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Abstract

In this paper, the main purpose is to define generalized Cesaro sequence spaces by using the Zweier
operator and to investigate the property (H) and uniform Opial property in the spaces when they are
equipped with the Luxemburg norm. (©2016 All rights reserved.
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1. Introduction

There are many mathematicians who are interested in studying geometric properties of Banach spaces,
because the geometric properties were identified as important characteristics and properties of the Banach
spaces. For example, if Banach spaces have some geometric properties such as uniform rotund, P- convexity,
Q- convexity, Banach-Saks property then they are reflexive spaces. The investigations of metric geometry of
Banach spaces, date back to 1913, when Radon [17] introduced Kadec-Klee property (sometimes called the
Radon-Riesz property, or property (H)) and, later Riesz [18, [19] who showed that the classical L,-spaces,
1 < p < oo, have the Kadec-Klee property. Although the space L;[0,1] (with Lebesgue measure) fails to
have the Kadec-Klee property. In 1936, Clarkson [2] introduced the notion of the uniform convexity property
(UC) or the uniform rotun property (UR) of Banach spaces, and it was shown that L, with 1 < p < oo are
examples of such space. In 1967, Opial [14] introduced a new property which is called Opial property and
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proved that the sequence space (1 < p < 00) have this property but L,[0,7](p # 2,1 < p < c0) do not
have it. In 1980, Huff [6] introduced the nearly uniform convexity for Banach spaces and he also proved that
every nearly uniformly convex Banach space is reflexive and it has the uniform Kadec-Klee property(UK K).
In 1991, Kutzarova [8] defined and studied k-nearly uniformly Banach spaces. In 1992, Prus [16] introduced
the notion of uniform Opial property. Recently, many mathematicians are also interested of geometric
properties in sequence spaces. Some example of the geometry of sequence spaces and their generalizations
have been extensively studied in [I], 4 [7, 15, 20} 22| 23] 24, 25].

The main purpose of this paper is to define generalized Cesaro sequence spaces for a bounded sequence
of positive real numbers p = pr > 1 with a sequence (g,) of positive real numbers by using the Zweier
operator. Also, we investigate the property (H) and Uniform Opial property equipped with the Luxemburg
norm.

2. Preliminaries and Notation

Let [ be the space of all real sequences. For 1 < p < 0o, the Cesaro sequence space (cesp, for short) of
Shue[22] is defined by

ces, = {xecl’: Z (;Z |:c(z)|> < oo}
n=1 =0

It is very useful in the theory of matrix operators and others(see [9, [12]).
In 1997, Bilgin [I] defined the sequences spaces C(s,p) when s > 0 as follow:

ces(p, s) = {x el Z (21r Zk_s|x(i)]>pr < oo} , (2.1)

r=0

where ) denotes a sum over the range 2" < k < 2+ If s = 0, then the spaces become to the spaces

ces(p) = {:U cl’: Z (21r Z ]a:(i)\)pr < oo} , (2.2)

r=0

which has been investigated by Lim [10, 11]. In 2005, Mursaleen [I3] defined the Cesaro sequence space
ces[(p), (q)] with (g,) is a sequence of positive real numbers and real bounded sequence (p,,) with inf p, > 0
by

oo

cesl(p), (q)] = {w € 1°: Y (Ql unx(m) < oo},

r=0

where Qar = qor + qor41 + qor42 + -+ + qor+1_1. If g, = 1 for all n > 1, then ces|(p), (¢)] reduces to ces(p).
The Z-transform of a sequence x = xy, is defined by (Zx),, =y = y2n + (1 —¥)xn—1 by using the Zweier
operator

v ik =mn,
Z=(znp) =4 1—7v ;k=n—-1,
0 ; otherwise

for all n,k > 1 and scalar v € F \ {0}, where F is the field of all complex or real numbers. The Zweier
operator was studied by Sengoéniil and Kayaduman [21]. In 2013, Et et al. [5] used the Zweier operator
define the new modular sequence spaces Z,(s,p) as follow:

Z,(s,p) = {x €l':0(\z) < oo for some A > O},



C. Sudsukh, C. Mongkolkeha, J. Nonlinear Sci. Appl. 9 (2016), 22892297 2291

where

o0

o'(aj) = Z (21T Z k'_s|04xk + (1 — Oz):l?k_1|>

r=0
and s > 0. This spaces is equipped with the Luxemburg norm

2| = inf{A > 0:0(5) < 1}.

Now, we define the generalized modular sequence space C(Z;p,q) for p = (px) bounded sequence of
positive real numbers with py > 1 for all £ € N and a sequence (gy,) of positive real numbers by

C(Z;p,q) = {x €1°: p(\z) < oo for some A\ > O}, (2.3)
where
[e] 1 Pr
o)=Y (Qz > qilyzr 4+ (1 - 7)%4\)
r=0 T

and the spaces is equipped with the Luxemburg norm
[z]] = inf{r > 0: o(F) < 1},

where Qor = qor + qor41 + q2r42 + -+ + gor+1_1 and ) denotes a sum over the range 2" < k < 2r+l If
we take v = 1, then the spaces C(Z;p, q) become to ces[(p), (¢)]. Also, If we take v =1 and ¢ = 1 for all
k > 1, then the spaces C(Z;p, q) become to ces(p) studied by Lim [0} IT].

Let (X, || - ||) be a real Banach space and let B(X)(resp., S(X)) be the closed unit ball (resp., the unit
sphere) of X. A point z € S(X) is an H — point of B(X) if for any sequence (z,,) in X such that ||z,| — 1
as n — oo, the week convergence of (z,,) to x implies that ||z, — z| = 0 as n — oo. If every point of S(X)
is an H — point of B(X), then X is said to have the property (H). A Banach space X is said to have the
Opial property (see [14]) if every sequence {zy} weakly convergent to z satisfies

liminf || z, — xo ||< liminf || z,, — 2 ||

for every x € X. A Banach space X is said to have the uniform Opial property (see [16]), if for each € > 0
there exists 7 > 0 such that for any weakly null sequence (z,,) in S(X) and € X with ||  ||> ¢ there holds

1+ 7 <liminf || z, — z ||.
n—oo

For example, the space in [4], [15] have the uniform Opial property.

Throughout this paper, for x € [°, i € N, we denote

i—1
= (0,0,...,0,1,0,0,0,...),
x ]z (x(1),z(2),z(3),...,2(2),0,0,0,...),

z |N—i= (0,0,0,....,2(i + 1), z(i + 2),...).
In addition, we recall the following inequalities:
Jar -+ bl < C(lagl?* + [by ) (2.4)

and
\ak + bk|tk < |ak|tk + |bk‘t’“, (2.5)

where ¢, = B¢ C = max{1,2M~1} M = sup; pj, for all k > 1.

Next, we start with a brief recollection of basic concepts and facts in modular spaces. For a real vector
space X, a function p : X — [0, 00] is called a modular if it satisfies the following conditions:
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(i) p(z) =0 if and only if z = 0;
(ii)) p(azx) = p(x) for all scalar a with |o| = 1;
(iii) p(ax + By) < p(z) + p(y), for all z,y € X and all o, f > 0 with o+ = 1.

The modular p is called convex if
(iv) p(azx + By) < ap(z) + Bp(y), for all x,y € X and all o, 8 > 0 with a + 8 = 1.
For a modular p on X, the space
X,={zeX:p(Ax) > 0as XA — 0"}

is called the modular space.

A sequence (z,) in X, is called modular convergent to v € X, if there exists a A > 0 such that
p(Mxp —x)) = 0 as n — co.

A modular p is said to satisfy the Ay — condition (p € Ay) if for any € > 0 there exist constants K > 2
and a > 0 such that

p(2u) < Kp(u) +¢
for all u € X, with p(u) <a
If p satisfies the Ay — condition for any a > 0 with K > 2 dependent on a, we say that p satisfies the
strong A9 — condition (p € A3).

Lemma 2.1 ([3] Lemma 2.1). If p € A3, then for any L > 0 and € > 0, there ezists 6 = §(L,e) > 0 such
that

p(u+v) —p(u)] <e,
whenever u,v € X, with p(u) < L, and p(v) < 6.
Lemma 2.2 ([3] Lemma 2.3). The convergences in norm and in modular are equivalent in X, if p € As.

Lemma 2.3 ([3] Lemma 2.4). If p € A§, then for any € > 0 there exists 6 = 0(¢) > 0 such that
| z [|> 1+ 6 whenever p(x) > 1+¢.

3. Main result

In this section, we prove the property H and the uniform Opial property in generalized modular sequence
spaces C(Z;p,q). First we shall give some results which are very important for our consideration.

Proposition 3.1. The functional ¢ is a convexr modular on C(Z;p,q).

Proof. Let z,y € C(Z;p,q). It is obvious that o(z) = 0 if and only if z = 0 and o(ax) = o(z) for scalar «
with |a| = 1. Let & > 0, > 0 with a + 8 = 1. By the convexity of the function ¢ — [t|P7, for all r € N, we
have

o(ax + By) = z_(:) ( Z |agi(ya(i —y)z(i — 1)) + Bai(vy(i) + (1 — 7)y(i — 1))|>pr
:0 <a1TZqim<i> (0= )eli = D]+ B Syl + (1= )yt~ m)”
ai( -2 ahe®) + (-7 <z—1>\>pr
+BZ
"

= ao(x

r=0
Zqzhy —yli - 1)\)
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Proposition 3.2. For x € C(Z;p,q), the modular o on C(Z;p,q) satisfies the following properties:

(i) if 0 <a <1, then a™p(%) < o(z) and o(azx) < ao(x);
(ii) if a > 1, then o(z) < aMo(%);
(iii) if @ > 1, then o(x) < ao(z) < o(ax).

Proof. (i) Let 0 < a < 1. Then we have

& a ya(i) + (1 — )z — 1)\

-5 (G ma )

B > o 1 ‘ yr(i) + (1 —y)z(i —1 br
M e
X (1 ya(i) + (1 —y)a(i—1]\"

Zr—oa (QTZ% a D

S (Ql [ 22+ A== )

r=0 CH a

- )

By convexity of modular p, we have p(az) < ap(x), so property (i) is proved.
(77) Let a > 1. Then

[ee} Pr
1 . )
olr) =Y <QT S ahti) + (1 =)ol - 1>\>
r=0 r
[ee} 1 Pr
=Y (o S (i) + (1 - )i~ 1)
r=0 QQT T
o] . Pr
1 yx(i) + (1 —y)x(i — 1)
< M
=a TZZO <Q2T Z% 0
— oM, (E
o (L)
Hence property (i7) is satisfied. (7i7) follows from the convexity of p. O

By a similar proof of these presented in ([7, 24} [25]), we get the following Proposition.

Proposition 3.3. For any x € C(Z;p,q), we have
(i) if [[=]] <1, then o(x) < ||z|;
(i) of [J«[| > 1, then o(x) > ||=]|;
(iii) ||z|| =1 if and only if o(x) = 1;
(iv) ||lz]] <1 if and only if o(x) < 1
(v) () > 1.

Proposition 3.4. For any x € C(Z;p,q), we have

|lz|| > 1 if and only if o

(i) if0<a <1 and ||z| > a, then o(x) > a™;
(ii) if a > 1 and ||z|| < a, then o(z) < a™.
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Proposition 3.5. Let {x,} be a sequence in C(Z;p,q).
(1) If [|zn]| = 1 as n — oo, then o(x,) — 1 as n — oo.

(ii) If o(xzp) — 0 as n — oo, then ||x,|| = 0 as n — oco.

Lemma 3.6. Let v € C(Z;p,q) and (z,) € C(Z;p,q). If o(zyn) — o(x) as n — oo and x,(i) — z(i) as
n — oo for all i € N, then x, = x as n — .

Proof. Let € > 0 be given. We put that,

pr
oo(z) = Z( Zqz!’yw v)x(i—1)|>

r=0

and
o1(x) = Z ( Zqz\’m )(2—1)\> :
r=ro+1

Since p(x) < oo, there exists ro € N such that

3

o01(z) < 3 MH (3.1)

Since, o(zy) — 0o(zn) = o(x) — 0o(z) and x,, (i) — x(i) as n — oo for all i € N there exists ng € N such that

01(@n — @) = 0(wa) — 00(wa) < 0x) — 00(x) + 57 (3.2)
and
00(Tn — ) < g (3.3)

for all n > ng. It follows from (3.1)), (3.2), and (3.3)) that for all n > ng we have

Q(xn - l’) = QO(mn - :U) + Ql(l'n - l')

o0

+ ) ( qu (1) — (i ))+(1—7)(xn(i—1)—w(i))!>
r=ro+1

< Zqzhxn —7)n(i = 1)|>
S ( S ahali) + (=) <z—1>\>

IA
w\m

AN
wl
_l’_
)
=
|
(]2

r=ro+1
pr
= 3 + oM (g(azn Z ( Z qi|yrn (1) + (1 — 7)@n(i — 1)’) )
r=0
+2M 3 (C; > ailya(i) + (1= )a(i - 1)\>
r=ro+1 oy
< §+ oM (Q(JU) - ; (Q; ZT:(M’W(Z) + (1 =y)az(i— 1)|) + 32M>

r=ro+1
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:§+2M< 3 <Q2 > ailya(i) — )z (1—1)’> +3.52M>

r=ro+1
[e'e) 1 DPr
r2 3 (G Sainet + -t m)
r=ro+1 2"
c c Pr
S5 3 (G Saheto 4ot
r=ro+1
9 13 (3
< — 4 - 4 2MHL
=3t3t <32Mﬂ>
_E 3 13
—3T373
=£.

This show that o(z, —x) — 0 as n — oco. Hence, by Proposition [3.5(ii), we have

|zn — x| = 0 as — co.

Theorem 3.7. The space C(Z;p,q) has the property (H).

Proof. Let = € S(C(Z;p,q)) and (z,) € C(Z;p,q) be such that ||z,|| — 1 and =, = = as n — oco. By
Proposition |3.3((iii), we have o(z) = 1, so it follows form Proposition [3.5(i) that o(x,) — o(x) as n — oo.
Since the mapping 7; : C(Z;p, q) — R defined by m;(y) = y(4), is a continuous linear functional on C(Z;p, q),
it follows that (i) — (i) as n — oo for all i € N. Thus by Lemma [3.6] we obtain that z,, — = as n — oo,
and hence the space C(Z;p, q) has the property (H). O

Corollary 3.8. For any 1 < p < oo, the space ces[(p), (q)] has the property (H).
Corollary 3.9 ([20]). The space ces(p) has the property (H).

Next, we will prove that the spaces C'(Z;p, q) has the uniform Opial property.
Theorem 3.10. The space C(Z;p,q) has the uniform Opial property.

Proof. Take any € > 0 and x € C(Z;p, q) with ||z|| > . Let (z,,) be a weakly null sequence in S(C(Z;p,q)).
By sup;, pr < oo we have that o € A, hence by Lemma there exists § € (0,1) independent of x such
that o(z) > 0. Also, by p € A§ and Lemma asserts that there exists d; € (0,9) such that

oy +2) — o) < 5 (3.4

whenever, o(y) < 1 and o(z) < §;. Choose 79 € N such that

Z ( Zqzm )(1—1)|) <‘ZJ. (3.5)

r=ro+1

Then, we have

0 1 ) ) Pr 00 ' Pr
< 3 (er?qZ‘”x(”*“‘”’“”“‘“’)pr*r}oll(czw?q”“’“ (1= )a(i = 1)) -
< £ (g Sahet +@-ati-vl) + %,
r=0 27 r



C. Sudsukh, C. Mongkolkeha, J. Nonlinear Sci. Appl. 9 (2016), 22892297 2296

which implies that

To 1 ) ) pr 0
> <QZ%Wx(l)“‘(l—’ﬂx(l—l)‘) > 5—2
r=0 27
0 3.7
> 0— (3.7)
3
T4

Since x, — 0 and the weak convergence implies the coordinatewise convergence, there exists ng € N such
that

0 Pr
TS Z ( Zqzlv T (1) + (1)) + (L =) (zn(i — 1) + 2(i — 1))|) (3.8)
for all n > ng. Again, by x, it 0, there exists ny € N such that
8\ 7
I, I<1- (1-5) (39
for all n > nq, where p, < M for all » € N. Hence, by the triangle inequality of the norm, we get
5\ 3
| Znpy_,, 1> (l - 4> : (3.10)

It follows from Proposition [3.3[(ii) that

1 < $n|N7r01
5\ 3
(1-5) )
« [ @z Zaha)+ 1= aui- D)
= X Zr T (3.11)
r=ro+1 (1 _ 5) M
u 4
1 00 ) pr
< || £ (GrEhe+a-mi-v)
)
implies that
[} 1 ] ] Pk 5
5 (G i+ =amG-n)) = 1-5 (3.12)

for all n > ny. By inequality (3.4), (3.5)), (3.8), and (3.12]), we get for any n > n; that

o(en +x) = Z (QQT Y (@a(@) + () + (1= ) (@ali = 1) + 2(i - 1))|>

o0 Pk
+ Y ( ! Z!v(am(z‘)+x(z‘))+(1—v)(:cn(z‘—1>+a:(i—1>)I>

r=ro+1 QQT

s ( S abeal) v)mn<z'—1>|) .

r=ro+1

v
M&
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23 (1-9) -2
! 4 4

142

- 4
Since p € A§, by Lemma [2.3| there exists 7 depending only on § such that || z, + = ||> 1 + 7, which implies
that nhﬂn;() inf || z, + x ||> 1 + 7. This completes the proof. O

Corollary 3.11. For any 1 < p < oo, the space ces[(p), (q)] has the uniform Opial property.
Corollary 3.12. The space ces(p) has the uniform Opial property.
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