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Abstract

In this paper, in partially ordered cone metric spaces over Banach algebras, we introduce the concept
of g-monotone mappings and prove some coincidence point theorems for multi-valued and single-valued
g-monotone increasing mappings satisfying certain metric inequalities which are established by an altering
distance function. The presented results extend and improve some recent results. An illustrative example
is given to support our results. c©2016 All rights reserved.

Keywords: Multi-valued mappings, g-increasing mapping, altering functions.
2010 MSC: 54H25, 47H10.

1. Introduction

The fixed point theory of multi-valued mappings as a vital branch of nonlinear sciences has attracted
much attention from many researches, and a large number of existence results of fixed points for these
mappings in some partially ordered metric spaces have been proven by many scholars (see [1, 2]). For
instance, Choudhury [1] used the control functions on [0,+∞) to study some fixed point problems of multi-
valued mappings in partially ordered metric spaces and obtained some interesting results; Choudhury and
Metiya [2], in partially ordered spaces, proved the existence results of fixed point for a class of increasing
multi-valued mappings satisfying certain metric inequalities yielded by a control function. Moreover, Khamsi
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and Khan [4] and Khan et al.[5] obtained some coincidence points results of multi-valued Lipschitzian
mappings on a metric space without an order and on a hyperbolic metric space in which the related mappings
need to satisfy certain metric inequalities independent of the altering distances, respectively. From the known
results, it is not difficult to find that the properties of the involved spaces are fairly essential to get such
conclusions.

It is remarkable that in 2007, Huang and Zhang [3] introduced the concept of cone metric spaces and
proved that the classical Banach contraction principle remains true in the setting of cone metric spaces.
Since then, a great number of fixed point results of the mappings satisfying certain contractive properties
on cone metric spaces have been proved on the basis of Huang and Zhang’s work (see [6, 7, 8, 9] and the
references therein). Among those works, the results of [6] have attracted our much attention since the
concept of cone metric spaces over Banach algebras was introduced, and by replacing cone metric spaces
with cone metric spaces over Banach algebras, the authors extended the Banach contraction principle to a
more general form. Inspired by the works of Khamsi and Khan [4] and Khan et al. [5] and Liu and Xu [6],
in this article, we are planning to investigate some fixed point problems of multi-valued mappings in cone
metric spaces over Banach algebras. We introduce the concept of g-monotone mappings and prove some
fixed point theorems for multi-valued and single-valued g-monotone increasing mappings satisfying certain
metric inequalities. First of all, we review some necessary definitions and results from Huang and Zhang [3]
and Liu and Xu [6] as following.

Let A be a real Banach algebra and θ be the null of A (see [6] for detailed information). For convenience,
we assume that e is a unit of the Banach algebra A satisfying ex = xe = x for all x ∈ A. We say x ∈ A is
invertible if there is y ∈ A such that xy = yx = e, denoted by x−1 the inverse of x. Also let the non-empty
closed convex subset P of the Banach algebra A be a cone which determines a partial order ‘�’ as follows:
x � y if and only if y − x ∈ P . x ≺ y denotes x � y and x 6= y. x � y means that y − x ∈ int(P ), where
int(P ) denotes the set of the interior points of P . P is called a solid cone if int(P ) 6= ∅.

Definition 1.1 ([6]). Let X be a non-empty set and A be a real Banach algebra. Suppose that the mapping
d : X ×X → A satisfies:

(1) θ � d(x, y) for all x, y ∈ X and d(x, y) = θ if and only if x = y;

(2) d(x, y) = d(y, x) for all x, y ∈ X;

(3) d(x, y) � d(x, z) + d(z, y) for all x, y, z ∈ X.

Then d is called a cone metric on X and (X, d) is called a cone metric space over the Banach algebra A.

Some supporting examples of cone metric spaces over Banach algebras can be founded in [6].

Definition 1.2 ([7]). Let (X, d) be a cone metric space over the Banach algebra A, x ∈ X and let {xn} be
a sequence in X. Then

(1) {xn} converges to x if for each c ∈ A with θ � c, there is a natural number N such that d(xn, x)� c
for all n > N . We denote this by limn→∞ xn = x or xn → x.

(2) {xn} is a Cauchy sequence if for each c ∈ A with θ � c, there is a natural number N such that
d(xn, xm)� c for all n,m > N .

(3) (X, d) is a complete cone metric space if every Cauchy sequence is convergent.

The following lemma about spectral radius is indispensable for our proofs.

Lemma 1.3 ([9]). Let x, y be vectors in A. If x and y commute, then the spectral radius r satisfies the
following properties:

(i) r(xy) ≤ r(x)r(y);
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(ii) r(x+ y) ≤ r(x) + r(y);

(iii) |r(x)− r(y)| ≤ r(x− y).

In the rest of the section, we always assume that (X, d) is a partially ordered cone metric space over the
Banach algebra A, in which the partially order is denoted by ‘6’. Denote by B(X) the class of nonempty
bounded subsets of X. For A,B ∈ B(X), from Zorn’s Lemma, D(A,B) = inf{d(x, y) : x ∈ A, y ∈ B}
and δ(A,B) = sup{d(x, y) : x ∈ A, y ∈ B} can be exactly defined. We write D(A,B) = D(x,B) and
δ(A,B) = δ(x,B) for A = {x}. In addition, if B = {y}, then D(A,B) = d(x, y) and δ(A,B) = d(x, y).
Obviously, D(A,B) ≤ δ(A,B). For any A,B,C ∈ B(X), from the definition of δ(A,B), we have

(1) δ(A,B) = δ(B,A);

(2) δ(A,B) ≤ δ(A,C) + δ(C,B);

(3) δ(A,B) = 0 if and only if A = B = {x};

(4) δ(A,A) = diam(A), where diam(A) denotes the diameter of A.

For the sake of convenience, let us recall some notions as follows.

Definition 1.4 ([2]). Let A and B be two nonempty subsets of X. The relation between A and B is denoted
and defined as follows: A < B, if for every x ∈ A, there exists y ∈ B such that x 6 y.

Definition 1.5. Let P be a cone of the Banach algebra A. ψ : P → P is called an altering distance function
if the following properties are satisfied:

(i) ψ is monotone increasing and continuous;

(ii) ψ(t) = θ if and only if t = θ.

Definition 1.6. Let T : X → B(X) be a multi-valued mapping and g : X → X be a single-valued mapping.
If there exists x ∈ X such that g(x) ∈ Tx, then x is said to be a coincidence point of g and T . If T : X → X
is a single-valued mapping and there exists z ∈ X such that g(z) = Tz, then z is said to be a coincidence
point of g and T .

Remark 1.7. The similar concepts as Definitions 1.5 and 1.6 can be found in [2].

Definition 1.8. Let T : X → B(X) be a multi-valued mapping and g : X → X be a single-valued mapping.
For any x, y ∈ X, if g(x) 6 g(y) implies Tx < Ty (Ty < Tx), then T is said to be g-monotone increasing
(decreasing).

For x, y ∈ X, if g(x) 6 g(y) or g(y) 6 g(x) holds, then we call that x, y are g-comparable.

Definition 1.9. Let S : X → X and g : X → X. If for any sequence {xn} in X, g(xn) → g(x) implies
S(xn)→ S(x) as n→∞, then S is said to be g-continuous.

Example 1.10. Let A = R3. For each x = (x1, x2, x3) ∈ A, let ‖x‖ = |x1| + |x2| + |x3|. For x =
(x1, x2, x3), y = (y1, y2, y3) ∈ A, the multiplication is defined by

xy = (x1, x2, x3)(y1, y2, y3) = (x1y1 + x2y3 + x3y2, x1y2 + x2y1 + x3y3, x1y3 + x2y2 + x3y1).

Then one can easily verify that A is a Banach algebra with unit e = (1, 0, 0). Set X = R3 and P =
{(x1, x2, x3) ∈ R3|x1 ≥ 0, x2 ≥ 0, x3 ≥ 0}. Obviously, P is a cone in A. A metric d on X is defined by

d(x, y) = d((x1, x2, x3), (y1, y2, y3)) = (|x1 − y1|, |x2 − y2|, |x3 − y3|) ∈ P.

Under the metric d, (X, d) is a complete cone metric space over the Banach algebra A.
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Suppose that g : X → X is a mapping defined as follows: for any (x1, x2, x3) ∈ X,

g(x1, x2, x3) =

{ (
sin 1

x1
, 1
x2
, 1
x3

)
if x1x2x3 6= 0,

(0, 0, 0) if x1x2x3 = 0,

and assume S : X → X as S(x1, x2, x3) = 2g(x1, x2, x3) for any (x1, x2, x3) ∈ X. Clearly, S is g-continuous
but not continuous.

2. Main results

In this section, we assume that (X, d) is a complete cone metric space over the Banach algebra A, and
there is a partial order 6 on X such that (X,6) is a partial order set, P is a cone of A which gives a partial
order on A, denoted by ‘�’, and the altering distance function ψ : P → P is a homeomorphism. Let Q ⊂ A.∨
{Q} in this work means that there exists an element in Q. For example, let x ∈ A and Q ⊂ A, then

x �
∨
{Q} means that there is y ∈ Q such that x � y.

Next, we present our first result as follows.

Theorem 2.1. Let g : X → X be a surjection and T : X → B(X) be a g-monotone increasing multi-valued
mapping satisfying the following conditions:

(i) there exists x0 ∈ X such that {g(x0)} < Tx0;

(ii) if {g(xn)} is a nondecreasing sequence in X and {g(xn)} → g(x), then g(xn) 6 g(x) for all n;

(iii) ψ(δ(Tx, Ty)) � αψ (
∨
{d(g(x), g(y)), D(g(x), Tx), D(g(y), T y), H(x, y)}) for all g-comparable x, y ∈

X, where H(x, y) = D(g(x),T y)+D(g(y),Tx)
2 , α ∈ P with the spectral radius r(α) ∈ (0, 1).

Then there exists a coincidence point of g and T in X. In addition, if g is an injection, then the coincidence
point of g and T is unique.

Proof. It is clear that there exists x1 ∈ X such that g(x1) ∈ Tx0 and g(x0) 6 g(x1). As T is g-monotone
increasing, Tx0 < Tx1. Similarly, there is x2 ∈ X such that g(x2) ∈ Tx1 and g(x1) 6 g(x2). Continuing
this process we construct a monotone increasing sequence {g(xn)} in X such that g(xn+1) ∈ Txn for all
n ≥ 0, and

g(x0) 6 g(x1) 6 · · · 6 g(xn) 6 · · · .

If there has a positive integer k such that g(xk) = g(xk+1), then g(xk) = g(xk+1) ∈ Txk, which yields
xk is a coincidence point of g and T . Hence we may assume g(xn) 6= g(xn+1) for all n ≥ 0.

From the monotone property of ψ, for all n ≥ 0, we have

ψ(d(g(xn+1), g(xn+2)))

� ψ(δ(Txn, Txn+1))

� αψ
(∨
{d(g(xn), g(xn+1)), D(g(xn), Txn), D(g(xn+1), Txn+1), H(xn, xn+1)}

)
� αψ

(∨
{d(g(xn), g(xn+1)), d(g(xn), g(xn+1)), d(g(xn+1), g(xn+2)), I(xn, xn+1, xn+2)}

)
,

where I(xn, xn+1, xn+2) = d(g(xn),g(xn+2))+d(g(xn+1),g(xn+1))
2 . Note that

d(g(xn), g(xn+2))

2
�
∨
{d(g(xn), g(xn+1)), d(g(xn+1), g(xn+2))},

we have
ψ(d(g(xn+1), g(xn+2))) � αψ(

∨
{d(g(xn), g(xn+1)), d(g(xn+1), g(xn+2))}). (2.1)
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Suppose that there exists some positive integer n such that

d(g(xn), g(xn+1)) � d(g(xn+1), g(xn+2)),

then it follows from (2.1) that ψ(d(g(xn+1), g(xn+2))) � αψ(d(g(xn+1), g(xn+2))). Since r(α) ∈ (0, 1), by
Lemma 1.3, we get d(g(xn+1), g(xn+2)) = 0 or g(xn+1) = g(xn+2), which contradicts the above assumption
that g(xn+1) 6= g(xn+2) for each n. Thus

d(g(xn+1), g(xn+2)) ≺ d(g(xn), g(xn+1)),

for all n ≥ 0. Noting that ψ is an altering distance function on P , for any positive integer n, we get

ψ(d(g(xn), g(xn+1))) � αψ(d(g(xn−1), g(xn)))

� · · ·
� αnψ(d(g(x0), g(x1))).

Because A is a Banach algebra,

‖ ψ(d(g(xn), g(xn+1))) ‖≤ N ‖ αnψ(d(g(x0), g(x1))) ‖≤ N ‖ α ‖n‖ ψ(d(g(x0), g(x1))) ‖ .

Notice r(α) ∈ (0, 1), we get that ψ(d(g(xn), g(xn+1)))→ θ as n→∞. Since ψ is a homeomorphism,

lim
n→∞

d(g(xn), g(xn+1)) = θ. (2.2)

Next we prove that {g(xn)} is a Cauchy sequence. Suppose on the contrary that there exists c > θ for
which there exist two sequences of positive integers {m(k)}and {n(k)} such that for each positive integer
k, n(k) > m(k) > k and d(g(xm(k)), g(xn(k))) � c. Assuming that n(k) is the smallest such positive integer,
we immediately have n(k) > m(k) > k, d(g(xn(k)), g(xm(k))) � c and d(g(xn(k)−1), g(xm(k))) ≺ c. Now

c � d(g(xn(k)), g(xm(k))) � d(g(xn(k)), g(xn(k)−1)) + d(g(xn(k)−1), g(xm(k))),

implies that
c � d(g(xn(k)), g(xm(k))) ≺ d(g(xn(k)), g(xn(k)−1)) + c. (2.3)

Taking limit as k →∞ in (2.3) and noting (2.2), we get

lim
k→∞

d(g(xn(k)), g(xm(k))) = c. (2.4)

Also, we have

d(g(xm(k)), g(xn(k))) � d(g(xm(k)), g(xm(k)+1)) + d(g(xm(k)+1), g(xn(k)+1)) + d(g(xn(k)+1), g(xn(k)))

and

d(g(xm(k)+1), g(xn(k)+1)) � d(g(xm(k)+1), g(xm(k))) + d(g(xm(k)), g(xn(k))) + d(g(xn(k)), g(xn(k)+1)).

Taking limit as k →∞ in the above two inequalities and using (2.2) and (2.4), we get

lim
k→∞

d(g(xn(k)+1), g(xm(k)+1)) = c. (2.5)

Similarly, we have
lim
k→∞

d(g(xn(k)+1), g(xm(k))) = c (2.6)

and
lim
k→∞

d(g(xn(k)), g(xm(k)+1)) = c. (2.7)
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As for each positive integer k, g(xm(k)) 6 g(xn(k)), so g(xm(k)) and g(xn(k)) are comparable. Then by
the monotone property of ψ, we have

ψ(d(g(xn(k)+1), g(xm(k)+1)))

� ψ(δ(Txn(k), Txm(k)))

� αψ
(∨{

d(g(xn(k)), g(xm(k))), D(g(xn(k)), Txn(k)), D(g(xm(k)), Txm(k)), H(xn(k), xm(k))
})

� αψ
(∨{

d(g(xn(k)), g(xm(k))), d(g(xn(k)), g(xn(k)+1)), d(g(xm(k)), g(xm(k)+1)), J(n(k),m(k))
})

,

where J(n(k),m(k)) =
d(g(xm(k)),g(xn(k)+1))+d(g(xn(k)),g(xm(k)+1))

2 . Letting k →∞ in the above inequality, from
(2.2) and (2.4)–(2.7) and the continuity of ψ, we have ψ(c) � αψ(c). Notice 0 < r(α) < 1, by Lemma 1.3,
we have ψ(c) = θ which implies c = θ, which is contrary to c > θ. Hence {g(xn)} is a Cauchy sequence.
The completeness of X and the surjective property of g implies that there exists z ∈ X such that

g(xn)→ g(z)(n→∞). (2.8)

By the assumption (ii), g(xn) 6 g(z), for all n.
Then from the monotone property of ψ and the condition (iii), we have

ψ(δ(g(xn+1), T z)) ≤ ψ(δ(Txn, T z))

� αψ
(∨
{d(g(xn), g(z)), D(g(xn), Txn), D(g(z), T z), H(xn, z)}

)
� αψ

(∨
{d(g(xn), g(z)), d(g(xn), g(xn+1)), δ(g(z), T z),K(xn, xn+1, z)}

)
,

where K(xn, xn+1, z) = δ(g(xn),T z)+d(g(z),g(xn+1))
2 . Taking limit as n→∞ in the above inequality, from (2.2),

(2.8) and the continuity of ψ, we have

ψ(δ(g(z), T z)) � αψ(δ(g(z), T z)),

which together with Lemma 1.3 implies that {g(z)} = Tz. Thus z is a coincidence point of g and T .
In addition, suppose that g is an injection. Now we prove the uniqueness of the coincidence point of g

and T as follows.
Assume that z1 is another coincidence point of g and T , that is g(z1) ∈ Tz1, then

ψ(d(g(z), g(z1))) � ψ(δ(Tz, Tz1))

� αψ
(∨{

d(g(z), g(z1)), D(g(z), T z), D(g(z1), T z1),
D(g(z), T z1) +D(g(z1), T z)

2

})
� αψ

(∨{
d(g(z), g(z1)),

D(g(z), T z1) +D(g(z1), T z)

2

})
� αψ

(∨{
d(g(z), g(z1)),

d(g(z), g(z1)) + d(g(z1), g(z))

2

})
� αψ(d(g(z), g(z1))).

The assumption r(α) ∈ (0, 1) implies d(g(z), g(z1)) = θ or g(z) = g(z1). As g is an injection, z = z1.

Let ψ be the identity function in Theorem 2.1, then we get the following corollary.

Corollary 2.2. Let g : X → X be a surjection and T : X → B(X) be a g-monotone increasing multi-valued
mapping such that the following conditions hold:

(i) there exists x0 ∈ X such that {g(x0)} < Tx0;
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(ii) if g(xn)→ g(x) is a nondecreasing sequence in X, then g(xn) 6 g(x) for all n;

(iii) δ(Tx, Ty) � α
∨
{d(g(x), g(y)), D(g(x), Tx), D(g(y), Ty), H(x, y)} for all g-comparable x, y ∈ X, where

α ∈ P with r(α) ∈ (0, 1).

Then there exists a coincidence point of g and T in X. Moreover, if g is an injection, then the coincidence
point of g and T is unique.

Taking T as a single-valued mapping, we get a special case of Theorem 2.1 as the following corollary.

Corollary 2.3. Let g : X → X be a surjection and T : X → X be a g-monotone increasing mapping
satisfying:

(i) there exists x0 ∈ X such that g(x0) < Tx0;

(ii) if g(xn)→ g(x) is a nondecreasing sequence in X, then g(xn) 6 g(x), for all n;

(iii) ψ(d(T (x), T (y))) � αψ (
∨
{d(g(x), g(y)), d(g(x), T (x)), d(g(y), T (y)), H(x, y)}), for all g-comparable

x, y ∈ X, where α ∈ P with r(α) ∈ (0, 1).

Then there exists a coincidence point of g and T in X, and the coincidence point of g and T is unique if g
is an injection.

Replace the condition (ii) of the above corollary by “T is g- continuous”, we have the following result.

Theorem 2.4. Let g : X → X be a surjection and T : X → X be g-monotone increasing and g-continuous
such that the following conditions are satisfied:

(i) there exists x0 ∈ X such that g(x0) < Tx0;

(ii) ψ(d(T (x), T (y))) � αψ (
∨
{d(g(x), g(y)), d(g(x), T (x)), d(g(y), T (y)), L(x, y)}), for all g-comparable

x, y ∈ X, where L(x, y) = d(g(x),T (y))+d(g(y),T (x))
2 and α ∈ P with r(α) ∈ (0, 1).

Then there exists a coincidence point of g and T in X. Moreover the coincidence point of g and T is unique
if g is an injection.

Proof. We can consider T as a multi-valued mapping in which case T (x) is a singleton set for every x ∈ X.
Then considering the sequence {g(xn)} in the proof of Theorem 2.1 and arguing exactly as in the proof of
Theorem 2.1, we get that {g(xn)} is a Cauchy sequence and limn→∞ g(xn) = g(z). Then, the g- continuity
of T implies that

g(z) = lim
n→∞

g(xn+1) = lim
n→∞

T (xn) = T (z).

This proves that z is a coincidence point of g and T . The uniqueness of the coincidence point of g and T
can be proved as in Theorem 2.1 provided g is an injection.

Before presenting the next result, we introduce a property of the cone P in the Banach algebra A as
follows: P is said to have the semi monotone bounded property if every monotone bounded non-increasing
sequence in P has a limit. In the rest of this section, we always assume that cone P satisfies the semi
monotone bounded property.

Theorem 2.5. Let g : X → X be a surjection and T : X → B(X) be a g-monotone increasing multi-valued
mapping such that the following conditions are satisfied:

(i) there exists x0 ∈ X such that {g(x0)} < Tx0;

(ii) if g(xn)→ g(x) is a nondecreasing sequence in X, then g(xn) 6 g(x), for all n;
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(iii)

ψ(δ(Tx, Ty)) �ψ
(∨
{d(g(x), g(y)), D(g(x), Tx), D(g(y), T y), H(x, y)}

)
− φ(

∨
{d(g(x), g(y)), δ(g(y), Ty)})

for all g-comparable x, y ∈ X, where ψ is an altering distance function and φ : P → P is any
continuous function with φ(t) = θ if and only if t = θ.

Then there exists a coincidence point of g and T in X. In addition, if g is an injection, then the coincidence
point of g and T is unique.

Proof. We consider the sequence {g(xn)} of Theorem 2.1. If there exists a positive integer k such that
g(xk) = g(xk+1), then xk is a coincidence point of g and T . Hence we assume that g(xn) 6= g(xn+1) for all
n ≥ 0.

Using the increasing property of ψ, we have for all n ≥ 0,

ψ(d(g(xn+1), g(xn+2))) � ψ(δ(Txn, Txn+1))

� ψ
(∨
{d(g(xn), g(xn+1)), D(g(xn), Txn), D(g(xn+1), Txn+1), H(xn, xn+1)}

)
− φ(

∨
{d(g(xn), g(xn+1)), δ(g(xn+1), Txn+1)})

� ψ
(∨{

d(g(xn), g(xn+1)), d(g(xn+1), g(xn+2)),
d(g(xn), g(xn+2)) + d(g(xn+1), g(xn+1))

2

})
− φ(

∨
{d(g(xn), g(xn+1), d(g(xn+1), g(xn+2))}).

Since d(g(xn),g(xn+2))
2 �

∨
{d(g(xn), g(xn+1)), d(g(xn+1), g(xn+2))}, it follows that

ψ(d(g(xn+1), g(xn+2))) � ψ(
∨
{d(g(xn), g(xn+1)), d(g(xn+1), g(xn+2))}

− φ(
∨
{d(g(xn), g(xn+1), d(g(xn+1), g(xn+2))}).

Assume that d(g(xk), g(xk+1)) � d(g(xk+1), g(xk+2)) for some positive integer k. Then we have

ψ(d(g(xk+1), g(xk+2))) � ψ(d(g(xk+1), g(xk+2))− φ(d(g(xk+1), g(xk+2)),

which yields φ(d(g(xk+1), g(xk+2))) � θ, and so d(g(xk+1), g(xk+2)) = θ, that is g(xk+1) = g(xk+2), it
contradicts the original assumption that g(xn) 6= g(xn+1) for all n ≥ 0. Therefore

d(g(xn+1), g(xn+2)) ≺ d(g(xn), g(xn+1)), for all n ≥ 0.

By the semi monotone bounded property of P , there exists r ∈ P such that

lim
n→∞

d(g(xn), g(xn+1)) = r. (2.9)

From the above facts, we have, for all n ≥ 0,

ψ(d(g(xn+1), g(xn+2))) � ψ(d(g(xn), g(xn+1))− φ(d(g(xn), g(xn+1))).

Taking limit as n → ∞ in the above inequality, and from the continuities of ψ and φ and by (2.9), we get
ψ(r) � ψ(r)− φ(r), which is a contradiction unless r = θ. Thus

lim
n→∞

d(g(xn), g(xn+1)) = θ. (2.10)
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Next we show that {g(xn)} is a Cauchy sequence. If {g(xn)} is not a Cauchy sequence, then using an
argument similar to that given in Theorem 2.1, we can find two sequences of positive integers {m(k)} and
{n(k)} and ε ∈ P , for which

lim
k→∞

d(g(xn(k)), g(xm(k))) = ε, (2.11)

lim
k→∞

d(g(xn(k)+1), g(xm(k)+1)) = ε, (2.12)

lim
k→∞

d(g(xn(k)+1), g(xm(k))) = ε, (2.13)

lim
k→∞

d(g(xn(k)), g(xm(k)+1)) = ε, (2.14)

and for each positive integer k, g(xn(k)) and g(xm(k)) are comparable. Then from the monotone property of
ψ and the condition (iii), we have

ψ(d(g(xm(k)+1), g(xn(k)+1)))

≤ ψ(δ(Txm(k), Txn(k)))

� ψ
(∨{

d(g(xm(k)), g(xn(k))), D(g(xm(k)), Txm(k)), D(g(xn(k)), Txn(k)), H(xm(k), xn(k))
})

− φ(
∨
{d(g(xm(k)), g(xn(k)), δ(g(xn(k)), Txn(k))})

� ψ
(∨{

d(g(xm(k)), g(xn(k))), d(g(xm(k)), g(xm(k)+1)), d(g(xn(k)), g(xn(k)+1), J(n(k),m(k))
})

− φ(
∨
{d(g(xm(k)), g(xn(k)), d(g(xn(k)), g(xn(k)+1))}).

Letting k →∞ in the above inequality and using the continuities of ψ and φ, we have

ψ(ε) � ψ(ε)− φ(ε),

which implies φ(ε) ≺ θ. It is in contradiction with the property of φ. Hence {g(xn)} is a Cauchy sequence.
From the completeness of X and the surjection of g, there exists z ∈ X such that g(xn)→ g(z) as n→∞.
By the assumption (ii), g(xn) � g(z) for all n. Then the monotone property of ψ together with the condition
(iii) implies that

ψ(δ(g(xn+1), T z)

� ψ(δ(Txn, T z)

� ψ
(∨{

d(g(xn), g(z)), D(g(xn), Txn), D(g(z), T z),
D(g(xn), T z) +D(g(z), Txn)

2

})
− φ(

∨
{d(g(xn), g(z), δ(g(z), T z)})

� ψ
(∨{

d(g(xn), g(z)), d(g(xn), g(xn+1)), D(g(z), T z),
D(g(xn), T z) + d(g(z), g(xn+1))

2

})
− φ(

∨
{d(g(xn), g(z)), δ(g(z), T z)}).

Taking limit as n→∞ in the above inequality and using the continuities of ψ and φ again, we have

ψ(δ(g(z), T z)) � ψ(D(g(z), T z))− φ(δ(g(z), T z)),

which implies that
ψ(δ(g(z), T z)) � ψ(δ(g(z), T z))− φ(δ(g(z), T z)).
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This gives a contradiction unless δ(g(z), T z)) = θ or {g(z)} = Tz, that is {g(z)} = Tz, so z is a coincidence
point of g and T .

In addition, suppose that g is an injection. Now we prove the uniqueness of the coincidence point of g
and T .

Assume that z1 is another coincidence point of g and T , that is g(z1) ∈ Tz1, then

ψ(δ(g(z), g(z1))) � ψ(δ(Tz, Tz1))

� ψ
(∨{

d(g(z), g(z1)), D(g(z), T z), D(g(z1), T z1),
D(g(z), T z1) +D(g(z1), T z)

2

})
− φ(

∨
{d(g(z), g(z1), δ(g(z1), T z1)})

� ψ
(∨{

d(g(z), g(z1)),
d(g(z), g(z1)) + d(g(z1), g(z))

2

})
− φ(

∨
{d(g(z), g(z1), δ(g(z1), T z1)})

� ψ(d(g(z), g(z1)))− φ(
∨
{d(g(z), g(z1), δ(g(z1), T z1)}).

Therefore, φ(
∨
{d(g(z), g(z1), δ(g(z1), T z1)}) = θ. Suppose that g(z) 6= g(z1), then by the properties of φ,

we have φ(
∨
{d(g(z), g(z1), δ(g(z1), T z1)}) 6= θ, which yields a contradiction to the above inequality. Thus

g(z) = g(z1). Since g is an injection, z = z1, that is, the coincidence point of g and T is unique.

Taking ψ as the identity function on X in Theorem 2.5, we have the following result.

Corollary 2.6. Let g : X → X be a surjection and T : X → B(X) be a g-monotone increasing multi-valued
mapping such that the following conditions hold:

(i) there exists x0 ∈ X such that {g(x0)} < Tx0;

(ii) if g(xn)→ g(x) is a nondecreasing sequence in X, then g(xn) 6 g(x), for all n;

(iii)

δ(Tx, Ty) �
∨
{d(g(x), g(y)), D(g(x), Tx), D(g(y), T y),

D(g(x), Ty) +D(g(y), Tx)

2
}

− φ(
∨
{d(g(x), g(y)), δ(g(y), T y)}),

for all g-comparable x, y ∈ X, where φ : P → P is any continuous function with φ(t) = θ if and only
if t = θ.

Then there exists a coincidence point of g and T in X. In addition, if g is an injection, then the coincidence
point of g and T is unique.

The following corollary is a special case of Theorem 2.5 when T is a single-valued mapping.

Corollary 2.7. Let g : X → X be a surjection and T : X → X be a g-monotone increasing single-valued
mapping such that the following conditions are satisfied:

(i) there exists x0 ∈ X such that g(x0) < T (x0);

(ii) if g(xn)→ g(x) is a nondecreasing sequence in X, then g(xn) 6 g(x), for all n;

(iii)

ψ(d(T (x), T (y))) �ψ(
∨
{d(g(x), g(y)), d(g(x), T (x)), d(g(y), T (y)), L(x, y)})

− φ(
∨
{d(g(x), g(y)), d(g(x), T (y))})

for all g-comparable x, y ∈ X, where ψ is an altering distance function and φ : P → P is any
continuous function with φ(t) = θ if and only if t = θ.
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Then there exists a coincidence point of g and T in X. In addition, if g is an injection, then the coincidence
point of g and T is unique.

In the following theorem we replace the condition (ii) of the above corollary by “T is g-continuous”, we
get Theorem 2.8 as follows.

Theorem 2.8. Let g : X → X be a surjection and T : X → X be a g-continuous and g-monotone increasing
single-valued mapping such that the following conditions are satisfied:

(i) there exists x0 ∈ X such that g(x0) < T (x0);

(ii)

ψ(d(T (x), T (y))) �ψ(
∨
{d(g(x), g(y)), d(g(x), T (x)), d(g(y), T (y)), L(x, y)})

− φ(
∨
{d(g(x), g(y)), d(g(y), T (y))})

for all g-comparable x, y ∈ X, where ψ is an altering distance function and φ : P → P is any
continuous function with φ(t) = θ if and only if t = θ.

Then there exists a coincidence point of g and T in X. In addition, if g is an injection, then the coincidence
point of g and T is unique.

Proof. We can treat T as a multi-valued mapping in which case T (x) is a singleton set for every x ∈ X.
Then we consider the sequence {g(xn)} as in the proof of Theorem 2.5 and arguing exactly as in the proof of
Theorem 2.5, we get that {g(xn)} is a Cauchy sequence and limn→∞ g(xn) = g(z). Then, the g- continuity
of T implies that

g(z) = lim
n→∞

g(xn) = lim
n→∞

Txn = T (z).

This proves that z is a coincidence point of g and T . The uniqueness of z follows as before.

3. Applications

Example 3.1. Let A = R2. For each x = (x1, x2) ∈ A, let ‖x‖ = |x1|+ |x2|. The multiplication is defined
by

xy = (x1, x2)(y1, y2) = (x1y1, x2y2).

Then A is a Banach algebra with unit e = (1, 1). Let P = {(x1, x2) ∈ R2|x1 ≥ 0, x2 ≥ 0} and X = R2. A
cone metric d on X is defined by

d(x, y) = d((x1, x2), (y1, y2)) = (|x1 − y1|, |x2 − y2|) ∈ P.

Then (X, d) is a complete cone metric space over the Banach algebra A.
Now define the mapping T : X → X by

T (x, y) =

(
ln(ex−2 + 1), tan

(
2

π
arctan(y + 1)

))
,

and g : X → X by g((x, y)) = (3x, 4y) for each (x, y) ∈ X. Then T and g have a unique coincidence point
in X.

In fact, it is clear that g is a bijection and T is g-monotone and g-continuous on X. Taking x0 = (0, 0) ∈
X, we have g(x0) < T (x0), and if let k = ( 2

e2
, 1π ) ∈ P with 0 < r(k) < 1 and choose the identity mapping I

on X as the altering distance function, then for any g-comparable pair x = (x1, x2), y = (y1, y2) ∈ X, by a
simple analysis and calculation, we can verify that the condition (iii) of Theorem 2.4 is satisfied. Hence by
Theorem 2.4, T and g have a unique coincidence point in X.
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