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Abstract

This article considers the implementation of one step hybrid block method, three generalized hybrid
points developed in collocation interpolation approach. The basic numerical properties of the hybrid block
method was established and found to be convergent. The efficiency of the new method was confirmed on
some initial value problems and found to give better approximation than the existing methods in term of
error. (©2016 All rights reserved.
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1. Introduction and Preliminaries

In this paper, power series of order 7 of the form

y(z) = U+Zm_1 ai (x _}Zg”") 2 € [Tn, Tnsi] (1.1)

1=0

is proposed as an approximation solution to general third order initial value problem (IVP)

/ "

v =f@uy,y), yie) =, y(a) =m,y (a)=n, € [a,b], (1.2)
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where n = 0,1,2,..., N — 1, v = 3 denotes of the number of interpolation points, m = 5 represents the
number of collocation points, h = z, — x,_1 is constant step size of partition in the interval [a, b] which is
givenbya=xg <z <..<zxny_1<zTN =)

Conventionally, Equation (|1.2). is reduced to systems of first order (IVP) and then, suitable methods
for first order equations are adopted to solve them.

Reduction approach has been identified to have some drawbacks which include computer burden and alots
of human efforts [I}, [7, [I0] and [14]. Because of this, many researchers have attempted to solve Equation(1)
directly . Worthy of note are those of [4, bl 6, 12] and [13].

Direct method was implemented in different ways such as predictor-corrector method, block linear mul-
tistep method and hybrid block method.

Hybrid block method was introduced to combine the advantages of block method and overcoming the
zero stability barrier in linear multistep method [2 [3]. This barrier implies that the highest order of zero
stability for linear multistep method of step length k is k+2 when k is even and k+1 when k is odd [9].

In this work, efforts are made to develop one step hybrid block method with three generalized hybrid points

for solving ({1.1]) directly.

2. Derivation of the Method

interpolating Equation (1.1)) at points Z,, Znis,, Tnts, and collocating its third derivative at all points
ie Ty, Tniss Tnts, and Tpys, gives system of equations below

1 0 0 0 O 0 0 0 ag y
n
1 s1 s2 s s s 5§ s7
ai Yn+sy
1 2 3 4 5 6 7
§2 8§ S S 85 82 82
6 a2 Yn+so
00 0 55 0 0 0 0 as f
0 0 0 & 2is 6087 12053 210s] = " . (2.1)
P 6832 12%3 3 12’63 4 . Jrtn
24 S S s
0 0 0 % 2z 232 52 as Jrtss
2 3 4
00 0 % 2;21;5 60.;3 120353 120333 ag fn+33
4 0 0 10 a
00 0 »m » » W w ! fota

Using Gaussian elimination method in (2.1) to find the values of a;s, i = 0(1)8 and a;s are then
substituted back into equation (|1.1)). This gives a continuous linear multistep method of the form:

y( ) = aoYn + Z Qg Yn+s; T Zﬂlfn-l—z + Z /lefn—&—sl . (22)

=1 =1

The first and second derivatives of equation ([2.2)) are given by

y/( ) - 7(103/71 + Z 8 yn—f—z + Z 8 Bz fn—H + Z 8 ﬁsz fn—f—sl ) (23)

82

Y (.7}) O 2.2 %0Yn + Z O 20532 yn+sz + Z O 2651 fnJrz + Z O 2/851 fnJrSz ’ (2'4)

where

(xn —x + hsa)(zp —x + hsy)
(h?s1s2) ’
(@ = @)@ — 0 — hs2)
o (h?s1(s1 — s2)) ’

o) =
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Qgy =

Bo

le =

ﬁsg =

(x — xp) (2 —x + hsy)

(h?s2(s1 — s2)) ’
(x — xp)(xy — x + hsa)(zy — x + hsy)

=— (Tha® + 3h3stx — 24222 + Thssa®

(840h4313233)
+ 16232, — 42* — 4 — 7h483 + 3h4 4 7h4 3+ 3h4 3+ 3hs123 4 3hsox® + 16$azi
— 3h31:1; — 3h32ac — 7h33x + 21h:c:c — 21ha? Ty + 14h43132 + 14h48182 — 4h4sls§
— 4h4s§82 + 21h48283 — This3 153 + 21h48283 — 7Rt 5233 7h231:v — 7h382:c
— 7h$ — Th2sq9x® — 7h3s T+ 3h352x 14h2%s32% — Th%s; x +7h3 slxn — 3h351xn
+ 7h332xn — 3h3s2xn — 14h233a: —4h48182 + 3h231w 14h3s1s9xy, — 21h3s1 5320
+ 3h232:1: + 3h23 —|— 3h232x 84h4313233 + 1443 S$189% + 21h3 S183% + 9h81wac
+ 21h3828333 — 2143 8983, + 14h2s1 2z, + 9h52m:nn — 9hsox’x, + 14h2 sz,
+ 21h83a:a:2 + 28h2ssxay, + 14h4818%83 + 14h48%8283 — 4hZ%s18592° — 4h3818§$
—4h3 313237 —7h? 3133a: - 7h33133x — 7h23233x2 — 4h23182x2 + 4h3sls§xn
+ 4h3 slsgxn — Th? 818336 + 7h33133xn — 7h2$23333 + 7h382831’n + 14h28283.7}.7}n
— 6h252xajn + 14h3s1 59830 — 14h3s1898320 + 8h2s1892xy, + 14h%s1 s3xay, — 6h25%x:cn

— Ohs1zx, — 21hssa’a, — 7h33233x — 7h232:1:i) ,

(r — xp)(xy — x + hsa)(xy, —x + hsy)

(840h%s1(s1 — 1)(s1 — 53)(51 — $2)) (24;1;2;,;721 — 14h2%sqzx, + 4h35?$ + 4h45‘11

+ 6h282:mn — 3h38182:c — 16:C3xn + 43:4 + 7h4 3 h4s4 + 4h31x3 — 14h33133xn

— 4h31x + 3h52x + 7h53x — 21ha:x + 21ha’xz, + 7h48182 + 7h45152 + 3h3 sls2$n
— 3hls3sy + 14k s3sy — Th'stsy — 21h%s3s3 + 7h43233 — Th%s12* — Th3s?x — 16xa>
+ 7h232:1: + 7h332m — h3s%m + 14h233:1: — Th? slsc + 7h332xn - 4h331xn + 7h232m2
— Th3s2x,, + 3h3s3x, + 14h%s3a? — 3h'ss3 + 4h?s32”® — 3h%s3a? + 4h?s322 + 7h33
— 21h*s18983 + Th3s1s9x + 14h3s1 530 — 21h3s9830 — Ths189xy, — 3hsex® — 3h2

+ 21h3 59851, + 12h31x:c — 12hs12%x,, + 14h%s122,, — 9h32ww + 9hsox’z, — 7h53x
- 21h53:mn + 21h8333 z, — 28h? S3TTy + 7h* 818283 + 7h4818283 — 3h2%sys92% — Tha?
— 3h35%52x — Th®s1s322 — Th3s? 183 + Th2s9s32% + 7h3s253x — 3h25152x2 — 3h4515%
+ 3h33132xn — Th? 313337 + 7h3s? 183y + 7h23233a: — 7h33233:1:n — 8}12811:1:” — 7h4s“;’

+7h3 S$18283T — 7h3 S$18283Ty + 6h> S182XTy + 14h28183.%'.%'n - 14h25233$:cn + 4x4) ,

— In n h n h
(x — zp)(xn — .+ hsa)(xp —x + 81)(7h 3 _ 244242 + 16z23 + 3h3s3x — dat

(840h*s9(s9 — 1)(s2 — s3)(81 — $2))
+ 16232, — 456?1 — 7h4s‘;’ + 3h45§L + 7h4s%’ — 4h45§1 + 3hs1a® — 4hsaz® + 21h%s1 5983
— 3h31:c3 + 4h52x3 — 7h53x3 + 21ha:a:2 — 21hx2xn — 7h4sls§ — 7h43%32 + 3h4sls§’
+ 3h*s3sg 4 21h1sTs3 — Thissy — 14h1s3s3 + This3ss — Th?s12? — Th3six — Thad
+ Th3s3x — 4h3six — 14h%s3x? — Th?s 22 + Th3sx, — 3h3s3x, + Th2syx? — Th3s5ay
+ 4h3s3x, — 14h%s3x2 4 3hs?s3 + 3h%sia? — 4h?s32® + 3h%sia? — Th3sissx,
+ 28h2s3xxy + 21h3s 830 — 14h3s9s3x + 7h3slsga:n — 21h33153xn + 14h3s9532),
+ 14h281xacn — 12h32xaci + 12h32:v2xn — 14h282;1:33n + 21h831‘1‘% — 21h53x2xn
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— 7h,4s%3233 + 3h2sy 8002 + 3h3sls%x + 3h38%82$ — 7h25183x2 — 7h38%83$ + 7h33:):3

+ 3h25152mi — 3h3818%$n — 3h35%52:1:n - 7th9153$72Z + 7h38%.93mn + 7h252$31‘i

+ 8h2s2x$n — Th3s18983% + Th3s15983%, — 6h?s1s9xxy, + 14h2s1s322y, — 14h?s9sszay,
— 6h231mmn + 7h33333x — 7h4313333 — Yhsix’z, + Th2sox? + 9h31m$3 + Th2sgssz?

— 4h%s2a? — Th3sis01) |

B, = — (x — xp)(xy, — x + hsa)(zy — x + hsy)
(840h%s3(s3 — 1)(s2 — s3)(s1 — s3))

+ 14htsTsy — 4h*sys3 + 14h*s 53 + 3h*sy — Thiss + 3h3s3x — 3h3sta, — 4h3stsqn
+ 4h3 slsgmn — 7h332x + 7h331xn — 4hgsls%x + 4h33132xn + 14h3s1 891 — 14h33132xn
— 3h3s3x, — Th3s3x + Th3s3x, + 3h2s22? — 6h2s3xx, + 3h2$1x — 4h%sy 590 — 4k
— 4h25152x — Th2s12?% + 14h2s1xay, — 7h251x + 3h2 6h252xxn + 3h252x
— Th%s92? + 14h%sqzx,, — Th? 82xn + 3hsi2 + 9hslxzn — 3h31xn + 3hsox® + 16xa;n
- 9h,32x2:1cn + 9h32mc% — 3h32$i + Thx® — 21hx2xn + 21h3::):% — 7h:1cf’b — 4zt + 1630351:n

+ 3h353m — 241’23}% — Ohs 2T, + 8h25152m:rn) ,

(3htst — 4h*s3sy — This? — 4h*s?s3

(x — xp)(Tn — x + hs2)(zn — x + hsy)
(840h*(s3 — 1)(s2 — 1)(s1 — 1))

— 42 + 14530 s3s9 — 4hts1s3 + 14s3h* sy 53 4 3h*sy — Tszh'sy + 3h3sta + 16231,

— 4h3s? 1522 + 4h33132xn — 733h33 T+ 783h381$n — 4h3313%$ + 4h33132:1:n + 3h32:1:

+ 1483h38182m — 1483h §189%y, + 3h3s2:z: h3521‘n — 753h35%x + 753h3s§1‘n - 4w%

+ 3h2sla: 6h281$$n + 3h281:1c — 4h®s1 8922 + 8h2s1 sgxxy, — 4h? slsgm + 16xx

— Tssh?s12? + 14sgh?s1zxy, — Tsshs1x2 + 3h*s32”® — 6h*s3xx, — 3hs1x) — 3hsax)

— 733h232x2 + 1483h2823333‘n — 733h252xi + 3h31x3 — 9h51x2xn + 9]151;1:;1:721 — 733hxi

— Ohsoxa, + 9h52mi + 3h25§x,21 + Tssha® — 21ssha’z, + 2183h333331 — 24$2xi

— 3n3s3x,,) .

p1 = (3htst — ahts3sy — Tsshtst — 4hts?s?

Equation ({2.2)) is evaluated at the non-interpolating point i.e Z,1s,, Tnt+1 and equations (2.3) and (| .
are evaluated at all points to produce the discrete schemes and its derivatives. The discrete scheme and its
derivatives at x,, are combined in matrix to form a block

ABlsy Bl — pllsplsls o plsls plBls | plsls plls | 33 pl3ls plls | 3 g3l gEFls (2.5)
where
(s2—1) . (s1—1)
gslésl—szgg 582581—8233 01 Yn+s1
s3 52:53 _ (s3 81:83 1 0 Yt s
A[3}3 — (s1(s1—s2)) (s2(s1—s2)) B]s _ +s2
S2 _ S1 ’
7@31(51{32)) (hsasy—52)) 0 0 Yntss
(h2 “h2s189 (h2837h25182) 00 Ynt1
((s1=1)(s2—1))
v ( 1(81)55 ) Yn=3 0000
Bl _ 000 1 (2155 2 plBls | Yn—2 pl3s _ 000 O
' 0 0 0 bl f Ty, g [T 000 0 |
0 0 O (5182) Yn 0 0 0 -1

(h?s152)
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’ ” 3]

[T 000 O [T 0 00 D%d

f . 000 0 3] Y 5 0 0 0 Dy

RBls _ | Yn—2 : BBls _ ,R[ 3 _ n=2 | pBls = 24 7

2 - 3 000 0 3 Y1 000 DI
fus B By B B .
A _ | Jo2 | g | B BRS By BRP | psis | fars
! fae1 )7 gl gl B pBl |07 Frtss
I O A fo

Non-zero elements in DP3 and EPI3 are given by

pBls __ (2= 1)(s1 —1)
14 (840818283)

+ 105155 + 105759 — 45155 — 45359 + 145783 — Ts3s3 + 145353 — Tsasz — 4st
+ 357 — 452 — 453 + 355 + 14515553 + 14575953 — 70515983 + 3) ,

(108189 — 489 — Tsg — 43152 451 4 145153 + 145953 — 45?

P 1 — S S9 — S
plils — _ (s1 (8430)51;) 3) (351 — 4535y — 4535y — Ts? — 4522 + 10528053

+ 148%82 — 45%5% + 143%53 — 43153 + 10515353 + 145155 + 1051525’%

— 70515983 — 45155 + 145153 + 359 — 4s3s3 — Tss — 4s3s5 + 145353
— 45955 + 145982 + 355 — Ts3) |

" (840s3h2)
+ 215253 — Tsas3 — Ts3 + 3s] — Tss + 14515553 + 14575953 — 84515253)

Di[,i]s (145153 — 453535 + 145759 — 45155 — 45359y + 215753 — 75353 + 355

— 1 (
~ (420h3s15953)
+ 218353 — Ts1s3 + 21s3s3 — Tsasg — Ts + 387 — Tsy + 355 — 84515353

Dﬁb 145753 — 45755 — 45353 + 145153 + 145359 — 45155 — 45189

— 84575983 + 14515553 + 14575083 + 14s753s3) |

489 — 351 + Tsg — 35252 + 45189 + 75183 — 3s?
152 1

E[3]3 _ (52 — 1)
B 84081(81 — 82)(51 - 53)

— 145953 + 45152 + 4575y — 35155 — 35359 + Ts2sg — Tsisg — 14s3s3 + 4s]
+ 75%53 — 35? + 45% + 48% - 35% + 7515353 + 78%8283 — 145818983 — 3) ,

s1—1
EPQ]B =_ 84082<S1< i 32)(> p— (4s1 — 359 + Ts3 — 35353 + 4s159 — 148183 — 355
+ Tsgs3 + 45155 + 45359 — 35155 — 35359 — 145253 + Ts3s3 + Ts3s3 — 355
— 73253 + 452 + 453 — 351 + 482 + 7313233 + 7525953 — 14515953 — 3)

— 1)(81 — 1)
B = - (= 35t — dsdsy — 453 — 4 1082
13 (84033(51 - 33)(82 — 33)(83 _ 1)) ( 81 8182 81 8182 + 5152

— 45?7 — 45155 4+ 105155 + 105150 — 451 + 355 — 455 — 4s3 — 4sy + 3) ,
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1
(840s3 — 840)
+ 45259 + 45155 + Asisy + Ts2s3 + Ts5s3 + Tsas3 + Tsas3 — 357 — 355 — 3s]

Eﬁ]s =— (48182 389 — 783 — 381 + 45189 + 75183 + 7s983 + 45132

— 38% — 353 — 3531 — 14515353 — 148%8283 — 14518983 +4) ,

EBls _ s3(s2 — s3) dst — 3535, — 35352 — Tsd — 35262 & 452 _ 3¢l
21 = (34051 (51 — 5) (51 — 1))( s] — 35752 — 3sys3 — Ts] — 3s7s5 + 4sysas3 — 3s3
+ Tssy — 35783 + Tsisy — 35155 + 4s155s3 + Ts155 + 4s1s055 — 14 7s3
152 5183 + (s7s3 S185 + 4515583 + (5155 + 4515253 S§18283 + (S3

— 3515§ + 7sls§ — 355+ 4s3s3 + Tss + 45%5% — 14s2s3 + 4525% — 14525%) ,

—53(851 — 53)
84082(81 - 82)(82 — 1)

+ 78%82 + 45%3% — 143%33 — 3818% + 4513333 + 7818% + 481828§ — 14515983

E%h = (—35‘1l — 33?32 + 43‘%33 + 73? — 33%3% + 45%3233 4 43‘21

— 33% + 4818% — 14sls§ — 33%33 — 73% — 33%3% + 73%33 — 3323% + 7323% + 78%) ,

3 1
Egg]S :(840%——840)(_3811 + 45359 — 35553 4+ Ts3 + 45782 + 4535953 — 145259
2.2 2 3 2 2 2 3
— 35783 + 75783 + 45155 + 4515553 — 145155 + 4515253 — 14515253 — 35153
+ 75183 — 353 — 35353 + Ts3 — 35553 + Ts3s3 — 35055 + Tsos3 + 4s5 — 7s3) ,
Eﬁb = s3(s2 — 53)(51 — 53) (381 43132 — 48183 — 457 82 + 10818283 + 332

840(81 — 1)(82 — 1)(83 — 1)
— 45755 — 45185 + 10515553 + 10515253 — 45153 — 4sysg — 45353 — 4sash + 33%) ,
Bfl =~ & 3 7 Ts2sy + 35153 + 35

81 H(8405, — 840%3) (51 — 53) (o1 = 1) s1s3 — Ts1s5 — Tsisy + 3s1s} + 3sis,
— 145753 + Ts3s3 + 215553 — Tsass + Ts3 — 4s] — Tss + 355 — 515553

— 73%3233 + 21s15283) ,

ERP = 1 3 7 75255+ 3 3
2 (3405, — 8405) (2 — 53)(s2 — 1) s1s3 = Ts1s] — Tsso + Bs1s3 + 3siso
— 73? + 213%33 — 78%83 — 143%33 + 78%83 + 331l + 735’ — 4$§1 — 7313333
— 7525953 4+ 21515253)
Bl = o152 35t +4 750 + 4 14
33 (840h83(81 _ 83)(52 _ 33)(83 — 1))( 51 + 5152 + Sl + 8182 8182
+ 45155 — 145153 — 355 4+ 753) ,
3 5152
Ei[i4]3 S (3105, — 810) (55 — 1) (55 — 1))( 351 + 45359 + Tszss + 4sts3 — 14535789
+ 45155 — 14535153 — 355 4 Ts353) ,
E41 = — (78182 38182 35152 + 78]_82 382

(420h281(81 — 32)(51 — 83)(81 — 1))
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— 35155 — 35150 4 14s5s3 — Tss3 — 21s3s3 + Tsas3 — Ts| + 455 4 Tsg + Tsiso

— 21515353 — 21555953 + 7515583 + Ts55053 + 7s25353)

1
(420h2s5(s1 — s2)(s2 — s3)(s2 — 1))
— 35153 — 35789 — 218383 + Ts]s3 + 14s5s3 — Tsyss + Ts] — 387 — Tsy + 4s5

Eg“ = (Tsts3 — 3s7s3 — 3sis5 + Tsys5 + Tsiso

— 21815583 — 21875953 + Ts15553 + Tsts953 + Ts35383)

Bls _ 1 5 4 4 3.2 3
B3P = 053 (ss — 13 52 (r — 53] (3s] — 4sysg — 7s] — 4sys5 + 14s7s2

— 45753 + 145753 — 45155 4 145155 4 355 — 7s3)

Blz _ 1
By 420n2((s1 — 1)(s2 — 1)(s3 — 1))

+ 45255 — 14535255 4 45155 — 14535155 — 355 + Ts3s3) .

—350 + 4dsTs9 + Tsgst 4+ 45352 — 145355 59
1 1 1 152 1

Multiplying Equation (2.5 by (AP)~! produces the following hybrid block method.

[Bsy8ls — pBla pBls | pBla plSls | BRI plSls | p3 plsls pl¥ls . p3 Fl3ls pl3ls (2.6)
where
1 0 0 O 0 0 0 1 0 0 0 s1h
g _ [ 01 00| as_[000 1| 2 |00 0 sh
I 0 010 » By 0 0 0 1 By 0 0 0 s3h
00 01 0 0 01 0 0 0 h
h?s? (3]s (3]s [3ls [3ls (3]s
0 0 O 1 0 0 0 D E E E E
h2252 B [1??}3 %31]3 %32]3 %??]3 %]3
—13]3 0 0 O 2 a1, 0 0 0 D ey E E E E
BBls _ 5 DBls — 24 FElBls — 21 21 23 24
P looo EE 7T loo o DY |0 | B BN B OED |
> ~ (31 Bls @Bl Bl 3
0 0 O 5 0 00 D44 Ey” En® Eg® Ey

and the terms of DBl3 and EPI3 are given as

3
=[3 (s
DE?)]3 - _ m(ﬂsl@ + 215153 — 1055253 — Ts2s9 — 75253

— 757 4+ 353 + 21s185983) ,

Dgg :&(1058183 — 215189 — 218983 + 73133 + 78%83
(8408183)
4 755 — 353 — 21s159583) ,

3
— 3 S
Dggb — m@lslsg — 1055189 + 215983 — 7818% — 7823§

— 752 4+ 353 + 21s15983) ,

Dl :m(m + Tso + Ts3 — 21s152 — 218183 — 2159583
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+ 105518983 — 3) ,

h3s3
(840(81 - 1)(81 - 83)(81 - 82))
— Ts7s3 — Ts7 + 4s} + 14s15253)

Eﬁ]?’ = (145159 4 145153 — 355053 — 7259

FBls _ (hsi (2183 — 7s1 — 7s183 + 35%) ,
12 (84052(82 — 1)(52 — 53)(51 — 82))

BBl — (st (2159 — Tsy — 75159 + 357)
13 (840s3(s3 — 1)(s2 — s3)(s1 — s3)) e

(h*st
(840(83 — 1)(82 — 1)(81 — 1))

EElh = (218283 — 78183 — 78189 + 38%) ,

3¢5
g3l h’s3 )
- 21s3 — Tsy — Ts283 + 353)

21 (840s1(s1 — 1)(s1 — s3)(s1 52))( 83 59 S983 + 353)

(h*s3
(840(s2 — 1)(s2 — s3)(s1 — s2))
+ Ts3s3 + 753 — 4s5 — 14s15253) ,

E£22]3 - (358153 — 145189 — 148983 + 78183

3]s hgsg

o Tsg — 21 7 — 352
23 (840s3(s3 — 1)(s2 — s3)(s1 — 83))( S2 1+ 78182 s5)

3.5
(313 h°s3 ,
N —21 + —_
Ly (840(s3 — 1)(s1 — 1)(s2 — 1)) (7s152 183 + Ts2s3 — 3s3)

h35§
(840s1(s1 — 1)(s1 — s3)(s1 — s2))

E:L,Sl]d = (783 — 2189 + Tsgs3 — 38%) ,

3.5
h’s3

32 (840s2(s2 — 1)(s2 — s3)(s1 — 82))( 53 1+ (5183 %)
_ h3 3
Ei[’,?:,«}]3 — S3 (145153 — 358189 + 145953 — 7818%

(840(83 - 1)(52 - 53)(51 - 83))
— Tsgs3 — Ts2 + 4s5 + 145159583)

7l _°s3(21s150 — Tsis3 — Tspsy + 3s3)

BT (840(s2 — (s — D(ss — 1)
EBls — _ h?(21s9s3 — Ts3 — Tsy + 3)

4 (840s1(s1 — 1)(s1 — s3)(s1 — 82))
=[3]s h3(213153 — Tsg — Ts1 + 3)

12 =

(84052(82 — 1)(52 - 53)(51 - 52)) ’

h3(218182 — 782 — 781 + 3))
(84083(83 - 1)(82 - 83)(81 — 83)) ’

(3
o=
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h3(781 + 7so + 7s3 — 145159 — 145183 — 148983 + 35s15953 — 4)
(840(83 — 1)(82 — 1)(81 — 1)) '

Substituting yn+s, and yn+s, into first derivative of discrete schemes to give the block of first derivative:

(3
B -

Ynrs: =Un + s1hy,
h%s2(5s152 + 55153 — 205253 — 25259 — 25753 — 252 + 55 + 5515253)
- In
(605283)
n (h2s2 (55189 + 5s153 — 105253 — 35259 — 35253 — 357 + 259 + 5s159253)
(60(s1 — 1)(s1 — s3)(s1 — 52))
(h2s}(5s3 — 251 — 25183 + 52) (h?s}(5s2 — 251 — 25152 + 52)
(60s(s9 — 1)(s2 — s3)(s1 — .92))f”+82  (60s3(s3 — 1)(s9 — s3) (51 — 53))f”+53
(h2s} (55283 — 28183 — 25189 + 57))
(6055 — (52— (51 — 1)) "+

fn+81

yq/1+s2 :y;b + Sth;:
h?s3(20s153 — 55152 — Bsas3 + 25155 + 25553 + 2535 — 53 — 5s15953)
(608183)
h%s3(5s3 — 259 — 28953 + 52)
B (60s1(s1 — 1)(s1 — s3)(s1 — 52))fn+81
h?s3(10s153 — 55152 — 5sass + 35155 + 35353 + 353 — 253 — Hs15253) f
(60052 — 1)(s2 — 53)(s1 — 52)) "
h?s3(2s2 — 5s1 + 25159 — 53) h?s5(2s155 — Bsis3 + 28983 — 53)
(60s3(s3 — 1)(s2 — 53)(51 — 33))fn+83 © (60(s3 —1)(s1 — 1)(sg — 1)) fot

fn

Yntss =Un + S3hY,

h s3(5s183 — 208152 + 5283 — 25153 — 28253 — 253 + s5 + 5515283)

(608182)

h2$§(55132 — 25183 — 28983 + sg)

(60(ss — D52~ (s ~ 1) "
h2s§(253 — 589 + 25953 — 8?2)) h25§(283 — 581 + 25183 — s%)
60s1(s1 — 1)(s1 — s3)(s1 — SQ)fn+Sl  60sa(s2 — 1)(s2 — s3)(s1 — 59)
n h2S§(58183 — 105189 + 5s9s3 — 381s§ — 3523§ — 35% + 28% + 5815253) f
(60(s3 — 1)(s2 — s3)(s1 — 53)) s

fn

fn+82

Y1 =Yn + hyy,
h2(281 + 259 + 253 — 55159 — Hs183 — Hsas3 + 20s15953 — 1)
+ In
(60818283)
h2(58283 — 283 — 289 + 1) h2(581$3 — 283 — 251 + 1)
- fn+81 + fn+32
(60s1(s1 — 1)(s1 — s3)(s1 — $2)) (60s2(s2 — 1)(s2 — s3)(s1 — $2))
h? (58182 — 289 — 251 + 1) f i
(60s3(s3 — 1)(s2 — s3)(s51 — s83))° "%
h?(3s1 + 3s9 + 353 — 55189 — 55153 — 55253 + 10515253 — 2) s
(60(ss — 1)(sg — 1)(s1 — 1)) mh
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Substituting y,+s, and yy+s, into second derivative of discrete schemes gives the block of second deriva-
tive:

1"

"
Yntsy =Un

hs1(10s1s2 4+ 105153 — 308283 — 58%82 - 58%83 — 55% + 38‘;’ + 10s715253)
- fn
(60s253)
n hs1(20s1s2 4+ 205153 — 308283 — 153%32 - 155%53 - 153% + 12351)’ + 20313233)f
(60(sy — 1)(s1 — s3)(s51 — 2)) K

hs3(10s3 — 5sy — 55183 + 357) f B hs3(10sg — 5sy — 55185 + 3s7) f
(60s2(s2 — 1)(s2 — s3)(s1 — s2)" " (60s3(s3 — 1) (59 — 53)(s1 — 53))" "+
hs3(10s283 — 55183 — 55152 + 3s7)

(60(s5 — 1)(s2 — 1)(s1 —1)) "1

" 1"

Yntss =Un
hs2(30s1s3 — 108182 — 105283 + 55153 + 55383 + 5s3 — 353 — 10s15253)
(60s153)
hs3(10s3 — 5sa — 5sas3 + 3s3)
B (6081(81 — 1)(81 — 83)(81 — 82))fn+sl
n hsa(30s183 — 208182 — 208253 + 155153 + 155383 + 1585 — 1253 — 2051 5253)

In

(60(s2 — 1)(s2 — s3)(s1 — s2) Trtss
hs3(5s2 — 1051 + 55159 — 352) s B hs3(5s152 — 105153 + 5s9s3 — 353) F
(60s3(s3 — 1)(s52 — s3)(s51 — s53))" "7 (60(s3 — 1)(so — D)(s1 — 1)) /"1
yn+53 =Yn
B hs3(10s1s3 — 305152 + 10s283 — 5318§ - 5325§ — 55§ + 38% + 10s15253) f
n

(60s152)
hs3(5s3 — 1082 + 5sas3 — 3s3) hs3(5s3 — 1081 + 5s1s3 — 3s3)
(60s1(s1 — 1)(s1 — 83)(s1 — 32))1277’“1  (60s2(s2 — 1)(sg — s3)(s1 — 82))fn+52
n hs3(20s183 — 308152 + 205253 — 155153 — 155283 — 1583 + 1253 + 2051 5253)
(60(s3 — 1)(s2 — s3)(s1 — 53)) e
hsg(l()slsg — 58183 — Hsgs3 + 33%)
(60053 — D)(sa — (s1 = 1)) 1"

yn+1 =Yn
h(5s1 + 5s2 + 5s3 — 10s152 — 105153 — 105253 + 30815253 — 3)
+ In
(60s15283)
B Slh(108283 — 583 — bso + 3) f n Szh(lOSlsg — 583 — bs1 + 3) f
(60s1(s1 — 1)(s1 — s3)(s1 — 52))" "7 7 (60s9(s2 — 1)(s2 — s3)(s1 — s9))" "7

B s3h(10s1s2 — 5sg — 5s1 + 3) f
(60s3(s3 — 1)(s2 — s3)(s1 — s3)" """
h(1581 + 1582 + 1583 — 208152 - 205153 - 205253 + 30515253 — 12)
+ fn+1 .
(60(83 — 1)(82 — 1)(81 — 1))
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3. Analysis of the Method

3.1. Order of the Method
In order to find the order of the block, expanding y and f-function in Taylor series, that is

B 00 (sl)jhj j ’ h2s2 n
Dm0 T Yn = Yn — s1hy, — =51y, -
+(s:fh3(213152+21315371055233773%32773%3377s§+3s?+21513253)
(840s253) n

_S?(148152-‘1—148183—355253—78%52—75%83—7S%+4S?+14515283) ZOO (sl)ﬂhﬂ+3y]+3
(840(51— )(81—83)(81—82)) j=0 " j!
(s (21s3— 731—75153—1—331 E Jh7+3 543
T (B40s2(s2—1)(s2—53)(s1-52)) £=j=0 ~ j1 _In
+ 81(218277817781824*381 E s%h7+3 543
(84083(53 1)(52—83) 81—83)) 7=0
(81(218283 75183— 75152-1—351) Zoo hi+3 ]+3
(840(s3—1)(s2—1)(s1—1 Jj=0 7 Yn 0

o) (32)1}7} ] h2s2 n
D20 ST Yn yn—Szhyn 5 Un
h3(105s153 —21s189— 218253+78152+75283+75 35‘;’ 21815253)
n

(840s183)
i s3(21s3—Tso—Ts253+353) g (s1)7hi+3 43
(84081(5171)(51783)(81782) 7=0 7! n o
_(83(35518371481827148283+7518§+7S§S3+782748%714818283) ZOO (s2)7hI+3 43
(840(s2—1) (52— 53)(51—52)) j=0" 41 Yn
32(732 2151+7s189— 352 Z (s3) Jh3+3 43
(84083(53 1)(s2—s3)(s1—s3)) j=0" 41 Jn
83(78152 218183-‘1—78283 352) co hit3 J+3
+ (840(s3—1)(s1—1)(s2—1)) Z] 0 ]'2 n =10
[ele] s3)Thi h2s2
Zg =0 ( 33! y] Yn — S3hyn 5 yn
+ h (21s183— 1058182-‘1—218253—78183 75283 7S3+353+21818285)
(8408152) n
. 53(733 21s9+75253— 383 z (s1)7RIT3 43
(84031(517 Y(s1—s3)(s1—82)) £ej=0 51 7
+ 53(733 21s1+7s183— 333) Zoo (s2)7hIT3 43
(840s2(s2—1)(s2—s3)(s1—s2) ] 0 4! n
53(143133 35s5159+145253— 75153 7323§ 7s3+4s3+14515233) Zoo (s3)7hIt3 43
(R40(s3—1)(s2—53)(51—53)) j=0"— 51 Yn
82(215182 75183— 75283+353) hi+3 J+3

(840(32—1)(51— (s3—1)) j 0 41T Yn
h2

oo hJ /
Z— lyn yn_hyn_zyn
h3(751+732+753 213152 21s183— 2182S3+105818283—3)y

(840818283) n
+ (218253 Ts3— 732+3 Z 51)]h]+3 J+3
(84081(51—1)(81—83)(81—82 ) 7=0 7! Yn
(218183 Ts3— 7S1+3 E 82 Jh]+3 J+3
(84082(52 1)(s2—s3) 81—82) 7=0 j' n
+ (218182 Tsg— 781+3 Z 83 Jh]+3 7+3
(840s3(s3—1)(s2—s3)(s1—s3)) £=j=0 "~ 4T Yn 0

_(731+732+733 14s159—145153—14s253+3551 5253 —4) ZOO hi+3 ]—1—3 L |
(840(s3—1)(s2—1)(s1—1)) Yn

J=0 41 i

By comparing the coefficient of h, the order of the method is [5, 5,5, 5] with the following error constants

vector
f(s?(143152+143153742325376s%32765%93763%+3s?+14513233))
2016Q0
(sg(423153—148132—143233+631s%+63333+6s§—33%—14515233))
20160
—(sg(145153—4251524-143253—63152—65235’—65%—1—35%—}-14515233)) )
201600
(651+652+653—145150—145153—145253+42515253—3)
201600
2 2 2 3
for all 51,59, 55 € (0,1) \ {{s5 —14s153 + 65753 + 652 — 381} U {51 _ ldsgys3 — 6s383 — 655 + 355
Y ’ 14s; — 4283 — 651 + 145153 4285 — 14s9 + 65% — 145953

—14s183 + 68183 + 633 383 LU {s —6s9 — 653 + 145983 + 3
81 =

Uise =
{s2 —42s) + 1453 — 652 + 14553 6 — 1dsy — 14s3 + 425953
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8.2. Zero Stability of Method
In finding the zero-stability of the block method ([2.6]), roots of the first characteristic function

M(z) = 218 — B£3]3] must be simple or less than one. Where 123 and BPh are the coefficients of
Ynti; § = S1, 82,83, 1 and y,. That is

1 0 00 0 0 0 1
=13]: 01 0O 0 0 0 1

I1(z) :\zl[?’b—B“‘]: looi1ol"1ooo =23(z-1)=0,
0 0 0 1 0 0 0 1

which gives z = 0,0,0, 1. This implies that our method is zero stable. The new method is consistent Since
the order of the method is greater than one. However, zero stability and consistency are sufficient conditions
of the method to be convergent [6].

3.3. Region of Absolute Stability

The hybrid block method in is said to be absolutely stable, if for a given h, all roots of the
characteristic polynomial 7(z,h) = p(z) — ho(z), satisfies |z;| < 1. In this article, the locus method was
adopted to determine the region of absolute stability. The test equation y/” = A3y is substituted in the main
method in where h = A\3h3 and A = %. Substituting r = cosf — i sin 8 and considering real part yields
the equation of region stability

- 36288000(e? — 1)
h(0,h) = 2.2.2 i0 )
(s75555(10s1 + 1052 4 1053 — 65152 — 65153 — 65253 + 3515253 + 515253€? — 15))

(3.1)

4. Numerical Example

The following two third order (IVPs) were solved using 8 and 7 order block method by Kuboye (2015)
and Omar(2015) respectively. The performance of our method is confirmed by solving the same problem.
This is demonstrated in Table [Il and Table 21

Problem 1: Y +y=0,90) =1,y 0) =-1,y"(0) =1

Exact solution: y(z) = e % with h =0.1.

Table 1: Comparison of the new method with Kuboye and Omar(2015) for solving Problem 1

x Exact solution Computed solution in | Error in our | Error in [§],
our method with one | method, P=38
off-step points s1 = %, P=5
S9 = %, S3 = 1%

0.1 | 0.904837418035959520 | 0.904837418035952970 | 6.550316E—1° | 2.138401FE 12

0.2 | 0.818730753077981820 | 0.818730753077960730 | 2.109424E~14 | 6.055156E 13

0.3 | 0.740818220681717770 | 0.740818220681712440 | 5.329071E~15 | 7.395751F 12

0.4 | 0.670320046035639330 | 0.670320046035714160 | 7.482903E— 14 | 2.158163F 12

0.5 | 0.606530659712633420 | 0.606530659712884330 | 2.509104F~13 | 1.484579F 11

0.6 | 0.548811636094026500 | 0.548811636094576840 | 5.503376E~ 3 | 1.098521 £ 11

0.7 | 0.496585303791409530 | 0.496585303792408010 | 9.984791E~13 | 3.142886F 11

0.8 | 0.449328964117221620 | 0.449328964118839050 | 1.617428E~12 | 2.309530E 1

0.9 | 0.406569659740599170 | 0.406569659743025950 | 2.426781E~'2 | 5.154149F~11

1.0 | 0.367879441171442330 | 0.367879441174885860 | 3.443523E~12 | 8.200535E 11

Problem 2: 3" +¢e* =0, y(0) =1, 3 (0) = —1, 4" (0) = 3.

Exact solution:

y(z) = 20 — e® + 2 with h = 0.1.
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Table 2: Comparison of the new method with Omar and Kuboye (2015) for solving Problem 2

x Exact solution Computed solution in | Error in our | Error in [11],
our method with one | method, P=7
off-step points s; = %, P=5
2 = %, 83 = 1%

0.1 | 0.914829081924352310 | 0.914829081924363410 | 1.110223E~™ | 2.886580E 13

0.2 | 0.858597241839830220 | 0.858597241839990980 | 1.607603E~13 | 1.836753FE 12

0.3 | 0.830141192423996980 | 0.830141192424628030 | 6.310508E 13 | 4.572787E 12

0.4 | 0.828175302358729710 | 0.828175302360352860 | 1.623146E~12 | 8.563816E 12

0.5 | 0.851278729299871810 | 0.851278729303230900 | 3.359091F12 | 1.374012E 1!

0.6 | 0.897881199609491090 | 0.897881199615575220 | 6.084133E~12 | 2.017764E !

0.7 | 0.966247292529523350 | 0.966247292539593290 | 1.006994E—11 | 2.736122E 11

0.8 | 1.054459071507532400 | 1.054459071523148300 | 1.561595E 11 | 3.675460E 1!

0.9 | 1.160396888843050300 | 1.160396888866103800 | 2.305356E 11 | 4.822365E 11

1.0 | 1.281718171540954500 | 1.281718171573704000 | 3.274958E ' | 6.189094E 11

5. Conclusion

An accurate hybrid block one step method for solving third order initial value problem directly has been
developed in this work. The accuracy of the new method when was applied for solving some problems is
demonstrated in Table([I|and Table[2] numerical properties of the method which includes, consistency, order,
zero stability, error constant and convergence are also established.
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