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Abstract

In this article, we discuss a class of three-dimensional non-linear singularly perturbed systems with
optimal control. Firstly, we confirm the existence of heteroclinic orbits connecting two equilibrium points
about their associated systems by necessary conditions of optimal control and functional theory. Secondly,
we study the asymptotic solutions of the singularly perturbed optimal control problems by the methods of
boundary layer functions and prove the existence of the smooth solutions and the uniform validity of the
asymptotic expansion. Finally, we cite an example to illustrate the result. (©2016 All rights reserved.
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1. Introduction and Preliminaries

Contrast-structure problems [I], [7, [IT] have been focus of mathematical study in a long time. Contrast
structures are relevant to homoclinic orbits and heteroclinic orbits about corresponding associated systems
[4, 5 [6l, [13]. We often classify contrast structures as step-type contrast structures and spider-type contrast
structures in [9]. Because contrast structures can express the instantaneous transformation more accurately,
we can often use them as the models of the collision of cars and the transfer law of neurons.

Recently, Contrast structures with optimal control have been attached great importance. In [8], Ni and
Dmitriev study a kind of linear singularly perturbed problems with optimal control

T
J(u) = / Flu, y, t)dt — min,
0 u

d
,ud—?z =a(t) + b(t)u,
y(0, 1) =% y(T, p) = y*.

*Corresponding author
Email addresses: xuhan@lyu.edu.cn (Han Xu), jinyinlai@sina.com (Yinlai Jin)

Received 2015-07-23



H. Xu, Y. Jin, J. Nonlinear Sci. Appl. 9 (2016), 2718-2726 2719

Wu, Ni and Lu study a kind of nonlinear problems with step-type contrast structures in [12] as follows:

T
ﬂw:/Fm%ﬁﬁ%mm
0 U

dy
P = g(u, y, t),
T

y(0, ) = 0%, y(T, p) ="

In this paper, we will study the contrast structures for a class of high-dimensional non-linear singularly

perturbed systems
(

T
J(u) = / G(u, v, w, t)dt — min,
dv ’ '
po = Fi(u, v, w, t),
ud—tf = Fy(u, v, w, t),
v(0, ) = 1)07
’U(T, /J’) - UT7
w(07 M) = ,wO’
w(T, p) = w?.

By the methods of boundary layer functions [10, [14] and optimal control theory [2, [3], we study the
asymptotic solution of contrast structures. By necessary conditions of Euler Equations, we can confirm the
existence of the heteroclinic orbits connecting two equilibrium points. The results of the paper are new and
supplement the previous ones.

0 T
(v o_ (v O Fi(u,v,w,t) \ _
Assumethatz-<w>,z —<w0>,z _<wT>’(F2(u,v,w,t) = A(t, z, u) + B(t)u, so

the above system is equivalent to the following system

T
J(u) = / G(u, z, t)dt — min,
0 u

p% = Al 2 1)+ B(D) (1.1)
2(0, p) = 2Y,
2(T, p) = 27,

where A(t, z, u) is a two-dimensional column vector and B(t) is a known second-order reversible matrix.
We give the following conditions for ease of discussion.

Definition 1.1. The vector functions A(u, z, t) and G(u, z, t) are sufficiently smooth in the field of D =
{(u, z, )|||z]| < C,ue R,0<t<T}, where C is a positive constant.

Definition 1.2. The degenerate equation A(u, z, t) + B(t)u = 0 has an isolated solution @(t) = @(Z, t) in
D.

Let p =0, we have
T
ﬂm:/g@ﬂﬁ%mm
0 z

where ¢(Zz, t) = G(q, Z, t).
We give the following conditions to study (L.1]).

(A1) There exist two discontinuous vector functions z; = aq(t) and Z2 = ag(t), satisfying the following
conditions
g(al(t)v t)7 0<t< to,

mw“”:{mm®¢»m<t<ﬂ
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(A2) The transit point ¢y is determined by the equations g(aq(t), t) = g(aa(t), t) and satisfies the following
conditions

%g(m(to), to) # %9(0‘2@0)’ to)-

(A3) gu(ai(t), t) =0, guu(ai(t), t) >0, when 0 < t < tg.
(A4) gu(OQ(t)a t) =0, guu(OQ(t)a t) >0, when g <t <T.

By assumptions (A1)-(A4), we can confirm that

— { Bi(t) = u(aa(t), 1), 0<t<to,
Ba(t) = u(aa(t), t), to<t<T.

The widen function of ((1.1)) is
T
() = / G, 2 t) 4 1N A, 2, ) + =N B(tyu — AT 2dt. (1.2)
0

Assuming that H(u, z, A\, t) = G(u, 2, t) + AT p=tA(u, 2, t) + AT u=1B(t)u, the function J’(u) can be
transformed into

T
J (u) = /0 [H(u, z, A\, t) — AT 2)]dt, (1.3)

where H(u, z, A, t) is the Hamiltonian function and A is an undetermined two-dimensional Lagrange
multiplier. By the Euler Equation of J'(u), we can obtain the following necessary optimality conditions

ol _,
%JJ—O, (1.4)
L
o =0,

The system ([1.4)) is equal to the following system

A= —G.(u, z t) — p AL (u, 2, t)A,
Gulu, 2, t) + ptC7 )N = 0, (1.5)
ui = Alu, 2, 1) + B(t)u,
where C~1(t) = B(t) + Ayu(u, z, t) and AL (u, z, t) is the transposed matrix of A,(u, z, t). From the second
equation of (1.5)), we can solve A\ = —uC'(t)G,, then substituting it into the first and third equations, we
can get the following equations
wi = Hy(u, z, t) + pHa(u, z, t),
wz = A(u, z, t) + B(t)u, (1.6)
2(07/"[’) - Zoa Z(Ta M) - ZT,

where

Hi(u, 2, t) = (CuGy + CGuu) H—(C.Gy + CGW) (A + B(t)u) + G, — ATC(t)G,
Hy(u, 2, t) = (CuGut + CGuu) " (CGut + C1GY).

2. The Existence of Asymptotic Solution

We will proof the existence of step-type asymptotic solution of system (|1.6[). Assuming that = = ( : > ’

f(z,t) = ( il(lix’{?:gg)ﬁx’ D ) , So the system ([1.6]) is equivalent to the following system
dx

/‘E = f(l', My E) (2'1)
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The associated system of ([2.1)) is
@i
= (@0, D). (2.2)
dr

Lemma 2.1. The degenerate system of (1.6)) has two solo solutions (i (t), f1(t), v1(t)) and (aa(t), Pa(t),
Y2(t))-

The system (2.2) has two equilibrium points M;(«y(t), 5i(t), 1(t)), I = 1,2. Assuming that A(f) =
D; f(z, 0, t)|a,, | = 1,2, so the characteristic roots of A() have sixteen possible signs. There might exist a
heteroclinic orbit in three conditions as follows:

(1) My(—, —, +, +), Ma(—, —, +, +);
(2) Ml(_> Ty T +)7 MQ(_7 Ty T +)§
(3) My(—, +, +, +), Ma(—, +, +, +).

We will discuss the first condition, the rest conditions can be discussed similarly.

Lemma 2.2. The system (2.2)) has two hyperbolic saddle points Mi(cy(t), Bi(t), vi(t)), I =1, 2.

We can confirm that there exists a heteroclinic orbit connecting M; with M.

The manifold crossing M (o (t), Bi(t), v (t)) is ®;(2), #) = ®;(ax(t), B1(t), y1(t), t). The manifold
crossing Ma(awa(t), Ba(t), Y2(t)) is ®;(ZF), 1) = ®(aa(t), Ba(t), Y2(t), ). So we can reach the necessary
conditions about the existence of a heteroclinic orbit as follows:

q)l(al(t)v Bl(t)v ’Yl(t)7 i) = (I)l(a2(t)a /82(t)a 72<t)7 ﬂ (23)

To discuss ([2.2)), the following condition is given:

(A5) The associate system (2.2)) has two manifolds ®;(z(F), t) = C).

By assumption (A5) and the equation (2.3), we can determine that

{ 5O () = O (@), 1), i) (r) = \P%_)(ﬂ(_), f), (2.4)

Let
Hy () = 500 — 50 (), Ha(f) = () — (D), (2.5)

we can obtain the following hypothesis:
(A6) The system (2.5) has a solution of ¢ = ¢y and 8%’5({) li=t, # 0.

By assumption (A6), we can determine the solution of (2.4)) and the existence of the heteroclinic orbit
connecting Mj with Ms. Then the system (2.2]) has a contrast-structure solution. Finally, we can confirm
the system (|1.1]) has a interior-layer solution.

3. The Construction of Asymptotic Solution
Assuming the transit point is t*, t* € (0, 1),

t =to+pty -+ pft - (3.1)
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where t; is undetermined coefficient. Supposing that the asymptotic solution of (|1.1) is

( o]

=0 (3.3)
2Oty p) =il (it )+ Q7 2(r)) + Riz(m),

=0

where 1o = t/pu, 7= (t —t*)/u, 71 = (t —T)/p and Zk(t) are coefficients of the regular terms. Respectively,

IT;2(19) and R;z(71) are coefficients of boundary layer terms at ¢ = 0 and ¢t = T, Q,EZF)Z(T) are the left and
right coefficients of the internal transition terms at ¢ = t*. We can obtain

min J(u) = man (uo —I—ZM man(ul) ,
i=1

where J;(u;) = J; (ul, Wi,y - ﬂo) ~k = arg(minjk(uk)) and k=0,1,---,i—1.

Substituting (3.2)) and into (| and separating the terms on ¢, 79, 7 and 7; by boundary layer
function methods [1 11], then equatmg the terms with the same power of u, we can obtain a series of
optimal control problems to determine the coefficients in , .

The zeroth-order coefficients of the regular terms satisfy

/ G( , Ug, t dt—>m1n (3.4)
F U(), Z[),

We can solve by (3.4))

@0, StS<t - sts
ol?) _{ a(t), to StSOT, %(?) _{ Ba(t), to <t < T, wolt) _{ 72(t), to<t<T.

The zero-order interior layer term Q(()i)Z(T) satisfies

) =) ()
QO:F J:/ AOZF G(a2(to) —|—Q0 u, Zo(to) +Q0 z, to)dr — mln

- o0(0) Q

dQ v

Q;T = Fi(a12(to) + Q((]:F)uu B1,2(to) + QéﬂF)v, 71,2(to) + QSJF)U), to), 55)
d (?)w :
Qdoiq_ = Fy(aq 2(to) + QgﬂF)U, B1,2(to) + Q(()jF)U, 71,2(t0) + Q((JJF)’W, to),

QS70(0) = p(to) — Bralto), Q5T w(0) = ¥(to) — m2(to),
QP v(Fo0) = QP w(Fo00) = 0,

where

AéﬂF)G(Oll,Q(tO) + Q((fF)u, Zo(to) + Q((f)z, to) =G(an2(to) + Q((;F)U, Bra(to) + Q(()?)v’ 71.2(to)
+ Q(():F)w7 to) — G(a1,2(t0), B1,2(t0), v1,2(t0)s to)-
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Let 4T = ay2(to) + Q(()qt)u, (F) = By a(to) + Q((f)m T = 1 9(to) + Q(()jF)w, so (3.5)) can be changed into

0(+00)
)y / A, 5, 5, to)dr - min,

—00(0)
doF) _ _ ~
— = Fl(u(:F), 7, o), to), (3.6)
dio(F)

= F@®, o), ¢ ¢

d - ) ) 3 0)7
55 (0) = plto), BP(0) = P(to), 3 (Foo) = wlto), &P (Fo0) = (to).

By and , we can determine the solution of is the heteroclinic orbit connecting M; and
My. Meanwhile, to, 2F) (1) = \Ifng)(a(jF), t) and @) (1) = \IJSF) (@), t) can be determined. QéjF)z(T) can
also be determined. Substituting Q((]:F)Z(T) into (3.5)), we can solve Q(():F)U(T). We can also determine that
Q((]:F)Z(T) and Q((]:F)’LL(T) decay exponentially as 7 — Foo.

The boundary functions Iyy(7y) and Iyu(r) satisfy

( +o0
IIyJ = A()G(Oél(()) + Igu, 51 (0) + 1w, 71,2(0) + Ipw, O)dT — 11111i117
0 ou
dllgv
— = F1(1(0) + Mow, B1(0) + Hov, 31 (0) + Tow, 0), 37
A0 37
w
d:o - FQ(al (0) + HOU, 61(0> + Hovv y V1 (O) + H0w7 0)7
H()U

+oo
IyJ = NG, o, @, 0)dr — min,
0 U
di' Y
@_Fl(u,v,w,()), (38)
di - FQ({LZ’ ~l7 wla 0)7
dro i i ]
{ 21(0) = 00, @1 (0) = w?, ¥ (+00) = B1(0), W(+00) = 71(0).

The boundary functions Ryy(71) and Rou(7;) satisfy

0
RoJ = / DoG(ax(T) + Rou, 5o(T) + Rov, 32(T) + Row, T)dr — min,
—00 o
dRgv
d’Ti = F1(oo(T) + Rou, B2(T) + Rov, 72(T) + Row, T'),

dr = FQ(@Q(T) + Rou, 52 (T) + Ro’U, ’72(T) + Ro’w, T),
Rov(0) = v — Bo(T), Row(0) = w’ — 2(T), Rov(—00) = Row(—00) = 0.

Assuming that @" = as(T) + Rou, 0" = B2(T') + Rov, , " = v(T) + Row, then (3.9) can be changed
into
0

RoJ = Nof(a", 0", @", T)dT — min,
—00 o
d@l ~r ~r r
% - Fl(u y Uy Wy, T)a (310)
dw” ~r ~r =T
ZFQ(U,’U,U],T),
drg
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Definition 3.1. Supposing that initial values 9'(0) = v% and @'(0) = w® are intersected with the one-
dimensional stable manifold W#(M;(0)) near the equilibrium point M;. Meanwhile, the initial values
Rov(0) = vl — Bo(T) and Ryw(0) = w” — ~o(T) are intersected with the one-dimensional unstable manifold
W (M(T)).

Lemma 3.2. By Definition [3.1] and associated systems (3.8), (3.10), we can determine that boundary func-
tions Iou(7o), oz(10), Rou(m1) and Roz(T1) satisfy the following inequality

[Tou(mo)|| < Cre ™™, ||Tpz(ro)|| < Cae™™2™, [|Rou(m1)|| < D1e®™, ||Roz(m)|| < DaeMT™,
where Cy, Dy and k,, are all positive constants, | = 1,2 and m =1, 2, 3, 4.
Theorem 3.3. the system (1.1)) has a step-like solution

a(t, ) = { '%é;(t) + Mya(mo) + Qg 'a(7) + O(u), 0
0

<
27 (1) + QS 2(r) + Roa(m) + O(u), t* <

t

4. Examples

( S UV 2 2 - Lo 1o 15,
J(“)_/ (=v* — svsint — v° + w” + 2vsint — —t° + —uj + —u3)dt — min,
0 u

4 3 4 2 2
v
St
’udt 2,

v(0, 1) = 0, w(0, ) = 1, v(27, p) = 2v/2, w(2r, u) = 1.
The system (|4.1]) satisfying Definition and Definition has the following degenerate solutions

_ —/2,0<t<m, _ 0,0<t<m _ t ot
Uo(t):{ S wo(t) = —

bt
V2, m <t <2m, 0,7 <t<2m, to(t) = ( % 2)7750 .

The zero-order approximation terms of interior layers are

()
W0y (a0, Q) = £V

By calculation, we can obtain

22T 22T
Qo v(r) = Me Q) = =
14e2V2 (1 + e2v2)2
—2\[62\[7- 4e2V2T
Q(()+)U(T) = ﬁa@o ) (1) =

(1+e2v2)2

The zero-order approximation terms of left boundary layers are

dLov

T = (=V2+ Lov)* = 2, Low(0) = V2. (4.2)
0
The solution of (4.2)) is
2\/§e*2‘/570 —4e=2V2m0
L = ———— L =
olT) = 1y e LoD (14 e~2v2m)2
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The zero-order approximation terms of right boundary layers are

dR()’U

o= = (=V2+ Rov)® =2, Rov(0) = V2, (4.3)
T1
The solution of (4.3) is
22 12¢-2V2n
ROU(Tl) = m’ ROUl(Tl) = m

We can also determine that
Q(()jF)w(T) =0, QSJF)M(T) =0, How(7o) = e ™, Houz(m0) = —e™ ™, Row(71) = €™, Rouz(71) = €.

So the zeroth asymptotic solution of (4.1)) is

t 462\/57 —46*2‘/%0
—— 0<t<
_ 2" (1 + e2v2)2 " (14 e2V2m0)2" " = = ™
ul(ta :U') - ¢ 462\/57 126—2\/57'1
— <t <
2+ (1+62\/§)2 +3€_2\/§T1_1,7r_t_27r
2./2 72\/57'0 2.2 2\/57'
g Ve NEEl R P
o(t, @) = 1+ 6_2{?0 L+ eV
’ —9/2e2V2T 2/2
2+ V2e v2 <t <o

14e2V2  3em2v2m |

e, 0t <,
wit: W)=\ on p<t<om

e, 0 <t <1,
up(t, p) = e, <t<2r.

5. Conclusive Remarks

By the boundary layer function method and optimal control theory, we study the asymptotic solution
of contrast structures. By necessary conditions of Euler Equations, we can confirm the existence of the
heteroclinic orbits connecting two equilibrium points. Then we obtain the asymptotic solution of the system
. In comparison with [§] and [12], the system we study is more general.
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