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Abstract

We consider the nonlocal Cauchy problem for the semilinear functional differential equation with non-
integer order:

uα(t) = Au(t) + f(t, ut) where α ∈ (0, 1] and t ∈ (0, a];

u(τk + 0) = Qku(τk) ≡ u(τk) + Iku(τk), k = 1, 2, . . . ,K;

u(t) + (g(ut1 , ..., utp))(t) = φ(t), where t ∈ [−r, 0].

Under suitable conditions we prove the existence and uniqueness of a mild solution to the equation. c©2016
All rights reserved.
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1. Introduction and Preliminaries

Fractional differential equations have gained importance and popularity during the past three decades
or so, mainly due to the demonstrated applications in numerous seemingly diverse fields of science and
engineering. For example, the nonlinear oscillation of earthquake can be modeled with fractional derivatives
[4], and the fluid-dynamic traffic model with fractional derivatives [6] can eliminate the deficiency arising
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from the assumption of continuum traffic flow. Based on experimental data fractional partial differential
equations for seepage flow in porous media are suggested in [5], and differential equations with fractional
order have recently proved to be valuable tools to the modeling of many physical phenomena [8], [9]. In
this paper, we study the existence and uniqueness of a mild solution of a nonlocal Cauchy problem of non-
integer order for impulsive functional differential evolution equation. Such problems arise in some physical
applications as a natural generalization of the classical initial value problems. The results for semilinear
functional differential evolution nonlocal problem [2] are extended for the case of impulse effect. We consider
the nonlocal Cauchy problem of non-integer order in the form.

uα(t) = Au(t) + f(t, ut), t ∈ (0, a], t 6= τk,

u(τk + 0) = Qku(τk) ≡ u(τk) + Iku(τk), k = 1, 2, . . . ,K,

u(t) + (g(ut1 , ..., utp))(t) = φ(t), t ∈ [−r, 0],

(1.1)

where 0 < t1 < ... < tp ≤ a (p ∈ N); A and Ik (k = 1, 2, ...,K) are linear operators acting in a Banach
space E; f, g, and φ are given functions satisfying some assumptions, and ut(s) := u(t + s) for t ∈ [0, a],
s ∈ [−r, 0], Iku(τk) = u(τk +0)−u(τk−0) and the impulsive moments τk are such that 0 < τ1 < ... < τk < a
(k ∈ N).

As usual, in the theory of impulsive differential equations [7], [10] at the points of discontinuity τi of the
solution t→ u(t) we assume that u(τi) ≡ u(τi − 0). In general, it is clear that the derivatives uα(τi) do not
exist. On the other hand, according to the first equality (1.1), the limits uα(τi ± 0) exist. According to the
above convention, we assume uα(τi) ≡ uα(τi − 0).

Throughout this paper, we assume that E is a Banach space with norm ‖.‖, A is the infinitesimal
generator of a C0 semigroup {T (t)}t≥0 on E, D(A) is the domain of A and M = supt∈[0,a]{‖T (t)‖BL(E,E)}.

In what follows we make the following assumptions:

(H1) For f : [0, a]× C([−r, 0], E)→ E, t ∈ [0, a] and w ∈ C([−r, a], E), f(., wt) ∈ C([0, a], E);

(H2) for f : [0, a] × C([−r, 0], E) → E, there exist constants L1, L2 > 0 such that ‖f(t, wt) − f(t, w̃t)‖E ≤
L1‖w − w̃‖C([−r,t],E) and ‖Ikv‖E ≤ L2‖v‖E for all w, w̃ ∈ C([−r, a], E), t ∈ [0, a], v ∈ E and k =
1, 2, ...,K;

(H3) for g : [C([−r, 0], E)]p → C([−r, 0], E) there exists a constant K∗ > 0 such that

‖(g(wt1 , ..., wtp))(s) − (g(w̃t1 , ..., w̃tp))(s)‖ ≤ K∗‖w − w̃‖C([−r,a],E) for all w, w̃ ∈ C([−r, a], E), s ∈
[−r, 0];

(H4) φ ∈ C([−r, 0], E).

The following three definitions will be used in the sequel, for more details see [1].

Definition 1.1. The Riemann-Liouville fractional integral operator of order α ≥ 0, of a function f ∈ Cµ,
µ ≥ −1 is defined as

Iαf(x) =
1

Γ(α)

∫ x

0
(x− t)α−1f(x)dt, α ≥ 0, x > 0,

I0f(x) = f(x).

(1.2)

The Riemann-Liouville derivative has certain disadvantages when trying to model real-world phenomena
with fractional differential equations. Therefore, we shell introduce a modified fractional differential operator
Dα
∗ proposed by M. Caputo in his work on theory of viscoelasticity [3].

Definition 1.2. The fractional derivative of f(x) in the Caputo sense is defined as

Dα
xf(x) = Im−αDmf(x) = 1

Γ(m−α)

∫ x
0 (x− t)m−α−1fm(t)dt for m− 1 ≤ m, m ∈ N, x > 0 and f ∈ Cm−1.
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Definition 1.3. A function u ∈ C([−r, a], E) satisfying the following conditions:

1.

u(t) = T (t)φ(0)− T (t)[(g(ut1 , ..., utp))(0)] +
1

Γ(α)

∫ t

0
(t− s)α−1T (t− s)f(s, us)ds

+
∑

0<τk<t

T (t− τk)Iku(τk) for t ∈ [0, a],

2.
u(t) + (g(ut1 , ..., utp))(t) = φ(t) for t ∈ [−r, 0),

will be called a mild solution of a nonlocal Cauchy problem.

The following lemma will be used in the sequel. Its proof follows easily and we leave it to the reader.

Lemma 1.4. The nonlocal Cauchy problem (1.1) is equivalent to the nonlinear integral equation

u(t) = T (t)φ(0)− T (t)[(g(ut1 , ..., utp))(0)] +
1

Γ(α)

∫ t

0
(t− s)α−1Ausds

+
1

Γ(α)

∫ t

0
(t− s)α−1f(s, us)ds for t ∈ [0, a] and

u(t) + (g(ut1 , ..., utp))(t) = φ(t) for t ∈ [−r, 0).

(1.3)

In other words, every solution of the integral equation (1.3) is also solution of the our original nonlocal
Cauchy problem (1.1) and vice versa.

2. Results

Theorem 2.1. Assume that the functions f , g and φ satisfy assumptions (H1)-(H4). Additionally, suppose
that: M(K∗ + tαL1 + pL2) < 1. Then the nonlocal Cauchy problem (1.1) has a unique mild solution.

Proof. The mild solution of (1.1) with nonlocal condition can be written in the form

u(t, φ) = (Fu)(t), where (Fw)(t) =



φ(t)− (g(wt1 , ..., wtp))(t) if t ∈ [−r, 0);

T (t)φ(0)− T (t)[(g(wt1 , ..., wtp))(0)]

+ 1
Γ(α)

∫ t
0 (t− s)α−1T (t− s)f(s, ws)ds,

+
∑

0<τk<t
T (t− τk)Ikw(τk) if t ∈ [0, a],

where w ∈ C([−r, a], E) and F : C([−r, a], E) → C([−r, a], E). We show that F is a contraction mapping
on C([−r, a], E):

Let w, w̃ ∈ C([−r, a], E). For every t ∈ [−r, 0),

(Fw)(t)− (Fw̃)(t) = (g(w̃t1 , ..., w̃tp))(t)− (g(wt1 , ..., wtp))(t)

and by assumption (H3) we have ‖(Fw)(t)− (Fw̃)(t)‖ ≤ K∗‖w − w̃‖C([−r,a],E).
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Also, for every t ∈ [t0, a] we have

(Fw)(t)− (Fw̃)(t) =T (t)[(g(w̃t1 , ..., w̃tp))(0)− (g(wt1 , ..., wtp))(0)]

+
1

Γ(α)

∫ t

0
(t− s)α−1T (t− s)[f(s, ws)− f(s, w̃s)]ds,

+
∑

0<τk<t

T (t− τk)[Ikw(τk)− Ikw̃(τk)]

Therefore, using assumptions (H2) and (H3)we have

‖(Fw)(t)− (Fw̃)(t)‖ ≤‖T (t)‖‖[(g(w̃t1 , ..., w̃tp))(0)− (g(wt1 , ..., wtp))(0)‖]

+
1

Γ(α)

∫ t

0
‖(t− s)α−1T (t− s)‖‖f(s, ws)− f(s, w̃s)‖ds

+
∑

0<τk<t

‖T (t− τk)‖‖Ikw(τk)− Ikw̃(τk)‖

≤MK∗‖w − w̃‖C([−r,a],E) +
M

Γ(α)

∫ t

0
‖(t− s)α−1‖‖f(s, ws)

− f(s, w̃s)‖ds+M
∑

0<τk<t

‖Ikw(τk)− Ikw̃(τk)‖

≤MK∗‖w − w̃‖C([−r,a],E) +
M

Γ(α)

∫ t

0
‖(t− s)α−1L1‖‖ws

− w̃s‖ds+ML2

∑
0<τk<t

‖w(τk)− w̃(τk)‖

≤MK∗‖w − w̃‖C([−r,a],E) +MtαL1‖w − w̃‖C([−r,a],E)

+ML2

∑
0<τk<t

‖w(τk)− w̃(τk)‖

≤M(K∗ + tαL1 + pL2)‖w − w̃‖C([−r,a],E)

≤‖w − w̃‖C([−r,a],E),

where t ∈ [0, a]. This ends the proof that F is a contraction operator on C([−r, a], E). It follows that F has
a fixed point Fu(t) = u(t) and hence

uα(t) = Au(t) + f(t, ut),

u(t) + (g(ut1 , ..., utp))(t) = φ(t), t ∈ [−r, 0].

Therefore, the fixed point u(t) is a mild solution of the nonlocal Cauchy problem.

Theorem 2.2. Suppose that the functions f and g satisfy assumptions (H1)-(H3) andM(K∗+tαL1+pL2) <
1. Then for each φ1, φ2 ∈ C([−r, 0], E) and for the corresponding mild solutions u1(t), u2(t) of the problem

uα(t) = Au(t) + f(t, ut), t ∈ (0, a], t 6= τk,

u(τk + 0) = Qku(τk) ≡ u(τk) + Iku(τk), k = 1, 2, . . . ,K,

u(t) + (g(ut1 , ..., utp))(t) = φi(t), t ∈ [−r, 0](i = 1, 2),

the inequality

‖u1 − u2‖C([−r,t],E) ≤ C∗ + C∗

∞∑
n=1

MnLn1
Γ(nα+ 1)

tnα,

where C∗ = M(‖φ1 − φ2‖C([−r,0],E) + K∗‖u1 − u2‖C([−r,a)],E) + L2
∑

0<τk<τ
‖u1(τk) − u2(τk)‖C([−r,a],E)) is

hold.
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Proof. Let φ1, φ2 ∈ C([−r, 0], E) and let u1(t), u2(t) be the mild solutions of nonlocal Cauchy problem.
Then for every t ∈ [−r, 0)

u1(t)− u2(t) = φ1(t)− φ2(t) + (g((u2)t1 , ..., (u2)tp))(t)− (g((u1)t1 , ..., (u1)tp)(t))

and by assumption (H3) we have

‖u1(t)− u2(t)‖ ≤ ‖φ1(t)− φ2(t)‖C([−r,0),E) +K∗‖u1(t)− u2(t)‖C([−r,a],E).

Also, for every t ∈ [0, a]

u1(t)− u2(t) =T (t)[φ1(0)− φ2(0)]

− T (t)[(g((u1)t1 , ..., (u1)tp))(0)− (g((u2)t1 , ..., (u2)tp))(0)]

+
1

Γ(α)

∫ t

0
(t− s)α−1T (t− s)[f(s, (u1)s − f(s, (u2)s]ds

+
∑

0<τk<t

T (t− τk)(Iku1(τk)− Iku2(τk)).

Therefore, by assumptions (H2) and (H3) we have

‖u1(τ)− u2(τ)‖ ≤M‖φ1(τ)− φ2(τ)‖C([−r,0],E) +MK∗‖u1(τ)− u2(τ)‖C([−r,a)],E)

+
M

Γ(α)

∫ τ

0
(t− s)α−1L1[‖(u1)(s)− (u2)(s)‖C([−r,s],E)]ds

+ML2(
∑

0<τk<τ

‖u1(τk)− u2(τk)‖C([−r,a],E))

≤M‖φ1 − φ2‖C([−r,0],E) +MK∗‖u1 − u2‖C([−r,a)],E)

M

Γ(α)

∫ t

0
(t− s)α−1L1[‖u1 − u2‖C([−r,s],E)]ds

+ML2

∑
0<τk<τ

‖u1(τk)− u2(τk)‖C([−r,a],E)

≤ C∗ +
M

Γ(α)

∫ t

0
(t− s)α−1L1[‖u1 − u2‖C([−r,s],E)]ds,

(∗)

where C∗ = M(‖φ1 − φ2‖C([−r,0],E) + K∗‖u1 − u2‖C([−r,a)],E) + L2
∑

0<τk<τ
‖u1(τk) − u2(τk)‖C([−r,a],E)) for

0 ≤ τ ≤ t ≤ a. Therefore,

supτ∈[0,t]‖u1(τ)− u2(τ)‖ ≤ C∗ +
M

Γ(α)

∫ t

0
(t− s)α−1L1[‖u1 − u2‖C([−r,s],E)]ds

for t ∈ [0, a]. At the same time, by (H3) and above we have

‖u1(t)− u2(t)‖ ≤M‖φ1(t)− φ2(t)‖C([−r,0),E) +MK∗‖u1(t)− u2(t)‖C([−r,a],E) (∗∗)
for t ∈ [−r, 0). Formulas (∗) and (∗∗) and generalized Gronwall inequality (see [11]) imply that

‖u1 − u2‖C([−r,t],E) ≤ C∗ +
ML1

Γ(α)

∫ t

0
(t− s)α−1‖u1 − u2‖C([−r,s],E)ds

≤ C∗ +

∫ t

0
C∗

∞∑
n=1

MnLn1
Γ(nα)

(t− s)nα−1ds

≤ C∗ + C∗

∞∑
n=1

MnLn1
Γ(nα+ 1)

tnα.

Therefore, the inequality is hold.
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