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Abstract

We prove the existence and the uniqueness of a positive solution to the following combined fractional
boundary value problem on the half-line{

Dαu(t) + a1(t)u
σ1 + a2(t)u

σ2 = 0, t ∈ (0,∞), 1 < α < 2,

limt→0 t
2−αu(t) = 0, limt→∞ t

1−αu(t) = 0,

where Dα is the standard Riemann–Liouville fractional derivative, σ1, σ2 ∈ (−1, 1), and a1, a2 are non-
negative continuous functions on (0,∞), which may be singular at t = 0 and satisfying some convenient
assumptions related to the Karamata regular variation theory. We also give sharp estimates on such solution.
c©2016 All rights reserved.
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1. Introduction

The question of existence and uniqueness of solutions subject to fractional differential equations on the
half-line has been studied by many authors; see for example [1, 3, 4, 5, 12, 17, 19, 24, 25] and the references
therein. Such equations arise in various fields of science and engineering (see for instance [14, 16, 18] and
references therein).
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Zhao and Ge [25] considered the following fractional boundary value problem (FBVP) on the half-line{
Dαu(t) + f(t, u) = 0, t ∈ (0,∞), 1 < α < 2,

u(0) = 0, limt→∞D
α−1u(t) = βu(ξ),

where Dα is the standard Riemann–Liouville fractional derivative (see Definition 2.1 below), β ∈ R and
0 < ξ <∞. The function f is required to be nonnegative and continuous on [0,∞)×R and satisfying some
adequate growth conditions. By means of the Leray–Schauder nonlinear alternative theorem (see [2]), they
have proved the existence of solutions to the above boundary value problem.

On the other hand, Su and Zhang [24] studied the following FBVP{
Dαu(t) = f(t, u,Dα−1u), t ∈ J := [0,∞), 1 < α ≤ 2,

u(0) = 0, limt→∞D
α−1u(t) = u∞, u∞ ∈ R,

where f ∈ C(J × R× R,R). They have established an appropriate compactness criterion, in order to use
Schauder’s fixed point theorem on an unbounded domain to obtain the existence result for solutions.

Recently, in [6], we proved the existence and the uniqueness of a positive solution to the following FBVP{
Dαu(t) + a(t)uσ = 0, t ∈ (0,∞), 1 < α < 2,

limt→0 t
2−αu(t) = 0, limt→∞ t

1−αu(t) = 0,

where σ ∈ (−1, 1) and a ∈ C+((0,∞)). Here the function a is allowed to be singular at t = 0.

In this article, we extend the results obtained in [6], by studying the existence, uniqueness and sharp
estimates of a positive solution to the following combined FBVP{

Dαu(t) + a1(t)u
σ1 + a2(t)u

σ2 = 0, t ∈ (0,∞), 1 < α < 2,

limt→0 t
2−αu(t) = 0, limt→∞ t

1−αu(t) = 0,
(1.1)

where, for i ∈ {1, 2}, σi ∈ (−1, 1) and ai ∈ C+((0,∞)) satisfy some appropriate assumptions related to the
following subclasses of slowly varying functions K and K∞.

Definition 1.1. A positive function L defined on (0, η] (for some η > 1) belongs to the Karamata class K,
if

L(t) := c exp

(∫ η

t

z(s)

s
ds

)
,

where c > 0 and z ∈ C([0, η]) such that z(0) = 0.

Definition 1.2. A positive function L̃ defined on [1,∞) belongs to the Karamata class K∞ if

L̃(t) := c exp

(∫ t

1

z(s)

s
ds

)
,

where c > 0 and z ∈ C([1,∞)) such that limt→∞ z(t) = 0.

The theory of slowly varying functions was initiated by Karamata in the fundamental paper [15]. We
also point that out the first use of the Karamata theory in the study of the growth rate of solutions near
the boundary was done in the paper of Cirstea and Rǎdulescu [13].

One can easily verify the following results.

Proposition 1.3.

(i) L ∈ K if and only if L ∈ C1((0, η]) for some η > 1, L positive and limt→0+
tL′(t)
L(t) = 0.
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(ii) L̃ ∈ K∞ if and only if L̃ ∈ C1([1,∞)), L̃ positive and limt→∞
tL̃′(t)

L̃(t)
= 0.

(iii) Let L̃ ∈ K∞; then there exists an m ≥ 0 such that for every c > 0 and t ≥ 1, we have

(1 + c)−mL̃(t) ≤ L̃(c+ t) ≤ (1 + c)mL̃(t).

As an example of function belonging to K and K∞ (see [8, 20, 23]), we quote

L(t) =

m∏
k=1

(logk(
ω

t
))ξk , L̃(t) = 2 + sin (log2 (ωt)) and L̃(t) = exp

{ m∏
k=1

(logk(ωt))
τk

}
,

where logk x = log ◦ log ◦ · · · ◦ log x (k times), ξk ∈ R, τk ∈ (0, 1) and ω > 0 sufficiently large such that L
(resp. L̃) is defined and positive on (0, η] (η > 1) (resp. on [1,∞)).

In the sequel, we denote by B+((0,∞)) (resp. C+((0,∞))), the set of nonnegative Borel measurable
functions (resp. nonnegative continuous functions) in (0,∞) and by C2−α([0,∞)), the set of all functions f
such that t 7→ t2−αf(t) is continuous on [0,∞).

We also denote by C0([0,∞)) the set of continuous functions v on [0,∞) such that limt→∞ v(t) = 0. It
is known that C0([0,∞)) is a Banach space equipped with the supremum norm ‖v‖∞ = supt≥0 |v(t)|.

For s, t ∈ R, we write min(s, t) = s ∧ t and max(s, t) = s ∨ t. For f, g ∈ B+((0,∞)), the notation
f(t) ≈ g(t), t ∈ (0,∞), means that there exists a c > 0 such that 1

cf(t) ≤ g(t) ≤ cf(t) for all t > 0.
For 1 < α < 2, we denote by Gα(t, s), Green’s function of the operator u 7→ −Dαu on (0,∞) with the

boundary conditions limt→0 t
2−αu(t) = 0 and limt→∞ t

1−αu(t) = 0. We define the potential kernel V on
B+((0,∞)) by

V f(t) :=

∫ ∞
0

Gα(t, s)f(s)ds, t > 0.

To simplify our statements, we introduce the following. Let 1 < α < 2, σ ∈ (−1, 1), λ ≤ 2 + (α − 2)σ
and µ ≥ 1 + (α− 1)σ. Let L ∈ K be defined on (0, η] (η > 1) and L̃ ∈ K∞ such that∫ η

0

L(s)

sλ−(α−2)σ−1
ds <∞ and

∫ ∞
1

L̃(s)

sµ−(α−1)σ
ds <∞.

Define the function ΨL,λ,σ(t) for t ∈ (0, η) by

ΨL,λ,σ(t) =



(∫ t
0

L(s)

s
ds

) 1
1−σ

, if λ = 2 + (α− 2)σ,

(L(t))
1

1−σ , if 1 + (α− 1)σ < λ < 2 + (α− 2)σ,(∫ η
t

L(s)

s
ds

) 1
1−σ

, if λ = 1 + (α− 1)σ,

1, if λ < 1 + (α− 1)σ,

(1.2)

and Ψ̃
L̃,µ,σ

(t) for t ∈ [1,∞) by

Ψ̃
L̃,µ,σ

(t) =



(∫∞
t

L̃(s)

s
ds

) 1
1−σ

, if µ = 1 + (α− 1)σ,

(
L̃(t)

) 1
1−σ

, if 1 + (α− 1)σ < µ < 2 + (α− 2)σ,(∫ t+1
1

L̃(s)

s
ds

) 1
1−σ

, if µ = 2 + (α− 2)σ,

1, if µ > 2 + (α− 2)σ.

(1.3)
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Throughout this article, assume the following condition:

(H) For i ∈ {1, 2}, ai ∈ C+((0,∞)) such that

ai(t) ≈ t−λi (1 + t)λi−µi Li(1 ∧ t)L̃i(1 ∨ t), t > 0, (1.4)

where 1 < α < 2, σi ∈ (−1, 1), λi ≤ 2 + (α − 2)σi and µi ≥ 1 + (α − 1)σi the functions Li ∈ K defined on
(0, η] (η > 1) and L̃i ∈ K∞ are such that∫ η

0

Li(s)

sλi−(α−2)σi−1
ds <∞ and

∫ ∞
1

L̃i(s)

sµi−(α−1)σi
ds <∞. (1.5)

As it will be seen, for i ∈ {1, 2}, the numbers

νi = min
(

1,
2− λi + (α− 2)σi

1− σi

)
and ζi = max

(
0,

2− µi + (α− 2)σi
1− σi

)
(1.6)

will play an important role in the study of asymptotic behavior. Without loss of generality, we may assume
that

2− λ1 + (α− 2)σ1
1− σ1

≤ 2− λ2 + (α− 2)σ2
1− σ2

,
2− µ1 + (α− 2)σ1

1− σ1
≤ 2− µ2 + (α− 2)σ2

1− σ2
.

We introduce the function θ defined on (0,∞) by

θ(t) =



tν1(1 + t)ζ2−ν1ΨL1,λ1,σ1(1 ∧ t)Ψ̃
L̃2,µ2,σ2

(1 ∨ t) if ν1 < ν2 and ζ1 < ζ2,

tν1(1 + t)ζ2−ν1ΨL1,λ1,σ1(1 ∧ t)
(

Ψ̃
L̃1,µ1,σ1

+ Ψ̃
L̃2,µ2,σ2

)
(1 ∨ t) if ν1 < ν2 and ζ1 = ζ2,

tν1(1 + t)ζ2−ν1 (ΨL1,λ1,σ1 + ΨL2,λ2,σ2) (1 ∧ t)Ψ̃
L̃2,µ2,σ2

(1 ∨ t) if ν1 = ν2 and ζ1 < ζ2,

tν1(1 + t)ζ2−ν1 (ΨL1,λ1,σ1 + ΨL2,λ2,σ2) (1 ∧ t)
(

Ψ̃
L̃1,µ1,σ1

+ Ψ̃
L̃2,µ2,σ2

)
(1 ∨ t) if ν1 = ν2 and ζ1 = ζ2.

Observe that for t ∈ (0, 1]

θ(t) ≈
{
tν1ΨL1,λ1,σ1(t) if ν1 < ν2,
tν1(ΨL1,λ1,σ1(t) + ΨL2,λ2,σ2(t)) if ν1 = ν2,

(1.7)

and for t ≥ 1

θ(t) ≈

{
tζ2Ψ̃

L̃2,µ2,σ2
(t) if ζ1 < ζ2,

tζ2(Ψ̃
L̃1,µ1,σ1

(t) + Ψ̃
L̃2,µ2,σ2

(t)) if ζ1 = ζ2.
(1.8)

Our main results are the following two theorems.

Theorem 1.4. Let 1 < α < 2, σ1, σ2 ∈ (−1, 1) and assume that hypothesis (H) is satisfied. Then one has
for t ∈ (0,∞),

t2−αV (ω)(t) ≈ θ(t), (1.9)

where ω(t) := a1(t)t
(α−2)σ1θσ1(t) + a2(t)t

(α−2)σ2θσ2(t).

Theorem 1.5. Let 1 < α < 2, σ1, σ2 ∈ (−1, 1) and assume that hypothesis (H) is satisfied. Then problem
(1.1) has a unique positive solution u ∈ C2−α([0,∞)) satisfying for t ∈ (0,∞),

u(t) ≈ tα−2θ(t). (1.10)

Remark 1.6. The conclusion of Theorem 1.5 extends the one obtained in [6, Theorem 5] and also remains
valid for the case α = 2 and σ1, σ2 < 1 (see [7]).

The paper is organized as follows. In Section 2, we present some properties of Green’s function Gα(t, s) of
the operator u 7→ −Dαu on (0,∞) with boundary conditions limt→0 t

2−αu(t) = 0 and limt→∞ t
1−αu(t) = 0.

Next, we collect some fundamental properties of the two Karamata classes K and K∞. In Section 3, we
establish our main results.
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2. Preliminaries

2.1. On Green’s function

We first recall the definition of the Riemann–Liouville fractional derivative of order β > 0 (denoted by
Dβ).

Definition 2.1 ([21, 22]). Let β > 0 and h be a real function defined on (0,∞). Then

Dβh(t) :=
1

Γ(n− β)
(
d

dt
)n
∫ t

0
(t− s)n−β−1h(s)ds, t > 0,

where n = [β]+1, [β] denotes the integer part of the number β, provided that the right-hand side is pointwise
defined on (0,∞).

Next, we collect some lemmas that will be used in the proofs of our main results.

Lemma 2.2 ([6]). Let 1 < α < 2 and f ∈ L1(0,∞). The unique solution of
Dαu(t) + f(t) = 0, t > 0

limt→0 t
2−αu(t) = 0 and limt→∞ t

1−αu(t) = 0,
(2.1)

is given by

u(t) =

∫ ∞
0

Gα(t, s)f(s)ds,

where

Gα(t, s) =
1

Γ(α)

{
tα−1 − (t− s)α−1, if 0 < s ≤ t <∞,

tα−1, if 0 < t ≤ s <∞,
(2.2)

is Green’s function for the FBVP (2.1).

Lemma 2.3 ([6]). Let 1 < α < 2.

(i) On (0,∞)× (0,∞), one has
Gα(t, s) ≈ tα−2 min(t, s).

(ii) Let f be a function such that the map s 7→ min(1, s)f(s) is continuous and integrable on (0,∞). Then
V f is the unique solution in C2−α([0,∞)) of the FBVP

Dαu(t) + f(t) = 0, t > 0

limt→0 t
2−αu(t) = 0 and limt→∞ t

1−αu(t) = 0.

2.2. On the Karamata classes K and K∞.

We summarize here some basic properties of functions belong to the Karamata classes K and K∞ which
will be useful.

Proposition 2.4 ([20, 23]).

(i) Let L1, L2 ∈ K (resp. K∞) and p ∈ R. Then, the functions L1 + L2, L1L2 and Lp1 belong to the class
K (resp. K∞).

(ii) Let L ∈ K (resp. L̃ ∈ K∞) and ε > 0. Then

lim
t→0+

tεL(t) = 0 (resp. lim
t→∞

t−εL̃(t) = 0).
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Proposition 2.5 ([20, 23]).

(i) Let γ ∈ R and L ∈ K defined on (0, η]. Then, the following hold.

(a) If γ < −1, then the integral
∫ η
0 s

γL(s)ds diverges and∫ η

t
sγL(s)ds ∼

t→0+
− t

γ+1L(t)

γ + 1
.

(b) If γ > −1, then the integral
∫ η
0 s

γL(s)ds converges and∫ t

0
sγL(s)ds ∼

t→0+

tγ+1L(t)

γ + 1
.

(ii) Let γ ∈ R and L̃ ∈ K∞. Then, the following hold.

(a) If γ > −1, then the integral
∫∞
1 sγL̃(s)ds diverges and∫ t

1
sγL̃(s)ds ∼

t→∞

tγ+1L̃(t)

γ + 1
.

(b) If γ < −1, then the integral
∫∞
1 sγL̃(s)ds converges and∫ ∞

t
sγL̃(s)ds ∼

t→∞
− t

γ+1L̃(t)

γ + 1
.

Lemma 2.6 ([11]). Let L ∈ K defined on (0, η]. Then

lim
t→0+

L(t)∫ η
t
L(s)
s ds

= 0.

In particular, t 7→
∫ η
t
L(s)
s ds ∈ K.

If further the integral
∫ η
0

L(s)

s
ds converges, then

lim
t→0+

L(t)∫ t
0
L(s)
s ds

= 0.

In particular, t 7→
∫ t
0
L(s)
s ds ∈ K.

Similar properties related to the class K∞ are stated in the next lemma. We refer to [10] for the proof.

Lemma 2.7. Let L̃ be a function in K∞. Then,

lim
t→∞

L̃(t)∫ t
1
L̃(s)
s ds

= 0.

In particular, t 7→
∫ t+1
1

L̃(s)
s ds ∈ K∞.

If further the integral
∫∞
1

L̃(s)

s
ds converges, then

lim
t→∞

L̃(t)∫∞
t

L̃(s)
s ds

= 0.

In particular, t 7→
∫∞
t

L̃(s)
s ds ∈ K∞.
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Proposition 2.8 ([6]). Let L0 ∈ K defined on (0, η] for η > 1 and L̃0 ∈ K∞. Let β ≤ 2 and γ ≥ 1 such that∫ η

0
s1−γL0(s)ds <∞ and

∫ ∞
1

s−γL̃0(s)ds <∞.

Put
b(t) = t−β (1 + t)β−γ L0(1 ∧ t)L̃0(1 ∨ t), t > 0.

Then, for t > 0,
t2−αV b(t) ≈ ψβ(1 ∧ t)φγ(1 ∨ t),

where, for r ∈ (0, 1],

ψβ(r) =



∫ r
0

L0(s)

s
ds if β = 2,

r2−βL0(r) if 1 < β < 2,

r
∫ η
r

L0(s)

s
ds if β = 1,

r if β < 2.

and for r ≥ 1,

φγ(r) =



r
∫∞
r

L̃0(s)

s
ds if γ = 1,

r2−γL̃0(r) if 1 < γ < 2,∫ r+1
1

L̃0(s)

s
ds if γ = 2,

1 if γ > 2.

3. Proof of the main results

We recall that for i ∈ {1, 2}, ai ∈ C+((0,∞)) such that

ai(t) ≈ t−λi (1 + t)λi−µi Li(1 ∧ t)L̃i(1 ∨ t), t > 0,

where 1 < α < 2, σi ∈ (−1, 1), λi ≤ 2 + (α− 2)σi, µi ≥ 1 + (α− 1)σi, Li ∈ K defined on (0, η] for η > 1 and
L̃ ∈ K∞ satisfying ∫ η

0

Li(s)

sλi−(α−2)σi−1
ds <∞ and

∫ ∞
1

L̃i(s)

sµi−(α−1)σi
ds <∞.

First, we will give sharp estimates of the function θ on (0, 1] and on [1,∞), respectively. To this end, let
L, M and N be the nonnegative functions defined on (0, 1] by

L(t) := (L1(t))
1

1−σ1 + (L2(t))
1

1−σ2 ,

M(t) :=

(∫ η

t

L1(s)

s
ds

) 1
1−σ1

+

(∫ η

t

L2(s)

s
ds

) 1
1−σ2

,

N(t) :=

(∫ t

0

L1(s)

s
ds

) 1
1−σ1

+

(∫ t

0

L2(s)

s
ds

) 1
1−σ2

, if

∫ η

0

Li(s)

s
ds <∞,

and L̃, M̃ and Ñ the nonnegative functions defined on [1,∞) by

L̃(t) := (L̃1(t))
1

1−σ1 + (L̃2(t))
1

1−σ2 ,
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M̃(t) :=

(∫ t+1

1

L̃1(s)

s
ds

) 1
1−σ1

+

(∫ t+1

1

L̃2(s)

s
ds

) 1
1−σ2

),

Ñ(t) :=

(∫ ∞
t

L̃1(s)

s
ds

) 1
1−σ1

+

(∫ ∞
t

L̃2(s)

s
ds

) 1
1−σ2

, if

∫ ∞
1

L̃i(s)

s
ds <∞.

Remark 3.1. Let L0 ∈ K be defined on (0, η] for η > 1, L̃0 ∈ K∞ and σ ∈ (−1, 1). Then,

(i) 1 +

(∫ η

t

L0(s)

s
ds

) 1
1−σ
≈
(∫ η

t

L0(s)

s
ds

) 1
1−σ

on (0, 1];

(ii) 1 +

(∫ 1+t

1

L̃0(s)

s
ds

) 1
1−σ
≈
(∫ 1+t

1

L̃0(s)

s
ds

) 1
1−σ

on [1,∞).

We recall that for i ∈ {1, 2},

νi = min(1,
2− λi + (α− 2)σi

1− σi
) and ζi = max(0,

2− µi + (α− 2)σi
1− σi

).

Since ν1 < ν2 is equivalent to 2−λ1+(α−2)σ1
1−σ1 < 2−λ2+(α−2)σ2

1−σ2 and 1 + (α − 1)σ1 < λ1, we deduce from (1.7)
and Remark 3.1(i) that for t ∈ (0, 1],

θ(t) ≈



(∫ t
0

L1(s)

s
ds

) 1
1−σ1 if λ1 = 2 + (α− 2)σ1 and λ2 < 2 + (α− 2)σ2,

t
2−λ1+(α−2)σ1

1−σ1 (L1(t))
1

1−σ1
if 2−λ1+(α−2)σ1

1−σ1 < 2−λ2+(α−2)σ2
1−σ2

and 1 + (α− 1)σ1 < λ1 < 2 + (α− 2)σ1,

t
2−λ1+(α−2)σ1

1−σ1 L(t)
if 2−λ1+(α−2)σ1

1−σ1 = 2−λ2+(α−2)σ2
1−σ2

and 1 + (α− 1)σ1 < λ1 < 2 + (α− 2)σ1,

tM(t), if λ1 = 1 + (α− 1)σ1 and λ2 = 1 + (α− 1)σ2,

t

(∫ η
t

L1(s)

s
ds

) 1
1−σ1 if λ1 = 1 + (α− 1)σ1 and λ2 < 1 + (α− 1)σ2,

t if λ1 < 1 + (α− 1)σ1,

N(t) if λ1 = 2 + (α− 2)σ1 and λ2 = 2 + (α− 2)σ2.

(3.1)

On the other hand, since ζ1 < ζ2 is equivalent to

2− µ1 + (α− 2)σ1
1− σ1

<
2− µ2 + (α− 2)σ2

1− σ2
and 1 + (α− 1)σ2 ≤ µ2 < 2 + (α− 2)σ2,

we deduce from from (1.8) and Remark 3.1(ii) that for t ≥ 1

θ(t) ≈



(
∫ t+1
1

L̃2(s)

s
ds)

1
1−σ2 if µ2 = 2 + (α− 2)σ2 and µ1 > 2 + (α− 2)σ1,

t
2−µ2+(α−2)σ2

1−σ2

(
L̃2(t)

) 1
1−σ2

if 2−µ1+(α−2)σ1
1−σ1 < 2−µ2+(α−2)σ2

1−σ2
and 1 + (α− 1)σ2 < µ2 < 2 + (α− 2)σ2,

t
2−µ2+(α−2)σ2

1−σ2 L̃(t)
if 2−µ1+(α−2)σ1

1−σ1 = 2−µ2+(α−2)σ2
1−σ2

and 1 + (α− 1)σ2 < µ2 < 2 + (α− 2)σ2,

tÑ(t), if µ2 = 1 + (α− 1)σ2 and µ1 = 1 + (α− 1)σ1,

t
(∫∞

t
L̃2(s)
s ds

) 1
1−σ2 if µ2 = 1 + (α− 1)σ2 and µ1 > 1 + (α− 1)σ1,

1 if µ2 > 2 + (α− 2)σ2,

M̃(t) if µ1 = 2 + (α− 2)σ1 and µ2 = 2 + (α− 2)σ2.

(3.2)
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3.1. Proof of Theorem 1.4

Lemma 3.2. For r, s > 0, we have

2−max(1−σ1,1−σ2)(r + s) ≤ r1−σ1(r + s)σ1 + s1−σ2(r + s)σ2 ≤ 2(r + s).

Proof. Let r, s > 0 and put

t =
r

r + s
.

Since for 0 ≤ t ≤ 1, we have

2−max(1−σ1,1−σ2) ≤ t1−σ1 + (1− t)1−σ2 ≤ 2,

this implies the result.

The following lemmas will be useful in the proof of Theorem 1.4.

Lemma 3.3 ([11]).

(i) On (0, η), we have ∫ η

t

(Mσ1L1 +Mσ2L2)(s)

s
ds ≈M(t).

(ii) Assume that for i ∈ {1, 2},
∫ η
0
Li(s)
s ds <∞. Then, for t ∈ (0, η),∫ t

0

(Nσ1L1 +Nσ2L2)(s)

s
ds ≈ N(t).

Lemma 3.4 ([9]).

(i) On (1,∞), we have ∫ t+1

1

(M̃σ1L̃1 + M̃σ2L̃2)(s)

s
ds ≈ M̃(t).

(ii) Assume that for i ∈ {1, 2},
∫∞
1

L̃i(s)
s ds <∞. Then, for t > 1,∫ ∞
t

(Ñσ1L̃1 + Ñσ2L̃2)(s)

s
ds ≈ Ñ(t).

We are ready to prove Theorem 1.4.
For t > 0, we let

ω(t) = a1(t)t
(α−2)σ1θσ1(t) + a2(t)t

(α−2)σ2θσ2(t)

and we will prove that
t2−αV (ω)(t) ≈ θ(t).

We recall that for i ∈ {1, 2}, νi = min(1, 2−λi+(α−2)σi
1−σi ) and ζi = max(0, 2−µi+(α−2)σi

1−σi ) and

ai(t) ≈ t−λi (1 + t)λi−µi Li(1 ∧ t)L̃i(1 ∨ t), t > 0.

Throughout the proof, we use Proposition 2.4, Lemma 2.6 and Lemma 2.7 to verify that some functions are
in K and in K∞.

We distinguish the following cases:

Case 1: If ν1 < ν2 and ζ1 < ζ2, then

θ(t) = tν1(1 + t)ζ2−ν1ΨL1,λ1,σ1(1 ∧ t)Ψ̃
L̃2,µ2,σ2

(1 ∨ t).
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Therefore,

ω(t) ≈t−λ1+ν1σ1+(α−2)σ1 (1 + t)λ1−µ1+(ζ2−ν1)σ1 × (L1Ψ
σ1
L1,λ1,σ1

)(1 ∧ t)(L̃1Ψ̃
σ1
L̃2,µ2,σ2

)(1 ∨ t)

+ t−λ2+ν1σ2+(α−2)σ2 (1 + t)λ2−µ2+(ζ2−ν1)σ2 × (L2Ψ
σ2
L1,λ1,σ1

)(1 ∧ t)(L̃2Ψ̃
σ2
L̃2,µ2,σ2

)(1 ∨ t).

Since ν1 < ν2 and ζ1 < ζ2, we deduce by Proposition 2.4 that

ω(t) ≈ t−λ1+ν1σ1+(α−2)σ1(L1Ψ
σ1
L1,λ1,σ1

)(1 ∧ t)× (1 + t)λ1−ν1σ1−(α−2)σ1−(µ2−ζ2σ2−(α−2)σ2) (L̃2Ψ̃
σ2
L̃2,µ2,σ2

)(1 ∨ t).

Furthermore, by using (1.5) and Proposition 2.5, we have∫ η

0
s1−λ1+ν1σ1+(α−2)σ1(L1Ψ

σ1
L1,λ1,σ1

)(s)ds <∞,∫ ∞
1

s−µ2+ζ2σ2+(α−2)σ2(L̃2Ψ̃
σ2
L̃2,µ2,σ2

)(s)ds <∞.

So, by applying Proposition 2.8 with β = λ1−ν1σ1−(α−2)σ1, γ = µ2−ζ2σ2−(α−2)σ2, L0 = L1Ψ
σ1
L1,λ1,σ1

∈ K
and L̃0 = L̃2Ψ̃

σ2
L̃2,µ2,σ2

∈ K∞, we obtain for t > 0

t2−αV ω(t) ≈ ψβ(1 ∧ t)φγ(1 ∨ t),

where, for r ∈ (0, 1],

ψβ(r) =


∫ r
0

L(s)

s

(∫ s
0

L(t)

t
dt

) σ1
1−σ1

ds if λ1 = 2 + (α− 2)σ1 andλ2 < 2 + (α− 2)σ2,

r2−βL1(r)(L1(r))
σ1

1−σ1
if 2−λ1+(α−2)σ1

1−σ1 < 2−λ2+(α−2)σ2
1−σ2

and 1 + (α− 1)σ1 < λ1 < 2 + (α− 2)σ2,

=



(∫ r
0

L(s)

s
ds

) 1
1−σ1 if λ1 = 2 + (α− 2)σ1 and λ2 < 2 + (α− 2)σ2,

r
2−λ1+(α−2)σ1

1−σ1 (L1(r))
1

1−σ1
if 2−λ1+(α−2)σ1

1−σ1 < 2−λ2+(α−2)σ2
1−σ2

and 1 + (α− 1)σ1 < λ1 < 2 + (α− 2)σ2,
,

and for r ≥ 1,

φγ(r) =


r
∫∞
r

L̃2(s)

s

(∫∞
s

L̃2(t)

t
dt

) σ2
1−σ2

ds
if µ2 = 1 + (α− 1)σ2
and µ1 > 1 + (α− 1)σ1,

r2−γL̃2(r)(L̃2(r))
σ2

1−σ2 if 2−µ1+(α−2)σ1
1−σ1 < 2−µ2+(α−2)σ2

1−σ2
and 1 + (α− 1)σ2 < µ2 < 2 + (α− 2)σ2,

=


r

(∫∞
r

L̃2(s)

s
ds

) 1
1−σ2 if µ2 = 1 + (α− 1)σ2

and µ1 > 1 + (α− 1)σ1,

r
2−µ2+(α−2)σ2

1−σ2 (L̃2(r))
1

1−σ2 if 2−µ1+(α−2)σ1
1−σ1 < 2−µ2+(α−2)σ2

1−σ2
and 1 + (α− 1)σ2 < µ2 < 2 + (α− 2)σ2.

Hence, Proposition 1.3(iii) and (3.1)–(3.2) give that

t2−αV ω(t) ≈ θ(t).

Case 2: If ν1 < ν2 and ζ1 = ζ2, then for t > 0,

θ(t) = tν1(1 + t)ζ2−ν1ΨL1,λ1,σ1(1 ∧ t)
(

Ψ̃
L̃1,µ1,σ1

+ Ψ̃
L̃2,µ2,σ2

)
(1 ∨ t).
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In this case,

ω(t) ≈ t−λ1+ν1σ1+(α−2)σ1 (1 + t)λ1−µ1+(ζ2−ν1)σ1 × (L1Ψ
σ1
L1,λ1,σ1

)(1 ∧ t)
[
L̃1

(
Ψ̃
L̃1,µ1,σ1

+ Ψ̃
L̃2,µ2,σ2

)σ1]
(1 ∨ t)

+ t−λ2+ν1σ2+(α−2)σ2 (1 + t)λ2−µ2+(ζ2−ν1)σ2 × (L2Ψ
σ2
L1,λ1,σ1

)(1 ∧ t)
[
L̃2

(
Ψ̃
L̃1,µ1,σ1

+Ψ̃
L̃2,µ2,σ2

)σ2]
(1 ∨ t).

Since ν1 < ν2 and ζ1 = ζ2, we deduce that

ω(t) ≈ t−λ1+ν1σ1+(α−2)σ1 (1 + t)λ1−µ1+(ζ1−ν1)σ1 × (L1Ψ
σ1
L1,λ1,σ1

)(1 ∧ t)
[
L̃1

(
Ψ̃
L̃1,µ1,σ1

+ Ψ̃
L̃2,µ2,σ2

)σ1]
(1 ∨ t)

+ t−λ1+ν1σ1+(α−2)σ1 (1 + t)λ1−ν1σ1−(α−2)σ1−(µ2−ζ2σ2−(α−2)σ2)

× (L1Ψ
σ1
L1,λ1,σ1

)(1 ∧ t)
[
L̃2

(
Ψ̃
L̃1,µ1,σ1

+ Ψ̃
L̃2,µ2,σ2

)σ2]
(1 ∨ t)

= ω1(t) + ω2(t).

So, by applying Proposition 2.8 with β = λ1 − ν1σ1 − (α− 2)σ1 and γi = µi − ζiσi − (α− 2)σi, i ∈ {1, 2} to
estimate t2−αV ω1(t) and t2−αV ω2(t), we obtain

t2−αV ω(t) ≈ t2−αV ω1(t) + t2−αV ω2(t) ≈ ψβ(1 ∧ t) [φγ1(1 ∨ t) + φγ2(1 ∨ t)] ,

where, for r ∈ (0, 1],

ψβ(r) =



(∫ r
0

L(s)

s
ds

) 1
1−σ1 if λ1 = 2 + (α− 2)σ1 and λ2 < 2 + (α− 2)σ2,

r
2−λ1+(α−2)σ1

1−σ1 (L1(r))
1

1−σ1
if 2−λ1+(α−2)σ1

1−σ1 < 2−λ2+(α−2)σ2
1−σ2

and 1 + (α− 1)σ1 < λ1 < 2 + (α− 2)σ2,
,

and for r ≥ 1, 

if µ2 = 2 + (α− 2)σ2 and µ1 > 2 + (α− 2)σ1,

φγ1(r) + φγ2(r) = 1 +
∫ r+1
1

L̃2(s)
s (1 +

(∫ s+1
1

L̃2(t)
t dt

) 1
1−σ2 )σ2ds

if 2−µ1+(α−2)σ1
1−σ1 = 2−µ2+(α−2)σ2

1−σ2 and 1 + (α− 1)σ2 < µ2 < 2 + (α− 2)σ2,

φγ1(r) + φγ2(r) = r
2−µ2+(α−2)σ2

1−σ2

[
L̃1(r)(L̃(r))σ1 + L̃2(r)(L̃(r))σ2

]
if µ2 = 1 + (α− 1)σ2 and µ1 = 1 + (α− 1)σ1,

φγ1(r) + φγ2(r) = r
∫∞
r

(L̃1Ñσ1 (s)+L̃2Ñσ2)(s)
s ds

if µ2 > 2 + (α− 2)σ2,
φγ1(r) + φγ2(r) = 2
if µ1 = 2 + (α− 2)σ1

φγ1(r) + φγ2(r) =
∫ r+1
1

(M̃σ1 L̃1+M̃σ2 L̃2)(s)
s ds

(3.3)

So by using Remark 3.1, Lemma 3.2 and Lemma 3.4, we deduce that

φγ1(r) + φγ2(r) ≈



(∫ r+1
1

L̃2(s)
s ds

) 1
1−σ2 if µ2 = 2 + (α− 2)σ2 and µ1 > 2 + (α− 2)σ1,

r
2−µ2+(α−2)σ2

1−σ2 L̃(r)
if 2−µ1+(α−2)σ1

1−σ1 = 2−µ2+(α−2)σ2
1−σ2

and 1 + (α− 1)σ2 < µ2 < 2 + (α− 2)σ2,

rÑ(r) if µ2 = 1 + (α− 1)σ2 and µ1 = 1 + (α− 1)σ1,
1 if µ2 > 2 + (α− 2)σ2,

M̃(r) if µ1 = 2 + (α− 2)σ1 andµ2 = 2 + (α− 2)σ2.
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Hence by using again Proposition 1.3(iii) and (3.1)–(3.2), we deduce that

t2−αV ω(t) ≈ θ(t).

Case 3: If ν1 = ν2 and ζ1 < ζ2, then for t > 0,

θ(t) = tν1(1 + t)ζ2−ν1 (ΨL1,λ1,σ1 + ΨL2,λ2,σ2) (1 ∧ t)Ψ̃
L̃2,µ2,σ2

(1 ∨ t).

So we obtain

ω(t) ≈ t−λ1+ν1σ1+(α−2)σ1 (1 + t)λ1−µ1+(ζ2−ν1)σ1 × (L1 (ΨL1,λ1,σ1 + ΨL2,λ2,σ2)σ1)(1 ∧ t)(L̃1Ψ̃
σ1
L̃2,µ2,σ2

)(1 ∨ t)

+ t−λ2+ν1σ2+(α−2)σ2 (1 + t)λ2−µ2+(ζ2−ν1)σ2 × (L2 (ΨL1,λ1,σ1 + ΨL2,λ2,σ2)σ2)(1 ∧ t)(L̃2Ψ̃
σ2
L̃2,µ2,σ2

)(1 ∨ t).

Since ν1 = ν2 and ζ1 < ζ2, we deduce that

ω(t) ≈t−λ1+ν1σ1+(α−2)σ1 (1 + t)λ1−ν1σ1−(α−2)σ1−(µ2−ζ2σ2−(α−2)σ2)

× (L1 (ΨL1,λ1,σ1 + ΨL2,λ2,σ2)σ1)(1 ∧ t)(L̃2Ψ̃
σ2
L̃2,µ2,σ2

)(1 ∨ t)

+ t−λ2+ν2σ2+(α−2)σ2 (1 + t)λ2−µ2+(ζ2−ν2)σ2

× (L2 (ΨL1,λ1,σ1 + ΨL2,λ2,σ2)σ2)(1 ∧ t)(L̃2Ψ̃
σ2
L̃2,µ2,σ2

)(1 ∨ t)

=ω1(t) + ω2(t).

So, using again Proposition 2.8 with βi = λi − νiσi − (α− 2)σi, i ∈ {1, 2} and γ = µ2 − ζ2σ2 − (α− 2)σ2, to
estimate t2−αV ω1(t) and t2−αV ω2(t), we obtain

t2−αV ω(t) ≈ t2−αV ω1(t) + t2−αV ω2(t) ≈ [ψβ1(1 ∧ t) + ψβ2(1 ∧ t)]φγ(1 ∨ t),

where, for r ≥ 1 (see Case 1),

φγ(r) =


r

(∫∞
r

L̃2(s)

s
ds

) 1
1−σ2

if µ2 = 1 + (α− 1)σ2 and µ1 > 1 + (α− 1)σ1,

r
2−µ2+(α−2)σ2

1−σ2 (L̃2(r))
1

1−σ2 if 2−µ1+(α−2)σ1
1−σ1 < 2−µ2+(α−2)σ2

1−σ2
and 1 + (α− 1)σ2 < µ2 < 2 + (α− 2)σ2

and for r ∈ (0, 1],

ψβ1(r) + ψβ2(r)

=



r
2−λ1+(α−2)σ1

1−σ1 [L1(r)(L(r))σ1 + L2(r)(L(r))σ2 ]
if 2−λ1+(α−2)σ1

1−σ1 = 2−λ2+(α−2)σ2
1−σ2

and 1 + (α− 1)σ1 < λ1 < 2 + (α− 2)σ1,

r
∫ η
r

(L1Mσ1+L2Mσ2 )(s)
s ds

if λ1 = 1 + (α− 1)σ1
and λ2 = 1 + (α− 1)σ2,

r
∫ η
r
L1(s)
s

(
1 +

(∫ η
s
L1(t)
t dt

) 1
1−σ1

)σ1
+ r

if λ1 = 1 + (α− 1)σ1
and λ2 < 1 + (α− 1)σ2,

2r if λ1 < 1 + (α− 1)σ1,∫ r
0

(L1Nσ1+L2Nσ2 )(s)
s ds

if λ1 = 2 + (α− 2)σ1
and λ2 = 2 + (α− 2)σ2.
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Hence, by applying Lemma 3.2, Remark 3.1 and Lemma 3.3, we deduce that

ψβ1(r) + ψβ2(r) ≈



r
2−λ1+(α−2)σ1

1−σ1 L(r)
if 2−λ1+(α−2)σ1

1−σ1 = 2−λ2+(α−2)σ2
1−σ2

and 1 + (α− 1)σ1 < λ1 < 2 + (α− 2)σ1,

rM(r) if λ1 = 1 + (α− 1)σ1 and λ2 = 1 + (α− 1)σ2,

r
(∫ η

r
L1(s)
s ds

) 1
1−σ1 if λ1 = 1 + (α− 1)σ1 and λ2 < 1 + (α− 1)σ2,

2r if λ1 < 1 + (α− 1)σ1,
N(r) if λ1 = 2 + (α− 2)σ1 and λ2 = 2 + (α− 2)σ2.

(3.4)

Using (3.1)–(3.2), we deduce that
t2−αV ω(t) ≈ θ(t).

Case 4: If ν1 = ν2 and ζ1 = ζ2, then for t > 0,

θ(t) = tν1(1 + t)ζ2−ν1 (ΨL1,λ1,σ1 + ΨL2,λ2,σ2) (1 ∧ t)×
(

Ψ̃
L̃1,µ1,σ1

+ Ψ̃
L̃2,µ2,σ2

)
(1 ∨ t).

In this case, we have

ω(t) ≈t−λ1+ν1σ1+(α−2)σ1 (1 + t)λ1−µ1+(ζ2−ν1)σ1

× (L1 (ΨL1,λ1,σ1 + ΨL2,λ2,σ2)σ1)(1 ∧ t)(L̃1(Ψ̃L̃1,µ1,σ1
+ Ψ̃

L̃2,µ2,σ2
)σ1)(1 ∨ t)

+ t−λ2+ν1σ2+(α−2)σ2 (1 + t)λ2−µ2+(ζ2−ν1)σ2

× (L2 (ΨL1,λ1,σ1 + ΨL2,λ2,σ2)σ2)(1 ∧ t)(L̃2(Ψ̃L̃1,µ1,σ1
+ Ψ̃

L̃2,µ2,σ2
)σ2)(1 ∨ t).

Since ν1 = ν2 and ζ1 = ζ2, we deduce that

ω(t) ≈t−λ1+ν1σ1+(α−2)σ1 (1 + t)λ1−µ1+(ζ1−ν1)σ1

× (L1 (ΨL1,λ1,σ1 + ΨL2,λ2,σ2)σ1)(1 ∧ t)(L̃1(Ψ̃L̃1,µ1,σ1
+ Ψ̃

L̃2,µ2,σ2
)σ1)(1 ∨ t)

+ t−λ2+ν2σ2+(α−2)σ2 (1 + t)λ2−µ2+(ζ2−ν2)σ2

× (L2 (ΨL1,λ1,σ1 + ΨL2,λ2,σ2)σ2)(1 ∧ t)(L̃2(Ψ̃L̃1,µ1,σ1
+ Ψ̃

L̃2,µ2,σ2
)σ2)(1 ∨ t)

=ω1(t) + ω2(t).

Applying Proposition 2.8 with βi = λi−νiσi− (α−2)σi and γi = µi− ζiσi− (α−2)σi, i ∈ {1, 2} to estimate
t2−αV ω1(t) and t2−αV ω2(t), we obtain

t2−αV ω(t) ≈ t2−αV ω1(t) + t2−αV ω2(t) ≈ [ψβ1(1 ∧ t) + ψβ2(1 ∧ t)]× [φγ1(1 ∨ t) + φγ2(1 ∨ t)] ,

where the expression for ψβ1(1 ∧ t) + ψβ2(1 ∧ t) (resp. φγ1(1 ∨ t) + φγ2(1 ∨ t)) is given in (3.4) (resp. (3.3)).
The required result follows by similar arguments as in the previous cases.

3.2. Proof of Theorem 1.5

Let 1 < α < 2, σ1, σ2 ∈ (−1, 1) and assume that hypothesis (H) is satisfied. By Theorem 1.4, there
exists an M > 1 such that for each t > 0

1

M
θ(t) ≤ t2−αV ω(t) ≤Mθ(t), (3.5)

where ω(t) = a1(t)t
(α−2)σ1θσ1(t) + a2(t)t

(α−2)σ2θσ2(t).

Put σ = max(|σ1| , |σ2|) and c0 = M
1+σ
1−σ . In order to use a fixed point theorem, we let

Λ =
{
v ∈ C0([0,∞)) :

θ(t)

c0 (1 + t)
≤ v(t) ≤ c0θ(t)

1 + t
, t > 0

}
.
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and we define the operator T on Λ by

Tv(t) =
t2−α

1 + t

∫ ∞
0

Gα(t, s)
[
a1(s)s

(α−2)σ1(1 + s)σ1vσ1(s) + a2(s)s
(α−2)σ2(1 + s)σ2vσ2(s)

]
ds. (3.6)

Since t→ θ(t)

1 + t
∈ C0([0,∞)), it follows that Λ is not empty.

On the other hand, by using (3.5) and a simple computation, one has

Tv(t) ≤ c0θ(t)

1 + t
and Tv(t) ≥ θ(t)

c0 (1 + t)
for all v ∈ Λ and t > 0. (3.7)

By Lemma 2.3 (i), there exists a c > 0 such that for all t, s > 0,

t2−αGα(t, s)

1 + t
≤ cmax(1, t) min(1, s)

1 + t
≤ cmin(1, s), (3.8)

This implies that there exists a c̃ > 0 such that, for each v ∈ Λ and t > 0,

|Tv(t)| ≤ c̃
∫ ∞
0

min(1, s)ω(s)ds.

Now by hypothesis (H) and Proposition 2.5, the function t 7→ min(1, t)ω(t) is in L1(0,∞), which implies
that the family {Tv(t), v ∈ Λ} is uniformly bounded.

Using (3.8) and the fact that for each s > 0, the function t 7→ t2−αGα(t, s)

1 + t
is in C0([0,∞)), we deduce

that the family {Tv(t), v ∈ Λ} is equicontinuous in [0,∞].
Hence, it follows by Ascoli’s theorem that T (Λ) is relatively compact in C0([0,∞)). Therefore T (Λ) ⊂ Λ.
Next, we shall prove the continuity of T in the supremum norm. Let (vk)k be a sequence in Λ which

converges to v in Λ. Using again (3.8) and Lebesgue’s theorem, we deduce that Tvk(t)→ Tv(t) as k →∞,
for t > 0.

Since T (Λ) is relatively compact in C0([0,∞)), then the point-wise convergence implies the uniform
convergence. Thus we proved that T is a compact mapping from Λ to itself.

So, by the Schauder fixed point theorem, there exists a function v ∈ Λ such that

v(t) =
t2−α

1 + t

∫ ∞
0

Gα(t, s)
[
a1(s)s

(α−2)σ1(1 + s)σ1vσ1(s) + a2(s)s
(α−2)σ2(1 + s)σ2vσ2(s)

]
ds.

Put u(t) = tα−2(1 + t)v(t). Then u ∈ C2−α([0,∞)) and u satisfies on (0,∞) the equation

u(t) = V (a1u
σ1 + a2u

σ2)(t).

Since the function s 7→ min(1, s)(a1u
σ1 + a2u

σ2)(s) is continuous and integrable on (0,∞), then by
Lemma 2.3 (ii), we deduce that the function u is a positive solution to problem (1.1) satisfying (1.10).

Finally, it remains to prove that u is the unique positive solution in C2−α([0,∞)) satisfying (1.10). Let
u, v ∈ C2−α([0,∞)) be two positive solutions to problem (1.1) satisfying (1.10). Then, there exists a constant
m > 1 such that

1

m
≤ u

v
≤ m.

This implies that the set

J = {m ≥ 1 :
1

m
≤ u

v
≤ m}

is not empty. Let c = inf J . Then c ≥ 1 and we have 1
cv ≤ u ≤ cv. It follows that uσi ≤ cσvσi for i ∈ {1, 2}.

Consequently {
−Dα(cσv − u) = a1(c

σvσ1 − uσ1) + a2(c
σvσ2 − uσ2) ≥ 0,

limt→0 t
2−α(cσv − u)(t) = 0, limt→∞ t

1−α(cσv − u)(t) = 0.

This implies by Lemma 2.2 that cσv − u = V (a1(c
σvσ1 − uσ1) + a2(c

σvσ2 − uσ2)) ≥ 0. By symmetry, we
also have v ≤ cσu. Hence cσ ∈ J and c ≤ cσ. Since |σ| < 1, then c = 1 and therefore u = v.
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Example 3.5. Let 1 < α < 2 and −1 < σ1 < 0 < σ2 < 1.
For i ∈ {1, 2}, let λi < 2 + (α− 2)σi, µi > 1 + (α− 1)σi such that

2− λ1 + (α− 2)σ1
1− σ1

≤ 2− λ2 + (α− 2)σ2
1− σ2

and
2− µ1 + (α− 2)σ1

1− σ1
≤ 2− µ2 + (α− 2)σ2

1− σ2
.

Let ai ∈ C+((0,∞)) such that

ai(t) ≈ t−λi (1 + t)λi−µi log(
2

t ∧ 1
), t > 0.

Then, by Theorem 1.5, problem (1.1) has a unique positive solution u ∈ C2−α([0,∞)) satisfying for t > 0,

u(t) ≈ tα−2θ(t),

where for t ∈ (0, 1],

θ(t) ≈



t
2−λ1+(α−2)σ1

1−σ1
(
log(2t )

) 1
1−σ1

if 2−λ1+(α−2)σ1
1−σ1 < 2−λ2+(α−2)σ2

1−σ2
and 1 + (α− 1)σ1 < λ1 < 2 + (α− 2)σ1,

t
2−λ1+(α−2)σ1

1−σ1
(
log(2t )

) 1
1−σ2

if 2−λ1+(α−2)σ1
1−σ1 = 2−λ2+(α−2)σ2

1−σ2
and 1 + (α− 1)σ1 < λ1 < 2 + (α− 2)σ1,

t
(
log(2t )

) 2
1−σ2 , if λ1 = 1 + (α− 1)σ1 and λ2 = 1 + (α− 1)σ2,

t
(
log(2t

)
)

2
1−σ1 if λ1 = 1 + (α− 1)σ1 and λ2 < 1 + (α− 1)σ2,

t if λ1 < 1 + (α− 1)σ1,

and for t ≥ 1,

θ(t) ≈


t
2−µ2+(α−2)σ2

1−σ2 if 2−µ1+(α−2)σ1
1−σ1 ≤ 2−µ2+(α−2)σ2

1−σ2 and 1 + (α− 1)σ2 < µ2 < 2 + (α− 2)σ2,

1 if µ2 > 2 + (α− 2)σ2,

(log(1 + t))
1

1−σ2 if µ1 = 2 + (α− 2)σ1 and µ2 = 2 + (α− 2)σ2.

Acknowledgements

The authors would like to express their sincere appreciation to the Deanship of Scientific Research at
King Saud University for its funding this Research group NO (RG-1435-043). They also would like to thank
the referees for their careful reading of the paper.

References

[1] R. P. Agarwal, M. Benchohra, S. Hamani, S. Pinelas, Boundary value problems for differential equations involving
Riemann-Liouville fractional derivative on the half line, Dyn. Contin. Discrete Impuls. Syst. Ser. A Math. Anal.,
18 (2011), 235–244. 1

[2] R. P. Agarwal, M. Meehan, D. O’Regan, Fixed point theory and applications, Cambridge University Press, Cam-
bridge, (2001). 1

[3] R. P. Agarwal, D. O’Regan, Boundary value problems of nonsingular type on the semi-infinite interval, Tohoku
Math. J., 51 (1999), 391–397. 1

[4] R. P. Agarwal, D. O’Regan, Infinite interval problems for differential, difference and integral equations, Kluwer
Academic Publishers, Dordrecht, (2001). 1

[5] A. Arara, M. Benchohra, N. Hamidi, J. J. Nieto, Fractional order differential equations on an unbounded domain,
Nonlinear Anal., 72 (2010), 580–586. 1
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