan’$2mk+1)) + Lkh—>nolo9 (N (ank’mekJrl))

T k—oo

k—oo

a contradiction and so {ya2n} is a Cauchy sequence in X. Thus, from the completeness of (X,d), there
exists z € X such that

lim y, = 2. (2.12)
n—0o0
From (2.1) and (2.12), we obtain
lim fzo, = lim Trop+1 = lim gxopy1 = lim Szo,io = 2. (2.13)
n—o0 n—oo n—oo n—oo

We now show that z is a common fixed point of f,g,5 and T
Since g(X) C S(X), we can choose a point u in X such that z = Su. Suppose that d(z, fu) # 0.
By (2.2), (2.13) and the condition (b), we have a(Su) B (Tx2,+1) > 1. Then, putting x = w and

Y = Top41 in (1.1f), we get

n(d(fu, grant1)) < @ (M (u, 22n11)) + LO (N (u, 22041)) , (2.14)

where

M (u7 $2n+1) == 1/)1 <d (SU, T.%'Qn+1) ) d (S'LL, fu) 7d (TxQn—l-l’ gx2n+1> )

d (Su, grony1) + d (fu, Txony1)
2 )
d(Tw2n41,972041) [1 + d (Su, fu)]
1 +d(Su, Txony1) ’
d(fu,Txan11) [1 + d(Su, gront1)]
1+d (Su, TIEQnJrl)

— (O,d(z,fu) ,O,d(f;"Z),O,d(fu,z)) ,

and

N (u, 22n41) = Y2 (d (Su, fu),d(Tr2,41, gT2n41) » d (Su, g2oni1) ,d (fu, Txop 1))
— ¢2 (d(Z,fU),0,0,d(fU,Z)),

as n — oo. From ([2.14]), we have

< lim ¢ (M (u,z2n+1)) + L lim 0 (N (u, z2p41))
n—oo n—oo

= lim ¢ (M (u, z2n+1))
n—oo

< (wl <O,d(z,fu) ,0, W,O,d(fu,z)))
< ¢ (d(fu,z)),

a contradiction and hence d (fu, z) = 0, that is fu = z, and so u € C (f, S).
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Similarly, since f(X) C T'(X), we can choose a point v in X such that z = T'v. Suppose that d(z, gv) # 0.
By (2.2)), (2.13) and the condition (b), we have a (Swzay,) 8 (Tv) > 1. Then, substituting x = z2, and
y = v in (|1.1)), we deduce

1 (d (fran, gv)) < @ (M (220, 0)) + LO (N (220, v)), (2.15)

where

M (mZna U) = ¢1 <d (S:EZH, TU) ’d (S$2na fx2n) ’ d (TU, g’U) )
d (SQTQn, gU) + d (fx2n’ TU) d (TU7 g’l)) [1 + d (SxZny fon)]
2 ’ 14+ d(SeruTU) ’

d(fxon, Tv) [1 + d (Szon, gv)]>
1+ d(Sxop, Tv)

d
= o (0.0.dug0). T e )

and
N (x2n7 U) = 77/)2 (d (Sx2n7 f':UQTL) ad (TU7 gU) 7d (S-rQna QU) 7d (f$2n7 T’U))
— ¢2 (Ovd('zvgv) ,d(z,gv) aO) 3
as n — co. Now by , we have
n(d(z,9v)) < lim n (d(fzon, gv))
< nILHSOQO (M (z2pn,v)) + LHILIEOH (N (z2n,v))
(M

= lim ¢ (xon,v))

S C)D <1/}1 <0707d(z7gv) ) d(zégv)’d(zhgv) ’0>>

<@ (d(z9v)),

a contradiction and hence d(z, gv) = 0, that is z = gv, and so v € C (¢, T) .

Thus, z = fu = Su= gv = Tv. By the weak compatibility of the pairs (f,.S) and (g,7T), we obtain that
fz=S8zand gz =T-=z.

Since z € C(f,S) and v € C(g,T), by (ii), we have o (Sz) 8 (Tv) > 1 and so, from

n(d(fz 2)) =n(d(fz gv))
<@ (M (z,v))+ LO (N (z,v)), (2.16)

where
M (z,v) =y <d (Sz,Tv),d(Sz, fz),d(Tv, gv),
d(Sz,gv)+d(fz,Tv) d(Tv,gv)[1+d(Sz, fz)]

2 ’ 14+d(Sz,Tv) ’

d(fz,Tv)[1+ d(Sz,gv)]>
1+d(Sz,Tv)

=1 (d(fz,2),0,0,d(fz,2),0,d(fz,2)) <d(fzz2),

and

N (z,v) =92 (d(Sz, fz),d(Tv,gv),d(Sz,gv),d(fz,Tv))
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=15(0,0,d(fz,2),d(fz,2)) =0.

By , we get
n(d(fzz2) < e(d(fz2)),

which implies that z = fz, and so z = fz = Sz. Similarly, it can be shown that z = gz = T'2. This
completes the proof. O

Corollary 2.2. Let f,g,S and T be selfmaps of a complete metric space (X,d) with f(X) C T(X), g(X) C
S(X) and (f,g) be a cyclic (a, B) g 1y-admissible pair such that

a (Sz) B(Ty)n(d(fz,9y)) < ¢ (Mmax (2, y)) + LO (Nmin (2, y)) , (2.17)
for all x,y € X and some L > 0, wheren € F, p € &, 0 € © and

Minax (2, y) =max (d (Sz,Ty),d(Sz, fx),d(Ty, gy) 4(5,9y) JQF d(fe, Ty),

d(Ty,gy) (1 +d(Sz, fx)] d(fz,Ty)[l+d(Sz, gy)])
1+d(Sz,Ty) ' 1+d(Sz,Ty)

and
Nmin (.17, y) = min (d (S:E, f.fL‘) >d(Tyvgy) ,d(Sl‘,gy) ,d(fa:,Ty)) :

Assume that the conditions (a) and (b) in Theorem are satisfied. Then the pairs (f,S) and (g,T)
have a point of coincidence in X . Moreover, if the conditions (i) and (it) in Theorem [2.1] hold, then f,g,S
and T have a common fized point.

PT’OOf. Let Oz(Sl‘)ﬁ(Ty) > 1 for T,y € X. If we take ¢1 (tl,tQ,t3,t4,t5,t6) = max{tl,tg,tg,t4,t5,t6} and
P9 (tl,tg, t3,t4) = min {tl,tg,tg,t4} in Theorem then by ‘ , we have

n(d(fr,gy)) < (M (z,y)) + LO(N (z,y)).
Hence the result follows from Theorem P11 O

If we take a(Sz) = S(Ty) = 1, and n(t) = ¢, ¢ (t) = ot and 0 (¢t) = ¢ in Corollary we have a
generalized version of Theorem 1 in [10],

Theorem 2.3. Let f,g,S and T be selfmaps of a complete metric space (X,d) with f(X) C T(X) and
g(X) C S(X). Suppose that there exist a constant 6 € (0,1) and some L > 0 such that

d(fz,gy) < 6Mmax (2,y) + LNmin (z,9) (2.18)

for all z,y € X. Then the pairs (f,S) and (g,T) have a point of coincidence in X. Moreover, if {f,S} and
{9, T} are weakly compatible, then f,g,S and T have a common fized point.

If we take L = 0 in Corollary we have the following result.

Corollary 2.4. Let f,g,5 and T be selfmaps of a complete metric space (X,d) with f(X) C T(X), g(X) C
S(X) and (f,qg) be a cyclic (a,ﬁ)(&T)-admissible pair such that

o (Sz) B(Ty) n(d(fzr,9y)) < @ (Mmax (2,y)) (2.19)

for all x,y € X, where n € F and ¢ € ®. Assume that the conditions (a) and (b) in Theorem are
satisfied. Then the pairs (f,S) and (g,T) have a point of coincidence in X. Moreover, if the conditions (i)
and (ii) in Theorem hold, then f,qg,S and T have a common fized point.

If we take ¢ (t) =n(t) — ¢ (t) in Corollary we have the following corollary.
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Corollary 2.5. Let f,g,S and T be selfmaps of a complete metric space (X,d) with f(X) C T(X), g(X) C
S(X) and (f,g) be a cyclic (a, B) g 1y-admissible pair such that

a(Sz) B(Ty)n(d(fr,g9y)) <N (Mmnax (2,9)) — ¢ (Mmax (2,9)), (2.20)

for all z,y € X, where n € F and ¢ € ®. Assume that the conditions (a) and (b) in Theorem 2.Ijare
satisfied. Then the pairs (f,S) and (g,T) have a point of coincidence in X. Moreover, if the conditions (i)
and (ii) in Theorem hold, then f,g,S and T have a common fized point.

If we take a(Sz) = B (Ty) = 1 in Corollary we have a generalized version of Theorem 2.1 in [2],

Theorem 2.6. Let f,g,S and T be selfmaps of a complete metric space (X,d) with f(X) C T(X), g(X) C
S(X). Suppose that for any x,y € X, there exist n € [ and ¢ € ® such that

n(d(fr,gy)) <1 (Mpax (2,y)) = ¢ (Mmax (2, y)) - (2.21)

Then the pairs (f,S) and (g,T) have a point of coincidence in X. Moreover, if {f, S} and {g,T} are weakly
compatible, then f,qg,S and T have a common fixed point.

If we take 7 (t) = t in Corollary we have the following result.

Corollary 2.7. Let f,g,S and T be selfmaps of a complete metric space (X, d) with f(X) C T(X), g(X) C
S(X) and (f,g) be a cyclic (a, B) g ) -admissible pair such that

a(Sz)B(Ty)d(fx,gy) < @ (Mmax (7,9)), (2.22)

for all z,y € X, where ¢ € ®. Assume that the conditions (a) and (b) in Theorem are satisfied.
Then the pairs (f,S) and (g,T) have a point of coincidence in X. Moreover, if the conditions (i) and (i7)
in Theorem [2.1] hold, then f,g,S and T have a common fized point.

For the uniqueness of the fixed point of a generalized almost (.S, T')-rational contraction, we will consider
the following hypothesis.

(H) For all z,y € F(f,q,5,T), we have a (Sz) > 1 and g (Ty) > 1.

Theorem 2.8. Adding condition (H) to the hypotheses of Theorem we obtain the uniqueness of the
common fized point of f,g,S and T.

Proof. Suppose that ¢ = fr = gr = Sz = Tx and y = fy = gy = Sy = Ty. Then, from (H),
since a (Sz) B (Ty) > 1, applying (1.1)), we obtain

n(d(z,y)) =n(d(fz,gy))
< (M (z,y)) + LO (N (z,9)) , (2.23)

where

M (.’B, y) :wl <d (vaTy) ,d(Sl’, f[E) 7d(Ty7gy) s
d(Sz,gy) +d(fz,Ty) d(Ty,gy)[1+d(Sz, fr)]
2 ’ 1+d(Sx,Ty) ’
d(fz,Ty) [1+d(5w,gy)]>
1+d(Sz,Ty)
=¢1 (d(x7y) 70707d($7y) ,O,d(x,y)) < d(xvy) )
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and

N ($7y) =g (d (Sm, f.T}) ,d(Ty,gy) 7d(Sxagy) . (fa:,Ty))
=12 (07 0,d ('x:y) ,d(.%', y)) = 0.

From (2.23)), we have
n(d(z,y)) < ¢(d(z,y)),

which implies that d (x,y) = 0, that is, z = y. O

Remark 2.9. Adding condition (H) to the hypotheses of Corollaries and we obtain the
uniqueness of the common fixed point of f, g, S and T

If we choose S =T = Ix in Corollary we have the following result.

Corollary 2.10. Let f and g be selfmaps of a complete metric space (X,d) and (f,g) be a cyclic («,3)-
admissible pair such that

a(x) B(y)n(d(fr,gy)) < o (Mg (z,y)) + LO (Nygg (2,9))

for all x,y € X and some L > 0, wheren € F, o € ®, 0 € © and

M¢y (2,y) =max <d($>y),d($,fx),d(y,gy)7d(x’gy);d(fx’y)7

d(y,gy) [1 +d(z, fr)] d(fz,y)[1+d(z, gy)])
1+d(z,y) ’ 1+d(z,y) ’

Nig (z,y) =min (d (z, fz),d(y,gy),d(z,9y),d(fz,y)).

Assume also that the following conditions are satisfied:

(a) there exists xog € X such that o (x9) > 1 and B (xg) > 1;
(b) if {zn} is a sequence in X such that a(x,) > 1 and B (zy,) > 1 for alln and x,, — x as n — oo, then
a(x)>1and B(x) > 1.

Then f and g have a common fized point. Moreover, if a(x) > 1 and 5 (y) > 1 whenever z,y € F (f,9),
then f and g have a unique common fixed point.

Now, we furnish the following example which illustrates Theorem as well as Theorem

Example 2.11. Let X = R be endowed with the usual metric and 7, ¢ : Rt — R™ be defined by n (t) =t
and %) (t) = % AISO7 let ¢1 (tl, tg, t3, t4, t5, tﬁ) = max {tl, tQ, tg, t4, t5, t6} for all tl, tg, t3, t4, t5, teg > 0. Define
the self-mappings f,g,5 and T on X by

_2z _1 _ 2z 1
o = 75 ?fa:e[ 2,01, and gz — 715 ?fx€[0,2],1
16 ifzeR\ [—5,0], 16 ifz eR\ [O’i]v

Gy —2 ifzel0,3], ond T — —% ifze[-3,0],
L ifzeR\[0,1], 5 ifzeR\[-3,0].

Note that f(X) C T(X) and g(X) C S(X), {f, S} and {g,T'} are weakly compatible.
Define o, 3 : X — RT as

i —2 if x 2
a(x>_{1 ifrel[-30, . B(x)_{l tfzelo,?],

0 otherwise, 0 otherwise.
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If there exists € X such that a (Sz) > 1, then Sz € [—2 £,0] and hence z € |0, 1] . By the definitions of f
and 3, we have fz €]0,2] and so B (fz) > 1. If for some z e X, We have 3 (Tz) > 1 then Tz € [0, 2] and
hence x € [ ,0] . By the definitions of g and «, we have gz € [ = 0] and so a (gz) > 1. Therefore, (f,g)
is a cyclic (« ﬂ) (s,r)-admissible pair. Moreover, a (Szg) > 1 and 3 (T xo) > 1 holds for zp = 0.

If {x,} is any sequence in X such that a(z,) > 1 and (a:n) > 1for all n € N and z, — = as n — 00,
then by the definition of o and 3, we have z,, € [—2,0] N [0, 2] = {0} for all n € N and so € {0} which
implies that o (z) > 1 and g (z) > 1

Now, we prove that (f, g) is a generalized almost (S, T')-rational contraction pair. Let a (Sz) 8 (Ty) > 1
Then x € [0, %} and y € [ ,O] , and so

Tx Ty

n(d(fz,gy)) =|fz — gy| = 0" 10
7 4

7
=3 5\$—y\ *d(Sﬂc Ty)

= (d(Sz,Ty)) < ¢ (M (z,y))
<¢ (M (2,y)) + LO (N (,9)),

for some L > 0 and § € ©. Note that assumption (i) of Theorem [2.1] and the condition (H) also hold.
Thus, by Theorems 2.1 and 2.8 f, g, S and T have a unique common fixed point which is 0.

3. Common fixed points of cyclic mappings

Let A and B be two nonempty subsets of a set X. A mapping f : X — X is said to be cyclic (with
respect to A and B) if f(A) C B and f(B) C A.

The fixed point theory of cyclic contractive mappings is a recent development. Kirk et al. [27] in 2003
introduced a class of mappings which satisfy contraction condition for points x and y where x € A and
y € B. For more work in this direction, we refer to [19, 31}, 33].

Definition 3.1. The mappings f,g,5,7 : AUB — AU B are called cyclic if fA C TB and gB C SA,
where A, B are nonempty subsets of a metric space (X, d).

As an application of our results in the previous section, we obtain some fixed point results of cyclic
mappings in the setting of complete metric spaces.

Theorem 3.2. Let A and B be two closed subsets of complete metric space X such that AN B # () and
f,0,8T:AUB — AUB with fACTB and gB C SA. Assume that

n(d(fz,9y)) <o (M (z,y)) + L6 (N (z,y)) (3.1)

for any x € A andy € B and some L > 0, wheren € F, p € ® and § € ©. If S and T are one to one then
the pairs (f,S) and (g,T) have a coincidence point in AN B. If {f,S} and {g,T} are weakly compatible,
then f,g,S and T have a common fixed point in AN B.

Proof. Define o, 3: X — R™ by

a(m):{l’ x e SA, and ﬁ(x):{l’ x€TB,

0, otherwise 0, otherwise

Let a (Sz) S (Ty) > 1. Then Sz € SA and Ty € TB. Since S and T are one to one, we have z € A and
y € B. From (3.1)), we obtain that

n(d(fz,g9y)) <o (M (z,y)) + LO (N (z,y)) .
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Let o (Sz) > 1 for some = € X, so Sz € SA and then x € A. Hence, fo € TB and so 5 (fz) > 1. Again,
let B(Tz) > 1 for some z € X. Then Tx € TB and so z € B. Hence, gz € SA and «a (gx) > 1. Therefore,
(f,9) is a cyclic («, B)( s,ry-admissible pair.

There exists an zg € AN B, as AN B is nonempty. This implies that Sxg € SA and Txy € TB and so
a(Szg) > 1 and g (Txo) > 1.

Let {z,} be a sequence in X such that o (x,) > 1 and S (z,,) > 1 for all n € N and z,, — = as n — oo.
Then z,, € SANTB for all n € N and so z € SANTB. This implies that o (x) > 1 and 5 (z) > 1.

Thus, the conditions (a) and (b) of Theorem hold. Hence, there exist u,v,z € AU B such that
z = fu = Su = gv = Tv. Moreover, since Su € SA and Tv € TB, we deduce that «(Su) > 1 and
B (Tv) > 1. Thus, the hypothesis (i) in Theorem is also satisfied.

On the other hand, since S and T are one to one, there exist u;,v; € A and us,v2 € B such that
Sui = Sus = z and Tvy = Twve = z which implies that uqy = us = w and v{ = vy = v. Therefore,
z= fu=Suand z=gv=Tv for u,v € ANB.

Finally, suppose that {f, S} and {g, T} are weakly compatible. Following arguments similar to those in
proof of Theorem [2.1 we have z = fz = gz = Sz = T=. O

4. An application in dynamic programming

The existence and uniqueness of solutions of functional equations and system of functional equations
arising in dynamic programming have been studied by using different fixed point results (see, [11 [7, 22] 30]).

Throughout this section, we assume that U and V' are Banach spaces, W C U is a state space, D C V is
a decision space. We now prove the existence of the common solution of the following system of functional
equations:

pi(z) = Slelg {a(z,y) + Qi (z,y,pi (T (x,9)))}, xeW (4.1)

where 7: WxD = W,q: WxD—Rand Q; : Wx Dx R—R,ie{1,2}. It is well known that equation
of the type (4.1 provides useful tools for mathematical optimization, computer and dynamic programming
(see, [9], 12]).

Let B(W') denote the space of all bounded real-valued functions defined on the set W, where B(W) is
endowed with the metric d(h, k) = supyew |hx — kx| for all h,k € B(W). Note that B(WW) is a complete
metric space.

We consider the operators f; : B(W) — B(W) given by

fihi(x) = sup {q (=, y) + Qi (=, vy, hi (T (z,9))) },
yeD

for x € W, h; € B(W), where i € {1,2}; these operators are well-defined if the functions ¢; and G; are
bounded.
Suppose that the following conditions hold.

(A) pg: W xD—=Rand G,K : W x D x R — R are bounded;
(B) there exist £, : X — R such that if £(h) > 0 and ¢ (k) > 0 for all h,k € B(W), then for every
(z,y) € W x D and t € W, we have

Qu (@ (2)) — Qo (v (@))] < In (14 M (k). (42)
where
M (b k) = max (d (h(6) k() d (b (6), Fuh (8)) d (k) ok (1)),

d(h(t), f2k () +d(fih(t),k(t))
5 ,
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d(k @), f2k (@) [1 +d(h(t), iR (1))]
L4+ d(h(t),k(t)) ’

d(fih(t), k@)1 + ((t),ka())]>,
L+ d(h(t),k(t)) ’

(@)
€ (h) > 0 for some h € X implies ¢ (fih) >0

and
¢ (h) > 0 for some h € X implies £ (fah) >0

(D) if {hy,} is a sequence in B(W) such that £ (h,) > 0 and ¢ (h,) > 0 for all n € Ny and h,, — h* as
n — oo, then £ (h*) > 0 and ¢ (h*) > 0;
(E) there exists hg € B(W) such that & (hg) > 0 and ¢ (hg) >0

Theorem 4.1. Assume that the conditions (A)-(E) are satisfied. Then the system of functional equations
(4.1) has a common bounded solution in W .

Proof. Let A be an arbitrary positive number, x € W and hy, ho € B(W') such that & (h1) > 0 and ¢ (hg) >0
Then there exist y1,y2 € D such that

fiha (z) < q(z,91) + Q1 (%, y1, b1 (7 (7, 91))) + A, (4.3)
faha (z) < q(z,92) + Q2 (z,y2, ha (T (2,y2))) + A, (4.4)
flhl( ) >q ($,y2)—i—Q1 (.T,yg,hl (T(xva)))7 (45)
faha (z) > q(z,91) + Q2 (z,y1, b2 (T (2,91))) - (4.6)

From and ., we have

flhl (.’L‘) - f2h2 (.T) <Q1 (x7y17 hy (T ('Ccvyl))) - QQ (JZ, Y1, ha (T ($7y1))) + A
< ‘Ql (x7y17 hy (T (.%',yl))) - QQ ((13, Y1, ha (T ((L’, yl)))‘ + A
<In (14 M (h1,h2)) + A. (4.7)

Similarly, from and , we obtain that

faha () — fihi () <In(1+ M (hi, h2)) + A (4.8)
By and , we have

|f1hi (z) = faho (z)] <In (14 M (R, hs)) + A

or, equivalently,

d (fih1, foh2) <In (14 M (h1, h2)) + \.

Since A > 0 is arbitrary, we get
d(fih1, fah2) <In(1+ M (hq, h2)).
Define o, 3: B(W) — R™ by

o (h) = {1 if ¢ (h) > 0 where h € B(W),

0 otherwise
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and
1 if ((h) > 0 where h € B(W),

0 otherwise.

B (h) =
Also, define n,p : RT — R* by n(t) =t and ¢ (t) = In (1 +¢) . Thus, we have

o (h1) B (h2) n (d (fiha, f2h2)) < @ (M (hi, h))
< @ (M (h1,h2)) + LO (N (ha, he)),

where L > 0, § € © and

N (h1, hg) = min (d (h (t), fih (1)), d (k (), f2k (1)), d (R (t), fok (), d (fih () , K (1)) -

If f = f1 and g = f5, it is easy to observe that all the hypotheses of Corollary are satisfied. Therefore
f1 and fy have a common fixed point and hence the system of functional equations (4.1)) has a bounded
common solution. O
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