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1. Introduction

Variational inequalities has emerged as an important tool in studying a wide class of real world problems
arising in several branches of pure and applied sciences in a unified and general framework. This field is
dynamics and is experiencing an explosive growth in both theory and applications.

Recently, several numerical techniques including the Wiener-Hopf equations, resolvents, gradient pro-
jections, auxiliary principle, decomposition and descent are being developed for solving various classes of
variational inequalities and related optimization problems; see [1} 2] 5, [6], [15] [25] 26], 27, 28] and the references
therein. Projection methods and its variants forms represent important tools for finding the approximate
solutions of variational inequalities. The main idea in this technique is to establish the equivalence between
the variational inequalities and the fixed-point problem of nonlinear operators by using the concept of pro-
jection; see [10), 17, 19, 20, 2], 22] B1] and the references therein. This alternative formulation has played a
significant part in developing various projection methods for solving variational inequalities. Inspired and
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motivated by the research going on in this direction, we suggest and analyze a modified projection method
based on the mean valued techniques.

We organize this article in the following way. In Section [2| we give definitions, remarks and lemmas
which are essential in this work. In Section 3] we give the gradient algorithm and established the convergence
results. We also present the applications of the main results in this section.

2. Preliminaries

Throughout this paper, we assume that H is a real Hilbert space, whose norm and inner product are
denoted by || - || and (,-), respectively. Let C' be a convex and closed subset of H and Projc be the metric
projection from H onto C.

Let T be a mapping on C. Next, we denote by F'(T') the set of fixed points of T. Recall that T is said
to be contractive iff there exists a € (0, 1) such that

[Tz =Tyl < allz—yl, Vr,yeC.
We also say T is an a-contractive mapping. Recall that T is said to be nonexpansive iff
[Tz —Ty| <llz —yll, Va,yeCl.

Iterative methods for nonexpansive mappings have recently been applied to solve convex minimization
problems; see, [10} [T, 17, 18] and the references therein. A typical problem is to minimize a quadratic
function over the set of the fixed points of a nonexpansive mapping on a real Hilbert space H:

1
min —(Bzx,x) — (z,y),
i 5 (B, z) = (2,y)
where B is a linear bounded operator on H, and y is a given point in H.
In [29], it is proved that sequence {z,} defined by the iterative algorithm below, with the initial guess
xo € H chosen arbitrarily,
Tpt1 = any + (I —apB)Sx,, VYn >0

converges strongly to the unique solution of the minimization problem provided the sequence {a,,} satisfies
certain conditions.

Recently, Hao and Shang [10] introduced a general iterative algorithm by the viscosity approximation
method. They proved that the strong convergence of the iterative algorithm; see [10] and the references
therein.

Recall that a mapping A : C — H is said to be inverse-strongly monotone if there exists a positive real
number p such that

(Az — Ay,x —y) > pl| Az — Ay|]?, Vz,yeC.

For such a case, A is also said to be p-inverse-strongly monotone.
Recall that a mapping A : C' — H is said to be strongly monotone if there exists a positive real number
1 such that
<A$—Ay,$—y> Z/.LHZL'—yHQ, Vaj,yEC’

For such a case, A is also said to be p-strongly monotone.
The classical variational inequality problem is to find v € C such that

(Au,v —u) >0, VveC.

We denoted by VI(C, A) the set of solutions of the variational inequality. For a given z € H,u € C satisfies
the inequality
(u—z,v—u) >0, YveCl,
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if and only if u = Projcz. It is known that projection operator Pg is firmly nonexpansive. It is also known
that Projox is characterized by the property: Projcx € C and (x — Projcz, Projox —y) > 0 for all y € C.

One can see that the variational inequality problem is equivalent to a fixed point problem, that is, an
element u € C' is a solution of the variational inequality if and only if u € C' is a fixed point of the mapping
Projo(I — AA), where A > 0 is a constant and I is the identity mapping. Recently, variational inequality
and fixed point problems have been considered by many authors; see, e.g., [3| [7, 12} 13|, 14} 30, BI] and the
references therein.

Concerning a family of nonexpansive mappings has been considered by many authors; see, e.g., [4, 10,
17, 24] and the references therein. The well-known convex feasibility problem reduces to finding a point
in the intersection of the fixed point sets of a family of nonlinear mappings. The problem of finding an
optimal point that minimizes a given cost function over the common set of fixed points of a family of
nonexpansive mappings is of wide interdisciplinary interest and practical importance; see e.g., [8] and the
references therein. A simple algorithmic solution to the problem of minimizing a quadratic function over the
common set of fixed points of a family of nonexpansive mappings is of extreme value in many applications
including set theoretic signal estimation; see, e.g., [9] and [11].

In this paper, we consider the mapping W,, defined by
Un,n+1 = 17
Un,n = ’YnTnUn,n—i-l + (1 - Vn)Iv
Un,n—l = ’Yn—lTn—lUn,n + (1 - P}/n—l)I;

Unk = W TkUn g1 + (1 — )1, (2.1)
Un -1 = V—1Tk—1Un i + (1 — yp—1)1,

Un2 =7ToUy3+ (1 —y)1,
Wn = Un,l = ’YlTlUn,Z + (1 - ’71)15

where 71, 79, ... are real numbers such that 0 < v, <1 and 11,75, - be an infinite family of mappings of
C into itself. Nonexpansivity of each T; ensures the nonexpansivity of W,.
Concerning W,,, we have the following lemmas which are important to prove our main results.

Lemma 2.1 ([24]). Let C be a nonempty closed convexr subset of a strictly convex Banach space E. Let
Ty, Ty, - - be nonexpansive mappings of C' into itself such that N2 F(Ty,) # 0 and v1,72,- - - be real numbers
such that 0 < v, <b <1 for anyn > 1. Then, for all x € C and k € N, the limit lim,,_,oc Uy, 1@ exists.

Using Lemma [2.1], one can define the mapping W of C' into itself as follows.

Wz = lim Wyx = le Upaz, VzeCl. (2.2)

n—oo
Such a mapping W is called the W-mapping generated by T%,75,--- and 1,72, - - .
Remark 2.2. Throughout this paper, we shall always assume that 0 < ~; < b < 1 for all i > 1.

Lemma 2.3 ([24]). Let C be a convex and closed subset of a Hilbert space H. Let Ty, T, -+ be nonexpansive
mappings of C' into itself such that NS F(T,) # 0 and 1,72, -+ be real numbers such that 0 < v, < b <1
for anyn > 1. Then F(W) =N, F(T,).

n
Lemma 2.4 ([4]). Let C be a convex and closed subset of a Hilbert space H. Let Ty, Ts, - - be nonexpansive
mappings of C into itself such that NS F(T,) # 0 and v1,72, - -+ be a real sequence such that 0 < v, <b <1
for alln > 1. If K is any bounded subset of C', then
lim sup [|[Wz — Wyz| = 0.

n—0o0 zeK
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The following lemmas are also essential to prove our main results.

Lemma 2.5 ([18]). Assume that B is a strong positive linear bounded operator on a Hilbert space H with
coefficient ¥ > 0 and ||B||71 > p > 0. Then ||I — pB| <1 - p7.

Lemma 2.6 ([I8]). Let H be a Hilbert space, B be a strongly positive linear bounded self-adjoint operator
on H with the coefficient ¥ > 0. Assume that ¥/a >y > 0. Let T : H — H be a nonexpansive mapping
with a fized point xy of the contraction x +— (I —tB)Tx + tyf(x). Then {z} converges strongly ast — 0 to
a fixed point T of T, which solves the variational inequality:

(T — 2, f(7) — 17) >0, Vze F(T).

Lemma 2.7 ([16]). Assume that {«,} is a sequence of nonnegative real numbers such that
ant1 < (1 — ) + 0 + €n,
where {yn} is a sequence in (0,1), {en} and {6} are sequences such that
(i) > pei Y = o0
(i) T2, en < o
(iif) Hmsup, o0 0n/vn < 0 or > 07 |0n] < 0.
Then lim,,_,o o, = 0.

Lemma 2.8 ([10]). Let H be a Hilbert space, C' a closed convex subset of H, f : C'— C a contraction with
the coefficient a € (0,1) and B a strongly positive linear bounded operator with the coefficient ¥ > 0. Then,
for any 0 <~y < I,

(@ =y, (B=vf)lz = (B=f)y) = (3 —ra)llz —y|?, Va,yeC.
That is, B — v f is strongly monotone with coefficient ¥ — ary.

Lemma 2.9 ([23]). Let {z,} and {yn} be bounded sequences in a Banach space X and let 3,, be a sequence
in [0,1] with 0 < liminf,, o B, < limsup,,_ . Bn < 1. Suppose xn11 = (1 — Bp)yn + Bnxn for all integers
n >0 and

lim sup(||yn+1 — Ynll = [|Zn+1 — n|) < 0.
n—oo

Then limy, o0 ||Yn — xn|| = 0.

3. Main results
Now, we are in a position to give our main results in this paper.

Theorem 3.1. Let H be a real Hilbert space and let C' be a nonempty convexr closed subset of H. Let
{T;}52, be a sequence of nonexpansive self mappings on C with a common fized points. Let f : C — C be
an a-contraction and Let B be a strongly positive linear bounded self-adjoint operator of C into itself with
the coefficient ¥ > 0. Let A : C — H be a p-inverse-strongly monotone mapping. Assume that ¥ > ay > 0
and F =N F(T;) NVI(C,A) # 0. Let {z,} be a sequence generated in the following manner

r1 € C,
Yn = WnPTOjC (xn — Az, + en)a
Tni1 = Projo (1= an)Burf () + e + (1= an)(I = BuB)ya ), ¥ = 1,
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where the mapping W,, is generated in (2.1), {an}, {Bn} are sequences in (0,1) and {\,} is a sequence in
(0,2u) and {en} is a sequence in H. Assume that {an}, {Bn}, {en} and {\,} satisfy 1 > limsup,,_, . ap >

liminf, o o, > 0, E;.I,OZ]_ Bn = o0, 2730:1 ||6”H < 00, limp 00 B = 0, limy, 00 |)\n+1 - )\n| = 0, {)\n} C

[\, X] for some A\, N with 0 < XA < X < 2u. Then sequence {x,} converges strongly to some q € F, which
uniquely solves the following variation inequality:

(Bq—~f(q),a—p) <0, VpeF (3.1)

Equivalently, we have ¢ = Projp(vf + 1 — B)q.
Proof. First, we show that mappings I — A\, A is nonexpansive. For Vz,y € C, we have

lz = ylI> > llz = ylI* + A (An — 2p) | Az — Ay|]?
= [lz — yl> = 2Anpl| Az — Ay[* + A7 || Az — Ay||?
> |lz — ylI* — 22\ (Az — Ay, — y) + A} || Az — Ay|)?
= (I = MA)z — (I — \Ay|* Vz,y € C.

This shows that I — )\, A are nonexpansive. Set

Zn = ([ - BnB)yn + Ban(yn)

Without loss of generality, we may that 3, < ||B||~! for all n > 1. From Lemma we know that, if
0<Bn <|B| ! forall n>1, then ||I — B,B| <1— B.7.
Now, we are in a position to show that sequence {z,} is bounded. Letting p € F, we have

Hyn _pH SHPTOJC(:U’II — Az, + en) _pH
<l (xn — )\nAxn) - (p - )\nAp) + el
<llzn — ol + llenll-

Putting z, = 8,7 f (yn) + (I — BnB)yn, one has x,,11 = Projc (anxn +(1- an)zn). It follows that

lzn — pll =118n(vf(yn) — Bp) + (I = 8nB)(yn — p)|
<Bullvf(yn) — Bpll + I — BnB|lyn — pl|
<BnlVl f(yn) = F@I + Ivf(®) — Bpll] + (1 = Bu¥)lyn — pll
BV f () = I + v f(p) — Bplll + (1 = B2 — pll + €n
<[1 = (¥ —va)Bulllzn — pll + Bullvf(p) — Bpll + en,
which yields that
[Zn+1 = pll < anllzn —pll + (1 — an)llzn — pl|
< Oén”l'n _pH + (1 - an)[l - (:Y - ’Ya)ﬁnwwn _pH
+ (1= an)Bnllvf(p) — Bpll + en.

Since Y7, |len|| < 0o, we find from the mathematical induction that sequence {x,} is bounded.
Next, we show that lim,, . ||2n+1 — 25| = 0. Letting &, = Projc (ajn — Az, + en), one finds that

1€nr1 —&nll < I (xn+1 — M1 ATn + en+1) - (xn — A Ay + en) |
< [(@ng1 — A1 ATp41 + €pg1) — (Tn — Anp1 Az, + €5 ||
+ | (20 — A 1Az, + €n) — (2n — AnAzy + €5) ||
< #nt1 — 2ol + [lent1 — enll + [Azal[[Ang1 — Anl-

(3.2)
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It follows that

Hyn—I—l - ynH < ”Wn-l—lgn-i-l - Wn+1§n|| + HWn-an - Wnﬁn“
< &nt1 = &all + [Whi1&n — Wikl (3.3)
<zt = zall + llent1 — enll + [[Aznl[|Antr1 — Anl + [Whi1&n — Wakall-

Hence, one has

201 = zall < = Bus1 Bllllyn+1 — ynll + 180 — Bus1 [l Byal|
+ Br1 Y f (Yn+1) — F(yn)ll +7IBnt1 — Bulll f (yn) |l (3.4)
< (1= Bns1(¥ = YO [Ynt1 — ynll + 1B — Brar | (1 Bynll + I1f (wn)])-

Since T; and U,,; are nonexpansive, we see from (2.1)) that
HWn—s—lgn - Wn{n” = |"71T1Un+1,2£n - ’VlTlUn,ZgnH
< 71||Un+1,2£n - n,2£n||

= 71||'72T2Uu+1,3£n - '72T2Un,3£n||
< 172l|Uut1,36n — Un,3éall

<7172 YallUns1.0+16n — Unnt1&nll
n

<M ][]
=1

where M = sup,,>1{|Un+1,n4+16n — Unnr1&nll}. Combing (3.3), (3.4) and (3.5)), one finds that

[2n+1 = 2nll < (1 — B (7 — 'YO‘))Hxn—H — @l + llent1 — enll + [[Azp[[[Ans1 = An|
+ HWn—&-l’fn - ann” + ‘Bn - 6n+1|(||BynH + 'YHf(yn)H)a
< (1 — Bn1(y — 'YO‘)) |Znt1 — 2nll + llens1 — enll + | Aznl[[Any1 — Al (3.6)

+ M i + 180 = Busal (1Byall + 711 f (wa)l)-
i=1

This implies

[2n+1 = znll = llznt1 — @l < [lens1 — enll + [[Azn[[[Ans1 = An]

+ MH’W + ’/Bn - Bn+1|(”BynH + '7||f(yn)||)
i=1

Using the restriction imposed on the control sequences, one finds that

limsup(||zn, — 2n+1ll = [Tnt1 — 2all) < 0.
n—oo

By virtue of Lemma [2.9] we obtain that

lim ||z, — x| = 0. (3.7)

n—00

On the other hand, we have ||zp4+1 — 2| < (1 — ap)||zn — 25||. This implies from (3.7) that

i1 — 2l = 0. (3.8)

lim
n—oo
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Notice that ||z, — yn|| = Bullvf(yn) — Bynl|- Since 5, — 0 as n — oo, one finds that
Jim |z, — yn|| = 0. (3.9)
For all p € F', we have

|60 = plI* = 1Proje (zn — AuAzn + en) — Projc(p — AnAp)||?
< [(@n = p) = An(Azn — Ap)|1° + lleal® + 2llenlll(zn — p) — An(Azy — Ap)|
< [(@n —p) = An(Azn — Ap)|1* + [leall® + 2lenll|lzn — pll
< |lon — pH2 = An(20 = An)|| Az, — ApH2 + Hen||2 + 2[|enlllzn — pl|-

(3.10)

It follows that

1zns1 =Pl < llan(zn —p) + (1~ an)(z0 —p)I?

= anlzn —plI*> + (1 — ) |8u(7.f (yn) — Bp) + (I — BuB)(yn — p)|I°

< apllzn = plI* + (1 = an) (Ballvf (n) = Bpll + (1 = B llyn — pll)?

< anlln — plI* + (1 = ) Ballvf (yn) — Bpll* + (1 — o) (L = BuA)lym — plI”
+2(1 — an)Bullvf (yn) — Bpllllyn — pl|

< anllan = plI* + (1 = ) Ballvf (yn) — Bpll* + (1 — o) (L = BoA)lym — plI°
+2(1 — an)Bullv f(yn) — ApllI&n — 2|

< lzn = plI* = (1= an)(X = Bu¥)An (2 — An) [ A2y — Ap|l* + llenll® + 2[|enllllzn — pl
+2B0ll7f (yn) — Aplll|€n — pll + Bull7f (yn) — Bpl*.

Hence, one has

(1= an) (1 = Bu¥)An (21 = M) | Az, — Apl1> < (|#n — pll + lzns1 — pI) |20 — T |
+ llenll® + 2llenlllzn — pl
+ 2/8n‘|7f<yn) - Ap””&n - p” + /BanVf(yn) - BPHQ‘
This yields that
lim ||Az, — Ap|| = 0. (3.11)
n—oo
On the other hand, we have
1€n —pH2 = |[|Projo(zy, — AMAzxy, + e,) — Projo(p — )\nAp)H2
< <(xn — MAzx, + en) - (p - /\nAp)a fn - p)
1
= §(II(I = AA)zn — (I = MA)p + enl” + 160 — pl?
— (I = M)z — (I = M A)p — (& — p) + enHZ)
1
S 5(”(1 - )‘nA)ajn - (I - )\nA)pH2 + HenH2 + 2”671””([ - )‘nA)xn - (I - )\nA)pH
160 = Bl — | (@n — &) — An(Azn — Ap) + en?)
1
< §(H$n —pl*+ 2llenlllzn — pll + 160 — pII?
— llzn — &l = AallAzp — Apll* + 2Xn |20 — &nlll| Azy — Apl|
+ 2llenlll(@n — &) = An(Azn — 4p)] ),
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which yields that

1€ = pII* < lzn = plI* + 2llenllllzn = pll = llzn = &all* + 2Anllzn — &nllllAzn — Apll

(3.12)
+ 2len|[[(zn — &n) — An(Azn — Ap)|.
Note that
201 = plI* < llawn(@n = p) + (1 = an) (20 —p)II?
< apllan = plI* + (1 = an)(Ballvf (yn) — Boll + (1 = Ba¥)llyn — plI)?
< anllen = pl* + (1 = @) Ballvf(yn) = Bpll* + (1 = an)(1 = B27) |lyn — p||® (3.13)
+2(1 — an)Bullvf (yn) — Bpllllyn — pll
< apllan = pl” + (1 = @) Ballyf(ya) = Bpll” + (1 = an)(1 = B[ — plI?
+2(1 = o) Bnll7f (yn) — Apllllén — plI-
Combining (3.12) and (3.13)), one has
Zns1 = plI? < llzn = pl* + Bullvf (yn) — Boll* + 2llenlllzn — ol
— (1= an)(1 =BV lzn — énH2 + 2|2 — &alll| Az, — Apl|
+2llenll|(xn = &) = An(Azy — Ap)|| + 2Bal17f (yn) — Ap||I€n — plI-
Therefore, one has
(1= an)(1 = BaNen — &l < (lzn = pll + 2041 = pl) 20 — Znga |
+ Bullvf (yn) = Boll? + 2llen|lllzn — p|
+ 2\ lzn — &nlll[Azn — Apll + 2[lenllll(zn — &n) — An(Azn — Ap)|
+ 2ﬁn‘|7f(yn) - Ap|’”§n - p“
In view of the restrictions, one obtains
Jim [z, — &l = 0. (3.14)
Using (3.7)), (3.9) and , one finds
im [[Wo&n — &all = 0. (3.15)
Since [|[W&, — &l < [[W&, — Waknll + [|Waén — &nll, one finds from Lemma 2.4 and (3.15]) that
lim_{|§, — W] = 0. (3.16)

Next, we prove that the uniqueness of the solution of variational inequality (3.1), which is indeed a
consequence of the strong monotonicity of B — ~«f. Suppose that * € F and z** € F both are solutions to

(3.1). Then we have
(B=~f)a",a" —2™) <0

and
(B=~f)z™, =™ —2*) <0.

Adding up the two inequalities, we see that
(B=~f)a" = (B=~f)a™ 2" —2™) <0.

The strong monotonicity of B — v f (see Lemma implies that x* = z** and the uniqueness is proved.
Let x* be the unique solution of (3.1). That is, z* = Pr(vf + (I — B))z*.
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Next, we show that limsup,,_, . (vf(q) — Bg,z, — ¢) < 0, where ¢ = Pr(vf + (I — B))(q). To see this,
we choose a subsequence {z,,} of {z,} such that

limsup(yf(q) — Bg,zn — ) = lim (vf(q) — Bq, zn, — q). (3.17)

n—oo

Since {&,,} is bounded, there exists a subsequence {{nij} of {&,,} which converges weakly to w. Without
loss of generality, we can assume that §,, — w.

On the other hand, we see that w € F(W) = N2, F(T;). If w # Ww, then we have the following. Since
Hilbert spaces are Opial’s spaces, we find from that

hminf H&h - ’UJH < hm inf Hém - Ww”
i—o0 i—o0
= liminf ||§nz — W, + Wén, — Wl
1—00
< liminf [We,, — W
1—00

<liminf [|£,, — wl],
1—00

which derives a contradiction. Thus, we have w € N2, F(T;). Now, we are in a position to show that
w e VI(C,A). Put S¢ = Nog + A&, £ € C and SE =0, £ ¢ C. Since A is a monotone operator, we see that
S is also a maximal monotone operator. Let (£,&') € Graph(S). Since ¢ — A € N and &, € C, we have

(=& & — A =0

On the other hand, we have from &, = Projo(z, — A\yAzy, + €5,) that
<§ - gnvfn - (I - )\nA)xn - €n> > 0.

That is,

f"_$”+Axn—e—”

) > 0.
It follows from the above that
<§ - 57%75/) Z <€ - fniv A§>
&n, — T, en,
> (6§,  Af T _ i
> (€~ G, AE — S = Ar, 4 1)

fni - -’Eni 671,,‘

7 (3

= <£ _gn“Aéni B Ax”z) - <§ _gniv @ B inl >7

T i

which implies from (3.14)) that (£ — w,¢’) > 0. We have w € S7!0 and hence w € VI(C, A). This completes
the proof w € F. Using :3.17), one gets that

limsup(yf(q) — Bg,zn —q) < 0. (3.18)

n—oo

Note that ) . )
|yn —qlI” < HPTOJC(xn — A Axy, + en) —q|

< ([(zn = MAzy) = (¢ = AAq) || + [lenl])?
< lzn = ql* + va,
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where vy, = ||ep||(||en || + 2||zn — ¢]|)- It follows that

I(I = BuB)(yn — q) + Bu(f (yn) — Bg)||®
<N = BuB) (yn — )II” + 287 (yn) — Bq, 20 — q)
< (1= B2 (len — gl + vn) + 280 (v f (yn) — Bg, 20 — )
< (1= Bu¥)?llwn — all* + 280y (f(yn) — £(0), 20 — @)
+ 2607 f(q) — Bq, 20 — q) + vn,
< (1= Bo¥)wn — dll” + 2B27allyn — allll2n — 4l
+ 282 (vf(2) — Bg, 20 — q) + vn
< (1= Ba¥)?lzn — all* + Bava(llyn — all” + 120 — al?)
+28,(vf(@) — Bq, 20 — q) + n
< (1= B)?lzn — qll” + Buva(l|zn — gl + 120 — qll®)
+282(7f (@) — Bq, zn — ) + vp(1 4 Bpya),

2 — al® B)
B)

which implies that

oo =l < S B g2 2t G) — Bz )+ 1+ )
= Q=20 B g4 BT - gl
N 1_2227&@]0((1) — Bq,2n — q) + va(1+ Baya)
< (1- m) zn — q|” + 251n£’75n70;7) (ﬁ 1@7 (vf(q) — Bg,zn — q) + Q(ﬁiwl{)

+ l/'fl(l + Bn’YOé)y

where M = sup,,>{[|zn — ¢/|?}. This yields that

2B, (7 —
s — I < (1 (1= ) 22Ty g2

1 — Bnyk
26n(7—ay) (1 Pn7” (8.19)
# e (e (0~ Ban =0+ g )

+ Vn(l + anyoz)

Let A, = (1 — an)%ﬁ and

B CBas— g4 P
tn = =5 (@) = Ba:za —a) + 52—

K.
This implies that
Hxn+1 - Q||2 < (1 - An)||$n - QH2 + At + Vn(l + ﬁn'}’a)
In view of the restriction, we find that lim, oo Ay = 0, Y o0 Ay = 00, D00 V(1 + Bryae) < oo, and
limsup,,_,, t, < 0. Using (2.7, one obtain the desired conclusion immediately. The proof is completed.
O

Taking v = 1 and B = I (the identity mapping) in Theorem we have the following results.
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Corollary 3.2. Let H be a real Hilbert space and let C' be a nonempty convex closed subset of H. Let
{T;}32, be a sequence of nonexpansive self mappings on C with a common fized points. Let f : C — C
be an a-contraction and let A : C' — H be a p-inverse-strongly monotone mapping. Assume that F =
N F(T)NVI(C,A) #0. Let {z,,} be a sequence generated in the following manner

x1 € C,
yn = Wy Projc (xn — Az, + en);
Tnt1 = (1= an)Buf(yn) + an®n + (1 — an)(1 = Bp)yn, Yn > 1,

where the mapping W, is generated in (2.1), {an}, {Bn} are sequences in (0,1) and {\,} is a sequence in
(0,2p) and {eyn} is a sequence in H. Assume that {an}, {Bn}, {en} and {\,} satisfy 1 > limsup,,_, . o, >
liminf, oo > 0, Y07 Bn = 00, D07y llen] < 00, limp oo B = 0, limy o0 [Ant1 — An| = 0, {An} C
[\, N for some A\, N with 0 < A < XN < 2u. Then sequence {x,} converges strongly to some q € F,
which uniquely solves the following variation inequality: {(q— f(q),q—p) <0, Vp € F. Equivalently, we have
q = Projp(f)q-

Corollary 3.3. Let H be a real Hilbert space and let C' be a nonempty convex closed subset of H. Let
{T;}2, be a sequence of nonexpansive self mappings on C with a common fized points. Let f : C' — C be an
a-contraction. Assume that F = N2, F(T;) # 0. Let {x,} be a sequence generated in the following manner

1 € C, Tp4+1 = PTOjC((l - O‘n)ﬂnf(yn) + anTy, + (1 - an)(l - ﬁn)ann)y Vn > 1,

where the mapping W, is generated in (2.1)), {can}, {Bn} are sequences in (0,1). Assume that {an}, {Bn},
satisfy 1 > limsup,,_,o o, > liminf, oo, > 0, Y00, 5, = o0, limyyo0 B = 0. Then sequence {x,}
converges strongly to some q € F, which uniquely solves the following variation inequality:

(g— f(q),q—p) <0, VpekF.

Equivalently, we have ¢ = Projpr(f)q.

Finally, we consider another class of important nonlinear operator: strict pseudo-contractions.
Recall that a mapping T : C' — C is said to be a k-strict pseudo-contraction if there exists a constant
k € ]0,1) such that
|72 =Tyl < llz —ylI? + K|(I = T)a — (I = )y, Va,y € C.

Note that the class of k-strict pseudo-contractions strictly includes the class of nonexpansive mappings.
Put A=1—-T, where T : C — C is a k-strict pseudo-contraction. It is clear that A is lgk -inverse-strongly
monotone.

Theorem 3.4. Let H be a real Hilbert space and let C' be a nonempty convexr closed subset of H. Let
{T;}32, be a sequence of nonexpansive self mappings on C with a common fized points. Let f : C — C
be an a-contraction and Let B be a strongly positive linear bounded self-adjoint operator of C' into itself
with the coefficient ¥ > 0. Let T be a k-strict pseudo-contraction. Assume that ¥ > ay > 0 and F =
N F(T) N F(T) # 0. Let {z,,} be a sequence generated in the following manner

r1 € C,
Yn = Wn((l - )\n)'an + AnTxn)a
tni1 = Projo (1= an)Burf () + e + (1= ) (I = BuB)ya ), ¥ = 1,

where the mapping W, is generated in (2.1), {an}, {Bn} are sequences in (0,1) and {\,} is a sequence in
(0,2p) and {en} is a sequence in H. Assume that {an}, {Bn}, {en} and {\,} satisfy 1 > limsup,,_, o o, >
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liminf, o o, > 0, 220:1 Bn = 00, Zfzozl HeTLH < 00, limy o0 B = 0, limy, o0 |An+1 - >\n’ =0, {/\n} -
[\, ] for some A\, N with 0 < A < X < 2(1 — k). Then sequence {x,} converges strongly to some q € F,
which uniquely solves the following variation inequality:

(Bq—~f(q),q—p) <0, VYpeF.
Equivalently, we have ¢ = Projp(vf + 1 — B)q.

Proof. Put A=1—T. Then A is %—inverse—strongly monotone. We have
F(T)=VI(C,A), Projo(I — \yA)x, = (1 — Ap)xn + NIz,

Using Theorem [3.1] we easily conclude the desired conclusion. This completes the proof. O
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