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Abstract

In this paper, we introduce a multi-step iterative algorithm for finding a common element of the set of
solutions of a finite family of generalized mixed equilibrium problems, the set of solutions of a finite family
of variational inclusions for maximal monotone and inverse strong monotone mappings, the set of solutions
of general system of variational inequalities and the set of fixed points of a countable family of nonexpansive
mappings in a real Hilbert space. This multi-step iterative algorithm is based on Korpelevich’s extragra-
dient method, viscosity approximation method, projection method, and strongly positive bounded linear
operator and W -mapping approaches. We establish the strong convergence of the sequences generated by
the proposed algorithm to a common element of above mentioned problems under appropriate assumptions,
which also solves some optimization problem. The result presented in this paper improves and extends some
corresponding ones in the earlier and recent literature. c©2016 All rights reserved.
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1. Introduction

There are many fundamental problems in nonlinear analysis, but here we consider only few, namely,
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generalized mixed equilibrium problems, variational inclusions, system of variational inequalities and fixed
point problems. These problems have been focus of many researchers because of their applications in different
branches of science, engineering, management and social sciences. We describe these problems as follows:

Let H be a real Hilbert space with inner product 〈·, ·〉 and norm ‖ · ‖, C be a nonempty closed convex
subset of H and S : C → C be a mapping. We denote by Fix(S) the set of fixed points of S and by R the
set of all real numbers. Through out the paper, we assume that M and N are integers.

System of Generalized Mixed Equilibrium Problem.

For each k ∈ {1, 2, ...,M}, let Θk : C × C → R be a bifunction, Ak : H → H be a nonlinear operator,
and ϕk : C → R∪ {+∞} be a proper lower semicontinuous and convex function. The system of generalized
mixed equilibrium problem (SGMEP) is defined as follows:{

Find x ∈ C such that for each k = 1, ...,M,
Θk(x, y) + ϕk(y)− ϕk(x) + 〈Akx, y − x〉 ≥ 0, for all y ∈ C. (1.1)

If k = 1, then SGMEP reduces to the generalized mixed equilibrium problem considered in [17]. More
precisely, let ϕ : C → R be a real-valued function, A : H → H be a nonlinear mapping and Θ : C × C → R
be a bifunction. The generalized mixed equilibrium problem (GMEP) is to find x ∈ C such that

Θ(x, y) + ϕ(y)− ϕ(x) + 〈Ax, y − x〉 ≥ 0, for all y ∈ C. (1.2)

We denote the set of solutions of GMEP (1.2) by GMEP(Θ , ϕ,A). The solution set of SGMEP is
equal to

⋂M
k=1 GMEP(Θk, ϕk, Ak) which is the set of common solutions of M generalized mixed equilibrium

problems. It is worth to mention that the GMEP (1.2) includes several problems, namely, optimization
problems, variational inequalities, minimax problems, Nash equilibrium problems in noncooperative games
as special cases.

When ϕ ≡ 0, GMEP (1.2) becomes to the generalized equilibrium problem (GEP) of finding x ∈ C such
that

Θ(x, y) + 〈Ax, y − x〉 ≥ 0, for all y ∈ C.

It was considered by Ansari et al. [5] and further studied by Takahashi and Takahashi [21]. The set of
solutions of GEP is denoted by GEP(Θ , A).

When Θ ≡ 0, GEP collapses to the classical variational inequality problem (VIP): Find x ∈ C such that

〈Ax, y − x〉 ≥ 0, for all y ∈ C. (1.3)

The theory of variational inequalities is well-known and well-established. There are several books and
monographs on different aspects of variational inequalities, but we refer here [4] and the references therein.

When A ≡ 0, GMEP (1.2) reduces to the mixed equilibrium problem (MEP) which is to find x ∈ C such
that

Θ(x, y) + ϕ(y)− ϕ(x) ≥ 0, for all y ∈ C.

It is considered and studied in [10, 23]. The set of solutions of MEP is denoted by MEP(Θ , ϕ).
When ϕ ≡ 0, A ≡ 0, GMEP (1.2) reduces to the equilibrium problem (EP) which is to find x ∈ C such

that
Θ(x, y) ≥ 0, ∀y ∈ C.

It is considered and studied in [1–3, 8, 11, 18]. The set of solutions of EP is denoted by EP(Θ). It
is worth to mention that the EP is an unified model of several problems, namely, variational inequality
problems, optimization problems, saddle point problems, complementarity problems, fixed point problems,
Nash equilibrium problems, etc.
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System of Variational Inequalities.

Let F1, F2 : C → H be two mappings. The general system of variational inequalities (GSVI) problem
is to find (x∗, y∗) ∈ C × C such that for all x ∈ C{

〈ν1F1y
∗ + x∗ − y∗, x− x∗〉 ≥ 0,

〈ν2F2x
∗ + y∗ − x∗, x− y∗〉 ≥ 0,

(1.4)

where ν1 > 0 and ν2 > 0 are two constants. It is considered and studied in [9]. In particular, if F1 = F2 = A,
then the GSVI (1.4) is considered in [22]. Further, if x∗ = y∗ additionally, then the GSVI reduces to
the classical VIP (1.3). Ceng et al. [9] transformed the GSVI (1.4) into the fixed point problem of the
mapping G = PC(I − ν1F1)PC(I − ν2F2), that is, Gx∗ = x∗. The set of fixed points of the mapping
G = PC(I − ν1F1)PC(I − ν2F2) is denoted by Γ .

System of Variational Inclusion Problems.

For each i ∈ {1, 2, ..., N}, let Ri : C → 2H be a set-valued mapping with nonempty values, and
Bi : C → H be single-valued mapping. The system of variational inclusions (SVI) is to find x ∈ C such that
for each i ∈ {1, 2, ..., N}

0 ∈ Bix+Rix. (1.5)

If i = 1, then SVI is called variational inclusion. More precisely, let B : C → H be a single-valued
mapping and R : C → 2H be a multivalued mapping with nonempty values, where domain of R, D(R) = C.
The variational inclusion (VI) problem is to find x ∈ C such that

0 ∈ Bx+Rx. (1.6)

We denote by I(B,R) the solution set of the variational inclusion (1.6). Then the solution set of SVI is
equal to

⋂N
i=1 I(Bi, Ri) which is the set of common solutions of N variational inclusions. For further details

on variational inclusions, we refer to [12–15, 27] and the references therein.
If B ≡ R ≡ 0, then I(B,R) = C. If B ≡ 0, then problem (1.6) becomes the inclusion problem

introduced by Rockafellar [19]. It is known that problem (1.6) provides a convenient framework for the
unified study of optimal solutions in many optimization related areas including mathematical programming,
complementarity problems, variational inequalities, optimal control, mathematical economics, equilibria and
game theory, etc. Let a set-valued mapping R : D(R) ⊂ H → 2H be maximal monotone. We define the
resolvent operator JR,λ : H → D(R) associated with R and λ as follows:

JR,λ = (I + λR)−1, for all x ∈ H,

where λ is a positive number.

Common Fixed Point Problem.

Let {Tn}∞n=1 be a sequence of nonexpansive self-mappings on C. The common fixed point problem
(CFPP) is to find x ∈ C such that x ∈ Ti(x) for each i ∈ N. The set of common fixed point of {Tn}∞n=1 is
denoted by

⋂∞
n=1 Fix(Tn).

If n = 1, then CFPP reduces to the fixed point problem. More precisely, let C be a nonempty subset of
an H and T : C → C be a mapping. The fixed point problem (FPP) is to find an element x ∈ C such that
T (x) = x.

It is well-known problem and has tremendous applications in different branches of science, engineering,
social sciences and management.



L.-C. Ceng, A. Latif, A. E. Al-Mazrooei, J. Nonlinear Sci. Appl. 9 (2016), 3397–3423 3400

Problem to be considered.

For each k ∈ {1, 2, ...,M} ⊂ N, let Θk : C × C → R be a bifunction, ϕk : C → R ∪ {+∞} be a proper
lower semicontinuous and convex function and Ak : H → H be a mapping. For each i ∈ {1, 2, ..., N} ⊂ N,
let Ri : C → 2H be a set-valued mapping and Bi : C → H be a single-valued mapping. For j = 1, 2, let the
mapping Fj : C → H be a mapping. Let {Tn}∞n=1 be a sequence of nonexpansive self-mappings on C and
{λn} be a sequence in (0, b] for some b ∈ (0, 1). Let V be a bounded linear operator on H and f : H → H
be a mapping. Assume that Ω :=

⋂∞
n=1 Fix(Tn) ∩

⋂M
k=1 GMEP(Θk, ϕk, Ak) ∩

⋂N
i=1 I(Bi, Ri)

⋂
Γ 6= ∅.

We consider the following problem:

Problem 1.1. Find x∗ ∈ Ω , where x∗ = PΩ (I−(V −γf))x∗ is a unique solution of the following variational
inequality problem (VIP):

〈(V − γf)x∗, x∗ − x〉 ≤ 0, for all x ∈ Ω ,

or, equivalently, the unique solution of the minimization problem

min
x∈Ω

1

2
〈V x, x〉 − h(x),

where h is a potential function for γf .

Remark 1.2. The Problem 1.1 is very different from the problem of finding a point

x∗ ∈
∞⋂
n=1

Fix(Tn)
⋂

GMEP(Θ , ϕ,A)
⋂

I(B,R),

considered in [25, Theorem 3.2]. There is no doubt that the Problem 1.1 is more general and more subtle
than the problem considered in [25, Theorem 3.2].

During the last decade, many authors proposed different kinds of algorithms to find the common solutions
of some problems mentioned above; See, for example, [13, 15, 23, 25, 26] and the references therein.

Inspired by the research going on in this area, in this paper, we introduce the multi-step iterative
algorithm for finding a solution of Problem 1.1. This multi-step iterative algorithm is based on Korpelevich’s
extragradient method, viscosity approximation method, projection method, and strongly positive bounded
linear operator and W -mapping approaches. We prove the strong convergence of the sequences generated
by the proposed algorithm to a solution of Problem 1.1. Our result improves and extends the corresponding
results in [18, Theorem 3.1], [25, Theorem 3.2] and [23, Theorem 3.1].

2. Preliminaries

Throughout this paper, we assume that H is a real Hilbert space whose inner product and norm are
denoted by 〈·, ·〉 and ‖ · ‖, respectively. Let C be a nonempty closed convex subset of H. We write xn → x
(respectively, xn ⇀ x) to indicate that the sequence {xn} converges (respectively, weakly) to x. Moreover,
we use ωw(xn) to denote the weak ω-limit set of the sequence {xn}, i.e.,

ωw(xn) := {x ∈ H : xni ⇀ x for some subsequence {xni} of {xn}}.

Lemma 2.1 ([13]). Let X be a real inner product space. Then,

‖x+ y‖2 ≤ ‖x‖2 + 2〈y, x+ y〉, ∀x, y ∈ X.

Lemma 2.2 ([13]). Let H be a real Hilbert space. Then, the following assertions hold:

(a) ‖x− y‖2 = ‖x‖2 − ‖y‖2 − 2〈x− y, y〉, ∀x, y ∈ H;

(b) ‖λx+ µy‖2 = λ‖x‖2 + µ‖y‖2 − λµ‖x− y‖2, ∀x, y ∈ H and λ, µ ∈ [0, 1] with λ+ µ = 1;
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(c) If {xn} is a sequence in H such that xn ⇀ x, then

lim sup
n→∞

‖xn − y‖2 = lim sup
n→∞

‖xn − x‖2 + ‖x− y‖2, ∀y ∈ H.

A mapping V is called strongly positive on H if there exists a constant γ̄ > 0 such that

〈V x, x〉 ≥ γ̄‖x‖2, ∀x ∈ H.

Lemma 2.3 ([16]). Let V be a γ̄-strongly positive bounded linear operator on H and assume 0 < ρ ≤ ‖V ‖−1.
Then ‖I − ρV ‖ ≤ 1− ργ̄.

Definition 2.4. A mapping T : H → H is said to be

(a) L-Lipsctiz continuous if there exists a constant L ≥ 0 such that if

‖Tx− Ty‖ ≤ L‖x− y‖, ∀x, y ∈ H;

In particular, if L = 1 then T is called a nonexpansive mapping; if L ∈ [0, 1) then T is called a
contraction.

(b) firmly nonexpansive if 2T − I is nonexpansive, or equivalently, if T is 1-inverse strongly monotone
(1-ism),

〈x− y, Tx− Ty〉 ≥ ‖Tx− Ty‖2, ∀x, y ∈ H.

Alternatively, T is firmly nonexpansive if and only if T can be expressed as

T =
1

2
(I + S),

where S : H → H is nonexpansive; projections are firmly nonexpansive.

Definition 2.5. Let T be a nonlinear operator with the domain D(T ) ⊂ H and the range R(T ) ⊂ H. Then
T is said to be

(a) monotone if
〈Tx− Ty, x− y〉 ≥ 0, ∀x, y ∈ D(T );

(b) β-strongly monotone if there exists a constant β > 0 such that

〈Tx− Ty, x− y〉 ≥ η‖x− y‖2, ∀x, y ∈ D(T );

(c) ν-inverse-strongly monotone if there exists a constant ν > 0 such that

〈Tx− Ty, x− y〉 ≥ ν‖Tx− Ty‖2, ∀x, y ∈ D(T ).

It can be easily seen that if T is nonexpansive, then I − T is monotone. It is also easy to see that
the projection PC is 1-ism. Inverse strongly monotone (also referred to as co-coercive) operators have been
applied widely in solving practical problems in various fields.

On the other hand, it is obvious that if A is ζ-inverse-strongly monotone, then A is monotone and
1
ζ -Lipschitz continuous. Moreover, we also have that, for all u, v ∈ C and λ > 0,

‖(I − λA)u− (I − λA)v‖2 = ‖(u− v)− λ(Au−Av)‖2
= ‖u− v‖2 − 2λ〈Au−Av, u− v〉+ λ2‖Au−Av‖2
≤ ‖u− v‖2 + λ(λ− 2ζ)‖Au−Av‖2.

(2.1)

So, if λ ≤ 2ζ, then I − λA is a nonexpansive mapping from C to H.
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Let {Tn}∞n=1 be an infinite family of nonexpansive self-mappings on C and {λn}∞n=1 be a sequence of
nonnegative numbers in [0, 1]. For any n ≥ 1, define a mapping Wn on C as follows:

Un,n+1 = I,
Un,n = λnTnUn,n+1 + (1− λn)I,
Un,n−1 = λn−1Tn−1Un,n + (1− λn−1)I,
...
Un,k = λkTkUn,k+1 + (1− λk)I,
Un,k−1 = λk−1Tk−1Un,k + (1− λk−1)I,
...
Un,2 = λ2T2Un,3 + (1− λ2)I,
Wn = Un,1 = λ1T1Un,2 + (1− λ1)I.

(2.2)

Such a mapping Wn is called the W -mapping generated by Tn, Tn−1, ..., T1 and λn, λn−1, ..., λ1.

Lemma 2.6 ([20]). Let C be a nonempty closed convex subset of a real Hilbert space H. Let {Tn}∞n=1 be
a sequence of nonexpansive self-mappings on C such that ∩∞n=1Fix(Tn) 6= ∅ and {λn}∞n=1 be a sequence in
(0, b] for some b ∈ (0, 1). Then, for every x ∈ C and k ≥ 1, limn→∞ Un,kx exists, where Un,k is defined by
(2.2).

Remark 2.7 ([26], Remark 3.1). It can be known from Lemma 2.6 that if D is a nonempty bounded subset
of C, then for ε > 0, there exists n0 ≥ k such that for all n > n0

sup
x∈D
‖Un,kx− Ukx‖ ≤ ε.

Remark 2.8 ([26], Remark 3.2). Utilizing Lemma 2.6, we define a mapping W : C → C by

Wx = lim
n→∞

Wnx = lim
n→∞

Un,1x, ∀x ∈ C.

This mapping W is called the W -mapping generated by T1, T2, ... and λ1, λ2, .... Since Wn is nonexpansive,
so W : C → C is too.

Indeed, observe that for each x, y ∈ C

‖Wx−Wy‖ = lim
n→∞

‖Wnx−Wny‖ ≤ ‖x− y‖.

If {xn} is a bounded sequence in C, then we put D = {xn : n ≥ 1}. Hence, it is clear from Remark 2.7
that for an arbitrary ε > 0, there exists N0 ≥ 1 such that for all n > N0

‖Wnxn −Wxn‖ = ‖Un,1xn − U1xn‖ ≤ sup
x∈D
‖Un,1x− U1x‖ ≤ ε.

This implies that
lim
n→∞

‖Wnxn −Wxn‖ = 0.

Lemma 2.9 ([20]). Let C be a nonempty closed convex subset of a real Hilbert space H. Let {Tn}∞n=1 be a
sequence of nonexpansive self-mappings on C such that ∩∞n=1Fix(Tn) 6= ∅, and let {λn}∞n=1 be a sequence in
(0, b] for some b ∈ (0, 1). Then, Fix(W ) = ∩∞n=1Fix(Tn).

The metric (or nearest point) projection from H onto C is the mapping PC : H → C which assigns to
each point x ∈ H, the unique point PCx ∈ C such that

‖x− PCx‖ = inf
y∈C
‖x− y‖ =: d(x,C).

The following properties of a projection are useful and pertinent to our purpose.
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Proposition 2.10 ([13]). Given any x ∈ H and z ∈ C, the following assertions hold:

(a) z = PCx ⇔ 〈x− z, y − z〉 ≤ 0, ∀y ∈ C;

(b) z = PCx ⇔ ‖x− z‖2 ≤ ‖x− y‖2 − ‖y − z‖2, ∀y ∈ C;

(c) 〈PCx−PCy, x− y〉 ≥ ‖PCx−PCy‖2, for all y ∈ H, which hence implies that PC is nonexpansive and
monotone.

The following lemma provides the characterization of a solution of the variational inequality problem in
terms of projection operator.

Lemma 2.11 ([9]). Let A : C → H be a monotone mapping. Then,

u ∈ VI(C,A) ⇔ u = PC(u− λAu), for all λ > 0.

Ceng et. al. [9] transformed problem (1.4) into a fixed point problem in the following way:

Proposition 2.12 ([9]). For given x̄, ȳ ∈ C, (x̄, ȳ) is a solution of the GSVI (1.4) if and only if x̄ is a fixed
point of the mapping G : C → C defined by

Gx = PC(I − ν1F1)PC(I − ν2F2)x, for all x ∈ C,

where ȳ = PC(I − ν2F2)x̄.

In particular, if the mapping Fj : C → H is ζj-inverse-strongly monotone for j = 1, 2, then the mapping
G is nonexpansive provided νj ∈ (0, 2ζj ] for j = 1, 2.

Throughout this paper, it is assumed that Θ : C×C → R is a bifunction satisfying conditions (A1)–(A4)
and ϕ : C → R is a lower semicontinuous and convex function with restriction (B1) or (B2), where

(A1) Θ(x, x) = 0, for all x ∈ C;

(A2) Θ is monotone, i.e., Θ(x, y) + Θ(y, x) ≤ 0, for all x, y ∈ C;

(A3) Θ is upper-hemicontinuous, i.e., for all x, y, z ∈ C,

lim sup
t→0+

Θ(tz + (1− t)x, y) ≤ Θ(x, y);

(A4) Θ(x, ·) is convex and lower semicontinuous for each x ∈ C;

(B1) for each x ∈ H and r > 0, there exists a bounded subset Dx ⊂ C and yx ∈ C such that for any
z ∈ C \Dx,

Θ(z, yx) + ϕ(yx)− ϕ(z) +
1

r
〈yx − z, z − x〉 < 0;

(B2) C is a bounded set.

Given a positive number r > 0. Let T
(Θ ,ϕ)
r : H → C be the solution set of the auxiliary mixed equilibrium

problem, that is, for each x ∈ H,

T (Θ ,ϕ)
r (x) :=

{
y ∈ C : Θ(y, z) + ϕ(z)− ϕ(y) +

1

r
〈y − x, z − y〉 ≥ 0, for all z ∈ C

}
.

Next we list some elementary conclusions for the MEP.

Proposition 2.13 ([10]). Assume that Θ : C × C → R satisfies (A1)–(A4) and let ϕ : C → R be a proper
lower semicontinuous and convex function. Assume that either (B1) or (B2) holds. For r > 0 and x ∈ H,

define a mapping T
(Θ ,ϕ)
r : H → C by

T (Θ ,ϕ)
r (x) =

{
z ∈ C : Θ(z, y) + ϕ(y)− ϕ(z) +

1

r
〈y − z, z − x〉 ≥ 0, ∀y ∈ C

}
, for all x ∈ H.

Then, the following assertions hold:
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(a) For each x ∈ H, T (Θ ,ϕ)
r (x) is nonempty and single-valued;

(b) T
(Θ ,ϕ)
r is firmly nonexpansive, that is, for any x, y ∈ H,∥∥∥T (Θ ,ϕ)

r x− T (Θ ,ϕ)
r y

∥∥∥2
≤
〈
T (Θ ,ϕ)
r x− T (Θ ,ϕ)

r y, x− y
〉

;

(c) Fix(T
(Θ ,ϕ)
r ) = MEP(Θ , ϕ);

(d) MEP(Θ , ϕ) is closed and convex;

(e)
∥∥∥T (Θ ,ϕ)

s x− T (Θ ,ϕ)
t x

∥∥∥2
≤ s−t

s

〈
T

(Θ ,ϕ)
s x− T (Θ ,ϕ)

t x, T
(Θ ,ϕ)
s x− x

〉
, for all s, t > 0 and x ∈ H.

Now we present the demiclosedness principle which will be used in the sequel.

Lemma 2.14 (Demiclosedness principle). [13] Let C be a nonempty closed convex subset of a real Hilbert
space H and S : C → C be a nonexpansive mapping with Fix(S) 6= ∅. Then, I − S is demiclosed. That is,
whenever {xn} is a sequence in C weakly converging to some x ∈ C and the sequence {(I − S)xn} strongly
converges to some y, it follows that (I − S)x = y. Here I is the identity operator of H.

Recall that a set-valued mapping T̃ : D(T̃ ) ⊂ H → 2H is called monotone if for all x, y ∈ D(T̃ ), f ∈ T̃ x
and g ∈ T̃ y, we have

〈f − g, x− y〉 ≥ 0.

A set-valued mapping T̃ : D(T̃ ) ⊂ H → 2H is called maximal monotone if T̃ is monotone and (I +
λT̃ )D(T̃ ) = H for each λ > 0, where I is the identity mapping of H.

We denote by G(T̃ ) the graph of T̃ . It is known that a monotone mapping T̃ is maximal if and only if,
for (x, f) ∈ H ×H, 〈f − g, x− y〉 ≥ 0 for every (y, g) ∈ G(T̃ ) implies f ∈ T̃ x.

Let A : C → H be a monotone and k-Lipschitz-continuous mapping, and NCv be the normal cone to C
at v ∈ C, i.e.,

NCv = {u ∈ H : 〈v − x, u〉 ≥ 0, ∀x ∈ C}.
Define

T̃ v =

{
Av +NCv, if v ∈ C,
∅, if v 6∈ C.

Then, T̃ is maximal monotone (see [19]) and

0 ∈ T̃ v ⇔ v ∈ VI(C,A). (2.3)

Let R : D(R) ⊂ H → 2H be a maximal monotone mapping. Let λ, µ > 0 be two positive numbers.

Lemma 2.15 ([6]). There holds the resolvent identity

JR,λx = JR,µ

(µ
λ
x+

(
1− µ

λ

)
JR,λx

)
, for all x ∈ H.

Remark 2.16. For λ, µ > 0, we have

‖JR,λx− JR,µy‖ ≤ ‖x− y‖+ |λ− µ|
(

1

λ
‖JR,λx− y‖+

1

µ
‖x− JR,µy‖

)
, for all x, y ∈ H. (2.4)

Indeed, whenever λ ≥ µ, utilizing Lemma 2.15 we deduce

‖JR,λx− JR,µy‖ = ‖JR,µ(µλx+ (1− µ
λ)JR,λx)− JR,µy‖

≤ ‖µλx+ (1− µ
λ)JR,λx− y‖

≤ µ
λ‖x− y‖+ (1− µ

λ)‖JR,λx− y‖
≤ ‖x− y‖+ |λ−µ|

λ ‖JR,λx− y‖.

Similarly, whenever λ < µ, we get

‖JR,λx− JR,µy‖ ≤ ‖x− y‖+
|λ− µ|
µ
‖x− JR,µy‖.

Combining the above two cases, we conclude that (2.4) holds.
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Now, we present some properties for the resolvent operator JR,λ : H → D(R).

Lemma 2.17 ([6]). JR,λ is single-valued and firmly nonexpansive, i.e.,

〈JR,λx− JR,λy, x− y〉 ≥ ‖JR,λx− JR,λy‖2, ∀x, y ∈ H.

Consequently, JR,λ is nonexpansive and monotone.

Lemma 2.18 ([7]). Let R be a maximal monotone mapping with D(R) = C. Then for any given λ > 0,
u ∈ C is a solution of problem (2.2) if and only if u ∈ C satisfies

u = JR,λ(u− λBu).

Lemma 2.19 ([27]). Let R be a maximal monotone mapping with D(R) = C and let B : C → H be a strongly
monotone, continuous and single-valued mapping. Then for each z ∈ H, the inclusion z ∈ (B + λR)x has a
unique solution xλ for λ > 0.

Lemma 2.20 ([7]). Let R be a maximal monotone mapping with D(R) = C and B : C → H be a monotone,
continuous and single-valued mapping. Then (I + λ(R + B))C = H for each λ > 0. In this case, R + B is
maximal monotone.

Finally, we present a result related to the convergence of real sequences.

Lemma 2.21 ([24]). Assume that {an} is a sequence of nonnegative real numbers such that

an+1 ≤ (1− γn)an + σnγn, for all n ≥ 1,

where {γn} is a sequence in [0, 1] and {σn} is a real sequence such that

(i)
∑∞

n=1 γn =∞;

(ii) either lim supn→∞ σn ≤ 0 or
∑∞

n=1 |σnγn| <∞.

Then limn→∞ an = 0.

3. Algorithm and Convergence Result

We propose the following multi-step iterative algorithm for finding a solution of Problem 1.1 such that
it is also a solution of an optimization problem.

Algorithm 3.1. For arbitrarily given x1 ∈ H, let {xn} be a sequence generated iteratively by un = T
(ΘM ,ϕM )
rM,n (I − rM,nAM )T

(ΘM−1,ϕM−1)
rM−1,n (I − rM−1,nAM−1) · · ·T (Θ1,ϕ1)

r1,n (I − r1,nA1)xn,
vn = JRN ,λN,n

(I − λN,nBN )JRN−1,λN−1,n
(I − λN−1,nBN−1) · · · JR1,λ1,n(I − λ1,nB1)un,

xn+1 = PC [αnγf(xn) + βnxn + ((1− βn)I − αnV )WnGvn], for all n ≥ 1,

(3.1)

where {λi,n} ⊂ [ai, bi] ⊂ (0, 2ηi), {rk,n} ⊂ [ek, fk] ⊂ (0, 2µk), i ∈ {1, 2, ..., N}, k ∈ {1, 2, ...,M}, {αn},
{βn} ⊂ (0, 1), and Wn is the W -mapping defined by (2.2).

This multi-step iterative algorithm is based on Korpelevich’s extragradient method, viscosity approxima-
tion method, projection method, and strongly positive bounded linear operator and W -mapping approaches.

Now we present the strong convergence of the sequence generated by Algorithm 3.1 to an element of Ω .
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Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H, and for each k ∈
{1, 2, ...,M}, Θk : C × C → R be a bifunction satisfying (A1)–(A4), Ak : H → H be ηi-inverse strongly
monotone and ϕk : C → R ∪ {+∞} be a proper lower semicontinuous and convex function. For each
i ∈ {1, 2, ..., N}, let Ri : C → 2H be a maximal monotone mapping and Bi : C → H be µk-inverse strongly
monotone. For j = 1, 2, let the mapping Fj : C → H be ζj-inverse strongly monotone. Let {Tn}∞n=1 be a
sequence of nonexpansive self-mappings on C and {λn} be a sequence in (0, b] for some b ∈ (0, 1). Let V be
a γ̄-strongly positive bounded linear operator on H and f : H → H be an l-Lipschitz continuous mapping
with 0 ≤ γl < γ̄. Assume that Ω = ∅, and Wn be the W -mapping defined by (2.2). Assume that either (B1)
or (B2) holds. Let {xn} be a sequence generated by Algorithm 3.1 such the following conditions hold:

(i) limn→∞ αn = 0,
∑∞

n=1 αn =∞ and
∑∞

n=1 |αn+1 − αn| <∞;

(ii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1 and
∑∞

n=1 |βn+1 − βn| <∞;

(iii)
∑∞

n=1 |λi,n+1 − λi,n| < ∞ for each i ∈ {1, 2, ..., N} and
∑∞

n=1 |rk,n+1 − rk,n| < ∞ for each k ∈
{1, 2, ...,M}.

Then, the sequence {xn} converges strongly to x∗ ∈ Ω, where x∗ = PΩ (I − (V − γf))x∗ is a unique solution
of the following VIP:

〈(V − γf)x∗, x∗ − x〉 ≤ 0, for all x ∈ Ω ,

or, equivalently, the unique solution of the minimization problem

min
x∈Ω

1

2
〈V x, x〉 − h(x),

where h is a potential function for γf .

Proof. Since limn→∞ αn = 0 and 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1, we may assume without loss of
generality that for some 0 < c, d < 1, {βn} ⊂ [c, d] ⊂ (0, 1) and αn ≤ (1− βn)‖V ‖−1 for all n ≥ 1. Since V
is a γ̄-strongly positive bounded linear operator on H, we know that

‖V ‖ = sup{〈V u, u〉 : u ∈ H, ‖u‖ = 1}.

Observe that

〈((1− βn)I − αnV )u, u〉 = 1− βn − αn〈V u, u〉
≥ 1− βn − αn‖V ‖
≥ 0.

It follows that

‖(1− βn)I − αnV ‖ = sup{〈((1− βn)I − αnV )u, u〉 : u ∈ H, ‖u‖ = 1}
= sup{1− βn − αn〈V u, u〉 : u ∈ H, ‖u‖ = 1}
≤ 1− βn − αnγ̄.

Put
∆k
n = T (Θk,ϕk)

rk,n
(I − rk,nAk)T

(Θk−1,ϕk−1)
rk−1,n (I − rk−1,nAk−1) · · ·T (Θ1,ϕ1)

r1,n (I − r1,nA1)xn,

for all k ∈ {1, 2, ...,M} and n ≥ 1,

Λin = JRi,λi,n(I − λi,nBi)JRi−1,λi−1,n
(I − λi−1,nBi−1) · · · JR1,λ1,n(I − λ1,nB1),

for all i ∈ {1, 2, ..., N} and n ≥ 1, and ∆0
n = Λ0

n = I, where I is the identity mapping on H. Then, we have
un = ∆M

n xn and vn = ΛNn un. We observe that PΩ (γf + (I −A)) is a contraction.
Indeed, for all x, y ∈ H we have
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‖PΩ (γf + (I − V ))x− PΩ (γf + (I − V ))y‖ ≤ ‖(γf + (I − V ))x− (γf + (I − V ))y‖
≤ γ‖f(x)− f(y)‖+ ‖I − V ‖‖x− y‖
≤ γl‖x− y‖+ (1− γ̄)‖x− y‖
= (1− (γ̄ − γl))‖x− y‖.

By Banach contraction principle, we deduce that PΩ (γf + (I − V )) has a unique fixed point x∗ ∈ H,
that is, x∗ = PΩ (γf + (I − V ))x∗.

We divide the rest of the proof into six steps.

Step 1. We show that {xn} is bounded. Indeed, take a fixed p ∈ Ω arbitrarily. Utilizing (2.1) and
Proposition 2.13 (b), we have

‖un − p‖ = ‖T (ΘM ,ϕM )
rM,n

(I − rM,nBM )∆M−1
n xn − T (ΘM ,ϕM )

rM,n
(I − rM,nBM )∆M−1

n p‖

≤ ‖(I − rM,nBM )∆M−1
n xn − (I − rM,nBM )∆M−1

n p‖
≤ ‖∆M−1

n xn −∆M−1
n p‖

...

≤ ‖∆0
nxn −∆0

np‖
= ‖xn − p‖.

(3.2)

Utilizing (2.1) and Lemma 2.17, we have

‖vn − p‖ = ‖JRN ,λN,n
(I − λN,nAN )ΛN−1

n un − JRN ,λN,n
(I − λN,nAN )ΛN−1

n p‖
≤ ‖(I − λN,nAN )ΛN−1

n un − (I − λN,nAN )ΛN−1
n p‖

≤ ‖ΛN−1
n un − ΛN−1

n p‖
...

≤ ‖Λ0
nun − Λ0

np‖
= ‖un − p‖.

(3.3)

Combining (3.2) and (3.3), we have

‖vn − p‖ ≤ ‖xn − p‖. (3.4)

Since p = Gp = PC(I − ν1F1)PC(I − ν2F2)p, Fj is ζj-inverse-strongly monotone for j = 1, 2, and
0 < νj ≤ 2ζj for j = 1, 2, we deduce that, for any n ≥ 1,

‖Gvn − p‖2 = ‖PC(I − ν1F1)PC(I − ν2F2)vn − PC(I − ν1F1)PC(I − ν2F2)p‖2

≤ ‖(I − ν1F1)PC(I − ν2F2)vn − (I − ν1F1)PC(I − ν2F2)p‖2

= ‖[PC(I − ν2F2)vn − PC(I − ν2F2)p]− ν1[F1PC(I − ν2F2)vn − F1PC(I − ν2F2)p]‖2

≤ ‖PC(I − ν2F2)vn − PC(I − ν2F2)p‖2

+ ν1(ν1 − 2ζ1)‖F1PC(I − ν2F2)vn − F1PC(I − ν2F2)p‖2

≤ ‖PC(I − ν2F2)vn − PC(I − ν2F2)p‖2

≤ ‖(I − ν2F2)vn − (I − ν2F2)p‖2

= ‖(vn − p)− ν2(F2vn − F2p)‖2

≤ ‖vn − p‖2 + ν2(ν2 − 2ζ2)‖F2vn − F2p‖2

≤ ‖vn − p‖2.

(3.5)
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This shows that G is nonexpansive. Thus, from (3.1), (3.4), (3.5) and Wnp = p, we get

‖xn+1 − p‖ = ‖PC [αnγf(xn) + βnxn + ((1− βn)I − αnV )WnGvn]− p‖

≤ ‖αnγf(xn) + βnxn + ((1− βn)I − αnV )WnGvn − p‖

= ‖αn(γf(xn)− V p) + βn(xn − p) + ((1− βn)I − αnV )(WnGvn − p)‖

≤ ‖(1− βn)I − αnV ‖‖WnGvn − p‖+ βn‖xn − p‖+ αn‖γf(xn)− V p‖

≤ (1− βn − αnγ̄)‖Gvn − p‖+ βn‖xn − p‖+ αn‖γf(xn)− V p‖

≤ (1− βn − αnγ̄)‖vn − p‖+ βn‖xn − p‖+ αn‖γf(xn)− V p‖

≤ (1− βn − αnγ̄)‖xn − p‖+ βn‖xn − p‖+ αn‖γf(xn)− V p‖

≤ (1− αnγ̄)‖xn − p‖+ αn(γ‖f(xn)− f(p)‖+ ‖γf(p)− V p‖)

≤ (1− αnγ̄)‖xn − p‖+ αn(γl‖xn − p‖+ ‖γf(p)− V p‖)

= [1− (γ̄ − γl)αn]‖xn − p‖+ αn‖γf(p)− V p‖

= [1− (γ̄ − γl)αn]‖xn − p‖+ (γ̄ − γl)αn
‖γf(p)− V p‖

γ̄ − γl

≤ max{‖xn − p‖,
‖γf(p)− V p‖

γ̄ − γl
}.

By induction, we obtain

‖xn − p‖ ≤ max{‖x0 − p‖,
‖γf(p)− V p‖

γ̄ − γl
}.

Therefore, {xn} is bounded, and so are the sequences {un}, {vn}, {f(xn)} and {WnGvn}.

Step 2. We prove that ‖xn+1 − xn‖ → 0 as n → ∞. Indeed, we write yn = αnγf(xn) + βnxn + ((1 −
βn)I − αnV )WnGvn. Then, xn+1 = PCyn for each n ≥ 1. Define yn = βnxn + (1 − βn)wn for each n ≥ 1.
Then from the definition of wn, we obtain

wn+1 − wn

=
yn+1 − βn+1xn+1

1− βn+1
− yn − βnxn

1− βn

=
αn+1γf(xn+1) + ((1− βn+1)I − αn+1V )Wn+1Gvn+1

1− βn+1
− αnγf(xn) + ((1− βn)I − αnV )WnGvn

1− βn

= γ(
αn+1

1− βn+1
f(xn+1)− αn

1− βn
f(xn)) + (I − αn+1V

1− βn+1
)Wn+1Gvn+1 − (I − αnV

1− βn
)WnGvn

= γ[(
αn+1

1− βn+1
− αn

1− βn
)f(xn+1) +

αn
1− βn

(f(xn+1)− f(xn))]

+ ((I − αn+1V

1− βn+1
)− (I − αnV

1− βn
))Wn+1Gvn+1 + (I − αnV

1− βn
)(Wn+1Gvn+1 −WnGvn)

= (
αn+1

1− βn+1
− αn

1− βn
)(γf(xn+1)− VWn+1Gvn+1) +

αn
1− βn

γ(f(xn+1)− f(xn))

+ (I − αn
1− βn

V )(Wn+1Gvn+1 −WnGvn).
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It follows from Lemma 2.3 that

‖wn+1 − wn‖ ≤ | αn+1

1−βn+1
− αn

1−βn |‖γf(xn+1)− VWn+1Gvn+1‖+ αn
1−βnγ‖f(xn+1)− f(xn)‖

+ ‖(I − αn
1−βnV )(Wn+1Gvn+1 −WnGvn)‖

≤ | αn+1

1−βn+1
− αn

1−βn |‖γf(xn+1)− VWn+1Gvn+1‖+ αn
1−βnγl‖xn+1 − xn‖

+ ‖I − αn
1−βnV ‖‖Wn+1Gvn+1 −WnGvn‖

≤ | (αn+1−αn)(1−βn)+αn(βn+1−βn)
(1−βn)(1−βn+1) |‖γf(xn+1)− VWn+1Gvn+1‖+ αn

1−βnγl‖xn+1 − xn‖
+ ‖I − αn

1−βnV ‖(‖Wn+1Gvn+1 −Wn+1Gvn‖+ ‖Wn+1Gvn −WnGvn‖)
≤ |αn+1−αn|+|βn+1−βn|

(1−d)(1−βn) ‖γf(xn+1)− VWn+1Gvn+1‖+ αn
1−βnγl‖xn+1 − xn‖

+ (1− αn
1−βn γ̄)(‖Gvn+1 −Gvn‖+ ‖Wn+1Gvn −WnGvn‖)

≤ |αn+1−αn|+|βn+1−βn|
(1−d)(1−βn) ‖γf(xn+1)− VWn+1Gvn+1‖+ αn

1−βnγl‖xn+1 − xn‖
+ (1− αn

1−βn γ̄)(‖vn+1 − vn‖+ ‖Wn+1Gvn −WnGvn‖).

(3.6)

Since Wn, Tn and Un,i are all nonexpansive, from (2.2), we have

‖Wn+1Gvn −WnGvn‖ = ‖λ1T1Un+1,2Gvn − λ1T1Un,2Gvn‖
≤ λ1‖Un+1,2Gvn − Un,2Gvn‖
= λ1‖λ2T2Un+1,3Gvn − λ2T2Un,3Gvn‖
≤ λ1λ2‖Un+1,3Gvn − Un,3Gvn‖
...
≤ λ1λ2 · · ·λn‖Un+1,n+1Gvn − Un,n+1Gvn‖

≤ M̂
n∏
i=1

λi,

(3.7)

where supn≥1{‖Un+1,n+1Gvn‖+ ‖Un,n+1Gvn‖} ≤ M̂ for some M̂ > 0. Utilizing (2.1) and (2.4), we get

‖vn+1 − vn‖ = ‖ΛNn+1un+1 − ΛNn un‖
= ‖JRN ,λN,n+1

(I − λN,n+1BN )ΛN−1
n+1 un+1 − JRN ,λN,n

(I − λN,nBN )ΛN−1
n un‖

≤ ‖JRN ,λN,n+1
(I − λN,n+1BN )ΛN−1

n+1 un+1 − JRN ,λN,n+1
(I − λN,nBN )ΛN−1

n+1 un+1‖
+ ‖JRN ,λN,n+1

(I − λN,nBN )ΛN−1
n+1 un+1 − JRN ,λN,n

(I − λN,nBN )ΛN−1
n un‖

≤ ‖(I − λN,n+1BN )ΛN−1
n+1 un+1 − (I − λN,nBN )ΛN−1

n+1 un+1‖
+ ‖(I − λN,nBN )ΛN−1

n+1 un+1 − (I − λN,nBN )ΛN−1
n un‖+ |λN,n+1 − λN,n|×

× ( 1
λN,n+1

‖JRN ,λN,n+1
(I − λN,nBN )ΛN−1

n+1 un+1 − (I − λN,nBN )ΛN−1
n un‖

+ 1
λN,n
‖(I − λN,nBN )ΛN−1

n+1 un+1 − JRN ,λN,n
(I − λN,nBN )ΛN−1

n un‖)
≤ |λN,n+1 − λN,n|(‖BNΛN−1

n+1 un+1‖+ M̃) + ‖ΛN−1
n+1 un+1 − ΛN−1

n un‖
≤ |λN,n+1 − λN,n|(‖BNΛN−1

n+1 un+1‖+ M̃)

+ |λN−1,n+1 − λN−1,n|(‖BN−1ΛN−2
n+1 un+1‖+ M̃) + ‖ΛN−2

n+1 un+1 − ΛN−2
n un‖

...

≤ |λN,n+1 − λN,n|(‖BNΛN−1
n+1 un+1‖+ M̃)

+ |λN−1,n+1 − λN−1,n|(‖BN−1ΛN−2
n+1 un+1‖+ M̃)

+ · · ·+ |λ1,n+1 − λ1,n|(‖B1Λ0
n+1un+1‖+ M̃) + ‖Λ0

n+1un+1 − Λ0
nun‖

≤ M̃0

N∑
i=1

|λi,n+1 − λi,n|+ ‖un+1 − un‖,

(3.8)

where
sup
n≥0
{ 1
λN,n+1

‖JRN ,λN,n+1
(I − λN,nBN )ΛN−1

n+1 un+1 − (I − λN,nBN )ΛN−1
n un‖

+ 1
λN,n
‖(I − λN,nBN )ΛN−1

n+1 un+1 − JRN ,λN,n
(I − λN,nBN )ΛN−1

n un‖} ≤ M̃,
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for some M̃ > 0 and supn≥0{
∑N

i=1 ‖BiΛ
i−1
n+1un+1‖+ M̃} ≤ M̃0 for some M̃0 > 0.

Utilizing Proposition 2.13 (b), (e), we deduce

‖un+1 − un‖ = ‖∆M
n+1xn+1 −∆M

n xn‖
= ‖T (ΘM ,ϕM )

rM,n+1
(I − rM,n+1AM )∆M−1

n+1 xn+1 − T (ΘM ,ϕM )
rM,n

(I − rM,nAM )∆M−1
n xn‖

≤ ‖T (ΘM ,ϕM )
rM,n+1

(I − rM,n+1AM )∆M−1
n+1 xn+1 − T (ΘM ,ϕM )

rM,n
(I − rM,nAM )∆M−1

n+1 xn+1‖

+ ‖T (ΘM ,ϕM )
rM,n

(I − rM,nAM )∆M−1
n+1 xn+1 − T (ΘM ,ϕM )

rM,n
(I − rM,nAM )∆M−1

n xn‖

≤ ‖T (ΘM ,ϕM )
rM,n+1

(I − rM,n+1AM )∆M−1
n+1 xn+1 − T (ΘM ,ϕM )

rM,n
(I − rM,n+1AM )∆M−1

n+1 xn+1‖

+ ‖T (ΘM ,ϕM )
rM,n

(I − rM,n+1AM )∆M−1
n+1 xn+1 − T (ΘM ,ϕM )

rM,n
(I − rM,nAM )∆M−1

n+1 xn+1‖

+ ‖(I − rM,nAM )∆M−1
n+1 xn+1 − (I − rM,nAM )∆M−1

n xn‖

≤
|rM,n+1 − rM,n|

rM,n+1
‖T (ΘM ,ϕM )

rM,n+1
(I − rM,n+1AM )∆M−1

n+1 xn+1 − (I − rM,n+1AM )∆M−1
n+1 xn+1‖

+ |rM,n+1 − rM,n|‖AM∆M−1
n+1 xn+1‖+ ‖∆M−1

n+1 xn+1 −∆M−1
n xn‖ (3.9)

= |rM,n+1 − rM,n|[‖AM∆M−1
n+1 xn+1‖+

1

rM,n+1
‖T (ΘM ,ϕM )

rM,n+1
(I − rM,n+1AM )∆M−1

n+1 xn+1

− (I − rM,n+1AM )∆M−1
n+1 xn+1‖] + ‖∆M−1

n+1 xn+1 −∆M−1
n xn‖

...

≤ |rM,n+1 − rM,n|[‖AM∆M−1
n+1 xn+1‖+

1

rM,n+1
‖T (ΘM ,ϕM )

rM,n+1
(I − rM,n+1AM )∆M−1

n+1 xn+1

− (I − rM,n+1AM )∆M−1
n+1 xn+1‖] + · · ·+ |r1,n+1 − r1,n|[‖A1∆0

n+1xn+1‖

+
1

r1,n+1
‖T (Θ1,ϕ1)

r1,n+1
(I − r1,n+1A1)∆0

n+1xn+1 − (I − r1,n+1A1)∆0
n+1xn+1‖]

+ ‖∆0
n+1xn+1 −∆0

nxn‖

≤ M̃1

M∑
k=1

|rk,n+1 − rk,n|+ ‖xn+1 − xn‖,

where M̃1 > 0 is a constant such that for each n ≥ 0 and so we have

M∑
k=1

[‖Ak∆k−1
n+1xn+1‖+

1

rk,n+1
‖T (Θk,ϕk)

rk,n+1
(I − rk,n+1Ak)∆

k−1
n+1xn+1 − (I − rk,n+1Ak)∆

k−1
n+1xn+1‖] ≤ M̃1.

Combining (3.6)–(3.9), we obtain

‖wn+1 − wn‖ ≤
|αn+1 − αn|+ |βn+1 − βn|

(1− d)(1− βn)
‖γf(xn+1)− VWn+1Gvn+1‖+

αn
1− βn

γl‖xn+1 − xn‖

+ (1− αn
1− βn

γ̄)(‖vn+1 − vn‖+ ‖Wn+1Gvn −WnGvn‖)

≤ |αn+1 − αn|+ |βn+1 − βn|
(1− d)(1− βn)

‖γf(xn+1)− VWn+1Gvn+1‖+
αn

1− βn
γl‖xn+1 − xn‖ (3.10)

+ (1− αn
1− βn

γ̄){M̃0

N∑
i=1

|λi,n+1 − λi,n|+ ‖un+1 − un‖+ M̂
n∏
i=1

λi}

≤ |αn+1 − αn|+ |βn+1 − βn|
(1− d)(1− βn)

‖γf(xn+1)− VWn+1Gvn+1‖+
αn

1− βn
γl‖xn+1 − xn‖
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+ (1− αn
1− βn

γ̄){M̃0

N∑
i=1

|λi,n+1 − λi,n|+ M̃1

M∑
k=1

|rk,n+1 − rk,n|+ ‖xn+1 − xn‖+ M̂bn}

≤ |αn+1 − αn|+ |βn+1 − βn|
(1− d)(1− βn)

‖γf(xn+1)− VWn+1Gvn+1‖+ (1− αn
1− βn

(γ̄ − γl))‖xn+1 − xn‖

+ M̃0

N∑
i=1

|λi,n+1 − λi,n|+ M̃1

M∑
k=1

|rk,n+1 − rk,n|+ M̂bn.

Note that

yn+1 − yn = βn(xn+1 − xn) + (βn+1 − βn)(xn+1 − wn+1) + (1− βn)(wn+1 − wn).

Hence it follows from (3.10) that

‖xn+2 − xn+1‖ = ‖PCyn+1 − PCyn‖
≤ ‖yn+1 − yn‖
≤ βn‖xn+1 − xn‖+ |βn+1 − βn|‖xn+1 − wn+1‖+ (1− βn)‖wn+1 − wn‖
≤ βn‖xn+1 − xn‖+ |βn+1 − βn|‖xn+1 − wn+1‖

+ (1− βn){|αn+1 − αn|+ |βn+1 − βn|
(1− d)(1− βn)

‖γf(xn+1)− VWn+1Gvn+1‖

+ (1− αn
1− βn

(γ̄ − γl))‖xn+1 − xn‖+ M̃0

N∑
i=1

|λi,n+1 − λi,n|

+ M̃1

M∑
k=1

|rk,n+1 − rk,n|+ M̂bn}

≤ [1− (γ̄ − γl)αn]‖xn+1 − xn‖+ |βn+1 − βn|‖xn+1 − wn+1‖

+
|αn+1 − αn|+ |βn+1 − βn|

1− d
‖γf(xn+1)− VWn+1Gvn+1‖

+ M̃0

N∑
i=1

|λi,n+1 − λi,n|+ M̃1

M∑
k=1

|rk,n+1 − rk,n|+ M̂bn

≤ [1− (γ̄ − γl)αn]‖xn+1 − xn‖+ M̃2(|αn+1 − αn|+ |βn+1 − βn|

+
N∑
i=1

|λi,n+1 − λi,n|+
M∑
k=1

|rk,n+1 − rk,n|+ bn),

where supn≥1{
γf(xn)−VWnGvn‖

1−d + ‖xn−wn‖+ M̃0 + M̃1 + M̂} ≤ M̃2 for some M̃2 > 0. Since
∑∞

n=1 αn =∞,∑∞
n=1 |αn+1 − αn| < ∞,

∑∞
n=1 |βn+1 − βn| < ∞,

∑∞
n=1 |λi,n+1 − λi,n| < ∞ and

∑∞
n=1 |rk,n+1 − rk,n| < ∞

where i ∈ {1, 2, ..., N} and k ∈ {1, 2, ...,M}, from b ∈ (0, 1) and Lemma 2.21 we conclude that

lim
n→∞

‖xn+1 − xn‖ = 0. (3.11)

Step 3. We prove that limn→∞ ‖vn −Gvn‖ = 0. Indeed, for simplicity, we write ṽn = PC(I − ν2F2)vn,
zn = PC(I − ν1F1)ṽn and p̃ = PC(I − ν2F2)p. Then zn = Gvn and

p = PC(I − ν1F1)p̃ = PC(I − ν1F1)PC(I − ν2F2)p = Gp.
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From (3.1), (3.4), (3.5) and Proposition 2.10 (a) and Lemma 2.2 (b), we obtain that for p ∈ Ω ,

‖xn+1 − p‖2 ≤ ‖αn(γf(xn)− VWnGvn) + βn(xn − p) + (1− βn)(WnGvn − p)‖2
= ‖βn(xn − p) + (1− βn)(WnGvn − p)‖2 + α2

n‖γf(xn)− VWnGvn‖2
+ 2αn〈(γf(xn)− VWnGvn), βn(xn − p) + (1− βn)(WnGvn − p)〉

≤ βn‖xn − p‖2 + (1− βn)‖WnGvn − p‖2 − βn(1− βn)‖xn −WnGvn‖2
+ αn‖γf(xn)− VWnGvn‖[2‖βn(xn − p) + (1− βn)(WnGvn − p)‖
+ αn‖γf(xn)− VWnGvn‖]

≤ βn‖xn − p‖2 + (1− βn)‖Gvn − p‖2 − βn(1− βn)‖xn −WnGvn‖2
+ αn‖γf(xn)− VWnGvn‖[2(βn‖xn − p‖+ (1− βn)‖vn − p‖)
+ αn‖γf(xn)− VWnGvn‖]

≤ βn‖xn − p‖2 + (1− βn)‖Gvn − p‖2 − βn(1− βn)‖xn −WnGvn‖2
+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖)

≤ βn‖xn − p‖2 + (1− βn)[‖vn − p‖2 + ν2(ν2 − 2ζ2)‖F2vn − F2p‖2
+ ν1(ν1 − 2ζ1)‖F1ṽn − F1p̃‖2]− βn(1− βn)‖xn −WnGvn‖2
+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖)

≤ βn‖xn − p‖2 + (1− βn)[‖vn − p‖2 + ν2(ν2 − 2ζ2)‖F2vn − F2p‖2
+ ν1(ν1 − 2ζ1)‖F1ṽn − F1p̃‖2]− βn(1− βn)‖xn −WnGvn‖2
+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖)

≤ βn‖xn − p‖2 + (1− βn)[‖xn − p‖2 + ν2(ν2 − 2ζ2)‖F2vn − F2p‖2
+ ν1(ν1 − 2ζ1)‖F1ṽn − F1p̃‖2]− βn(1− βn)‖xn −WnGvn‖2
+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖)

= ‖xn − p‖2 − (1− βn)[ν2(2ζ2 − ν2)‖F2vn − F2p‖2
+ ν1(2ζ1 − ν1)‖F1ṽn − F1p̃‖2]− βn(1− βn)‖xn −WnGvn‖2
+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖),

(3.12)

which immediately implies that

(1− d)[ν2(2ζ2 − ν2)‖F2vn − F2p‖2 + ν1(2ζ1 − ν1)‖F1ṽn − F1p̃‖2] + c(1− d)‖xn −WnGvn‖2
≤ (1− βn)[ν2(2ζ2 − ν2)‖F2vn − F2p‖2 + ν1(2ζ1 − ν1)‖F1ṽn − F1p̃‖2]

+ βn(1− βn)‖xn −WnGvn‖2
≤ ‖xn − p‖2 − ‖xn+1 − p‖2 + 2αn‖xn − p‖‖γf(xn)− VWnGvn‖

+ α2
n‖γf(xn)− VWnGvn‖2

≤ ‖xn − xn+1‖(‖xn − p‖+ ‖xn+1 − p‖) + 2αn‖xn − p‖‖γf(xn)− VWnGvn‖
+ α2

n‖γf(xn)− VWnGvn‖2.

Since limn→∞ αn = 0, limn→∞ ‖xn+1−xn‖ = 0 and νi ∈ (0, 2ζi), i = 1, 2, we deduce from the boundedness
of {xn}, {f(xn)} and {WnGvn} that

lim
n→∞

‖F2vn − F2p‖ = 0, lim
n→∞

‖F1ṽn − F1p̃‖ = 0 and lim
n→∞

‖xn −WnGvn‖ = 0. (3.13)

Also, in terms of the firm nonexpansivity of PC and the ζj-inverse strong monotonicity of Fj for j = 1, 2,
we obtain from νj ∈ (0, 2ζj), j = 1, 2 and (3.5) that

‖ṽn − p̃‖2 = ‖PC(I − ν2F2)vn − PC(I − ν2F2)p‖2
≤ 〈(I − ν2F2)vn − (I − ν2F2)p, ṽn − p̃〉
= 1

2 [‖(I − ν2F2)vn − (I − ν2F2)p‖2 + ‖ṽn − p̃‖2
− ‖(I − ν2F2)vn − (I − ν2F2)p− (ṽn − p̃)‖2]

≤ 1
2 [‖vn − p‖2 + ‖ṽn − p̃‖2 − ‖(vn − ṽn)− ν2(F2vn − F2p)− (p− p̃)‖2]

= 1
2 [‖vn − p‖2 + ‖ṽn − p̃‖2 − ‖(vn − ṽn)− (p− p̃)‖2
+ 2ν2〈(vn − ṽn)− (p− p̃), F2vn − F2p〉 − ν2

2‖F2vn − F2p‖2],
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and

ll‖zn − p‖2 = ‖PC(I − ν1F1)ṽn − PC(I − ν1F1)p̃‖2

≤ 〈(I − ν1F1)ṽn − (I − ν1F1)p̃, zn − p〉

=
1

2
[‖(I − ν1F1)ṽn − (I − ν1F1)p̃‖2 + ‖zn − p‖2

− ‖(I − ν1F1)ṽn − (I − ν1F1)p̃− (zn − p)‖2]

≤ 1

2
[‖ṽn − p̃‖2 + ‖zn − p‖2 − ‖(ṽn − zn) + (p− p̃)‖2

+ 2ν1〈F1ṽn − F1p̃, (ṽn − zn) + (p− p̃)〉 − ν2
1‖F1ṽn − F1p̃‖2]

≤ 1

2
[‖vn − p‖2 + ‖zn − p‖2 − ‖(ṽn − zn) + (p− p̃)‖2

+ 2ν1〈F1ṽn − F1p̃, (ṽn − zn) + (p− p̃)〉].

Thus, we have

‖ṽn− p̃‖2 ≤ ‖vn−p‖2−‖(vn− ṽn)−(p− p̃)‖2 +2ν2〈(vn− ṽn)−(p− p̃), F2vn−F2p〉−ν2
2‖F2vn−F2p‖2, (3.14)

and

‖zn − p‖2 ≤ ‖vn − p‖2 − ‖(ṽn − zn) + (p− p̃)‖2 + 2ν1‖F1ṽn − F1p̃‖‖(ṽn − zn) + (p− p̃)‖. (3.15)

Consequently, from (3.4), (3.5), (3.12) and (3.14), it follows that

‖xn+1 − p‖2 ≤ βn‖xn − p‖2 + (1− βn)‖Gvn − p‖2 − βn(1− βn)‖xn −WnGvn‖2
+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖)

≤ βn‖xn − p‖2 + (1− βn)‖ṽn − p̃‖2
+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖)

≤ βn‖xn − p‖2 + (1− βn)[‖vn − p‖2 − ‖(vn − ṽn)− (p− p̃)‖2
+ 2ν2‖(vn − ṽn)− (p− p̃)‖‖F2vn − F2p‖]
+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖)

≤ ‖xn − p‖2 − (1− βn)‖(vn − ṽn)− (p− p̃)‖2 + 2ν2‖(vn − ṽn)− (p− p̃)‖‖F2vn − F2p‖
+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖),

which yields

(1− d)‖(vn − ṽn)− (p− p̃)‖2

≤ (1− βn)‖(vn − ṽn)− (p− p̃)‖2

≤ ‖xn − p‖2 − ‖xn+1 − p‖2 + 2ν2‖(vn − ṽn)− (p− p̃)‖‖F2vn − F2p‖
+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖)
≤ ‖xn − xn+1‖(‖xn − p‖+ ‖xn+1 − p‖) + 2ν2‖(vn − ṽn)− (p− p̃)‖‖F2vn − F2p‖

+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖).

Since limn→∞ αn = 0, limn→∞ ‖xn+1 − xn‖ = 0 and limn→∞ ‖F2vn − F2p‖ = 0, we deduce from the
boundedness of {xn}, {vn}, {ṽn}, {f(xn)} and {WnGvn} that

lim
n→∞

‖(vn − ṽn)− (p− p̃)‖ = 0. (3.16)

Furthermore, from (3.4), (3.5), (3.12) and (3.15), it follows that
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‖xn+1 − p‖2 ≤ βn‖xn − p‖2 + (1− βn)‖Gvn − p‖2

+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖)
= βn‖xn − p‖2 + (1− βn)‖zn − p‖2

+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖)
≤ βn‖xn − p‖2 + (1− βn)[‖vn − p‖2 − ‖(ṽn − zn) + (p− p̃)‖2

+ 2ν1‖F1ṽn − F1p̃‖‖(ṽn − zn) + (p− p̃)‖]
+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖)
≤ ‖xn − p‖2 − (1− βn)‖(ṽn − zn) + (p− p̃)‖2 + 2ν1‖F1ṽn − F1p̃‖‖(ṽn − zn) + (p− p̃)‖

+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖),

which leads to

(1− d)‖(ṽn − zn) + (p− p̃)‖2

≤ (1− βn)‖(ṽn − zn) + (p− p̃)‖2

≤ ‖xn − p‖2 − ‖xn+1 − p‖2 + 2ν1‖F1ṽn − F1p̃‖‖(ṽn − zn) + (p− p̃)‖
+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖)
≤ ‖xn − xn+1‖(‖xn − p‖+ ‖xn+1 − p‖) + 2ν1‖F1ṽn − F1p̃‖‖(ṽn − zn) + (p− p̃)‖

+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖).

Since limn→∞ αn = 0, limn→∞ ‖xn+1 − xn‖ = 0 and limn→∞ ‖F1ṽn − F1p̃‖ = 0, we deduce from the
boundedness of {xn}, {zn}, {ṽn}, {f(xn)} and {WnGvn} that

lim
n→∞

‖(ṽn − zn) + (p− p̃)‖ = 0. (3.17)

Note that
‖vn − zn‖ ≤ ‖(vn − ṽn)− (p− p̃)‖+ ‖(ṽn − zn) + (p− p̃)‖.

Hence, from (3.16) and (3.17), we get

lim
n→∞

‖vn − zn‖ = lim
n→∞

‖vn −Gvn‖ = 0. (3.18)

Step 4. We prove that limn→∞ ‖xn − un‖ = 0, limn→∞ ‖xn − vn‖ = 0 and limn→∞ ‖vn −Wvn‖ = 0.
Indeed, observe that

‖∆k
nxn − p‖2 = ‖T (Θk,ϕk)

rk,n
(I − rk,nAk)∆k−1

n xn − T (Θk,ϕk)
rk,n

(I − rk,nAk)p‖2

≤ ‖(I − rk,nAk)∆k−1
n xn − (I − rk,nAk)p‖2

≤ ‖∆k−1
n xn − p‖2 + rk,n(rk,n − 2µk)‖Ak∆k−1

n xn −Akp‖2

≤ ‖xn − p‖2 + rk,n(rk,n − 2µk)‖Ak∆k−1
n xn −Akp‖2,

(3.19)

and

‖Λinun − p‖2 = ‖JRi,λi,n(I − λi,nBi)Λi−1
n un − JRi,λi,n(I − λi,nBi)p‖2

≤ ‖(I − λi,nBi)Λi−1
n un − (I − λi,nBi)p‖2

≤ ‖Λi−1
n un − p‖2 + λi,n(λi,n − 2ηi)‖BiΛi−1

n un −Bip‖2

≤ ‖un − p‖2 + λi,n(λi,n − 2ηi)‖BiΛi−1
n un −Bip‖2

≤ ‖xn − p‖2 + λi,n(λi,n − 2ηi)‖BiΛi−1
n un −Bip‖2,

(3.20)



L.-C. Ceng, A. Latif, A. E. Al-Mazrooei, J. Nonlinear Sci. Appl. 9 (2016), 3397–3423 3415

for i ∈ {1, 2, ..., N} and k ∈ {1, 2, ...,M}. Combining (3.4), (3.5), (3.12), (3.19) and (3.20), we get

‖xn+1 − p‖2 ≤ βn‖xn − p‖2 + (1− βn)‖Gvn − p‖2

+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖)
≤ βn‖xn − p‖2 + (1− βn)‖vn − p‖2

+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖)
≤ βn‖xn − p‖2 + (1− βn)‖Λinun − p‖2

+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖)
≤ βn‖xn − p‖2 + (1− βn)[‖un − p‖2 + λi,n(λi,n − 2ηi)‖BiΛi−1

n un −Bip‖2]

+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖)
≤ βn‖xn − p‖2 + (1− βn)[‖∆k

nxn − p‖2 + λi,n(λi,n − 2ηi)‖BiΛi−1
n un −Bip‖2]

+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖)
≤ βn‖xn − p‖2 + (1− βn)[‖xn − p‖2 + rk,n(rk,n − 2µk)‖Ak∆k−1

n xn −Akp‖2

+ λi,n(λi,n − 2ηi)‖BiΛi−1
n un −Bip‖2]

+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖)
= ‖xn − p‖2 + (1− βn)[rk,n(rk,n − 2µk)‖Ak∆k−1

n xn −Akp‖2

+ λi,n(λi,n − 2ηi)‖BiΛi−1
n un −Bip‖2]

+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖),

which hence implies that

(1− d)[rk,n(2µk − rk,n)‖Ak∆k−1
n xn −Akp‖2 + λi,n(2ηi − λi,n)‖BiΛi−1

n un −Bip‖2]

≤ (1− βn)[rk,n(2µk − rk,n)‖Ak∆k−1
n xn −Akp‖2 + λi,n(2ηi − λi,n)‖BiΛi−1

n un −Bip‖2]

≤ ‖xn − p‖2 − ‖xn+1 − p‖2 + 2αn‖xn − p‖‖γf(xn)− VWnGvn‖
+ α2

n‖γf(xn)− VWnGvn‖2

≤ ‖xn − xn+1‖(‖xn − p‖+ ‖xn+1 − p‖) + 2αn‖xn − p‖‖γf(xn)− VWnGvn‖
+ α2

n‖γf(xn)− VWnGvn‖2.

Since limn→∞ αn = 0, limn→∞ ‖xn+1−xn‖ = 0, {λi,n} ⊂ [ai, bi] ⊂ (0, 2ηi) and {rk,n} ⊂ [ck, dk] ⊂ (0, 2µk)
where i ∈ {1, 2, ..., N} and k ∈ {1, 2, ...,M}, we deduce from the boundedness of {xn}, {vn}, {f(xn)} and
{WnGvn} that

lim
n→∞

‖Ak∆k−1
n xn −Akp‖ = 0 and lim

n→∞
‖BiΛi−1

n un −Bip‖ = 0, (3.21)

where i ∈ {1, 2, ..., N} and k ∈ {1, 2, ...,M}.
Furthermore, by Proposition 2.13 (b) and Lemma 2.2 (a), we have

‖∆k
nxn − p‖2 = ‖T (Θk,ϕk)

rk,n
(I − rk,nAk)∆k−1

n xn − T (Θk,ϕk)
rk,n

(I − rk,nAk)p‖2

≤ 〈(I − rk,nAk)∆k−1
n xn − (I − rk,nAk)p,∆k

nxn − p〉

=
1

2
(‖(I − rk,nAk)∆k−1

n xn − (I − rk,nAk)p‖2 + ‖∆k
nxn − p‖2

− ‖(I − rk,nAk)∆k−1
n xn − (I − rk,nAk)p− (∆k

nxn − p)‖2)

≤ 1

2
(‖∆k−1

n xn − p‖2 + ‖∆k
nxn − p‖2 − ‖∆k−1

n xn −∆k
nxn − rk,n(Ak∆k−1

n xn −Akp)‖2),

which implies that
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‖∆k
nxn − p‖2 ≤ ‖∆k−1

n xn − p‖2 − ‖∆k−1
n xn −∆k

nxn − rk,n(Ak∆k−1
n xn −Akp)‖2

= ‖∆k−1
n xn − p‖2 − ‖∆k−1

n xn −∆k
nxn‖2 − r2

k,n‖Ak∆k−1
n xn −Akp‖2

+ 2rk,n〈∆k−1
n xn −∆k

nxn, Ak∆k−1
n xn −Akp〉 (3.22)

≤ ‖∆k−1
n xn − p‖2 − ‖∆k−1

n xn −∆k
nxn‖2 + 2rk,n‖∆k−1

n xn −∆k
nxn‖‖Ak∆k−1

n xn −Akp‖
≤ ‖xn − p‖2 − ‖∆k−1

n xn −∆k
nxn‖2 + 2rk,n‖∆k−1

n xn −∆k
nxn‖‖Ak∆k−1

n xn −Akp‖.

By Lemma 2.2 (a) and Lemma 2.17, we obtain

‖Λinun − p‖2 = ‖JRi,λi,n(I − λi,nBi)Λi−1
n un − JRi,λi,n(I − λi,nBi)p‖2

≤ 〈(I − λi,nBi)Λi−1
n un − (I − λi,nBi)p,Λinun − p〉

=
1

2
(‖(I − λi,nBi)Λi−1

n un − (I − λi,nBi)p‖2 + ‖Λinun − p‖2

− ‖(I − λi,nBi)Λi−1
n un − (I − λi,nBi)p− (Λinun − p)‖2)

≤ 1

2
(‖Λi−1

n un − p‖2 + ‖Λinun − p‖2 − ‖Λi−1
n un − Λinun − λi,n(BiΛ

i−1
n un −Bip)‖2)

≤ 1

2
(‖un − p‖2 + ‖Λinun − p‖2 − ‖Λi−1

n un − Λinun − λi,n(BiΛ
i−1
n un −Bip)‖2)

≤ 1

2
(‖xn − p‖2 + ‖Λinun − p‖2 − ‖Λi−1

n un − Λinun − λi,n(BiΛ
i−1
n un −Bip)‖2),

which immediately leads to

‖Λinun − p‖2 ≤ ‖xn − p‖2 − ‖Λi−1
n un − Λinun − λi,n(BiΛ

i−1
n un −Bip)‖2

= ‖xn − p‖2 − ‖Λi−1
n un − Λknun‖2 − λ2

i,n‖BiΛi−1
n un −Bip‖2

+ 2λi,n〈Λi−1
n un − Λinun, BiΛ

i−1
n un −Bip〉

≤ ‖xn − p‖2 − ‖Λi−1
n un − Λinun‖2 + 2λi,n‖Λi−1

n un − Λinun‖‖BiΛi−1
n un −Bip‖.

(3.23)

Combining (3.12) and (3.23), we obtain

‖xn+1 − p‖2 ≤ βn‖xn − p‖2 + (1− βn)‖vn − p‖2

+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖)
≤ βn‖xn − p‖2 + (1− βn)‖Λinun − p‖2

+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖)
≤ βn‖xn − p‖2 + (1− βn)[‖xn − p‖2 − ‖Λi−1

n un − Λinun‖2

+ 2λi,n‖Λi−1
n un − Λinun‖‖BiΛi−1

n un −Bip‖]
+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖)
≤ ‖xn − p‖2 − (1− βn)‖Λi−1

n un − Λinun‖2

+ 2λi,n‖Λi−1
n un − Λinun‖‖BiΛi−1

n un −Bip‖
+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖),

which yields

(1− d)‖Λi−1
n un − Λinun‖2

≤ (1− βn)‖Λi−1
n un − Λinun‖2

≤ ‖xn − p‖2 − ‖xn+1 − p‖2 + 2λi,n‖Λi−1
n un − Λinun‖‖BiΛi−1

n un −Bip‖
+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖)
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≤ ‖xn − xn+1‖(‖xn − p‖+ ‖xn+1 − p‖) + 2λi,n‖Λi−1
n un − Λinun‖‖BiΛi−1

n un −Bip‖
+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖).

Since limn→∞ αn = 0, limn→∞ ‖xn+1− xn‖ = 0 and {λi,n} ⊂ [ai, bi] ⊂ (0, 2ηi) where i ∈ {1, 2, ..., N}, we
deduce from (3.21) and the boundedness of {xn}, {un}, {vn}, {f(xn)} and {WnGvn} that

lim
n→∞

‖Λi−1
n un − Λinun‖ = 0, ∀i ∈ {1, 2, ..., N}. (3.24)

Combining (3.3), (3.12) and (3.22), we get

‖xn+1 − p‖2 ≤ βn‖xn − p‖2 + (1− βn)‖vn − p‖2

+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖)
≤ βn‖xn − p‖2 + (1− βn)‖un − p‖2

+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖)
≤ βn‖xn − p‖2 + (1− βn)‖∆k

nxn − p‖2

+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖)
≤ βn‖xn − p‖2 + (1− βn)[‖xn − p‖2 − ‖∆k−1

n xn −∆k
nxn‖2

+ 2rk,n‖∆k−1
n xn −∆k

nxn‖‖Ak∆k−1
n xn −Akp‖]

+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖)
≤ ‖xn − p‖2 − (1− βn)‖∆k−1

n xn −∆k
nxn‖2

+ 2rk,n‖∆k−1
n xn −∆k

nxn‖‖Ak∆k−1
n xn −Akp‖

+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖),

which leads to

(1− d)‖∆k−1
n xn −∆k

nxn‖2

≤ (1− βn)‖∆k−1
n xn −∆k

nxn‖2

≤ ‖xn − p‖2 − ‖xn+1 − p‖2 + 2rk,n‖∆k−1
n xn −∆k

nxn‖‖Ak∆k−1
n xn −Akp‖

+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖)
≤ ‖xn − xn+1‖(‖xn − p‖+ ‖xn+1 − p‖) + 2rk,n‖∆k−1

n xn −∆k
nxn‖‖Ak∆k−1

n xn −Akp‖
+ αn‖γf(xn)− VWnGvn‖(2‖xn − p‖+ αn‖γf(xn)− VWnGvn‖).

Since limn→∞ αn = 0, limn→∞ ‖xn+1 − xn‖ = 0, {rk,n} ⊂ [ck, dk] ⊂ (0, 2µk) where k ∈ {1, 2, ...,M}, we
conclude from (3.21) and the boundedness of {xn}, {vn}, {f(xn)} and {WnGvn} that

lim
n→∞

‖∆k−1
n xn −∆k

nxn‖ = 0, ∀k ∈ {1, 2, ...,M}. (3.25)

Therefore, from (3.24) and (3.25), we get

‖xn − un‖ = ‖∆0
nxn −∆M

n xn‖
≤ ‖∆0

nxn −∆1
nxn‖+ ‖∆1

nxn −∆2
nxn‖+ · · ·+ ‖∆M−1

n xn −∆M
n xn‖

→ 0 as n→∞,
(3.26)

and

‖un − vn‖ = ‖Λ0
nun − ΛNn un‖

≤ ‖Λ0
nun − Λ1

nun‖+ ‖Λ1
nun − Λ2

nun‖+ · · ·+ ‖ΛN−1
n un − ΛNn un‖

→ 0 as n→∞,
(3.27)
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respectively. Thus, from (3.26) and (3.27), we obtain

‖xn − vn‖ ≤ ‖xn − un‖+ ‖un − vn‖
→ 0 as n→∞. (3.28)

In the meantime, we observe that

‖Gvn −WnGvn‖ ≤ ‖Gvn − vn‖+ ‖vn − xn‖+ ‖xn −WnGvn‖.

From (3.13), (3.18) and (3.28), it follows that

lim
n→∞

‖Gvn −WnGvn‖ = 0. (3.29)

Also, note that

‖vn −Wvn‖ ≤ ‖vn −Gvn‖+ ‖Gvn −WnGvn‖+ ‖WnGvn −Wnvn‖+ ‖Wnvn −Wvn‖
≤ 2‖vn −Gvn‖+ ‖Gvn −WnGvn‖+ ‖Wnvn −Wvn‖.

From (3.18), (3.29), Remark 2.8 and the boundedness of {vn}, we immediately obtain

lim
n→∞

‖vn −Wvn‖ = 0. (3.30)

Step 5. We prove that
lim sup
n→∞

〈(γf − V )x∗, xn − x∗〉 ≤ 0,

where x∗ = PΩ (γf + (I − V ))x∗. Indeed, as previously, we have proven that x∗ is the unique fixed point of
the mapping PΩ (γf + (I − V )), that is, x∗ is the unique solution in Ω to the following VIP:

〈(V − γf)x∗, x∗ − x〉 ≤ 0, ∀x ∈ Ω .

Equivalently, x∗ is the unique solution of the minimization problem

min
x∈Ω

1

2
〈V x, x〉 − h(x),

where h is a potential function for γf . Now, observe that there exists a subsequence {xni} of {xn} such that

lim sup
n→∞

〈(γf − V )x∗, xn − x∗〉 = lim
i→∞
〈(γf − V )x∗, xni − x∗〉. (3.31)

Since {xni} is bounded, there exists a subsequence {xnij
} of {xni} which converges weakly to some w.

Without loss of generality, we may assume that xni ⇀ w. From (3.24)–(3.26) and (3.31), we have that
uni ⇀ w, vni ⇀ w, Λmni

uni ⇀ w and ∆k
ni
xni ⇀ w, where m ∈ {1, 2, ..., N} and k ∈ {1, 2, ...,M}. Utilizing

Lemma 2.14, we deduce from (3.18) and (3.30) that w ∈ Γ and w ∈ Fix(W ) = ∩∞n=1Fix(Tn) (due to Lemma
2.9).

Next, we prove that w ∈ ∩Nm=1I(Bm, Rm). As a matter of fact, since Bm is ηm-inverse strongly monotone,
Bm is a monotone and Lipschitz continuous mapping. It follows from Lemma 2.20 that Rm + Bm is
maximal monotone. Let (v, g) ∈ G(Rm + Bm), i.e., g − Bmv ∈ Rmv. Again, since Λmn un = JRm,λm,n(I −
λm,nBm)Λm−1

n un, n ≥ 1,m ∈ {1, 2, ..., N}, we have

Λm−1
n un − λm,nBmΛm−1

n un ∈ (I + λm,nRm)Λmn un,

that is,
1

λm,n
(Λm−1

n un − Λmn un − λm,nBmΛm−1
n un) ∈ RmΛmn un.
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In terms of the monotonicity of Rm, we get

〈v − Λmn un, g −Bmv −
1

λm,n
(Λm−1

n un − Λmn un − λm,nBmΛm−1
n un)〉 ≥ 0,

and hence,

〈v − Λmn un, g〉 ≥ 〈v − Λmn un, Bmv + 1
λm,n

(Λm−1
n un − Λmn un − λm,nBmΛm−1

n un)〉
= 〈v − Λmn un, Bmv −BmΛmn un +BmΛmn un −BmΛm−1

n un + 1
λm,n

(Λm−1
n un − Λmn un)〉

≥ 〈v − Λmn un, BmΛmn un −BmΛm−1
n un〉+ 〈v − Λmn un,

1
λm,n

(Λm−1
n un − Λmn un)〉.

In particular,

〈v − Λmni
uni , g〉 ≥ 〈v − Λmni

uni , BmΛmni
uni −BmΛm−1

ni
uni〉+ 〈v − Λmni

uni ,
1

λm,ni

(Λm−1
ni

uni − Λmni
uni)〉.

Since ‖Λmn un − Λm−1
n un‖ → 0 (due to (3.24)) and ‖BmΛmn un − BmΛm−1

n un‖ → 0 (due to the Lipschitz
continuity of Bm), we conclude from Λmni

uni ⇀ w and {λi,n} ⊂ [ai, bi] ⊂ (0, 2ηi) that

lim
i→∞
〈v − Λmni

uni , g〉 = 〈v − w, g〉 ≥ 0.

It follows from the maximal monotonicity of Bm + Rm that 0 ∈ (Rm + Bm)w, i.e., w ∈ I(Bm, Rm).
Therefore, w ∈ ∩Nm=1I(Bm, Rm).

Next we prove that w ∈ ∩Mk=1GMEP(Θk, ϕk, Ak). Since ∆k
nxn = T

(Θk,ϕk)
rk,n (I − rk,nAk)∆k−1

n xn, n ≥ 1, k ∈
{1, 2, ...,M}, we have

Θk(∆
k
nxn, y) + ϕk(y)− ϕk(∆k

nxn) + 〈Ak∆k−1
n xn, y −∆k

nxn〉+
1

rk,n
〈y −∆k

nxn,∆
k
nxn −∆k−1

n xn〉 ≥ 0.

By (A2), we have

ϕk(y)− ϕk(∆k
nxn) + 〈Ak∆k−1

n xn, y −∆k
nxn〉+

1

rk,n
〈y −∆k

nxn,∆
k
nxn −∆k−1

n xn〉 ≥ Θk(y,∆
k
nxn).

Let zt = ty + (1− t)w for all t ∈ (0, 1] and y ∈ C. This implies that zt ∈ C. Then, we have

〈zt −∆k
nxn, Akzt〉 ≥ ϕk(∆k

nxn)− ϕk(zt) + 〈zt −∆k
nxn, Akzt〉 − 〈zt −∆k

nxn, Ak∆k−1
n xn〉

− 〈zt −∆k
nxn,

∆k
nxn −∆k−1

n xn
rk,n

〉+ Θk(zt,∆
k
nxn) (3.32)

= ϕk(∆
k
nxn)− ϕk(zt) + 〈zt −∆k

nxn, Akzt −Ak∆k
nxn〉

+ 〈zt −∆k
nxn, Ak∆k

nxn −Ak∆k−1
n xn〉 − 〈zt −∆k

nxn,
∆k
nxn −∆k−1

n xn
rk,n

〉+ Θk(zt,∆
k
nxn).

By (3.25), we have ‖Ak∆k
nxn − Ak∆k−1

n xn‖ → 0 as n → ∞. Furthermore, by the monotonicity of Ak,
we obtain 〈zt −∆k

nxn, Akzt −Ak∆k
nxn〉 ≥ 0. Then, by (A4) we obtain

〈zt − w,Akzt〉 ≥ ϕk(w)− ϕk(zt) + Θk(zt, w). (3.33)

Utilizing (A1), (A4) and (3.33), we obtain

0 = Θk(zt, zt) + ϕk(zt)− ϕk(zt)
≤ tΘk(zt, y) + (1− t)Θk(zt, w) + tϕk(y) + (1− t)ϕk(w)− ϕk(zt)
≤ t[Θk(zt, y) + ϕk(y)− ϕk(zt)] + (1− t)〈zt − w,Akzt〉
= t[Θk(zt, y) + ϕk(y)− ϕk(zt)] + (1− t)t〈y − w,Akzt〉,
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and hence,
0 ≤ Θk(zt, y) + ϕk(y)− ϕk(zt) + (1− t)〈y − w,Akzt〉.

Letting t→ 0, we have, for each y ∈ C,

0 ≤ Θk(w, y) + ϕk(y)− ϕk(w) + 〈y − w,Akw〉.

This implies that w ∈ GMEP(Θk, ϕk, Ak), and hence, w ∈ ∩Mk=1GMEP(Θk, ϕk, Ak). Consequently,
w ∈ ∩∞n=1Fix(Tn) ∩ ∩Mk=1GMEP(Θk, ϕk, Ak) ∩ ∩Ni=1I(Bi, Ri) ∩ Γ =: Ω . Therefore, from (3.31) and x∗ =
PΩ (γf + (I − V ))x∗, we have

lim sup
n→∞

〈(γf − V )x∗, xn − x∗〉 = 〈(γf − V )x∗, w − x∗〉 ≤ 0. (3.34)

Step 6. We prove that ‖xn − x∗‖ → 0 as n → ∞. Indeed, taking into account that xn+1 = PCyn and
yn = αnγf(xn) + βnxn + ((1− βn)I − αnV )WnGvn, we obtain from (3.4) and Proposition 2.10 (a) that

‖xn+1 − x∗‖2 = 〈PCyn − yn, PCyn − x∗〉+ 〈yn − x∗, xn+1 − x∗〉
≤ 〈yn − x∗, xn+1 − x∗〉
= 〈αn(γf(xn)− V x∗) + βn(xn − x∗) + ((1− βn)I − αnV )(WnGvn − x∗), xn+1 − x∗〉
= 〈αnγ(f(xn)− f(x∗)) + βn(xn − x∗) + ((1− βn)I − αnV )(WnGvn − x∗), xn+1 − x∗〉

+ αn〈(γf − V )x∗, xn+1 − x∗〉
≤ ‖αnγ(f(xn)− f(x∗)) + βn(xn − x∗) + ((1− βn)I − αnV )(WnGvn − x∗)‖‖xn+1 − x∗‖

+ αn〈(γf − V )x∗, xn+1 − x∗〉
≤ [‖αnγ‖f(xn)− f(x∗)‖+ βn‖xn − x∗‖+ ‖(1− βn)I − αnV ‖‖WnGvn − x∗‖]‖xn+1 − x∗‖

+ αn〈(γf − V )x∗, xn+1 − x∗〉
≤ [αnγl‖xn − x∗‖+ βn‖xn − x∗‖+ (1− βn − αnγ̄)‖vn − x∗‖]‖xn+1 − x∗‖

+ αn〈(γf − V )x∗, xn+1 − x∗〉
≤ [αnγl‖xn − x∗‖+ βn‖xn − x∗‖+ (1− βn − αnγ̄)‖xn − x∗‖]‖xn+1 − x∗‖

+ αn〈(γf − V )x∗, xn+1 − x∗〉
= (1− αn(γ̄ − γl))‖xn − x∗‖‖xn+1 − x∗‖+ αn〈(γf − V )x∗, xn+1 − x∗〉
≤ 1

2(1− αn(γ̄ − γl))(‖xn − x∗‖2 + ‖xn+1 − x∗‖2) + αn〈(γf − V )x∗, xn+1 − x∗〉,

which immediately implies that

‖xn+1 − x∗‖2 ≤ 1−αn(γ̄−γl)
1+αn(γ̄−γl)‖xn − x

∗‖2 + αn
1+αn(γ̄−γl)〈(γf − V )x∗, xn+1 − x∗〉

= (1− 2αn(γ̄−γl)
1+αn(γ̄−γl))‖xn − x∗‖2 + 2αn(γ̄−γl)

1+αn(γ̄−γl) ·
1

2(γ̄−γl)〈(γf − V )x∗, xn+1 − x∗〉
= (1− γn)‖xn − x∗‖2 + σnγn,

(3.35)

where γn = 2αn(γ̄−γl)
1+αn(γ̄−γl) and σn = 1

2(γ̄−γl)〈(γf−V )x∗, xn+1−x∗〉. Note that
∑∞

n=1 αn =∞ implies
∑∞

n=1 γn ≥
2(γ̄−γl)

1+(γ̄−γl) ·
∑∞

n=1 αn =∞ and that (3.34) leads to

lim sup
n→∞

σn = lim sup
n→∞

1

2(γ̄ − γl)
〈(γf − V )x∗, xn+1 − x∗〉 ≤ 0.

Applying Lemma 2.21 to (3.35), we infer that the sequence {xn} converges strongly to x∗. This completes
the proof.

Now, we present an example in support of our main result.

Example 3.2. Let M = 1. Let H = R2 with inner product 〈·, ·〉 and norm ‖ · ‖ which are defined by

〈x, y〉 = ac+ bd and ‖x‖ =
√
a2 + b2,
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for all x, y ∈ R2 with x = (a, b) and y = (c, d). Let C = {(a, a) : a ∈ R}. Clearly, C is a nonempty closed
convex subset of a real Hilbert space H = R2. Put Θ(x, y) = 〈Ax, y − x〉 and ϕ(x) = 0 for all x, y ∈ C

where A =

{
2/3 1/3
1/3 2/3

}
. Then Θ : C × C → R is a bi-function satisfying hypotheses (A1)-(A4). Put

S =

{
3/5 2/5
2/5 3/5

}
. Then ‖A‖ = ‖S‖ = 1, and A and S are both 2 × 2 positive definite symmetric

matrices. Let R1 : C → 2H be a maximal monotone mapping, for instance, putting

R1v =

{
Sv +NCv, if v ∈ C,
∅, if v 6∈ C,

where NCv = {w ∈ H : 〈v − u,w〉 ≥ 0, ∀u ∈ C}. In terms of Rockafellar [19] we know that R1 is maximal
monotone and 0 ∈ R1v if and only if v ∈ VI(C, S). For each n = 1, 2, ..., we set Tn = S. Then Tn is a

nonexpansive self-mapping on C for each n = 1, 2, .... Put F1 = I − A =

{
1/3 − 1/3
−1/3 1/3

}
, F2 = I − S ={

2/5 − 2/5
−2/5 2/5

}
, V =

{
8/9 4/9
4/9 8/9

}
= 4

3A and γf =

{
3/6 1/6
1/6 3/6

}
= 1

2(A + 1
3I). Then B1(:= F1)

and Fj are 1/2-inverse strongly monotone for each j = 1, 2, V is strongly positive bounded linear operator,
and ‖γf‖ ≤ 2/3. It is easy to see that Ω =

⋂∞
n=1 Fix(Tn) ∩ I(B1, R1) ∩GMEP(Θ , ϕ,A) ∩ Γ = {0} where Γ

is the fixed point set of the mapping G = PC(I − ν1F1)PC(I − ν2F2). Let {αn}, {βn} be sequences in (0, 1),
and {rn} be a sequence in (0,∞) with lim infn→∞ rn > 0. In this case, for any given x0 ∈ C, the iterative
scheme (3.11) is equivalent to the following one:

un = PC(xn − rnAun) = xn − rnun,
vn = JR1,λ1,n(I − λ1,nB1)un = un − λ1,nvn,
xn+1 = PC [αnγf(xn) + βnxn + ((1− βn)I − αnV )WnGvn]

= 2
3αnxn + βnxn + (1− βn − 4

3αn)vn.

Note that, whenever Θ(x, y) = 〈Ax, y−x〉 and ϕ(x) = 0 for all x, y ∈ C, the inequality Θ(un, y)+ϕ(y)−
ϕ(un)+ 1

rn
〈y−un, un−xn〉 ≥ 0, ∀y ∈ C, is equivalent to the equality un = PC(xn−rnAun) = xn−rnun. Hence

we get un = 1
1+rn

xn. Taking into account vn = JR1,λ1,nun = (I+λ1,nR1)−1un, we obtain un ∈ vn+λ1,nR1vn,

which leads to un−vn
λ1,n

∈ R1vn = Svn + NCvn. So, we have 〈vn − u, un−vnλ1,n
− Svn〉 ≥ 0, ∀u ∈ C, i.e.,

〈u − vn, un − λ1,nSvn − vn〉 ≤ 0,∀u ∈ C, which hence yields vn = PC(un − λ1,nSvn) = un − λ1,nvn. Thus,
vn = 1

1+λ1,n
un = 1

1+λ1,n
· 1

1+rn
xn. Assume that αn → 0,

∑∞
n=0 αn =∞ and {βn} ⊂ [a, b] ⊂ (0, 1). Observe

that

‖xn+1‖ ≤
2

3
αn‖xn‖+ βn‖xn‖+ (1− βn −

4

3
αn)‖vn‖

=
2

3
αn‖xn‖+ βn‖xn‖+ (1− βn −

4

3
αn)

1

1 + λ1,n
· 1

1 + rn
‖xn‖

≤ 2

3
αn‖xn‖+ βn‖xn‖+ (1− βn −

4

3
αn)‖xn‖

= (1− 2

3
αn)‖xn‖

≤ exp(−2

3

n∑
k=0

αk)‖x0‖ → 0 as n→∞.

Consequently, {xn} converges to the unique element 0 in Ω , which solves the VIP in Theorem 3.1.

Remark 3.3. Theorem 3.1 extends and improves Theorem 3.2 in [25] in the following ways.
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(a) The iterative scheme in [25, Theorem 3.2] is extended for Problem 1.1. The iterative scheme in
Algorithm 3.1 is more advantageous and more flexible than the iterative scheme in [25, Theorem 3.2]
because it involves solving four problems: a finite family of GMEPs, a finite family of variational
inclusions, a general system of variational inequalities and the fixed point problem of a countable
family of nonexpansive mappings.

(b) The iterative scheme in Algorithm 3.1 is very different from the iterative scheme in [25, Theorem
3.2] because the iterative scheme in Theorem 3.1 involves Korpelevich’s extragradient method and
projection method. In addition, the iterative scheme in [25, Theorem 3.2] is an iterative one involving
neither Korpelevich’s extragradient method nor projection method but the iterative scheme in Theorem
3.1 is an iterative one involving both Korpelevich’s extragradient method and projection method.

(c) The convergence analysis of Theorem 3.1 is based on Korpelevich’s extragradient method, projection
method, viscosity approximation method, and W -mapping and strongly positive bounded linear oper-
ator approaches to solve a finite family of GMEPs, a finite family of variational inclusions, GSVI (1.4)
and the fixed point problem of a countable family of nonexpansive mappings.

(d) Theorem 3.1 extends [25, Theorem 3.2] from a GMEP to a finite family of GMEPs and from a
variational inclusion to a finite family of variational inclusions, generalizes the domain H of the GMEP
and the variational inclusion in [25, Theorem 3.2] to the case of nonempty closed convex subset C of
H, and extends the problem of finding a point x∗ ∈ ∩∞n=1Fix(Tn) ∩ GMEP(Θ , ϕ,A) ∩ I(B,R) in [25,
Theorem 3.2] to the setting of GSVI (1.4).

(e) The argument and technique in Theorem 3.1 are different from the argument ones in [25, Theorem
3.2] because we make use of the properties of the W -mappings Wn (see Lemmas 2.6 and 2.9), the
properties of resolvent operators and maximal monotone mappings (see Proposition 2.13, Remark
2.16 and Lemmas 2.15–2.20), the fixed point problem x∗ = Gx∗ (⇔ GSVI (1.5)) (see Proposition
2.12) and the properties of strongly positive boundedness linear operators (see Lemma 2.3).
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