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Abstract

We prove the existence and the uniqueness of a positive solution to the following combined fractional
boundary value problem on the half-line

D%u(t) + a1 (t)u’t + az(t)u® =0, t € (0,00), 1< a<2,
limy o t27%u(t) = 0, limy_o t1™u(t) = 0,

where D is the standard Riemann-Liouville fractional derivative, 01,09 € (—1,1), and a;,as are non-

negative continuous functions on (0,00), which may be singular at ¢ = 0 and satisfying some convenient

assumptions related to the Karamata regular variation theory. We also give sharp estimates on such solution.
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1. Introduction

The question of existence and uniqueness of solutions subject to fractional differential equations on the
half-line has been studied by many authors; see for example [T}, 3], 4], 5], 12} 17, 19, 24, 25] and the references
therein. Such equations arise in various fields of science and engineering (see for instance [14, 16, 18] and
references therein).
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Zhao and Ge [25] considered the following fractional boundary value problem (FBVP) on the half-line

Du(t) + f(t,u) =0, t€ (0,00), 1 <a <2,
u(0) = 0, Tngsoe DO u(t) = Fu(E),

where D® is the standard Riemann-Liouville fractional derivative (see Definition below), 5 € R and

0 < ¢ < 0o. The function f is required to be nonnegative and continuous on [0, 00) x R and satisfying some

adequate growth conditions. By means of the Leray—Schauder nonlinear alternative theorem (see [2]), they

have proved the existence of solutions to the above boundary value problem.
On the other hand, Su and Zhang [24] studied the following FBVP

DYu(t) = f(t,u, D tu), t€ J:=[0,00),1 <a <2,
w(0) =0, limy oo D tu(t) = tso, Uoo € R,
where f € C(J x R x R,R). They have established an appropriate compactness criterion, in order to use

Schauder’s fixed point theorem on an unbounded domain to obtain the existence result for solutions.
Recently, in [6], we proved the existence and the uniqueness of a positive solution to the following FBVP

Du(t) +a(t)u® =0, t € (0,00), 1 <a<2,
limg o t27%u(t) = 0, limy_oo t'"u(t) =0,

where o € (—1,1) and a € C((0,00)). Here the function a is allowed to be singular at t = 0.

In this article, we extend the results obtained in [6], by studying the existence, uniqueness and sharp
estimates of a positive solution to the following combined FBVP

{ Du(t) + a1 (t)u’t + az(t)u? =0, t € (0,00), 1 <a <2, )

limg o t27%u(t) = 0, limy_yoo t'%u(t) =0,

where, for i € {1,2}, 0; € (—=1,1) and a; € C((0,00)) satisfy some appropriate assumptions related to the
following subclasses of slowly varying functions I and K.

Definition 1.1. A positive function L defined on (0,7] (for some 1 > 1) belongs to the Karamata class IC,

' by = o [0,

where ¢ > 0 and z € C(]0,7]) such that z(0) = 0.

Definition 1.2. A positive function L defined on [1,00) belongs to the Karamata class K™ if

L(t) := cexp </1t Z(j)ds>,

where ¢ > 0 and z € C([1,00)) such that lim;_, 2(t) = 0.

The theory of slowly varying functions was initiated by Karamata in the fundamental paper [15]. We
also point that out the first use of the Karamata theory in the study of the growth rate of solutions near
the boundary was done in the paper of Cirstea and Radulescu [13].

One can easily verify the following results.

Proposition 1.3.

(i) L € K if and only if L € C*((0,n]) for some n > 1, L positive and lim,_,q+ % = 0.
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i) L e k> if and onl sz € CY([1,)), L positive and lim;_,oc L _ 0.
(i2) y 0

(7i7) Let Le K then there exists an m > 0 such that for every ¢ >0 and t > 1, we have

(1+¢)"™L(t) < L(c+1t) < (14 ¢)™L(1).

As an example of function belonging to K and > (see [8, 20} 23]), we quote

m

L(t) = [ (ogu(£))%, L(t) = 2+ sin (log (wt)) and E<t>=exp{H<1ogk<wt>>Tk},

k=1 k=1

where log), x = logologo---ologz (k times), § € R, 7, € (0,1) and w > 0 sufficiently large such that L
(resp. L) is defined and positive on (0,7n] (n > 1) (resp. on [1,00)).

In the sequel, we denote by B*((0,00)) (resp. C7((0,00))), the set of nonnegative Borel measurable
functions (resp. nonnegative continuous functions) in (0, 00) and by Ca_4(]0,00)), the set of all functions f
such that t — t279f(t) is continuous on [0, c0).

We also denote by Cy([0,00)) the set of continuous functions v on [0, 00) such that lim;_, v(t) = 0. It
is known that Cy(]0,00)) is a Banach space equipped with the supremum norm ||v||ec = sup;sg |v(t)|.

For s,t € R, we write min(s,t) = s At and max(s,t) = s Vt. For f,g € B¥((0,00)), the notation
f(t) =~ g(t), t € (0,00), means that there exists a ¢ > 0 such that 1 f(¢) < g(t) < cf(t) for all t > 0.

For 1 < a < 2, we denote by G,(t,s), Green’s function of the operator u — —D%u on (0,00) with the
boundary conditions lim; o #2~%u(t) = 0 and lim;_,o, t' ~%u(t) = 0. We define the potential kernel V' on
B*((0,00)) by

VEt) = /000 Ga(t,s)f(s)ds, t>0.

To simplify our statements, we introduce the following. Let 1 < a <2, 0 € (-1L,1), A <24 (a—2)o
and 4t > 14 (o —1)o. Let L € K be defined on (0,7n] (n > 1) and L € K such that

T L(s) < L(s)
/0 st < 0 and /1 mds < Q.

Define the function ¥y, 5 ,(t) for t € (0,n) by

L T
(fot (S)ds) , ifA=2+ (a—2)0,
s
1
L(t))T-—-, fl+(a—1)o<A<24 (a—2)0,
L =
K <88>d8> , fA=14(a—1)o,
L1, ifA<1+(a—1)o,
and (IVJZ%U(t) for t € [1,00) by
~ %
o L -
(ft (Ss)ds> , ifp=14+(a—1)o,
N
B, - <L(t)) , i1+ (a—1)o<p<2+ (a—2)0, 13

i s
ff“ (S)ds> , ifu=2+(a—2)o,

1, if p>2+(a—2)o.
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Throughout this article, assume the following condition:
(H) For i € {1,2}, a; € C((0,00)) such that
ai(t) ~ 7N (1 + )N M Li(L At Li(1 V), t>0, (1.4)

where 1 < a <2, 0; € (-1,1), \j <2+ (a — 2)o; and y1; > 1+ (a — 1)0; the functions L; € K defined on
(0,m] (n > 1) and L; € K* are such that

T Li(s) Li(s)
/0 —(a—2)7— ds < 00 and / = ail)gi ds < oo. (1.5)
As it will be seen, for i € {1,2}, the numbers
2 — N\ + (o — 2)o 2 — pi + (o — 2)o;
v; = min (1, Ait(a =20 ) and (; = max (0, pit (@ = 2)o ) (1.6)
1—o0; 1—o0;

will play an important role in the study of asymptotic behavior. Without loss of generality, we may assume

that
2—- M+ (a—2)o; <2—)\2—|—(a—2)02 2— 1+ (a—2)oy <2—u2+(a—2)02

1—04 - 1—09 ’ 1—0q - 1—09

We introduce the function 6 defined on (0, 00) by
tV1(1 + t)CQ_V“IfLL,\hal(l N t)\I/EQ o, 02(1 \Y t) if 1 < v and (1 < (o,
o(t) = 1+ )2 3 o (LAY (\I/th o T V- 2’#2302) (1Vvt) if v < and (1 = (o,
1+ )2 (VL Ao +\I/L27A2702)(1/\t)\11 ysio, 62(1vt) if 1 = vy and (1 < (o,
P L)@ (Up, ayor + Uiy ase) (LA ( o me) (1V 1) if 1 = ve and (1 = Go.

Observe that for t € (0,1]
"W o (t) if 1 <o

9 t ~ 1,A1,01 . ? 17
( ) { tVl(\Ith)‘lyo'l (t) + ‘IIL27)\270'2 (t)) if vy = vy, ( )

and for t > 1
C _ .
Q(t) ~ tQ\IIL2M2 O’Q(t) _ lf Cl <<2a
tCZ (\Ilzl sM11,01 (t) + \Ilzg,ug,ag (t)) lf Cl = C2'

Our main results are the following two theorems.

Theorem 1.4. Let 1 < a < 2, 01,09 € (—1,1) and assume that hypothesis (H) is satisfied. Then one has
fort € (0,00),
27V (w)(t) = (1), (1.9)

where w(t) = ar (12707 (1) + ax(t)1*-2720°2 (1),

Theorem 1.5. Let 1 < a < 2, 01,09 € (—1,1) and assume that hypothesis (H) is satisfied. Then problem
(1.1) has a unique positive solution u € Ca—q([0,00)) satisfying for t € (0,00),

u(t) = t*720(t). (1.10)

Remark 1.6. The conclusion of Theorem extends the one obtained in [6, Theorem 5] and also remains
valid for the case o =2 and 01,09 < 1 (see [7]).

The paper is organized as follows. In Section we present some properties of Green’s function G, (¢, s) of
the operator u — —D%u on (0, 00) with boundary conditions lim;_,o 2~ %u(t) = 0 and lim; s t' ~%u(t) = 0.
Next, we collect some fundamental properties of the two Karamata classes K and K. In Section [3] we
establish our main results.
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2. Preliminaries

2.1. On Green’s function

We first recall the definition of the Riemann-Liouville fractional derivative of order S > 0 (denoted by
D#).

Definition 2.1 ([21], 22]). Let 5 > 0 and h be a real function defined on (0, 00). Then

DPR(t) = w(i)"/o (t — )" P h(s)ds, t >0,

where n = [f]+1, [5] denotes the integer part of the number 3, provided that the right-hand side is pointwise
defined on (0, 00).

Next, we collect some lemmas that will be used in the proofs of our main results.

Lemma 2.2 ([6]). Let 1 < a <2 and f € L*(0,00). The unique solution of

Dou(t)+ f(t) =0, t >0

(2.1)
limg Lo t2 %u(t) =0 and limy_,oo t'"%u(t) =0,
18 given by
u(t) :/ Ga(t,s)f(s)ds,
0
where - ot
1 T —(t—9)"", if 0<s<t< oo,
Ga(t,s) = —— (2.2)
D(a) | o1, if 0 <t <s< oo,

is Green’s function for the FBVP (2.1]).
Lemma 2.3 ([6]). Let 1 < o < 2.

(7) On (0,00) x (0,00), one has
Golt,s) = t* 2 min(t, s).

(73) Let f be a function such that the map s — min(1,s)f(s) is continuous and integrable on (0,00). Then
V' f is the unique solution in Ca_4([0,00)) of the FBVP

Deu(t) + f(t) =0, t>0
limg 0 t27%u(t) = 0 and limy_,o t1u(t) = 0.

2.2. On the Karamata classes K and IC*.

We summarize here some basic properties of functions belong to the Karamata classes K and K which
will be useful.
Proposition 2.4 ([20, 23]).

(i) Let L1, Ly € K (resp. K*) and p € R. Then, the functions L1 + La, L1Ls and LY belong to the class
K (resp. K).

(ii) Let L € K (resp. L € K®) and ¢ > 0. Then

; € _ : —eT(4+) —
tl_%it L(t) =0 (resp. tll)rgot L(t) =0).
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Proposition 2.5 ([20] 23]).
(1) Let v € R and L € K defined on (0,n]. Then, the following hold.
(a) Ifv < —1, then the integral [ s7L(s)ds diverges and

n (¢
/ STL(s)ds ~ —7().
¢ t—0+ v+1

(b) If v > —1, then the integral [ s7L(s)ds converges and

! OTLL(t
/ sTL(s)ds ~ 7()
0 t—ot vy +1

(1) Lety € R and Lek>. Then, the following hold.

(a) If v > —1, then the integral [° sTL(s)ds diverges and

t +17
~ t7TL(t
/ STL(s)ds ~ 7()
1 t—oo v+ 1

(b) If v < —1, then the integral [ s7L(s)ds converges and
g Lt
/ sTL(s)ds ~ —7().
‘ t—o0 v+1
Lemma 2.6 ([I1]). Let L € K defined on (0,n]. Then
L(t)

o [ s

In particular, t — [}’ Lss) ds € K.

L(s)

If further the integral fo ds converges, then

L(t) _
0t [ Kol

In particular, t — ft Lss)d exK.
Similar properties related to the class K> are stated in the next lemma. We refer to [10] for the proof.
Lemma 2.7. Let L be a function in K. Then,
L(t)

t—o00 pt L(s)
| o ds

In particular, t — ftH L( S)d € K.

L(s)

If further the integral fl ds converges, then

t—o00 00 L(S)ds

In particular, t — [ )ds € K.
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Proposition 2.8 ([6]). Let Ly € K defined on (0,n] forn > 1 and Lo € K®. Let <2 and v > 1 such that

U oo
/ s Lo(s)ds < 0o and / s TLo(s)ds < 0.
0 1

Put
b(t) =t P (1+ 1) Lo(L At)Lo(1V £), t> 0.
Then, fort >0,
EEOVb(1) ~ Ya(1 A ), (1V 1),
where, for r € (0,1],

for LOS(S)dS if =2,

7“2*5[/0(7”) ifl < B <2,

r) =
w rfrn Los(s)ds if =1,
r if B<2.
and forr > 1, N
) Los(s)ds ifv=1,
b (1) = TQ_VELB(T) if 1l <y <2,
1r+1 Os(s)ds if v =2,
[ 1 if v> 2.

3. Proof of the main results
We recall that for i € {1,2}, a; € C*((0,00)) such that
ai(t) ~ 7 (L4 )N L (LA L;(1V ), >0,

where 1 < a <2, 0; € (=1,1), \; <2+ (o —2)0y, pi > 1+ (a—1)0y, L; € K defined on (0, 7] for n > 1 and
L € K satisfying _
" L © T
/ #ds < oo and / ﬁds < oo.
g sti—(a=2)oi—1 1 ski—(a=1)o;

First, we will give sharp estimates of the function 6 on (0, 1] and on [1, c0), respectively. To this end, let
L, M and N be the nonnegative functions defined on (0, 1] by

1

L(t) L1(t)1”1+( ())1“’2,

</f o) ()
N(t) = </0t Lls(s)ds> = n </Ot L2S(8)ds) e i /On Lf) ds < oo,

and L, M and N the nonnegative functions defined on [1,00) by

~ ~ 1 ~ 1

L(t) := (La(t)) = + (La(1)) 2,
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o) = </1t+1 zls(s)ds>ll_1al . </1t+1 528(3)(18)11—{72),
N(t) := (/:Ozlgs)ds)er (/toozzs(s)ds>102, if/loozis(s)ds<oo.

Remark 3.1. Let Lo € K be defined on (0,7] for n > 1, Ly € K and o € (—1,1). Then,

@1 ([0 ([0 o 1)
(i3) 1+ (/jﬂ Eo‘ss)dsyl” ~ </11+t Eos(s)ds>ll” on [1, 00).

We recall that for ¢ € {1, 2},
2—)\i+(0é—2)0i

2—pi+ (a—2)o;

v; = min(1, and (; = max(0, .
Since 17 < vy is equivalent to 2_/\1;1(31_2)01 < 2_/\2;(32_2)02 and 1 4+ (o — 1)op < A1, we deduce from 1)
and Remark [3.1)i) that for ¢ € (0, 1],
( 1
(f(f Ll(s)ds> e if Ay =2+ (a — 2oy and A < 2+ (o — 2)os,
s
29— A;+(a—2)o; L if 2—A+(a—2)o1 < 2—Xo+(a—2)o2
FUE (L)
and 1+ (o —1)o1 <\ <24 (o — 2)o71,
221 +(a—2)oy lf 2—)\1+(a—2)01 _ 2—)\2+(a—2)02
tﬁ[](t) 1—0’1 1—0’2
0(t) ~ and 1+ (o —1)o1 < M <24 (o — 2)o7, (3.1)
tM(t), if )\1 =1+ (Oé — 1)0’1 and )\2 =1+ (Oé — 1)02,
1
; (ftn La(s) ds) =1 if A\ =1+ (a—1)oy and Ao < 1 + (o — 1)oa,
s
t if A1 < 14 (o — Doy,
N(t) if \j =24 (o —2)o; and Ay =2+ (o — 2)02.

On the other hand, since {1 < (2 is equivalent to

2—u + (a—2)oy <2—u2—|—(a—2)02
1—0’1 1—0’2

and 14 (a—1)og < p2 <2+ (o — 2)o9,

we deduce from from ([1.8) and Remark (ii) that for ¢t > 1

(

(i 228 gy e if gy = 2+ (a — 2)oz and 1y > 2+ (@ — 2)oy,
27u2+<a782)02 L if 2otat(@=2)o1 o 2-pz+(a=2)o2
ot (Eg(t)) =03 1—o1 j—
and 1+ (@ — 1)og < p2 <2+ (a — 2)oy,
2-pg+(a=2)oy if 2omat(e=2or _ 2—pat(a=2)os
T imey L(t 1—01 T—02
e(t) ~ and 1 + (Oé - 1)02 < H2 <2 + (Oé — 2)0’2, (32)
EN(t), if pp = 1+ (a — 1oy and i1 = 1 + (a — 1)ory,
~ 1
t(tm%(s)ds)lioz if p2 =1+ (@ —1)oz and 1 > 1+ (e = 1oy,
1 if 12 > 2+ (a — 2)oy,
M(1) if g =2+ (@ — 2)o1 and 2 = 2 + (@ — 2)os.
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3.1. Proof of Theorem [1.4]
Lemma 3.2. Forr,s > 0, we have
2” max(l_‘”’l_”)(r +5) < (r 4 5)7 4 51702 (r 4+ 5)72 < 2(r + 5).
Proof. Let r, s > 0 and put .
Cr+ts

Since for 0 <t <1, we have
2— max(1—01,1—02) < tl—O'l + (1 _ t)l—o‘g < 2’
this implies the result. O

The following lemmas will be useful in the proof of Theorem
Lemma 3.3 ([11]).
(7) On (0,m), we have

/n (MUlLl + MJZLZ)(S) ds ~ M(t)

S

(i)

(0,n),

0

S

Lemma 3.4 ([9]).
(i) On (1,00), we have

/t+1 (M’alfl + Masz)(s)dS N ]T/f(t)
1

S

(ii) Assume that fori e {1,2}, [ =4 Li(s) g < 0. Then, fort>1,

0 ~0'1~ ~02~ -
/ (N T +SN L)) 4, . (o).
t

We are ready to prove Theorem
For ¢t > 0, we let
w(t) = a1 ()t ODT1071 () + ap ()@~ 22072 (1)
and we will prove that

27V (w) (1) ~ 6(t).

We recall that for i € {1,2}, v; = min(1, 22255029y a5q ¢; = max(0, Z2#H0=29i) 4

1—0; 1-0;
ai(t) ~ ™ (1+ )N M Li(1 AL (1Vt), ¢t > 0.

Throughout the proof, we use Proposition Lemma [2.6] and Lemma [2.7] to verify that some functions are
in I and in IC®°.
We distinguish the following cases:

Case 1: If v < 15 and (G < (o, then

O(t) =t (1+ 12T, 5, o (LAD)T - 1Vt).

La,pua2, 02(
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Therefore,
_ _ A — — > =
w(t) ~t Atvio1+(a—2)o1 (1+)M m+(G—vi)or o (qujza,h,ol)(l /\t)(LllllfT}Q’M,Uz)(l V t)
-\ -2 Ao—po+(Clo—v o T FJo
et (Do (1 g gt Gy (pywg | Y UAEEE (V).

Since v; < vg and (; < (3, we deduce by Proposition that

w(t) ~ t—Mtrort(a—2)oy (L9 YIAL) % (1+ t)Al—I/101—(a—2)01—(Mz—Czaz—(a—Q)Uz) (Z2\f,g2

Li,Avon La,p2,02

(L V).

Furthermore, by using ((1.5) and Proposition we have

n
/ simdrmore2oy(pgq ) (s)ds < oo,
0 bl k)

/ s~ He ot a2z (T, |2 )(s)ds < oo.
1

La,u2,02

So, by applying Propositionwith B =A—vo1—(a=2)o1, v = po—Ceoa—(a—2)o9, Ly = Ll\I}ﬂ,Al,al e
and Ly = EQ\TJ%Q € K, we obtain for t > 0

2,142,002
27Va(t) ~ (1 A1)y (1V 1),

where, for r € (0, 1],

o o <fos Lz(tt)dt> T s A =2+ (@ —2)oy anddg < 2+ (a — 2)os,
s
Pp(r) = o i 2—)\111—(01—2)01 < 2—A2;r(a—2)o—2
Q_ﬁ —0o1 —01 —02
r P La(r)(La(r)) and 1+ (a—1)o1 < A\ <24 (a0 — 2)o2,
( 1
<f5" L(S)ds) = if A =24 (@ — 2)oy and As < 2+ (a — 2)0s,
s
— 2- A +(a—2)oy % lf 2—)\1+(a—2)0'1 < 2—)\2+(a—2)02
roen (L) o o
1 and 1+ (a—1)o1 < A1 <2+ (a—2)0o9, °
and for r > 1,
~ ~ 92 .
o Lo(s) [ oo La(t) .\ if o =1+ (a—1)oy
J; T s (fs Tdt ds  and 1 > 1+ (a—1)oy,
¢’y(r) N - _ 72 if 2—p1+(a—2)oy 2—p2+(a—2)o2
P2 La(r)(La(r) T AN

and 14 (o —1)og < pg < 24 (a0 — 2)02,

1
oo La(s) 772 if po =1+ (a —1)o
A p ds and p1 > 1+ (o — 1)o7y,

2—po+(a—2)oy = if 2—p1+(a—2)o1 < 2—po+(a—2)o2
r 1—09 (LQ(T)) 2 1—01 1—02
and 1+ (a—1)o2 < p2 < 2+ (a — 2)02.
Hence, Proposition [1.3(iii) and (3.1)—(3.2) give that

27V w(t) =~ 6(t).

Case 2: If 1 < vy and (; = (o, then for t > 0,

B(t) = 11 (14 )21 Wy, 3o (1A 1) (Efzwm + E:ZMM) (1V1).
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In this case,

~ ~ g
w(t) ~ ~Mtvioi+(a=2)or (1+ t)>\1—M1+(C2—V1)Ul (LI‘I/LI AL 01)(1 At) [Ll <\I/E1 1,01 + \I/EQ 12 (72) 1} (1Vvi)
— — Ao — —v1)o = 02
+t Aetiort(a—2)o, (1+2)™ patGamvn)os x (L2 \11(221 A1, 01)(1 At) [L <‘1Jz1 p1,01 +\IIZ2,M2,02) } (Lve).

Since v < 12 and (1 = (2, we deduce that

~ ~ o1
wit) e gD (g G s gt A (L (Y, Y ) | (1Y)

+ t—)\1+V10'1+(Oé—2)0'1 (1 + t))xl—11101—(a—2)01—(ug—(gog—(a—2)og)

~ ~ ~ o2
X (Ll‘lﬂzll A, 01)(1 A t) [L2 <\IIZ17H1,U1 + \IIZ/%,U«Q:UQ) } (1 v t)
= w1 (t) + wa(t).

So, by applying Proposition with 8 =\ — 1101 — (a —2)oy and ; = p; — (joj — (@ — 2)0y, i € {1,2} to
estimate 2~V w1 (t) and t>~*Vwy(t), we obtain

7V w(t) = 2T Vwi () + 27 Vwa(t) = ha(1 At) [py (1 V) + by (1V E)],

where, for r € (0, 1],

1
<for L(S)ds> =01 if A\ =24 (a—2)o; and Ao < 2+ (a — 2)09,
S
17[}5(7-) = 22 4 (a—2)o1 1 f2 A+(a—2)o1 < 2— Ao+ (a—2)o2
rﬁ(Ll(T))lial 1-01 1-02

and 1+(a—1)01<)\1<2+(a—2)02,’

and for r > 1,

if po =24 (@ —2)og and p1 > 2+ (a — 2)oy,
(Z)'yl( )+¢’72( )_ 1+f7“+1 L2(5) (1+< 13+1 LQ()dt)l ‘72 >U2d8
if 2zmtla=or _ 2-ppt(a= 2)02 and 14 (o — 1)og < p2 < 2+ (o — 2) 02,

1—01 1—0o
2—po+(a=2)o

Gou (1) + 6na(r) =1 L)L) + La(r) (L ()2

if,LLQ:]."_(Oé_l)O'Q and /L1—1+(C¥—1)01, (3.3)
(b"/l( ) + ¢’YZ =r f LlNal JsrLZN 2)(8) ds

if o > 2+ (a — 2)o9,

(b’n (7“) + ¢V2 (7'> =2

if 1 =24 (a—2)o;

( Oy (r) + ¢W2( r) = 1T+1 (M“1L1+£4“2L2)(s)d

So by using Remark Lemma [3:2] and Lemma [3.4] we deduce that

( - 1
( il L%@ds) T iy =24 (o — 2)og and 1 > 2+ (a — 2)o1,
2—po+(a—2)og lf 2— /141+(C! 2)0’1 _2— ,ug—&—(a 2)0’2
r 1-0g L(T’) 1—01 - 1—02
By (1) + By (1) N and 1+ (o —1)o2 < p2 < 2+ (a — 2)o9,
rN(r) if uo =14+ (a—1)og and p1 =1+ (o — 1)o7y,
1 if o > 24 (a — 2)oo,
M(r) if up =24 (o —2)oy andps =2+ (o — 2)o2
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Hence by using again Proposition (iii) and (3.1)—(3.2)), we deduce that
27V w(t) =~ 6(t).
Case 3: If vy1 = 15 and (3 < (s, then for ¢ > 0,

H(t) =" (1 + t)<2iyl (\I’L1,>\1,U1 + \IIL2,A2,02) (1 A t)‘i;f (1 4 t)‘

2,142,072

So we obtain

w(t) e 4= HertHEmDo (1 TSI (L (U oy + Praean) A ADTTE Y1V )

2,02

g E D (1 e T (L (W gy W 00) ) (AAD(ETE (V).

Z27N27o’2
Since v; = 19 and (1 < (2, we deduce that
w(t) %tf)\1+u101+(a72)01 (1 + t))q71/10'17((172)0'17(;@7(20'27(0172)02)

X (L1 (s + Waapar) O ADTIZ )1V

2,02

4 ¢~ etreort(a—2)oy (1+ t)Az—u2+(Cz—V2)U2

X (L2 (\IILL)\I:O'l + \I/L2,>\2702)02)(1 A t)(ZQ\TIUQ )(1 \4 t)

La,p2,02

=w1 (t) + U.)Q(t).
So, using again Proposition 2.8 with 8; = A; — vj0; — (a — 2)05, i € {1,2} and v = pa — (202 — (a — 2)02, to
estimate t2~*Vw (t) and >~V ws(t), we obtain
E0Vio(t) & 2V (8) + 2 Vaon(t) ~ [, (1A 1) + b (1A )] 6 (1V D),

where, for r > 1 (see Case 1),

1

F 1—0o
, <f°° L2<S)ds> * ifp=1+(a— oz and g > 1+ (a— 1oy,
S

T

P (r) =
’Y( ) 2—pot+(a—2)oy ( ))1_1702 if 2—#1?—_(?1—2)01 < 2—;@?—_(((3;2—2)02

r 102 Ly(r
(L2 and 1+ (a—1)og < p2 < 2+ (a — 2)o9

and for r € (0, 1],

Y, (1) + Vg, (1)
G rohtn _ 2te-an
P L)L)+ LD g 1 (a1 < 224 (0 D,

if)\lzl—l—(()t—l)Ul

r frn (LA MAF L MZ2)(5) g

s and A2 =1+ (o — 1)o9,
= 1 o1 .
n Li(s) n Li(t) 5\ =01 if\ =14 (a—1)oy
S <1+<f5 ¢ dt) > r and Ay < 1+ (o —1)o9,
2r it \y <14 (a—1)oy,
for (LiN“1+LaN2)(s) g if A\ =24+ (a—2)o;

s and A2 = 2+ (a — 2)o39.
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Hence, by applying Lemma Remark [3.1] and Lemma we deduce that
- A +(a—2)o1 if 2—A+(a—2)o1 _ 2—Xo+(a—2)o2
r 17017[1(74) 1-01 1—02
and 1+(O¢—1)O’1 <M\ <2+(Oé—2)0’1,
rM(r) if N\ =14+ (ae—1)o; and \a =1+ (a — 1)o9,
Vg, (r) + Yp,(r) = 1 (3.4)

r (frn LlT(S)ds> i A =14 (a—1)oy and Ay < 14 (o — 1)o,
2r if)\1<1+(05—1)01,
N(r) if \1 =24 (a—2)o; and Ao =2+ (a — 2)09.

Using (3.1)—(3.2)), we deduce that
27V w(t) ~ 6(t).

Case 4: If v1 = vo and (1 = (o, then for t > 0,

O(t) = "1 (1 + )" (Tp, 00 + Uryrgo) (1AL X (@zmm n ‘f’imm) 1V1).

In this case, we have
w(t) ot~ Mtrio1+(a=2)o (1+ t)/\1*/t1+(42*'/1)01
X (Ll (\I/Lly)\l’o'l + \IILz)\Q,Uz)UI)(l N t)(zl(\i + \TJ
+ ¢~ etnort(a—2)or (1+ t)/\2—u2+(42—l/1)<72

X (LZ (\I’L1,>\1701 + \IjLz,Az,Uz)UQ)(l A t)(z2(\fl

)7V

Ly,p1,01 Lo, p2,02

Frpns + Vo)AV ),
Since v; = 19 and (1 = (2, we deduce that
w(t) ot~ M Frioit(a=2)or (1+ t)/\l—u1+(C1—V1)01
X (L1 (Y1, oy + Ulpges)” ) (LA L) (Ly (U
+ A2 treoet(a—2)o; (1+ t)>\2*u2+(42*1/2)02
X (Lo (Up a0+ ULy o)) (LA ) (L2 (®
=wi(t) 4 wa(t).

~ ~~ g
Ly,p1,01 + \PLQ,pz,ag) 1)(1 V)

E17/1170'1 + \I’E27M27J2)02)(1 Vv t)

Applying Propositionwith Bi =N —vio; — (a—2)o; and v; = p; — (o — (e —2)0y, i € {1,2} to estimate

2=V wi (t) and 2=V wy(t), we obtain

2OV u(t) & 2V (1) + 27 V(1) & [, (1A D) + (1A D] X [y, (1V 1) + 650(1V )],

where the expression for 3, (1 At) +1g,(1 At) (resp. ¢y, (1V E)+ ¢4, (1V 1)) is given in (3.4) (resp. (3.3))).

The required result follows by similar arguments as in the previous cases.

3.2. Proof of Theorem [L.5]

Let 1 < a < 2, 01,02 € (—1,1) and assume that hypothesis (H) is satisfied. By Theorem there

exists an M > 1 such that for each t > 0
1
270 < 27V w(t) < MO(t),

where w(t) = al(t)t(a—Q)al 071(t) + as (t)t(a—Q)az 692(t).

1+o .
Put 0 = max(|o1], |o2|) and ¢g = M 1=-. In order to use a fixed point theorem, we let

A= {v € Cy([0,0)) : 00(91(275) < o(t) < Cloi(tt), t> o}.

(3.5)
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and we define the operator T on A by
2—a 0
To(t) = i - / Galt,s) [al(s)s(o‘_2)”1 (14 )70 (s) + az(s)s' @272 (1 + 5)72072(s) | ds (3.6)
0

®) € Cy(]0,00)), it follows that A is not empty.

Since t — T+1
On the other hand, by using (3.5 and a simple computation, one has
ot
®) for all v € A and t > 0. (3.7)

cof(t)
To(t) < 1°+t and Tw(t) > wa+D

By Lemma (i), there exists a ¢ > 0 such that for all ¢, s > 0,
2—a H
°" Gy (t, s) < Cmax(l,t) min(1,s) < cmin(1, 5),
1+¢ 1+1¢

This implies that there exists a ¢ > 0 such that, for each v € A and ¢ > 0,
|Tv(t)] < 5/ min(1, s)w(s)ds.
0

Now by hypothesis (H) and Proposition the function ¢ — min(1,¢)w(t) is in L'(0, 00), which implies
that the family {Tv(¢), v € A} is uniformly bounded.
270Gyt s) | .
is in Cp([0, 00)), we deduce

Using (3.8)) and the fact that for each s > 0, the function ¢ — Tt

that the family {T'v(¢), v € A} is equicontinuous in [0, oo].
Hence, it follows by Ascoli’s theorem that T'(A) is relatively compact in Cy([0, 00)). Therefore T'(A) C A.
Next, we shall prove the continuity of 7' in the supremum norm. Let (vg); be a sequence in A which
converges to v in A. Using again and Lebesgue’s theorem, we deduce that Tvi(t) — Twv(t) as k — oo,

for t > 0.
convergence. Thus we proved that T' is a compact mapping from A to itself.

Since T'(A) is relatively compact in Cp([0,00)), then the point-wise convergence implies the uniform
So, by the Schauder fixed point theorem, there exists a function v € A such that

2—a oo
115 1 / Ga(t,s) {al(s)s(ad)gl (14 8)707(s) + az(s)s( @272 (1 + 5)72072(s) | ds
0

u(t) =
Put u(t) =t 2(1 + t)v(t). Then u € Ca_,([0,00)) and u satisfies on (0, 00) the equation
u(t) = V(agu® + agu?)(t).

Since the function s +— min(1,s)(aju’ + a2u®?)(s) is continuous and integrable on (0,00), then by
Lemma (ii), we deduce that the function u is a positive solution to problem ([1.1)) satisfying (1.10]).
Finally, it remains to prove that u is the unique positive solution in Cy_([0,00)) satisfying (1.10]). Let

u,v € Ca_4([0,00)) be two positive solutions to problem (I.1)) satisfying (1.10)). Then, there exists a constant

m > 1 such that
1 U
— < —<m.
m v
This implies that the set
1 U
J={m>1:—<—<m}
m~ v
is not empty. Let ¢ = inf J. Then ¢ > 1 and we have %v < u < cv. It follows that u” < ¢?v7% for i € {1,2}.
Consequently
—D*(v —u) = a1 (707t — u) + ax(c?v2 — u’2) > 0,
lim; o t2~%(E%v — u)(t) = 0, limy_eo t!~%(Ev — u)(t) = 0.
c7v7t —u%) + az(c’v?? — u??)) > 0. By symmetry, we

This implies by Lemma [2.2| that ¢”v —u = V(a1 (
also have v < ¢”u. Hence ¢@ € J and ¢ < ¢°. Since |o| < 1, then ¢ = 1 and therefore u = v.
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Example 3.5. Llet 1l <a<2and —-1<01 <0<0y < 1.
For i € {1,2}, let \; <2+ (o — 2)0y, pt; > 1+ (v — 1)o; such that

2—)\1+(a—2)01 <2—)\2+(Oé—2)0'2

2— 1+ (a—2)o; <2—u2+(a—2)og

d
1—o09 an 1—0q

1—01 1—o09

Let a; € CT((0,00)) such that

N 2
ai(t) ~ tN (L4 )N H log(——), t>0.

Then, by Theorem problem (|1.1)) has a unique positive solution u € Co_,([0, 0)) satisfying for ¢ > 0,
u(t) ~ t*20(t),
where for ¢ € (0,1],

2=y 11 if Z*Allt(g;?)ol < 242;(;:2)02
t 1 (lOg( )) 1 and 1+ (a—1)oy <\ <2+ (a—2)oy,
2-21 +(a=)oy if 22Mt(e=2)o1 _ 2-det(a=2)os

LY N = 101 o
t 1-01 (lOg(?))l 2 and 1+(a_1)01 <)\1 <2+(O[—2)Ula

N

0(t) =
t (log(2)) ™2 , if Ay =1+ (o — 1)oy and Ay = 1 + (o — 1)oa,
t (log(2)) o1 if A =1+ (a—1)oy and X < 1+ (o — 1)0,
t it A < 1+ (a— 1),
and for t > 1,
tw if 27u11+_(g;2)01 < 27u2f_(:;2)02 and 1+ (a — 1)o2 < p2 < 2+ (a — 2)09,
0t) ~ 4 1 if o > 2+ (a — 2)09,

1

(log(1+¢t))™=o2  if yg =2+ (a—2)o1 and pg =2+ (a — 2)09.
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