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Abstract

In this paper, we deal with the form of the solutions of the following nonlinear difference equations

systems
Tn—7 Yn—7

T Yn+1 = )

1+ Zn—7Yn—3 " 1+ 2y 3yn—7

where the initial conditions z_7, x_¢, T—5, T4, T3, T2, T-1, 0, Y=7, Y=6, Y=5; Y—4, Y-3, Y-2, Y—1, Yo
are real numbers. (©2016 All rights reserved.

Tp4+1 =
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1. Introduction

It is very rare that a sequence of events is determined by the state of one entity. Thus describing a
sequence of events with a reasonable amount of accuracy is rarely effective with a single difference equation.
However, describing such a sequence generally requires more than just several difference equations. Just
as separate entities influence and are influenced by one another, a collection of difference equations that
describe several entities often depend on each other.

The increasing study of realistic mathematical models is a reflection of their use in helping to understand
the dynamic processes involved in areas such as population dynamics, biology, epidemiology, ecology, and
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economy. More realistic models should include some of the past states of these systems; that is, ideally, a
real system should be modeled by difference equations with time delays. Most of these models are described
by nonlinear delay difference equations; see, for example, [4]-[20]. The subject of the qualitative study
of the nonlinear delay population models is very extensive, and the current research work tends to center
around the relevant global dynamics of the considered systems of difference equations such as oscillation,
boundedness of solutions, persistence, global stability of positive steady states, permanence, and global
existence of periodic solutions. See [1], [19], [22]-[50] and the references therein. In particular, Cinar [2]
studied the periodicity of the positive solutions of the system of the difference equations

_ 1 Y
Tyl = —, Ynt1 = ———.
Yn Tpn—1Yn—1

In [4] Clark and Kulenovic investigated the global asymptotic stability of the following system

Tn y _ Yn
a+cy,’ Ty Y de,,

Tp4+1 =

In [6] Din deal with the boundedness character, steady-states, the local asymptotic stability of equilibrium
points, and global behavior of the unique positive equilibrium point of a discrete predator-prey model given
by
aTy — BTpyn o OTnYn
Ttz NEn Yn+1 = 73% ¥ ngn

Elsayed and El-Metwally [25] studied the periodic nature and the form of the solutions of the nonlinear
difference equations systems

Tp4+1 =

TnYn—2 Y1 = YnTn—2
Y1 (£1 £ Zpyn_2)’ T 1 (£ £y, o)

Tpt+1 =

Gelisken and Kara [31] investigated some behavior of solutions of some systems of rational difference
equations of higher order and they showed that every solution is periodic with a period which depends on
the order.

In [38] Kurbanli studied a three-dimensional system of rational difference equations

Tn—1 Yn—1 T

Tn+1l = 717 Yn+1 = 1 Zn4+1 = .
Tn—1Yn — Yn—1Tn — Zn—1Yn

Touafek et al. [45] investigated the boundedness, and the form of the solutions of the following systems
of rational difference equations

_ Tn—3 y _ Yn—3
1+ 2 301 K YR,

Tn+1

Yalginkaya [48] obtained the sufficient conditions for the global asymptotic stability of the system of two
nonlinear difference equations

Tn + Yn—1 Yn + Tp—1

Tpt+1 = s Yn+1 = .
TpYn—1— 1 YnTp—1 — 1

Our goal in this paper is to investigate the form of the solutions of the following nonlinear difference

equations systems
Tn—7 Yn—17

T . Yn+1 = )
I+ zp—7Yn—3 n—l— +1+ Tp—3Yn—7

Tp4+1 =

with real number’s initial conditions x_7, T_g,T—_5,T_4,T_3,T—2, T_1, T0,Y—7,Y—6,Y—5,Y—4, Y—3, Y—2,
Y-1, Yo-
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2. Main Results

. . Tn—7 Yn-7
2.1. The First System. Tn+1 = W, Yn+1 = m

In this subsection we study the solutions of the system of two difference equations

Tn—7 Yn—7

_— Yntl] = ——, 2.1
1+ Tn—7Yn-3 r 1+ Yn—7Tn—-3 ( )

Tn4+1 =
with a real number’s initial conditions.

Theorem 2.1. Suppose that {x,,yn} are solutions of system (2.1). Also, assume that the initial conditions
are arbitrary real numbers and let x_7y = a, ¢ =0b, 5 =¢, x4 =d, x_3=¢, x_9=f, x_1 =g,
ro=h, yr=p, Yy-6=q, Y5 =", Y4 =5, y-3=1t, y_2 =u, y_1 =v and yo = w. Then

n—1 n—1
1+ (2i)a 1+ (2i)bu
b
Pon—T = H [1+ 2+ 1)a ] =6 = H [1+ 2z+1)bu]
1+ (20)c ST 1+ (20)dw
a=d|] |————
T8n—5 = H[1+ %+ 1 cv}’ Ton—d 21:1[1—1-(21—&—1)(1@0]’
n—1 r . - n—1 .
14 (2i+1)pe [1 + (2 + l)fq]
Tgp_3 = € —_—=, Tgn_o = - ,
g3 g_1+(22+2)p6_ sn—2 fg 1+ (2i+2)fq
n—1 r . - n—1
1+ (20 + 1)rg 1+ (2i+1)sh
1 = e —— :h B ——
el giHO T+ (20 +2)rg|’ S A FENCTE P
n—1 r . e n—1 .

B 1+ (2i)pe B [ 1+ (20)qf ]
ySn—7—pﬂ) _1+(2’L+1)p€_ Y y8n—6 _qizo 1+(22+1)qf I
_Tﬁ 1+ (20)r LT [ @ish
Yan=s 1+ 2+ )rg 2z+1 Pt =2 LU T4 @i+ 1)sh )

+ (2i+ 1a ST+ (204 1)bu
—t = et Db
Ysn—3 H[ (2i + 2)a } Yon—2 ug[1+(2i+2)bu ’
—1 .
1+ (20 +1)c T [+ 20+ Ddw
Yan-1 = H[H 2 +2)c ] an—wH[1+(21+2)dw ’

-1 [ 1+ (20)at

where H 1+(22+1W} = 1 also for all components.

Proof. For n = 0 the result holds. Now suppose that n > 0 and that our assumption holds for n — 1. That
is

n—2 . n—2 .
1+ (2¢)at 1+ (20)bu
_ p— _— _ = b _—
Fen—15 aiH) [1+(2i+1)at] ’ Ten—14 13 [1+(2i—|—1)bu ’
n—2 . n—2
1+ (29)cv 1+ (2i)dw
_ = _— _ d _—
Pon—13 CH) [1+(2z+1)cv}’ Ten—12 = H [1+ 2i 41 dw}
n—2 .
B 14 (2i+1)pe 1+(2i+1)fq
vgn-11=c || [1+ @i+ 2)pe]’ Tgn—10 = f H 1T (20+2)fq]

1=0
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1+ (2i+1)rg 1+ (2i+1)sh
o= S A s=h
F8n=9 gZH[H(sz) ] tns =Ll [1+(2i+2)sh ’
n—2 . n—2 .
B 1+ (2@)])6 B 1+ (20)qf
n—2 r . n—2 .
B 1+ (20)rg B 1+ (2i)sh
Ysn—-13 =T 211) 1 (2i + 1)rg ) Ysn—12 = S 11 11 (2i + 1)sh )
—tﬁ 1+ (2i + Dat LT [LE @i Db
Yen—11 = LA LT+ 20+ 2)at]” Yen—10 = A+ @i+2)bu]
vﬁ'1+(2i+1)cv w”‘2 14 (2i + 1)dw
Y0 =017 (0 1 2)ew o = LT i 2)dw |-

Now, it follows from system ([2.1)) that
T8n—15
1+ zgn—15Y8n—11

1+(2i)at
a H [1+ 2it1 at:|

1+(2i)at 14+(2i41)a
1+a H [1+ 21+1)at] t H [1+(21+2 }

L8n—7 =

14(2i)at
a H [H 21+1)at]
1+(2i)at
1+ at H [1+ 22+2)at}

n—2
14(24)at 14(24)at
a H [1+ 2it1 at:| a ‘Ho [1+(2i+1)at
1=

- 1 T 1+(2n—2)at+at
+ 1+(2n*2)at T+(2n—2)at

] [ ] [Len e,

Therefore, we have
n—1

1+ (2i)at
Pon—T = H [1+ 2+ 1 at}

and
Y8n—15
1+ ysn—15T8n—11

1+(2i)pe
p H [m}
)
1+(2i)pe 14(2i+1)pe
1+p H [m] ezﬂo [m}
1+(24)pe 14(2d)pe
p H [1+ 21 pe} p H [1+ 21+1)pe}

n—2 . o 1 _|_ ___pe
1+(2 -
1+ pe Uo [HJ(rz(ii)zp);e} H(Qn 2Jpe

Ysn—7 =
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_1+(2i)pe
p H |:1+(2H—1)P6} _ 71:[2 [ 1+ (2d)pe ] [1 + (2n — 2)pe:|
T 1+(2n—2)petpe - —
W 1+ (20 +1)pe| |1+ (2n —1)pe

ST 1+ (20)p
—P H [1 F(2i+1 } '
Similarly we can prove the other relations. The proof is complete. O
Definition 2.2. (Equilibrium point)
Let I, J be some intervals of real numbers and let
f7g . Ik+1 % Jk:-i-l N I,

be continuously differentiable functions. Let us consider the following system of the form

Tp4+1 = f(xna Tn—1y0s Tn—ks Yns Yn—1, ---7yn—k)7

Yn+1 = g(xnax’nfla s Tp—ks Yny Yn—1, "'7yn—k‘)a n = 07 ]-727 cee .

An equilibrium point of this system is a point (Z,7) that satisfies

f(
g(

9 "‘7?)7

aeey
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Lemma 2.3. The equilibrium points of system (2.1) are (0,c) and (v,0) where a,7y € [0, 00).

Proof. For the equilibrium points of system (2.1]), we can write

_ z _ Y
T = = .
1+ 2y’ y=1 + Ty
Then
r(1+2y) =7, y(1+zy) =,
we have
z(1+2zy—1)=0, gl+zy—1)=0.

Therefore every (0,«) and (v, 0) are solutions. Thus the equilibrium points of system ([2.1)) are (0, «) and
(7,0). O

Lemma 2.4. FEvery positive solution of the system (2.1)) is bounded and convergent.
Proof. Let {z,,yn} be a positive solution of system ([2.1)). It follows from system ([2.1)) that

Tn—7

g1 = —2T <
mr 14+ xn—7yn—s il

and
Yn41 = L < Yn—17
mr 1+ Yn—7Tn—3 e

Then the subsequences

{l‘gnf?}zo:o’ {$8n76}20:0’ {1:87%5}20:07 {x8n*4}20:07{$8n73}20:07 {$8n72}20:07 {~T8n71}?:0
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and {xgn},-, are decreasing and so are bounded from above by
M =max{z_ 7,2 6,2 5,2 4,2_3,2_2,2_1,%0} -

Similarly the subsequences {ysn—7},—o: {¥sn-6}nzo: {Usn—5}tnzo> {Usn—atno, {Ysn-3tnlo, {Ysn—2}nlo:
{ygn—1},— and {ysn},-, are decreasing and so are bounded from above by

N =max{y_7,Y—6,Y—5,Y—4,Y—3,Y—2,Y—1,Y0 } -
OJ

Lemma 2.5. If a,b,c,d,e, f,g,h,p,q,7,8,t,u,v and w be arbitrary real numbers and let {x,,y,} be a
solution of system (2.1)) then the following statements are true:

i)Ifa=0,t#0, (ort=0, a#0), then zg,—7 =0 and ys,—3 =1t ( or xg,—7 = a and yg,—3 = 0).
W) Ifb=0, u#0, (or u=0, b#0), then xg,—¢ =0 and ygp—2 = u ( or g6 = b and yg,—2 = 0).

i) Ifc=0, v#0, (orv=0, ¢c#0), then xg,—5 =0 and ysp—1 = v (or zg,—5 = ¢ and Yygp—1 = 0).

v)Ife=0,p#0, (or p=0, e #0), then xg,—3 =0 and ysp—7 = p (or xg,—3 = e and ygp—7 = 0).
vi) If f=0,¢#0, (orq=0, f#0), then xg,—2 =0 and ygn—¢ = q (or xgn—2 = f and ygn—¢ = 0).

(

(

(

() Ifd=0, w#0, (orw=0, d#0), then xg,—4 =0 and ys, = w (or xg,—4 = d and yg, = 0).

(

(

(vit) If g=0, r#0, (orr =0, g#0), then zg,—1 =0 and ygn—5 =1 (or xg,—1 = g and Yysp—5 = 0).
(

viii) If h=0, s#0, (or s=0, h #0), then xg, =0 and ysp—4 = s (or x8,, = h and yg,—4 = 0).

Proof. The proof follows from the form of the solutions of system ([2.1]). O

Yn—7
l_yn77$n73 :
In this subsection, we obtain the form of the solution of the following system of the difference equations:

2.2. The Second System: x,y1 = H:ﬁﬁ’ Ynil =

Ln—7 _ Yn—17
1+ xn—7yn—3’ Yni1 = 1- yn—7xn—3’
where the initial conditions are arbitrary real numbers with x_7y_3, £_gy_2, T_5y_1, T_4yo # —1 and
T_3Y-7, T-2Y—6, T-1Y—5, ToY—a 7 1.

The following theorem is devoted to the form of the solution of system .

Theorem 2.6. Suppose that {x,,yn} are solutions of system (2.2)). Then for n =0,1,2, ...,

Tn4+1 = (22)

a b
X = 46 7d
8n—5 — (1 ¥ Cv)nv T8n—a4 = (1 n dw)n7
Ign—-3 = € (1 - pe)nv ZTen—2 = f (1 - Qf)na
Tgn—1 =91 —rg)", xgn = h (1 —sh)",
Ygn 7 = —P q
n—7 — > =
(1 _ p@) Ysn—6 1 _ no
0 ( Sqf)
y8n—5 - (1 _ Tg)ﬂ? ygn_4 = m7
Ysn—3 =t (1 +at)", Ysn—2 = u (14 bu)",

Ysn—1 =0 (1 +cv)", Ysn = w (1 + dw)" .
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Proof. For n = 0 the result holds. Now suppose that n > 0 and that our assumption holds for n — 1. That

is,

a b
Ten—15 = T —1> Ten—14 = 1>
" (14 at)"! " (14 bu)"*
x ¢ d
8n—13 = 1 - %
" (14 cv)" ! n—12 (1 + dw)™™ Y
-1
zgn—11 = e (1 —pe)" 7, vgn-10=f (1 —qf)" ",
-1
L8n—9 =49 (1 - Tg)n ) T8n—s = h (]. — Sh)nil ,
p
Yon—15 = = o1 Ysn—14 = %7
(1 _?ZF’) (1—qf)"
Ysn—13 = Ysn_19 = ————,
(1—rg) (1 —sh)™™
~1
Ysn-11 =t (1+at)"" ", Ysn—10 = u (1 +bu)" ",
~1
Ysn—9 =v (1 +cv)" ", Ysn—s = w (1 +dw)" "
Now, it follows from system (2.2)) that
a
" T8n—15 (14at)™ ! a a
8n—7 = = T = — = .
" L+ zgn—15Y8n—11 14 % (1+at)* ' (1 +at) (L+at)"
a
p
A Ysn—15 __ (-pot p __p
R e T A L % (1—pe)" (1 —pe) (1—pe)”
e
Also, we see from system ([2.2) that
Tayg = T8n—11 el —Pe)nil
n—o - —
1+ zgn—11Y8n—7 L4 e (1 —pe)™
(1 —pe)"
e(1—pe)" ' [1—pe e(l—pe)"”
= ( e = ( =e (1 - pe)n :
14+ T—pe) 1 —pe 1 —pe+pe
Vs 5 = Ysn—11 (1 4+ at)"_l
g = =
1 — ygn—1128n—7 Cat(1+ at)" !
(1+at)"
t(l+at)" ' (14at t(1+at)"
_t( +aa)t < +a>: (1+at) (1t at)"
1—m 1+at 14 at —at
Similarly, we can prove the other relations. The proof is complete. O

Lemma 2.7. Let {xn,yn} be a positive solution of system (2.2)), then {z,} is bounded and converges to
zero.

Proof. Tt follows from system (12.2)) that

Tn—7
Tn+1 = — < Tp-7.
14+ zn—7yn—3



E. M. Elsayed, A. Alghamdi, J. Nonlinear Sci. Appl. 9 (2016), 3179-3196 3186

Then the subsequences

{wsn—1hnzo {zsn—6tnzo  {xsn—stnZo s {zsn—atnZo {zsn-stnzo - {zsn—2}nZo - {Zsn-1}320
and {xgn},-, are decreasing and so are bounded from above by
M =max{z_ 7,2 6,2 5,2 4,2_3,T_2,T_1,%0} -

O

Lemma 2.8. If a,b,c,d,e, f,g,h,p,q,7,s,t,u,v and w be arbitrary real numbers and let {xn,y,} be a
solution of system (2.2) then the following statements are true:

i)Ifa=0,t#0,(ora#0, t=0) then xg,—7 =0 and ysp—3 =t ( or xg,—7 = a and ysp—3 = 0).
i) Ifb=0, u#0, (or u=0, b#0), then xg,—¢ =0 and ygn—2 = u (or xg,—¢ = b and ygp—2 = 0).
i) If c=0, v#0, (orv=0, ¢ #0), then xg,—5 =0 and ysp—1 = v (or xg,—5 = ¢ and ygp—1 = 0).
w)Ifd=0, w#0, (orw=0, d#0), then xg,—4 =0 and yg, = w (or xg,—4 = d and yg, = 0).

vi) If f=0,q#0, (or¢q=0, f#0), then xg,—2 =0 and ysp— = q (or xsn—2 = f and ygp—s = 0).

(

(

(

(

(v)Ife=0,p#0, (orp=0, e#0), then xg,—3 =0 and ysn—7 = p (or xg,—3 = e and ys,—7 = 0).

(

(vii) If g=0, r#0, (orr=0, g#0), then zg,—1 =0 and ys,—5 =1 (or xg,—1 = g and ysp—5 = 0).
(

viit) If h=0, s#0, (or s=0, h #0), then xg, =0 and ysp—4 = s (or xg, = h and yg,—4 = 0).

Proof. The proof follows from the form of the solutions of system ([2.2)). O
: . _ Tn— _ Yn—
23 The Th'LTd S'ystem. wn+1 — m, yn_l’_l — m
In this subsection, we investigate the solutions of the following system of difference equations
Ln—17 Yn—17
Tn+l = - Yn+1 = 2 (23)

1+ xn—7yn—3, -1+ yn—7xn—3’
where the initial conditions are arbitrary real numbers with x_7y_3, z_gY_2, T_5y_1, T_4yo # 1 and
T_3Y_7, TooY—6, T_1Y—5, ToY—1 # 1, # 5.

Theorem 2.9. Suppose that {x,,yn} are solutions of system (2.3)). Then for n =0,1,2, ...,

b
a
— T16n—6 = n no
T16n—7 (1 T at)n (1 — at)nr (1 —+ bu) (1 — b’LL)
c d
T16n—5 = n 7w L16n—4 = m )
=57 1 4 )™ (1 — ev) 1004 = (11 dw)™ (1 — dw)
b (D) e(=1 4 pe)™ U o VA G0 e
(D)™ T e Vo
16n—1 (_1 ¥ 2gT)n 9 16n (—1 + 2Sh)n ’
a b
T16n+1 = n+1 n’ Ti6n+2 = 1 ’
(14 at) . (1 —at) (1+bu)"* (1 = bu)"
_ d
T16n+3 = il "E) T16n —
(1 + CU) (1 — C;))+1 16n+4 (1 + dw)n+1 (1 _ dw)n’
-1)"e(-1 " n n
T16n45 = (=1)7e( +Zi)1 ) (=1 f(=1+ fg)*"*!
(—1 + 2pe) T16n+6 = (—1+42fq)" L
_1 n _1 2n+1 n n
T16n+7 = D7 +€:r)1 ) _ (=1 h(_1+8h)2 -
(~1+2r) N ST P AL S
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oy = D" P (1 2pe)” iong = D a1+ 2fg)"

n— _1 +p€)2n n— —1+ fq)2n
s — —1)"r (=1 +2gr)" o = —1)"s(—1+ 2sh)"

T Sl g T Sl
Yin—3 =t (1 +at)" (1 —at)", Y16n—2 = u (1 +bu)" (1 —bu)",
Yien—1 =v (1 +cv)" (1 —cv)", Y16n = w (1 + dw)™ (1 — dw)",
ot — (=1)"p (=1 + 2pe)” onss — (=1)"q(-1+2fq)"

n+l = , nio =

(_1 +p6)2n+1 (_1 + fq)2n+1
(=D)"r (=14 2gr)" _(=1)"s(—1+2sh)"
Y16n+3 = -1+ gr)QnH ) Yi6n+4 = 1+ sh)Q”H )
Y16n+5 = —t(1+ at)"“ (1 — at)" , Y16n+6 — —U (1 + bu)”“ (1 — bu)n s
Yiener = —v (14 cv)" ™ (1 — ev)”, Yibnas = —w (1 4+ dw)™ ™ (1 — dw)™.

Proof. For n = 0 the result holds. Now suppose that n > 0 and that our assumption holds for n — 1. That
is,

b
a
T16n—23 = (1 + at)n_l (1 _ at)n_la 16n—22 (1 + bu)n—l (1 _ bu)n_l
c d
T —21 = ’ x —20 = - -1
A (_1>n—1 e (_1 +pe)2n—2 S (_1)n_1 f (—1 + fq)27l—2
" (—1+2pe)"t " (-1+2fg)""
Ti6n—17 = (D" Tg (14 g™ T16n—16 = (" ALy st
" (142" "7 " (~1+2sn)"7" 7
a b
T16n—15 = (1 n at)” (1 _ at)n_la T16n—14 = n n—1"
! (I+bu)™ (1 — bu)
B d
Z16n—13 = o pr— e o —
(1+ cg) (1—cw) . 16n—12 (1 + dw)™ (1 — dw)™ ¥
(1" e (=1 + pe) !
T16n—11 = (—1 4 2pe)” g T16n—10 = L7 FEL o)
— n—10 — ’
(1" (14 gr? ey
_ r - In—
Ti6n—9 = ( gl + 297“)% , T16n—8 = (—1)" " h(=14sh)*!
_ n—8 — n )
(=)™ ' p (=1 +2pe)" " nE:1 i n—1
Yi6n—23 = n—2 ; _ D" a(=1 4279
(_]_ —|—pe) Y16n—22 = 2m—2 )
D" (=14 2gr)" ! o
- r(— r - -
itm 21 = . s UV - (—1)" s (=1 +2sh)""
(=1+gr) " (=1 4sh)™ 2

Yion—10 =t (1 +at)" ' (1 —at)" ",
Yien_17 = v (14 cv)" 1 (1 —cv)" !,

(="' p (=1 +2pe)"!

Yion—18 = u (1 4 bu)" "1 (1 — bu)" ',
Yi6n—16 = w (1 + dw)" " (1 — dw)" ",
: (D" g (=1+2f9)"""

Y16n—-15 =

-1 =l Yi6n—14 = = :
e n e
— r(—1+2gr - -
Y16n—13 = 2nigl , (=" ls (—1+2sh)" !
(_]_ + gr) Yien—12 = )

(_1 + Sh)2n71
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Y16n—11 = —1 (1 + at)" (1 — at)"_l R Y16n—10 = —U (1 + bu)" (1 - bu)n_l ,
Yien—o = —v (14 cv)" (1 — cv)" 1, Yien-s = —w (1 4 dw)™ (1 — dw)" .

Now it follows from system (2.3 that

Tl6n_7 = T16n—15
" 1+ Z16n—15Y16n—11
a
B (1+at)” (1 —at)"?
o a n n—1
1+ (W) (—t (1+at) (1 —at) )
a
(I ta)" (1—at)” ! a
N [1— at] S (I+at) (1 —at)™’
Yi6m_7 = Y16n—15
" 1+ Y16n-15T16n—11
(—1)"_1 p(—1+ Qpe)”_l
_ (—1+pe)*!
14 ((—1)”*1p<—1+2pe>"*1> ((—1)”*1e(—1+pe>2”*1)
(—14pe)®" T (=1+2pe)”
(=)™ 'p(=142pe)" "
_ Gl T ipipent (14 2pe)
~1+ 5 (—14pe) [ ~14 =25 | (—1 + 2pe)
etz (D" p (=14 2pe)”
(—1+p6)2n71[1—2p6+p6] (_1 _}_pe)anl [1 _ pe]
~ (=1)"p(=1+2pe)”
(—1+pe)*"
T16n—14 T =T
n— (14bu)™ (1—bu)"—
T16n—6 = = —
" 1+ Z16n-14Y16n—10 1+(W+bu)n_1>(—“(1+bu)"(1—bu)n )
b
_ (b (b T b
1—bu (1+bu)™ (1 —0bu)™’
(="~ lg(-14+279)" "t
Y16n—6 = Yl6n—14 = n—1 (_liff)%il n—1 In—1
—1 4 Y16n—14T16n-10 —1+((‘1)(_li(f;;§ff‘{) V(L)
(=D)"'g(=1+2f9)" "t (=D)""'g(=14+2f9)" "
_ (—1+f9)*" " _ (—1+f9)°" !
B fq - 1-2fq+fq
—1+ —1+2fq —1+2fq
(=D)"g(=1+2fg)"
Clef9®™ L () lg-1e2p (21D g (=14 2f9)"
1— fq (1—fa)(~=1+fq)*" " (-1 + fq)*"

We can prove the other relations by the same way. The proof is complete. O
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Lemma 2.10. Let {x,,yn} be a positive solution of system (2.3), then {x,} is bounded and converges to
zero.

Proof. The proof is as in the Lemma [2.7] and so it will be omitted. O

Lemma 2.11. If a,b,c,d,e, f,g,h,p,q,7, 8, t,u,v and w be arbitrary real numbers and let {x,,yn} be a
solution of system (2.3) then the following statements are true:

(i) If a=0, t#0, then 16n—7 = Ti6n+1 = 0 and Yi6n—3 = t, Yi6n+5 = —t.
(i1) If a #0, t=0, then 2i16n—7 = Ti6n+1 = @ and Yi6n—3 = Y16n+5 = 0.

(4i7) If b=0, u# 0, then T16n—6 = T16n+2 = 0 and Yi6n—2 = U, Y16n+6 = —U.
(iv) If u=0, b#0, then xi6n—6 = T16n+2 = b and Yi6n—2 = Y16n+6 = 0.

(v) If c=0, v#0, then T16n—5 = Tin+s = 0 and Yi6n—1 = U, Y16n+7 = —0.
(vi) If v=0, c#0, then T16n—5 = T16n+3 = ¢ and Y16n—1 = Y16n+7 = 0.
(vit) If d=0, w+# 0, then xi6n—4 = Ti6n+4 = 0 and Y16, = W, Y16n+8 = —W.
(viti) If w =0, d# 0, then T16n—4 = T16n+4 = d and Yi16n = Y16n+s = 0.

(iz) If e=0, p#0, then x16n—3 = Ti6n+s5 = 0 and Yi6n—7 = P, Y16nt1 = —D-
() If p=0, e #0, then T16n—3 = T16n4+5 = € and Yi6n—7 = Y16n+1 = 0.

(zi) If f=0, ¢#0, then T16n—2 = T16n+6 = 0 and Y16n—6 = ¢, Y16n+2 = —q-
(xit) If ¢q=0, f#0,then zi6n—2 = Tient+6 = [ and Yi6n—6 = Yien+2 = 0.
(ziii) If g=0, r #0, then Ti6n—1 = Ti6n+7 = 0 and Yi6n—5 = 7, Y16n+3 = —T-
(xiv) If r=0, g #0, then Tien—1 = Tien+7 = g and Y16n—5 = Yi6n+3 = 0.
(zv) If h=0, s#0, then z16, = T16n+s = 0 and Yi6n—4 = S, Y16n+4 = —S-

(:L"U’i) ]f S = 0, h 75 0, then T16n — T16n+8 — h and Y16n—4 = Y16n+4 = 0.

Proof. The proof follows from the form of the solutions of system ([2.3)). O
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Ty —
24 The Fourth System: Tn4+1 = m, Yn+1 = %

In this subsection, we study the solutions of the system of the following two difference equations:
Ln—17 _ Yn—17

Ut 2ryns " T T gurans

where the initial conditions are arbitrary real numbers with _7y_3, x_¢y_2, x_5y_1, T_4yo # —1, # %1 and

T_3Y—7, T_2Y—6, T-1Y—5, ToYy—4 # 1.

Theorem 2.12. Suppose that {z,,yn} are solutions of system . Then forn=20,1,2,...,

LTn+1 = (24)

a(l 4 2at)" b(1 + 2bu)”
T16n—7 = T16n—6 = 75 5
c(1+ 2cv)" d(1 + 2dw)™
T16n—5 = Tlen-4 = 5
16n—>5 (1 + CU)2n Y 16n—4 (1 + dw)zn b
T16n-3 = € (1 —pe)"™ (1 + pe)", Tign—2 = f (1= fq)" (1 + fq)",
Tign—1 =g (L —gr)" (1 +g7)", Ti6n = h (1 —sh)" (1 + sh)"
a(l+ 2at)" b(1 + 2bu)”
X = €T e —
16n+1 (1 + at)2ni’ 16n+2 (1 + bu)2n+1’
c(1 + 2co)™ d(1 + 2dw)™
X = €T e A—
16n+3 1+ coy2ntl’ 16n+4 (1 + dw)2n+1”
1645 = € (L +pe)" 1 (1 - pe)” | T1en46 = f (1+ f0)" T (1= fq)",
T16nsr =g (L +gr)" T (1 —gr)", T16nts = h (1 + sh)"™ (1= sh)",
_ p _ q
AT A= pey (1 + pe) NS T A= gy )
r S
Y08 = = gryr(L 4 gr) PO (L= shyr (1 shyn
(1 + at)?* (14 bu)?”
Yi6n—3 = 7(1 T+ 2at)n Yien-2 = 7(1 + 2bu)n
v(1 + cv)?" w(l + dw)®"
Yi6n—1 = 755 Yien = 755 om0
(14 2cv)” (1 + 2dw)™
o —p N —q
Yi6n+1 = (1 + pe)"t(1 — pe)n’ Y16n+2 1+ qf) (1 — )™’
—r —s
_ —t(1+ at)*t! ~—u(l+ bu)?
Y6n+5 = T gty P66 = T gpuyntl
~ —u(1 4 cv)? ! ~ —w(l+ dw)?
Yion+7 = (1 + 2c0)ntl Yi6n+8 = (1 + 2dw)"+1
Proof. For n = 0 the result holds. Now suppose that n > 0 and our assumption holds for n — 1, that is,
_a(l+ 2at)"! _b(1+ 2bu)" !
L16n—23 = W, L16n—22 = Wv
(14 2cv)" ! _d(1 + 2dw)" !
T16n—21 = Wa T16n—20 = Wa
T16n-19 = € (1 —pe)" ' (1 +pe)" !, Tien—18 = f (1 — f@)" ' (L+ fq)" ',
Tien-17 =g (1 —gr)" P (L 4+gr)" !, T16n-16 = h (1 — sh)" 1 (14 sh)"*
a(l + 2at)" ! b(1 + 2bu)" !
T16n—15 = W? T16n—14 = Wu
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c(1 + 2cv)™ 1 _d(1 + 2dw)" !
T16n—13 = W? Ti6n—12 = W’
T16n-11 = € (1 + pe)" (1 — pe)" ", T1en—10 = f (1 + fo)" (1 — fq)" ',
Tion-9 = g (1 +gr)" (1 —gr)" ™, Ti6n-s = h (1+sh)" (1 —sh)" ",
Y1en =28 = peyn 1 (1 + pe)n 1 e (Y (T D
r S
Pbn=21 = (0 yn=1(1 + gryn—1’ Y6n=20 = (1 shyn—1(1 4 sh)n1’
v(1 + cv)?n—2 u(1 + bu)?n 2
Yl6n—17 = W, Y16n—18 = W?
t(1 4+ at)?n—2 w(1 + dw)?"2
Y16n—19 = W, Y16n—16 = W’
OIS T A peyr (1= pe)n T T )= af)r T
Y16n—13 = (1 —i—gr)"(l — gr)n_p Y16n—12 = (1 T sh)”(l _ Sh)n_p
—t(1 + at)®! ~—u(l + bu)? !
Ylon—11 = o g N T
 —v(1+ ) _ —w(l+dw)??
Now, it follows from ([2.4) that
a(1+2at)" !
Tign = T16n—15 _ (I+at)>r—1
7 = =
1 _ _ a(l+2at)n—1 —t(1+at)2n—1
+ T16n-15Y16n-11 | 4 ( (rann— ) ( (T 2aD) )
14+2at)" !
. a((1+at£)L2)n*1 B a(l +2at)"! 1+ 2at
B o _ 1+ 2at
1= (%) (a1 ()| L2
a(l+ 2at)" a1+ 2at)"
(14 at)2 11 +2at —at] (1 +at)?’
. Y16n—15 _ W
7= = _ _
Yitn —1 = Y16n-15T16n-11 —1—(W)(5(1+P6)n(1—m)n Y
e
_ (1+pe)(1—pe)n—1 _ p 1
-1+ pe (14 pe)?(1 —pe)»~t |1 — pe
_ p
(1 —pe)™(1 +pe)™’
b(14+2bu)™ 1
Pl — T16n—14 _ (1+bu)2n—1
g =
1 . . b(14+2bu)n—1 —u(14bu)?n—1
+ T16n-14Y16n-10 1 4+ ( T bu)onT ) ( (T12ba) )
b(1+2bu)” !
- ((1+bu)u2)"*1 B b(1 + 2bu)™ ! 1+ 2bu
- b o _ b 1+2b
1— (1+gbu) <1 + bu)2n ! [1 - <1+gbu>] * Y

b(1 + 2bu)" b(1 + 2bu)"

(14 bu)® [+ 2bu—bu] (14 bu)*™’
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Vi6n6 = Y16n—14 _ Trah™a—apa=T
" 1= yign-14T16n-10  —1~ (g (FO+f0" (1—fa)" ")

—q

_ (Fa)" (=)™ * _ q [ 1 }

—1+qf L +gf)"(L—gf)"t [1—qf
_ q
(14 af) (L —af)™
We can prove the other relations similarly. The proof is complete. O

Lemma 2.13. Let {x,,yn} be a positive solution of system (2.4), then {x,} is bounded and converges to
zero.

Proof. The proof is as in the Lemma and so it will be omitted. O

Lemma 2.14. If a,b,c,d,e, f,g,h,p,q,7,S,t,u,v and w be arbitrary real numbers and let {x,,yn} be a
solution of system (2.4) then the following statements are true:

(@) If a=0,t#0, then Ti6n—7 = Ti6n+1 = 0 and yi16n—3 = t, Yien+s = —L.
(i) If a #0, t =0, then 2167 = Ti6n+1 = ¢ and Y16n—3 = Y16n+5 = 0.

(#i7) If b=0, u#0, then T16n—6 = T16n+2 = 0 and Yi6n—2 = U, Y16n+6 = —U.
(i) If u=0, b#0, then T16n—6 = Ti6n+2 = b and yi6n—2 = Yi6n+6 = 0.

(v) If c=0, v#0, then 16n—5 = Tin+3 = 0 and Yign—1 = U, Y16n+7 = —V.
(vi) If v=0, ¢c#0, then x16n—5 = T16n+3 = € and Y16n—1 = Y16n+7 = 0.
(vit) If d=0, w+# 0, then Ti6n—14 = Ti6n+4a = 0 and Y160, = W, Y16n+8 = —W.
(viti) If w=0, d#0, then T16n—4 = T16n+4 = d and Y16n = Y16n+s = 0.

(iz) If e=0, p#0, then x16n—3 = Tien+s = 0 and Yi6n—7 = P, Y16n+1 = —P-
() If p=0, e #0, then T16n—3 = T16n4+5 = € and Yi6n—7 = Y16n+1 = 0.

(xi) If f=0, ¢#0, then zi6n—2 = Tien+6 = 0 and Yi6n—6 = ¢, Y16n+2 = —4.

(.%'ZZ) If q = 0, f 7é 0, then T16n—2 — L16n+6 — f and Y16n—6 = Y16n+2 = 0.

(ziii) If g=0, r #0, then Ti6n—1 = Ti6n+7 = 0 and Yi6n—5 = 7, Y16n+3 = —T-
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(xiv) If r=0, g#0, then Tien—1 = T16n+7 = g and Y16n—5 = Yien+3 = 0.
(zv) If h=0, s#0, then z16, = T16n+s = 0 and Yi6n—4 = S, Y16n+4 = —S.
(zvi) If s =0, h#0, then x16n = Ti6n+s = h and Yi16n—-4 = Y16n+4 = 0.
Proof. The proof follows from the form of the solutions of system . O

3. Numerical examples

In order to illustrate the results of the previous sections and to support our theoretical discussions, we
consider several interesting numerical examples in this section.

Example 3.1. If we consider the difference equation system (2.1)) with the initial conditions x_7
0.19, x_¢ = 0.13, z_5 = —0.35, z_4 = 0.21, x_3 = —0.11, z_5 = 0.09, x_; = —0.17, 29 = 0.3, y_7

—0.16, y_¢ = —0.33, y_5 = 0.12, y_4 = 0.04, y_3 = —0.17, y_o = 0.3, y_1 = —0.17, and yo = 0.3 (see
Figl).

plot of X(n+1)=(X(n=7))/(1+(X(n=7)*Y(n-3))),Y(n+1)=(Y(n-7))/(1+(Y(n-7)*X(n-3)))
06 T T T

x(n).y(n)

L L L L
10 20 30 40 50

Figure 1: This figure shows the solution of

_ Ty _ Y —
xn+1_ 1+xn—7f7yn—3 ’ yn+1_ 1+yn—7;n—3 ’
Example 3.2. For the initial conditions z_7 = 0.23, z_¢ = —0.16, x_5 = —0.07, z_4 = 0.13, z_3 =

022, 29 = 0.15, x_3 = —0.6, 20 = 0.31, y_7 = —0.28, y_ = —0.14, y_5 = 0.20, y_4 = 0.32, y_3
—0.07, y—2 =0.2, y_1 = —0.08, and yo = —0.3, Figure [2] shows the solution of system ({2.2]).

plot of X(n+1)=(X(n-7))/(1+(X(n-7)*Y(n-3))),Y (n+1)=(Y(n-7))/(1-(Y(n-7)*X(n-3)))
5 T T T T T

x(n).y(n)

Figure 2: This figure shows the solution of system (2.2).
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Example 3.3. Consider the difference equations system ([2.3)) with the initial conditions z_7 = 0.7, z_g =
0.06, x—5 = 0.17, z_4 = 0.21, z_3 = 0.09, z_9 = 0.14, x_1 = 0.31, g = 0.24, y_7v = 0.08, y_g =
0.24, y_5=0.8, y_4 = 0.03, y_3 =0.17, y_2 = 0.21, y_1 = 0.19, and yo = 0.31. (See Fig. |3)).

plot of X(n+1)=(X(n=7))/(1+(X(n=7)*Y(n-3))), Y{n+1)=(Y (1=7))/(~1+(Y(n=7)*X(n-3)))

80 90 100

Figure 3: This figure shows the solution of
_ Ln—7 _ Yn—17
xn—i—l T 1+Tn_7yn—3° yn+1 T —14Yn—7Tn—3"

Example 3.4. Suppose the difference equations system ([2.4)) with the initial conditions z_7 = 0.17, z_g =

0.2, x5 = 0.1, x_y = 0.14, z_3 = 031, x_o = 04, x_1 = 0.01, zg = 0.15, y_7v = —0.12, y_g =
—0.3, y—5 = —0.04, y_4 = —0.18, y_3 = —0.28, y_9 = —0.09, y_; = —0.13, and yo = —0.34. (See Fig

plot of X(n+1)=(X(n-7))/(1+(X(n-7)*Y(n-3))),Y(n+1)=(Y(n-7))/(-1-(Y(n-7)*X(n-3)))

X(n),y(n)

Figure 4: This figure shows the solution of
_ Tn—7 _ Yn—17
.'En+1 - I4+zn—7Yyn—3° yn+1 o —1—yn—7Tn—3°

4. Conclusion

In this paper, we deal with the form of the solutions of four cases of the difference equations system x, 1 =
Haﬁﬁ’ Ynt1 = Mﬁ%w Also, we study some behavior of the solutions such as the boundedness in
Section@ Finally, in Section Bi we present some numerical examples by giving some numerical values for
the initial values of each case and the figures given to explain the behavior of the obtained solutions in the
case of numerical examples by using some mathematical program like Mathematica and Matlab to confirm

the obtained results.
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