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Abstract

In this paper, we mix both concepts of s-Godunova-Levin and m-convexity and introduce the (s,m)-
Godunova-Levin functions. We introduce the fuzzy Hermite-Hadamard inequality for (s,m)-Godunova-Levin
functions via fractional integral. Holder inequality is used for new bounds for fuzzy Hermite-Hadamard
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1. Introduction

Recall the following Hadamard’s inequality which is proved in [5].

Theorem 1.1. suppose that f : (0,∞]→ R+ is an s-convex function in the second sense, where s ∈ (0, 1).
Let a, b ∈ [0,∞), a < b. Let CF [a, b] the space of fuzzy continuous functions and LF [a, b] be the space of
fuzzy Lebesgue integrable functions. If f ′ ∈ CF [a, b] ∩ LF [a, b], then the following inequality holds:

2s−1f(
a+ b

2
) ≤ 1

b− a

∫ b

a
f(x)dx ≤ f(a) + f(b)

s+ 1
. (1.1)
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The constant 1
s+1 in inequality (1.1) is sharp.

The subject of fractional calculus (that is, calculus of integrals and derivatives of any arbitrary real or
complex order) was planted over 300 years ago. Since then the fractional calculus has drawn the attention
of many researchers. In recent years, the fractional calculus has played a significant role in many fields
of science and engineering. For more information about its interesting history and wide applications, see
[15, 17, 18, 19, 20]. According to the importance of account deficits, more attention has been attracted and a
lot of quality researches in this branch of mathematical analysis have been carried out, (see [3, 10, 21] and the
references therein). Anastassiou [1, 2] proved the fuzzy Ostrowski’s inequalities. These inequalities have been
applied for Euler’s Beta mapping [22] and special means such as the arithmetic mean, the geometric mean,
the harmonic mean and others. In [13, 14] authors considered the class of s-Godunova-Levin functions to
prove the Ostrowski’s inequality and Hermite-Hadamard inequality. Dragomir [6] proved Hermite-Hadamard
inequality for m-convex functions and Ozdemir [16] proved Ostrowski inequality for (α,m)-convex functions.

In this paper we combine these two concepts, fuzzy Hermite-Hadamard inequality for s-Godunova-Levin
functions and m-convexity and prove the fuzzy Hermite-Hadamard inequality for (s,m)-Godunova-Levin
functions via fractional integral. In Section 2, some basic concepts are reviewed. In Section 3, Fuzzy
Hermite-Hadamard inequality will be proved for (s,m)-Godunova-Levin functions via fractional integral.
Finally, it will be finished by a conclusion.

2. Preliminaries

We denote the set of all fuzzy numbers on the set of real numbers R by RF . A fuzzy number is a mapping
u : R→ [0, 1] with the following properties:

(a) u is upper semi-continuous, i.e for any small positive ε, u(x) always is less than u(x0) + ε for all x in
some neighborhood of x0;

(b) u is fuzzy convex, i.e., u(λx+ (1− λ)y) ≥ min{u(x), u(y)};
(c) u is normal, i.e., ∃x0 ∈ R for which u(x0) = 1;

(d) the closure, cl(supp u) of the support supp u, is compact, where supp u = {x ∈ R | u(x) > 0}.

Definition 2.1 ([7]). An arbitrary fuzzy number is represented by an ordered pair of functions
(u−(α), u+(α)), 0 ≤ α ≤ 1 that, satisfies the following requirements:

1. u−(α) is a bounded left continuous nondecreasing function over [0,1], with respect to any α;

2. u+(α) is a bounded left continuous nonincreasing function over [0,1], with respect to any α;

3. u−(α) ≤ u+(α), 0 ≤ α ≤ 1.

The α-level set [u]α of a fuzzy set u on R is defined as:

[u]α = {x ∈ R : u(x) ≥ α}, for each α ∈ (0, 1], (2.1)

and for α = 0

[u]0 =
⋃

α∈(0,1]

[u]α, (2.2)

where A denotes the closure of A.
For u, v ∈ RF and λ ∈ R, we define uniquely the sum [u+ v]α and the product [λu]α by

[u+ v]α = [u]α + [v]α, [λu]α = λ[u]α, ∀α ∈ [0, 1],

where [u]α + [v]α means the usual addition of two integrals (as subsets of R) and λ[u]α means the usual
product between a scalar and a subset of R.

Define D : RF × RF −→ R+ ∪ 0 by

D(u, v) := sup
α∈[0,1]

max{|u−α − v−α |, |u+α − v+α |}, (2.3)
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where
[v]α = [v−α , v

+
α ], v ∈ RF . (2.4)

It is easy to show that D is a metric on RF and (RF , D) is a complete metric space with the following
properties:

(i) D(u+ w, v + w) = D(u, v), ∀u, v, w ∈ RF ;

(ii) D(k.u, k.v) =| k | D(u, v), ∀u, v ∈ RF , ∀k ∈ R;

(iii) D(u+ v, w + e) = D(u,w) +D(v, e), ∀u, v, w, e ∈ RF .

Let u, v ∈ RF . If there exists w ∈ RF : u = v + w, then we call w the H-difference on u and v and it is
denoted by u	 v.

Let [a, b] ⊂ R, we say that the function f : [a, b] −→ RF is Riemann integrable on [a, b] if there exist
I ∈ RF satisfying the following property: ∀ε > 0,∃δ > 0 such that for any partition P = {a = x0 < x1 <
. . . < xn} of [a, b] with ‖P‖ < δ and any points ξi ∈ [xi, xi+1], i = 0, 1, . . . n− 1, we have

D

(
n−1∑
i=0

(xi+1 − xi)f(ξi), I

)
< ε.

We write

I := FR

∫ b

a
f(x)dx. (2.5)

Let f : [a, b]→ RF be fuzzy continuous. Then it is easy to show that
∫ b
a f(x)dx exists and it belongs to RF .

Furthermore [
∫ b
a f(x)dx]α = [

∫ b
a f
−
α (x)dx, f+α (x)dx], ∀α ∈ [0, 1].

Let CF ([a, b]) be the set of all fuzzy continuous functions f : [a, b]→ RF . Let g ∈ CF ([a, b]) and c ∈ [a, b].

Then
∫ b
a g(x)dx =

∫ c
a g(x)dx+

∫ b
c g(x)dx.

Let f, g ∈ CF ([a, b]) and c1, c2 ∈ [a, b]. Then
∫ b
a (c1f(x) + c2g(x))dx = c1

∫ b
a f(x)dx+ c2

∫ b
a g(x)dx. Also,

if f, g : [a, b] ⊆ R → RF are fuzzy continuous functions, then the function F : [a, b] → R+ defined by
F (x) := D(f(x), g(x)) is continuous on [a, b], and

D(

∫ b

a
f(x)dx,

∫ b

a
g(x)dx) ≤

∫ b

a
D(f(x), g(x))dx. (2.6)

Let f ∈ CF ([a, b]), 0 < ν < 1. We define the Fuzzy Fractional left Riemann- Liouville operator as

Iνa+f(x) =
1

Γ(ν)

∫ x

a
(x− t)ν−1f(t)dt, x ∈ [a, b], where Γ(ν) =

∫ ∞
0

e−ttν−1dt. (2.7)

Also, we define the fuzzy fractional right Riemann- Liouville operator as

Iνb−f(x) =
1

Γ(ν)

∫ b

x
(t− x)ν−1f(t)dt, x ∈ [a, b]. (2.8)

For ν = 1, the fractional integral reduces to the classical integral, [9, 12, 17].
In the following, we present the definition of strongly generalized differentiability which will be used in the
remaining part of the paper.

Definition 2.2. Let T := [x0, x0 + β] ⊂ R, β > 0. A function f : T → RF is strongly generalized
differentiable (G-differentiable) at x ∈ T if there exists an f ′(x) ∈ RF for all h > 0 sufficiently small,

(i) lim
h→0+

f(x+ h)	 f(x)

h
= lim

h→0+

f(x)	 f(x− h)

h
= f ′(x),
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or

(ii) lim
h→0+

f(x)	 f(x+ h)

−h
= lim

h→0+

f(x− h)	 f(x)

−h
= f ′(x),

or

(iii) lim
h→0+

f(x+ h)	 f(x)

h
= lim

h→0+

f(x− h)	 f(x)

−h
= f ′(x),

or

(iv) lim
h→0+

f(x)	 f(x+ h)

−h
= lim

h→0+

f(x)	 f(x− h)

h
= f ′(x),

provided the limits exists in the metric D.

In the following we have the definitions of s-Godunova-Levin functions which will be used in the rest of
the paper. We recall the following definition from [4, 8, 13].

Definition 2.3. A function f : (0,∞]→ R is said to be s-Godunova-Levin of the first kind if

f(λx+ (1− λ)y) ≤ f(x)

λs
+

f(y)

(1− λs)

for all x, y ∈ (0,∞], λ ∈ [0, 1] and for some fixed s ∈ (0, 1].

Definition 2.4. A function f : (0,∞]→ R is said to be s-Godunova-Levin of the second kind if

f(λx+ (1− λ)y) ≤ f(x)

λs
+

f(y)

(1− λ)s

for all x, y ∈ (0,∞], λ ∈ [0, 1] and for some fixed s ∈ (0, 1]. We use the notation K2
s for this class of functions.

In the following we present the definition of S-convex function in the second sense which has been
introduce in [11]. This definition also holds for fuzzy functions.

Definition 2.5. A function f : (0,∞]→ R is said to be (α,m)-convex if

f(λx+m(1− λ)y) ≤ λαf(x) +m(1− λα)f(y)

for all x, y ∈ (0,∞], λ ∈ [0, 1] and for some fixed α ∈ (0, 1].

Definition 2.6. A function f : (0,∞]→ R is said to be m-Godunova-Levin if

f(λx+m(1− λ)y) ≤ f(x)

λ
+
mf(y)

(1− λ)

for all x, y ∈ (0,∞] and for some fixed m ∈ [0, 1].

Definition 2.7. A function f : (0,∞]→ R is said to be (s,m)-Godunova-Levin in the first kind if

f(λx+m(1− λ)y) ≤ f(x)

λs
+

mf(y)

(1− λs)

for all x, y ∈ (0,∞] and for some fixed (s,m) ∈ [0, 1]2.

Definition 2.8. A function f : (0,∞]→ R is said to be (s,m)-Godunova-Levin in the second sense if

f(λx+m(1− λ)y) ≤ f(x)

λs
+

mf(y)

(1− λ)s

for all x, y ∈ (0,∞] and for some fixed (s,m) ∈ [0, 1]2.
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3. Fuzzy Hermite-Hadamard inequality for (s,m)-Godunova-Levin functions of second kind

In this section, first we prove the fuzzy Hermite-Hadamard inequality for functions where derivatives of
the functions are (s,m)-Godunova-Levin of second kind. Then, we use the Holder inequality and prove the
inequality. We consider modified hypothesis and find new bounds for these type of inequalities.

In order to find the new bound for our inequalities, we introduce the following identity.

Lemma 3.1. Let f : I ⊂ R→ RF be differentiable mapping on I where ma,mb ∈ I with a < b. Let CF [a, b]
be the space of fuzzy continuous functions and LF [a, b] be the space of fuzzy Lebesgue integrable functions.
If f ′ ∈ CF [ma,mb] ∩ LF [ma,mb], then,

(x−ma)f(ma) + (mb− x)f(mb)

b− a

=
(mb− x)2

b− a

∫ 1

0
(1− t)f ′(tx+m(1− t)b)dt+

1

b− a

∫ mb

ma
f(u)du

+
(x−ma)2

b− a

∫ 1

0
(t− 1)f ′(tx+m(1− t)a)dt,

(3.1)

for each x ∈ (a, b).

Proof. By integrating by part we have:

(x−ma)2

b− a

∫ 1

0
(t− 1)f ′(tx+m(1− t)a)dt

=
(x−ma)2

b− a

[
(t− 1)

1

x−ma
f(tx+m(1− t)a)

∣∣1
0 −

1

x−ma

∫ 1

0
f(tx+m(1− t)a)dt

]
=

(x−ma)2

b− a

[
1

x−ma
f(ma)− 1

(x−ma)2

∫ x

ma
f(u)du

]
,

and

(mb− x)2

b− a

∫ 1

0
(1− t)f ′(tx+m(1− t)b)dt

=
(mb− x)2

b− a

[
(1− t) 1

x−mb
f(tx+m(1− t)b)

∣∣1
0 −

1

mb− x

∫ 1

0
f(tx+m(1− t)b)dt

]
=

(mb− x)2

b− a

[
1

mb− x
f(mb)− 1

(mb− x)2

∫ mb

x
f(u)du

]
,

By using r-cut representation of fuzzy number, the proof is straightforward.

Now we prove the following theorem by using Lemma 3.1.

Theorem 3.2. Let f : I ⊂ R→ RF be differentiable mapping on I such that f ′ ∈ CF [ma,mb]∩LF [ma,mb],
where a, b ∈ I with a < b. If D(f ′(x), 0̃) is (s,m)-Godunova-Levin of the second kind on [ma,mb] for some
fixed s ∈ [0, 1],m ∈ (0, 1], x ∈ [ma,mb], then the following inequality holds:

D

(
(x−ma)f(ma) + (mb− x)f(mb)

b− a
,

1

b− a

∫ mb

ma
f(u)du

)
≤

D
(
f ′(x), 0̃

)
(1− s)(2− s)

[
(mb− x)2 + (x−ma)2

b− a

]
+

m

2− s

(
(mb− x)2D

(
f ′(b), 0̃

)
+ (x−ma)2D

(
f ′(a), 0̃

)
b− a

) (3.2)
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Proof. By equation (3.1) we have:

D

(
(x−ma)f(ma) + (mb− x)f(mb)

b− a
,

1

b− a

∫ mb

ma
f(u)du

)
= D

(
(mb− x)2

b− a

∫ 1

0
(1− t)f ′(tx+m(1− t)b)dt +

(x−ma)2

b− a

∫ 1

0
(t− 1)f ′(tx+m(1− t)a)dt

+
1

b− a

∫ mb

ma
f(u)du,

1

b− a

∫ mb

ma
f(u)du

)
= D

(
(mb− x)2

b− a

∫ 1

0
(1− t)f ′(tx+m(1− t)b)dt+

(x−ma)2

b− a

∫ 1

0
(t− 1)f ′(tx+m(1− t)a)dt, 0̃

)
= D

(
(mb− x)2

b− a

∫ 1

0
(1− t)f ′(tx+m(1− t)b)dt, 0̃

)
+D

(
(x−ma)2

b− a

∫ 1

0
(t− 1)f ′(tx+m(1− t)a)dt, 0̃

)
=

(x−ma)2

b− a
D

(∫ 1

0
(t− 1)f ′(tx+m(1− t)a)dt, 0̃

)
+

(mb− x)2

b− a
D

(∫ 1

0
(1− t)f ′(tx+m(1− t)b)dt, 0̃

)
≤ (x−ma)2

b− a

∫ 1

0
|t− 1|D

(
f ′(tx+m(1− t)a), 0̃

)
dt+

(mb− x)2

b− a

∫ 1

0
|1− t|D

(
f ′(tx+m(1− t)b), 0̃

)
dt = F

We know D(f ′(x), 0̃) is (s,m)-Godunova-Levin of the second kind so we have:

F ≤ (x−ma)2

b− a

∫ 1

0
(1− t)[ 1

ts
D
(
f ′(x), 0̃

)
+

m

(1− t)s
D
(
f ′(a), 0̃

)
]dt

+
(mb− x)2

b− a

∫ 1

0
(1− t)[ 1

ts
D
(
f ′(x), 0̃

)
+

m

(1− t)s
D
(
f ′(b), 0̃

)
]dt

≤ (x−ma)2

b− a

(
1

(1− s)(2− s)
D
(
f ′(x), 0̃

)
+

m

2− s
D
(
f ′(a), 0̃

))
+

(mb− x)2

b− a

(
1

(1− s)(2− s)
D
(
f ′(x), 0̃

)
+

m

2− s
D
(
f ′(b), 0̃

))
=

D
(
f ′(x), 0̃

)
(1− s)(2− s)

[
(mb− x)2 + (x−ma)2

b− a

]
+

m

2− s

(
(mb− x)2D

(
f ′(b), 0̃

)
+ (x−ma)2D

(
f ′(a), 0̃

)
b− a

)
This completes the proof.

Remark 3.3. In Theorem 3.2, choose m = 1, then inequality (3.2) reduces to

D

(
(x− a)f(a) + (b− x)f(b)

b− a
,

1

b− a

∫ b

a
f(u)du

)
≤ 1

(2− s)(b− a)

([
(b− x)2 + (x− a)2

]
D
(
f ′(x), 0̃

)
(1− s)

+
(
(b− x)2D

(
f ′(b), 0̃

)
+ (x− a)2D

(
f ′(a), 0̃

)))
The following theorem is a generalization of Theorem 3.2 with different hypothesis.

Theorem 3.4. Let f : I ⊂ R→ RF be differentiable mapping on I such that f ′ ∈ CF [ma,mb]∩LF [ma,mb],
where a, b ∈ I with a < b. If D(f ′(x), 0̃)q is (s,m)-Godunova-Levin of the second kind on [ma,mb] for some
fixed s ∈ [0, 1],m ∈ (0, 1], q > 1, 1p + 1

q = 1, x ∈ [ma,mb], then the following inequality holds:

D

(
(x−ma)f(ma) + (mb− x)f(mb)

b− a
,

1

b− a

∫ mb

ma
f(u)du

)
≤
(

1

1− p

) 1
p
(

1

1− s

) 1
q 1

b− a

×
[
(mb− x)2

(
D
(
f ′(x), 0̃

)q
+mD

(
f ′(a), 0̃

)q) 1
q + (x−ma)2

(
D
(
f ′(x), 0̃

)q
+mD

(
f ′(b), 0̃

)q) 1
q

]
.

(3.3)
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Proof. By equation (3.1) and using the Holder’s inequality for q > 1, we have:

D

(
(x−ma)f(ma) + (mb− x)f(mb)

b− a
,

1

b− a

∫ mb

ma
f(u)du

)
= D

(
(mb− x)2

b− a

∫ 1

0
(1− t)f ′(tx+m(1− t)b)dt +

(x−ma)2

b− a

∫ 1

0
(t− 1)f ′(tx+m(1− t)a)dt

+
1

b− a

∫ mb

ma
f(u)du,

1

b− a

∫ mb

ma
f(u)du

)
= D

(
(mb− x)2

b− a

∫ 1

0
(1− t)f ′(tx+m(1− t)b)dt+

(x−ma)2

b− a

∫ 1

0
(t− 1)f ′(tx+m(1− t)a)dt, 0̃

)
= D

(
(mb− x)2

b− a

∫ 1

0
(1− t)f ′(tx+m(1− t)b)dt, 0̃

)
+D

(
(x−ma)2

b− a

∫ 1

0
(t− 1)f ′(tx+m(1− t)a)dt, 0̃

)
=

(x−ma)2

b− a
D

(∫ 1

0
(t− 1)f ′(tx+m(1− t)a)dt, 0̃

)
+

(mb− x)2

b− a
D

(∫ 1

0
(1− t)f ′(tx+m(1− t)b)dt, 0̃

)
≤ (x−ma)2

b− a

∫ 1

0
|t− 1|D

(
f ′(tx+m(1− t)a), 0̃

)
dt+

(mb− x)2

b− a

∫ 1

0
|1− t|D

(
f ′(tx+m(1− t)b), 0̃

)
dt = F

We know D(f ′(x), 0̃)q is (s,m)-Godunova-Levin of the second kind so we have:

F ≤ (x−ma)2

b− a

(∫ 1

0
(1− t)pdt

) 1
p
(∫ 1

0
D
(
f ′(tx+m(1− t)a), 0̃

)q) 1
q

dt

+
(mb− x)2

b− a

(∫ 1

0
(1− t)pdt

) 1
p
(∫ 1

0
D
(
f ′(tx+m(1− t)b), 0̃

)q) 1
q

dt

≤ (mb− x)2

b− a

(
1

1− p

) 1
p
(

1

1− s
[
D
(
f ′(x), 0̃

)q
+mD

(
f ′(a), 0̃

)q]) 1
q

+
(x−ma)2

b− a

(
1

1− p

) 1
p
(

1

1− s
[
D
(
f ′(x), 0̃

)q
+mD

(
f ′(b), 0̃

)q]) 1
q

,

where the following inequalities are used:∫ 1

0
D
(
f ′(tx+m(1− t)a), 0̃

)q
≤
∫ 1

0
[
1

ts
D
(
f ′(x), 0̃

)q
+

m

(1− t)s
D
(
f ′(a), 0̃

)q
]dt

=
1

1− s
[
D
(
f ′(x), 0̃

)q
+mD

(
f ′(a), 0̃

)q]
,

∫ 1

0
D
(
f ′(tx+m(1− t)b), 0̃

)q
≤
∫ 1

0
[
1

ts
D
(
f ′(x), 0̃

)q
+

m

(1− t)s
D
(
f ′(b), 0̃

)q
]dt

=
1

1− s
[
D
(
f ′(x), 0̃

)q
+mD

(
f ′(b), 0̃

)q]
.

This completes the proof.

Theorem 3.5. Let f : I ⊂ R→ RF be differentiable mapping on I such that f ′ ∈ CF [ma,mb]∩LF [ma,mb],
where a, b ∈ I with a < b. If D(f ′(x), 0̃)q is (s,m)-Godunova-Levin of the second kind on [ma,mb] for some
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fixed s ∈ [0, 1],m ∈ (0, 1], q ≥ 1, x ∈ [ma,mb], then the following inequality holds:

D

(
(x−ma)f(ma) + (mb− x)f(mb)

b− a
,

1

b− a

∫ mb

ma
f(u)du

)
≤ (mb− x)2

b− a

(
1

2

)1− 1
q
(

1

(1− s)(2− s)
D
(
f ′(x), 0̃

)q
+

m

2− s
D
(
f ′(a), 0̃

)q) 1
q

+
(x−ma)2

b− a

(
1

2

)1− 1
q
(

1

(1− s)(2− s)
D
(
f ′(x), 0̃

)q
+

m

2− s
D
(
f ′(b), 0̃

)q) 1
q

.

(3.4)

Proof. By equation (3.1) we have:

D

(
(x−ma)f(ma) + (mb− x)f(mb)

b− a
,

1

b− a

∫ mb

ma
f(u)du

)
= D

(
(mb− x)2

b− a

∫ 1

0
(1− t)f ′(tx+m(1− t)b)dt +

(x−ma)2

b− a

∫ 1

0
(t− 1)f ′(tx+m(1− t)a)dt

+
1

b− a

∫ mb

ma
f(u)du,

1

b− a

∫ mb

ma
f(u)du

)
= D

(
(mb− x)2

b− a

∫ 1

0
(1− t)f ′(tx+m(1− t)b)dt+

(x−ma)2

b− a

∫ 1

0
(t− 1)f ′(tx+m(1− t)a)dt, 0̃

)
= D

(
(mb− x)2

b− a

∫ 1

0
(1− t)f ′(tx+m(1− t)b)dt, 0̃

)
+D

(
(x−ma)2

b− a

∫ 1

0
(t− 1)f ′(tx+m(1− t)a)dt, 0̃

)
=

(x−ma)2

b− a
D

(∫ 1

0
(t− 1)f ′(tx+m(1− t)a)dt, 0̃

)
+

(mb− x)2

b− a
D

(∫ 1

0
(1− t)f ′(tx+m(1− t)b)dt, 0̃

)
≤ (x−ma)2

b− a

∫ 1

0
|t− 1|D

(
f ′(tx+m(1− t)a), 0̃

)
dt+

(mb− x)2

b− a

∫ 1

0
|1− t|D

(
f ′(tx+m(1− t)b), 0̃

)
dt = F

We know D(f ′(x), 0̃)q is (s,m)-Godunova-Levin of the second kind so we have:

F ≤ (x−ma)2

b− a

(∫ 1

0
(1− t)dt

)1− 1
q
(∫ 1

0
(1− t)D

(
f ′(tx+m(1− t)a), 0̃

)q) 1
q

dt

+
(mb− x)2

b− a

(∫ 1

0
(1− t)dt

)1− 1
q
(∫ 1

0
(1− t)D

(
f ′(tx+m(1− t)b), 0̃

)q) 1
q

dt

≤ (mb− x)2

b− a

(
1

2

)1− 1
q
(∫ 1

0
(1− t)

[
1

ts
D
(
f ′(x), 0̃

)q
+

m

(1− t)s
D
(
f ′(a), 0̃

)q]) 1
q

+
(x−ma)2

b− a

(
1

2

)1− 1
q
(∫ 1

0
(1− t)

[
1

ts
D
(
f ′(x), 0̃

)q
+

m

(1− t)s
D
(
f ′(b), 0̃

)q]) 1
q

,

(mb− x)2

b− a

(
1

2

)1− 1
q
(

1

(1− s)(2− s)
D
(
f ′(x), 0̃

)q
+

m

2− s
D
(
f ′(a), 0̃

)q) 1
q

+
(x−ma)2

b− a

(
1

2

)1− 1
q
(

1

(1− s)(2− s)
D
(
f ′(x), 0̃

)q
+

m

2− s
D
(
f ′(b), 0̃

)q) 1
q

,

where the following inequalities are used:∫ 1

0
(1− t)D

(
f ′(tx+m(1− t)a), 0̃

)q
≤
∫ 1

0
(1− t)[ 1

ts
D
(
f ′(x), 0̃

)q
+

m

(1− t)s
D
(
f ′(a), 0̃

)q
]dt
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=
1

(1− s)(2− s)
D
(
f ′(x), 0̃

)q
+

m

2− s
D
(
f ′(a), 0̃

)q
,

∫ 1

0
(1− t)D

(
f ′(tx+m(1− t)b), 0̃

)q
≤
∫ 1

0
(1− t)[ 1

ts
D
(
f ′(x), 0̃

)q
+

m

(1− t)s
D
(
f ′(b), 0̃

)q
]dt

=
1

(1− s)(2− s)
D
(
f ′(x), 0̃

)q
+

m

2− s
D
(
f ′(b), 0̃

)q
.

This completes the proof.

4. Fuzzy Fractional Hermite-Hadamard inequality for (s,m)-Godunova-Levin in second kind
functions

In this section, first we prove the fuzzy Hermite-Hadamard inequality in fractional sense. Then, we use
the Holder inequality and prove these Fractional inequalities.

In order to find the new bound for our inequalities we need the following identity.

Lemma 4.1. Let f : I ⊂ R → RF be differentiable mapping on I where ma,mb ∈ I with a < b. If
f ′ ∈ CF [ma,mb] ∩ LF [ma,mb], then,

(x−ma)αf(ma) + (mb− x)αf(mb)

b− a

=
(mb− x)α+1

b− a

∫ 1

0
(1− tα)f ′(tx+m(1− t)b)dt

+
(x−ma)α+1

b− a

∫ 1

0
(tα − 1)f ′(tx+m(1− t)a)dt+

Γ(α+ 1)

b− a
[
Iαx−f(ma) + Iαx+f(mb)

]
,

(4.1)

for each x ∈ (a, b).

Proof. By integrating by part we have:

(x−ma)α+1

b− a

∫ 1

0
(tα − 1)f ′(tx+m(1− t)a)dt

=
(x−ma)α+1

b− a

[
(tα − 1)

1

x−ma
f(tx+m(1− t)a)

∣∣1
0 −

α

x−ma

∫ 1

0
tα−1f(tx+m(1− t)a)dt

]
=

(x−ma)α+1

b− a

[
1

x−ma
f(ma)− α

(x−ma)α+1

∫ x

ma
(u−ma)α−1f(u)du

]
=

(x−ma)α+1

b− a

[
1

x−ma
f(ma)− αΓ(α)

(x−ma)α+1
Iαx−f(ma)

]
,

and

(mb− x)α+1

b− a

∫ 1

0
(1− tα)f ′(tx+m(1− tα)b)dt

=
(mb− x)α+1

b− a

[
(1− tα)

1

x−mb
f(tx+m(1− t)b)

∣∣1
0 −

α

x−mb

∫ 1

0
tα−1f(tx+m(1− t)b)dt

]
=

(mb− x)α+1

b− a

[
1

mb− x
f(mb)− α

(mb− x)α+1

∫ mb

x
(mb− u)α−1f(u)du

]
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=
(mb− x)α+1

b− a

[
1

mb− x
f(mb)− αΓ(α)

(mb− x)α+1
Iαx+f(mb)

]
.

By using r-cut representation of fuzzy number, the proof is straightforward.

Now we prove the following theorem by using Lemma 4.1.

Theorem 4.2. Let f : I ⊂ R→ RF be differentiable mapping on I such that f ′ ∈ CF [ma,mb]∩LF [ma,mb],
where a, b ∈ I with a < b. If D(f ′(x), 0̃) is (s,m)-Godunova-Levin of the second kind on [ma,mb] for some
fixed s ∈ [0, 1],m ∈ (0, 1], x ∈ [ma,mb] and α > 0 then the following inequality holds:

D

(
(x−ma)αf(ma) + (mb− x)αf(mb)

b− a
,
Γ(α+ 1)

b− a
[
Iαx−f(ma) + Iαx+f(mb)

])
≤ (x−ma)α+1

b− a

(
α

(1− s)(α− s+ 1)
D
(
f ′(x), 0̃

)
+

[
m

1− s
− mΓ(α+ 1)Γ(1− s)

Γ(α− s+ 2)

]
D
(
f ′(a), 0̃

))
+

(mb− x)α+1

b− a

(
α

(1− s)(α− s+ 1)
D
(
f ′(x), 0̃

)
+

[
m

1− s
− mΓ(α+ 1)Γ(1− s)

Γ(α− s+ 2)

]
D
(
f ′(b), 0̃

))
.

(4.2)

Proof. By equation (4.1) we have:

D

(
(x−ma)αf(ma) + (mb− x)αf(mb)

b− a
,
Γ(α+ 1)

b− a
[
Iαx−f(ma) + Iαx+f(mb)

])
= D

(
(mb− x)α+1

b− a

∫ 1

0
(1− tα)f ′(tx+m(1− t)b)dt

+
(x−ma)α+1

b− a

∫ 1

0
(tα − 1)f ′(tx+m(1− t)a)dt

+
Γ(α+ 1)

b− a
[
Iαx−f(ma) + Iαx+f(mb)

]
,
Γ(α+ 1)

b− a
[
Iαx−f(ma) + Iαx+f(mb)

])
= D

(
(mb− x)α+1

b− a

∫ 1

0
(1− tα)f ′(tx+m(1− t)b)dt

+
(x−ma)α+1

b− a

∫ 1

0
(tα − 1)f ′(tx+m(1− t)a)dt, 0̃

)
= D

(
(mb− x)α+1

b− a

∫ 1

0
(1− tα)f ′(tx+m(1− t)b)dt, 0̃

)
+D

(
(x−ma)α+1

b− a

∫ 1

0
(tα − 1)f ′(tx+m(1− t)a)dt, 0̃

)
=

(x−ma)α+1

b− a
D

(∫ 1

0
(tα − 1)f ′(tx+m(1− t)a)dt, 0̃

)
+

(mb− x)α+1

b− a
D

(∫ 1

0
(1− tα)f ′(tx+m(1− t)b)dt, 0̃

)
≤ (x−ma)α+1

b− a

∫ 1

0
|tα − 1|D

(
f ′(tx+m(1− t)a), 0̃

)
dt

+
(mb− x)α+1

b− a

∫ 1

0
|1− tα|D

(
f ′(tx+m(1− t)b), 0̃

)
dt = F

We know D(f ′(x), 0̃) is (s,m)-Godunova-Levin of the second kind so we have:

F ≤ (x−ma)α+1

b− a

∫ 1

0
(1− tα)[

1

ts
D
(
f ′(x), 0̃

)
+

m

(1− t)s
D
(
f ′(a), 0̃

)
]dt
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+
(mb− x)α+1

b− a

∫ 1

0
(1− tα)[

1

ts
D
(
f ′(x), 0̃

)
+

m

(1− t)s
D
(
f ′(b), 0̃

)
]dt

≤ (x−ma)α+1

b− a

(
α

(1− s)(α− s+ 1)
D
(
f ′(x), 0̃

)
+

[
m

1− s
− mΓ(α+ 1)Γ(1− s)

Γ(α− s+ 2)

]
D
(
f ′(a), 0̃

))
+

(mb− x)α+1

b− a

(
α

(1− s)(α− s+ 1)
D
(
f ′(x), 0̃

)
+

[
m

1− s
− mΓ(α+ 1)Γ(1− s)

Γ(α− s+ 2)

]
D
(
f ′(b), 0̃

))
,

where β is the Euler beta function defined by

β(x, y) =

∫ 1

0
tx−1(1− t)y−1dt, (x, y > 0)

and we used the fact that

β(x, y) =
Γ(x)Γ(y)

Γ(x+ y)
and Γ(n+ 1) = nΓ(n) (n > 0).

This completes the proof.

Remark 4.3. In Theorem 4.2, if we choose m = 1, α = 1, then inequality (4.2) reduces to

D

(
(x− a)f(a) + (b− x)f(b)

b− a
,

1

b− a

∫ b

a
f(u)du

)
≤

D
(
f ′(x), 0̃

)
(1− s)(2− s)

[
(b− x)2 + (x− a)2

b− a

]
+

1

2− s

(
(b− x)2D

(
f ′(b), 0̃

)
+ (x− a)2D

(
f ′(a), 0̃

)
b− a

)
.

Theorem 4.4. Let f : I ⊂ R→ RF be differentiable mapping on I such that f ′ ∈ CF [ma,mb]∩LF [ma,mb],
where a, b ∈ I with a < b. If D(f ′(x), 0̃)q is (s,m)-Godunova-Levin of the second kind on [ma,mb] for some
fixed s ∈ [0, 1],m ∈ (0, 1], q > 1, 1p + 1

q = 1, x ∈ [ma,mb], for α > 0 the following inequality holds:

D

(
(x−ma)αf(ma) + (mb− x)αf(mb)

b− a
,
Γ(α+ 1)

b− a
[
Iαx−f(ma) + Iαx+f(mb)

])

≤ (mb− x)2

b− a

(
Γ(1 + p)Γ(1 + 1

α)

Γ(1 + p+ 1
α)

) 1
p ( 1

1− s
[
D
(
f ′(x), 0̃

)q
+mD

(
f ′(a), 0̃

)q]) 1
q

+
(x−ma)2

b− a

(
Γ(1 + p)Γ(1 + 1

α)

Γ(1 + p+ 1
α)

) 1
p ( 1

1− s
[
D
(
f ′(x), 0̃

)q
+mD

(
f ′(b), 0̃

)q]) 1
q

.

(4.3)

Proof. By (4.1) and using the Holder’s inequality for q > 1, we have:

D

(
(x−ma)αf(ma) + (mb− x)αf(mb)

b− a
,
Γ(α+ 1)

b− a
[
Iαx−f(ma) + Iαx+f(mb)

])
= D

(
(mb− x)α+1

b− a

∫ 1

0
(1− tα)f ′(tx+m(1− t)b)dt

+
(x−ma)α+1

b− a

∫ 1

0
(tα − 1)f ′(tx+m(1− t)a)dt

+
Γ(α+ 1)

b− a
[
Iαx−f(ma) + Iαx+f(mb)

]
,
Γ(α+ 1)

b− a
[
Iαx−f(ma) + Iαx+f(mb)

])
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= D

(
(mb− x)α+1

b− a

∫ 1

0
(1− tα)f ′(tx+m(1− t)b)dt

+
(x−ma)α+1

b− a

∫ 1

0
(tα − 1)f ′(tx+m(1− t)a)dt, 0̃

)
= D

(
(mb− x)α+1

b− a

∫ 1

0
(1− tα)f ′(tx+m(1− t)b)dt, 0̃

)
+D

(
(x−ma)α+1

b− a

∫ 1

0
(tα − 1)f ′(tx+m(1− t)a)dt, 0̃

)
=

(x−ma)α+1

b− a
D

(∫ 1

0
(tα − 1)f ′(tx+m(1− t)a)dt, 0̃

)
+

(mb− x)α+1

b− a
D

(∫ 1

0
(1− tα)f ′(tx+m(1− t)b)dt, 0̃

)
≤ (x−ma)α+1

b− a

∫ 1

0
|tα − 1|D

(
f ′(tx+m(1− t)a), 0̃

)
dt

+
(mb− x)α+1

b− a

∫ 1

0
|1− tα|D

(
f ′(tx+m(1− t)b), 0̃

)
dt = F

We know D(f ′(x), 0̃)q is (s,m)-Godunova-Levin of the second kind so we have:

F ≤ (x−ma)α+1

b− a

(∫ 1

0
(1− tα)pdt

) 1
p
(∫ 1

0
D
(
f ′(tx+m(1− t)a), 0̃

)q) 1
q

dt

+
(mb− x)α+1

b− a

(∫ 1

0
(1− tα)pdt

) 1
p
(∫ 1

0
D
(
f ′(tx+m(1− t)b), 0̃

)q) 1
q

dt

≤ (mb− x)α+1

b− a

(
Γ(1 + p)Γ(1 + 1

α)

Γ(1 + p+ 1
α)

) 1
p ( 1

1− s
[
D
(
f ′(x), 0̃

)q
+mD

(
f ′(a), 0̃

)q]) 1
q

+
(x−ma)α+1

b− a

(
Γ(1 + p)Γ(1 + 1

α)

Γ(1 + p+ 1
α)

) 1
p ( 1

1− s
[
D
(
f ′(x), 0̃

)q
+mD

(
f ′(b), 0̃

)q]) 1
q

,

where the following inequalities are used:∫ 1

0
D
(
f ′(tx+m(1− t)a), 0̃

)q ≤ ∫ 1

0
[
1

ts
D
(
f ′(x), 0̃

)q
+

m

(1− t)s
D
(
f ′(a), 0̃

)q
]dt

=
1

1− s
[
D
(
f ′(x), 0̃

)q
+mD

(
f ′(a), 0̃

)q]
,

∫ 1

0
D
(
f ′(tx+m(1− t)b), 0̃

)q ≤ ∫ 1

0
[
1

ts
D
(
f ′(x), 0̃

)q
+

m

(1− t)s
D
(
f ′(b), 0̃

)q
]dt

=
1

1− s
[
D
(
f ′(x), 0̃

)q
+mD

(
f ′(b), 0̃

)q]
,

where β is the Euler beta function defined by

β(x, y) =

∫ 1

0
tx−1(1− t)y−1dt, (x, y > 0)

and we used the fact that

β(x, y) =
Γ(x)Γ(y)

Γ(x+ y)
and Γ(n+ 1) = nΓ(n) (n > 0).
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This completes the proof.

Theorem 4.5. Let f : I ⊂ R→ RF be differentiable mapping on I such that f ′ ∈ CF [ma,mb]∩LF [ma,mb],
where ma,mb ∈ I with ma < mb. If D(f ′(x), 0̃)q is (s,m)-Godunova-Levin of the second kind on [ma,mb]
for some fixed s ∈ [0, 1],m ∈ (0, 1], q ≥ 1, x ∈ [ma,mb], for α > 0 the following inequality holds:

D

(
(x−ma)αf(ma) + (mb− x)αf(mb)

b− a
,
Γ(α+ 1)

b− a
[
Iαx−f(ma) + Iαx+f(mb)

])
≤
(

α

α+ 1

)1− 1
q
[

(x−ma)α+1

b− a

(
α

(1− s)(α− s+ 1)
D
(
f ′(x), 0̃

)q
+

[
m

1− s
− mΓ(α+ 1)Γ(1− s)

Γ(α− s+ 2)

]
D
(
f ′(a), 0̃

)q)q
+

(mb− x)α+1

b− a

(
α

(1− s)(α− s+ 1)
D
(
f ′(x), 0̃

)q
+

[
m

1− s
− mΓ(α+ 1)Γ(1− s)

Γ(α− s+ 2)

]
D
(
f ′(a), 0̃

)q)q]
(4.4)

Proof. By equation (4.1) we have:

D

(
(x−ma)αf(ma) + (mb− x)αf(mb)

b− a
,
Γ(α+ 1)

b− a
[
Iαx−f(ma) + Iαx+f(mb)

])
= D

(
(mb− x)α+1

b− a

∫ 1

0
(1− tα)f ′(tx+m(1− t)b)dt+

(x−ma)α+1

b− a

∫ 1

0
(tα − 1)f ′(tx+m(1− t)a)dt

+
Γ(α+ 1)

b− a
[
Iαx−f(ma) + Iαx+f(mb)

]
,
Γ(α+ 1)

b− a
[
Iαx−f(ma) + Iαx+f(mb)

])
= D

(
(mb− x)α+1

b− a

∫ 1

0
(1− tα)f ′(tx+m(1− t)b)dt+

(x−ma)α+1

b− a

∫ 1

0
(tα − 1)f ′(tx+m(1− t)a)dt, 0̃

)
= D

(
(mb− x)α+1

b− a

∫ 1

0
(1− tα)f ′(tx+m(1− t)b)dt, 0̃

)
+D

(
(x−ma)α+1

b− a

∫ 1

0
(tα − 1)f ′(tx+m(1− t)a)dt, 0̃

)
=

(x−ma)α+1

b− a
D

(∫ 1

0
(tα − 1)f ′(tx+m(1− t)a)dt, 0̃

)
+

(mb− x)α+1

b− a
D

(∫ 1

0
(1− tα)f ′(tx+m(1− t)b)dt, 0̃

)
≤ (x−ma)α+1

b− a

∫ 1

0
|tα − 1|D

(
f ′(tx+m(1− t)a), 0̃

)
dt

+
(mb− x)α+1

b− a

∫ 1

0
|1− tα|D

(
f ′(tx+m(1− t)b), 0̃

)
dt = F

We know D(f ′(x), 0̃)q is (s,m)-Godunova-Levin of the second kind so we have:

F ≤ (x−ma)α+1

b− a

(∫ 1

0
(1− tα)dt

)1− 1
q
(∫ 1

0
(1− tα)D

(
f ′(tx+m(1− t)a), 0̃

)q) 1
q

dt

+
(mb− x)α+1

b− a

(∫ 1

0
(1− tα)dt

)1− 1
q

×
(∫ 1

0
(1− tα)D

(
f ′(tx+m(1− t)b), 0̃

)q) 1
q

dt

≤ (mb− x)α+1

b− a

(
1− 1

α+ 1

)1− 1
q

×
(∫ 1

0
(1− tα)

[
1

ts
D
(
f ′(x), 0̃

)q
+

m

(1− t)s
D
(
f ′(a), 0̃

)q]) 1
q
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+
(x−ma)α+1

b− a

(
1− 1

α+ 1

)1− 1
q

×
(∫ 1

0
(1− tα)

[
1

ts
D
(
f ′(x), 0̃

)q
+

m

(1− t)s
D
(
f ′(b), 0̃

)q]) 1
q

=
(mb− x)α+1

b− a

(
1− 1

α+ 1

)1− 1
q

×
(

α

(1− s)(α− s+ 1)
D
(
f ′(x), 0̃

)q
+

[
m

1− s
− mΓ(α+ 1)Γ(1− s)

Γ(α− s+ 2)

]
D
(
f ′(a), 0̃

)q) 1
q

+
(x−ma)α+1

b− a

(
1− 1

α+ 1

)1− 1
q

×
(

α

(1− s)(α− s+ 1)
D
(
f ′(x), 0̃

)q
+

[
m

1− s
− mΓ(α+ 1)Γ(1− s)

Γ(α− s+ 2)

]
D
(
f ′(b), 0̃

)q) 1
q

,

where the following inequalities are used:∫ 1

0
(1− tα)D

(
f ′(tx+m(1− t)a), 0̃

)q
≤
∫ 1

0
(1− tα)[

1

ts
D
(
f ′(x), 0̃

)q
+

m

(1− t)s
D
(
f ′(a), 0̃

)q
]dt

=
α

(1− s)(α− s+ 1)
D
(
f ′(x), 0̃

)q
+

[
m

1− s
− mΓ(α+ 1)Γ(1− s)

Γ(α− s+ 2)

]
D
(
f ′(a), 0̃

)q
,

∫ 1

0
(1− tα)D

(
f ′(tx+m(1− t)b), 0̃

)q
≤
∫ 1

0
(1− tα)[

1

ts
D
(
f ′(x), 0̃

)q
+

m

(1− t)s
D
(
f ′(b), 0̃

)q
]dt

=
α

(1− s)(α− s+ 1)
D
(
f ′(x), 0̃

)q
+

[
m

1− s
− mΓ(α+ 1)Γ(1− s)

Γ(α− s+ 2)

]
D
(
f ′(b), 0̃

)q
.

This completes the proof.

5. Conclusion

In this paper, we make inquiries about fuzzy Hermite-Hadamard inequality for the functions which their
derivatives are (s,m)-Godunova-Levin of the second kind via fractional integral. These result can be applied
to find new inequalities for special means such as geometric, arithmetic and logarithmic means. The studies
of fuzzy Ostrowski inequality for the functions with s-Godunova-Levin preinvex or (s,m)-Godunova-Levin
are interested for future surveys.
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