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Abstract

In the present paper, we study a new class of boundary value problems for Langevin quantum difference
equations with multi-quantum numbers g-derivative nonlocal conditions. Some new existence and uniqueness
results are obtained by using standard fixed point theorems. The existence and uniqueness of solutions is
established by Banach’s contraction mapping principle, while the existence of solutions is derived by using
Krasnoselskii’s fixed point theorem and Leray-Schauder’s nonlinear alternative. Examples illustrating the
results are also presented. (©2016 All rights reserved.
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1. Introduction

Quantum calculus (g-calculus) has a rich history and the details of its basic notions, results and methods
can be found in the literatures [I7]. In recent years, the topic has attracted the attention of several researchers
and a variety of new results can be found in the papers [1}, 2 [4] 618, TTHI5].
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On the other hand, the Langevin equation (first formulated by Langevin in 1908) is found to be an
effective tool to describe the evolution of physical phenomena in fluctuating environments [9]. For some new
developments on the fractional Langevin equation, see, for example, [3] 5], 10, 18-23].

In this paper, we study the existence of solutions for quantum difference Langevin equation with multi-
quantum numbers g-derivatives nonlocal conditions of the form

Dy(Dy+ Na(t) = f(t,z(t)), teJ:=][0,T]

m (1.1)
2(0) = aDyx(0), Y BiDra(&) =1,

=1

where quantum numbers 0 < p,q,7; < 1, \,,7,08; € R, i = 1,...,m are given constants, f € C(J x R,R)
and 0 <& < -+ <& <T.

Existence and uniqueness results are proved by using fixed point theorems.

The rest of the paper is organized as follows. In Section [2] we recall some preliminary results from
quantum calculus and prove some basic lemmas needed in the sequel. The main existence and uniqueness
results are contained in Section In Subsection 3.1} we prove an existence and uniqueness result by
using Banach’s contraction principle, while in Subsections [3.2] and we prove the existence results via
Krasnoselskii’s and Leray-Schauder’s nonlinear alternative respectively. Finally, in Section [4 examples
illustrating the obtained results are presented.

2. Preliminaries

Let us recall some basic concepts of g-calculus [7, [17].

Definition 2.1. For 0 < g < 1, we define the g-derivative of a real valued function f as

f(t) — flqt)
(1-q)t

The higher order g-derivatives are given by

D,f(t) = tEJ\{0}, Dyf(0) = lim Dyf(2).

Dyf(t) = f(t), Dyf(t)=DyDy " f(t), neN.

For x > 0, we set J, = {xq" : n € NU {0} }U{0} and define the definite ¢-integral of a function f : J, — R
by

If (x) = /0 () dgs =3 (1 - S (24",
n=0

provided that the series converges.
For a,b € J,, we set

b [e%s)
/ F(5)dgs = L,F(6) — I, f(a) = (1—q) 3 g" [bf (ba") — af (ag™)].
a n=0

Note that for a,b € J,, we have a = xq™, b = xq™ for some ni,no € N, thus the definite integral
fab f(s)dgs is just a finite sum, so no question about convergence is raised.
We note that

Dquf(l’) = f(x),

while if f is continuous at = 0, then

1Dy f (z) = f(x) — f(0).
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In g-calculus, the product rule and integration by parts formula are

Dq(gh)(t) = (Dgg(8))h(t) + g(qt) Dgh(t),

/02 J()Dqg(t)dyt = [f(t)g(t)]z - /Ox Dy f(t)g(qt)dgt.

Further, the reversing order of integration is given by

/Ot /Os f(r)dgrdys = /ot /q: F(r)dysdyr.

In the limit as ¢ — 1 the above results correspond to their counterparts in standard calculus.

Lemma 2.2. Let f:J — R be a continuous function and 0 < p,q < 1. Then, we have:

()
D, | [ #oytas] = 2 / J6)dgs, 1£0,
" i 0, [ [ 1dis] = 10
(i)
D, [/Ot/orf(s)dqsdqr] = Optf(s)dqs—l—/p: g:gif(s)dqs, t£0,
and

%ii?) D, [/Ot /Orf(s)dqsdqr] =0.
Proof. To prove (i), using the definition of p-derivative, we have
¢ 1 ¢ pt
Dy [/0 f(S)qu} Ut [/0 f(s)dgs — ; f(S)qu]
1 t
= Tt /pt f(s)dgs, t#0.

For t — 0, we obtain
t o
iy D, | [ 7(6)dus| =iy 1, |11 0 > 10"

t—0
i L9 i q"f(tq") —p i q"f(ptq")
t—0 (1 —p) o =0
= f(0).

Next, we will show that (i¢) holds. From the reversing order of integration, the double g-integral can be

reduced to a single integral as
t T t
/0 /0 f(s)dysdyr = /0 (t —qs)f(s)dys.
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Taking the p-derivative to the both sides of the above equation, it follows that

0, [ [ [ sdstar] =, | [~ asrris1is]

- (1_1p)t [/Ot(t —qs)f(s)dgs + /Opt(qs —pt)f(s)dys

B (1—1mt [/ot(t —qs) f(s)dgs — /Opt(t —qs) f(s)dgs

pt (L=p)t
Since
bt —qs) t q t
/pt (1 —p)tf<s> T - p) pt e (1-p)t /pt fls)dys
- = f,) "t (ta") ~ pt ota”)
n=0

" [ f(td") — (pt)*q" f(pta™)] ,

it is easy to see that

This completes the proof. O

m

Lemma 2.3. Let (14 \a) Zﬂi #0, and 0 < p,q,r < 1 be given constants. Then the boundary value (|1.1))
i=1

1s equivalent to the integral equation

— _,\/ s)d s—|—/ (t —qs)f(s,2(s))dys

tH(1+ A m ; &
_|_+O[)+a|:fy+)\zﬂ/

x(s)dys
(1+ ) Z Bi = L=ri)&i Jrg, !

m &i

" e
—Zm flova()dys =365 [t

. mf(s,x(s))dqs : (2.1)
i=1 Ti&i Ead

Proof. From the first equation of ([1.1]), we can modify as
D2x(t) = —ADgx(t) + f(t,2(t)), teJ. (2.2)

Taking the double g-integral to both sides of the above equation, we get

2(t) = -\ /O 2(s)dys + /O /0 " F(s,0(5))dysdgv + Crt + o, (2.3)
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where C,Cy € R. Changing the order of g-integration, (2.3) can be expressed by

x(t) = —)\/O x(s)dgs + /0 (t —gs)f(s,z(s))dgs + Cit + Cs. (2.4)

It easy to see that x(0) = Cy. From Lemma it follows by p-derivative of equation (2.4) that

Dyat) =~ g2 [ atoddus+ [ oot

bt — qs
+ /pt = p)tf(s, x(s))dgs + Ch. (2.5)

From the first condition of ([1.1)), we have
(1 + )\05)02 = a(C]. (2.6)

From (22.5) and the second condition of (|1.1f), we obtain

&i ri&;
7= ZBZ[ (1 —Tz)fz m&x(s)dqs—k 0 f 5 2(5))dgs
S &i—gs S
+/”& u_%f(sw(S))qu] +01;5i- (2.7)

Solving (2.6)) and (2.7 for the constants C; and Cs, we deduce that

1 m 2 &
Ci=—— | [’y + /\Z 7(1 —Brz‘)fi /r x(s)dys

Z; i i—1 i&i
. i 5 0”5" Fs, () dos 26 / i s a(s))ds]|
and
=1
_ gﬁi On&f (s,2(s))dgs — ﬁ;ﬁz /Ti i _Tffng(s,x(b‘))dqs i

Substituting the values of C7 and Cs in (2.4)), we obtain the integral equation (2.1). Conversely, it can
easily be shown by direct computation that the integral equation ({2.1]) satisfies the boundary value problem
(1.1). This completes the proof. O

m 1 m
Remark 2.4. The condition (1 + Aa) Z B; # 0 implies that A # —— and Zﬁi £ 0.
i=1 @ i=1
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3. Main Results

In this section, we study the problems of quantum difference Langevin equation with multi-quantum
numbers g-derivative nonlocal conditions.

Let C = C(J,R) denote the Banach space of all continuous functions from J to R with the norm defined
by |Ju|| = sup;e s |u(t)]. In view of Lemma we define an operator F : C — C by

Fa(t) = —)\/0 x(s)dys —i—/o (t—gqs)f(s,x(s))dgs
N t(1+ )xoz)n;{— !
(1+Aa) ;1 Bi

m ri&i m & s
=) B ; f(s,2(5))dgs — > 51'/{ ((1&_ T?)g),f(s,x(S))qu ,
i=1 i=1 Tigi e

where (1 + Aa) > %, B; # 0. It should be noticed that the boundary value problem (I.1]) has solutions if
and only if the operator equation x = Fx has fixed points.
In the following, for the sake of convenience, we set constants

T(1+ | \a|) + | n
Ay = 4 ZEERaD Flal |y 55 g (3.2)
11+ xal| Y B i1
=1
T2  T(14+ X)) + ol (& Bl (1 =
ho= Ly T+ Dol +] |<Z,ﬁim&+z|ﬁ L q>>7 (53)
T 4| Y] \imt i=1 q
=1
14+ Xal| > Bi
=1

In the following subsections, we prove existence, as well as existence and uniqueness results, for the
boundary value problem (|1.1)) by using a variety of fixed point theorems.

3.1. Ezistence and uniqueness result via Banach’s fixed point theorem
Theorem 3.1. Assume that:

(Hy) there exists a constant K > 0 such that |f(t,z) — f(t,y)| < K|z —y|, for each t € J and z,y € R.

If
KAy + A < 1, (35)
where A1, Ao are defined by (3.2)) and (3.3), respectively, then the boundary value problem (1.1)) has a unique

solution on J.

Proof. By transforming the boundary value problem into a fixed point problem, that is x = Fx, where
the operator F is defined as in , we will show that the operator F has fixed points which are solutions
of problem . We use the Banach’s contraction mapping principle to show that F has a unique fixed
point.
Setting sup;c s | f(t,0)] = N < 0o, and choosing
NA2 + A

R> , 3.6
T 1— (KA +Ay) (3.6)
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we show that FBr C By, where B = {z € C: ||z| < R}. For any « € Bg, we have

|Fx(t)] < sup
teJ

— /\/0 x(s)dgs + /0 (t—gs)f(s,z(s))dgs
N t(1+ X))+«

<1+Aa>§@-

_Zﬁl/ f(s,x(s dS—ZBz/' _qs)f(sw(s))dqsl

1—r)&

m &

Bi
’y—f—/\;(l_ri)&/ x(s)dgs

ri&;

T
< IAI/ Iw(S)quSJr/ (T = qs)(1f (s, 2(5)) = f(5,0)[ + [f(s,0)[)dygs

i Jrig

£30 08 / (15, 2(5)) = F(5,0)] + | F(5,0)] s
i=1 0
m . & (&

2
1z;q+ <1+\Aa|>+|ar<z|ﬁl mzm m)]
1=1

14+¢

) F(s,2(5)) — F(.0)] + | (s o>r>dqs]

< (Kllz] + N)

 fof [y 4 TR e HZ!@] Thy|(1+ 7o) + ol

=1

= (KA2+A1)R+NA2+A S R.

This means that ||Fz| < R which leads to FBr C Bp.
Next, we let z,y € C. Then for t € J, we have

T
Fa(t) — Fy(t)] < A / [2(5) — (5)|dgs + / (T — 45)|f(5,2(5)) — £(5,5(5))ldgs

o o 4 €
T(1+ o)) +Jal | IZ e ORI

+ ; W/O £ (s,2(s)) = f(s,y(s))ldgs
+ 3151 |

T2 T(1+|)a]) )+ o 1Bil&(1 = riq)
§K||l’—y||_l+q+ |1+)\a| Zﬁ (Z|Bl|7‘z£2 Z 1+4+¢ >]

) |75, 5)) = S 5,(5)) s

[ 1+ [Aal) + |of
T e — it g + G I S
- =1
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= (KA2 + Ayl — g,

which implies that ||Fz — Fy|| < (KAz+ A1)||z —yl|. Since KAs+ A; < 1, F is a contraction. Therefore, by
the Banach’s contraction mapping principle, we get that F has a fixed point which is the unique solution of
the boundary value problem (1.1)). The proof is completed. O

3.2. Eristence result via Krasnoselskii’s fized point theorem

Theorem 3.2 (Krasnoselskii’s fixed point theorem). Let M be a closed and bounded convex and nonempty
subset of a Banach space X. Let A, B be operators such that

(a) Ax + By € M where x,y € M;
(b) A is compact and continuous;
(¢) B is a contraction mapping.
Then there exists z € M such that z = Az + Bz.

Theorem 3.3. Let f: J xR — R be a continuous function satisfying (Hy) in Theorem . In addition,
assume that:

(H2) |f(t,z)] < p(t), V(t,z) € J xR and p € C(J,RT).
Then the boundary value problem has at least one solution on J, provided

A <1, (3.7)
where A1 is defined by .

Proof. We decompose the operator F defined in (3.1]), into two operators F; and F» on B, = {x € C : ||z|| <
r} by

' tl+Xa)+a o B 3
Fret) ==X | wl(s)dgs + A z(s)dgs,
1 /O ’ (1+ \a) Z B; ; (1 —1r)& /rg e

t &5
Rt = [ (t — q5)f (5, 2(s))dys + TETAD T} Zﬁl £ (5, 2(s))dys
0 (+x)yal =
R S (& —qs)

0 /£ T (s, w(s))dys .

with r such that | HA A
221R4S)
> S, (3.8)

and ||p|| = supyc s |p(t)|. Note that the ball B, is a closed and bounded convex subset of a Banach space C.
To show that Fix + Foy € B,, we let x,y € B,.. Then, we have

t t
[Fuat) + Fay(t)] < sup ]wnxr / 1dys + / (t — gs)dys

81 [
Y- e [ v

257«

t(1+|A
L 10t Dal) £l
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+H“HZBZ|/ 1ds+||u||2|ﬁz\ fi__yf)qus]

&

Y[+ [Aa]) + o

(114 xa])| 3
=1
T(1+ |\ Ui
s[uwmu+ (+'“L”“wM§jmum]
11+ Ao Z B; i=1
10 T+ o) + ol 86 = rig)
+HMH[1+q+ (¥|Bz|7‘zfz Zl-l—q)]

Ty + |Aa]) + el

<A+ ||lpllAe + A <

It follows that Fiz + Fyy € B,. This claim that the condition (a) of Theorem holds. To prove that
Fy is a contraction mapping, for z,y € B,, we have

Fra(t) — Fuylt qu/rx y(5)|dgs

\ : &i
T(1+ | a|) + ]a!‘ ‘Z i ‘—Br % ) |z(s) —y(s)|dgs
i—1 )5t Jri&;

1+ [Mal) + |« n
S{WT+ 0 "L"wﬂiy&@w—yu
: =1

= Az =yl

which is a contraction, since A; < 1. Therefore, the condition (c¢) of Theorem is satisfied.
Using the continuity of the function f, we get that the operator F is continuous. For x € B, it follows

that
Z |Bilrs& + Z 18i1&i(1 — nq)] }
=1

T2 (1+\)\a|)+]a\
<
|www_nm%1+q+

which implies that the operator F5 is unlformly bounded on B,. Now, we are going to prove that Fj is
equicontinuous. Setting sup,c;|f(t,x(t))| = f, for each ¢1, ta such that ty < t; and for x € B,, we have

|F2$(t1) — F2$(t2)|

/ 1(251 —qs)f(s,z(s))dgs — / 2(2?2 —qs)f(s,z(s))dgs
0 0

t1(1—|—)\a)—|—oz_ s ri&i m & (é}-—qs)

A al  Sm g e () des — S B [ ST b)) dys

gl X LY W e CECL
=1

a)+al ribi S § (Gi—ags
_%ﬁigf_zﬁ FlsaloDdas =5 [ ST fs o)
(1+ Aa) 21 5 | i1 ri&i 1)Si J
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T 2 f t (22 K3
<f{/0 (=t + [t =g+ I 2’(2_]@ zmz‘ﬁ 'iﬂ“”)}

< f{(tl o)t + (t1 —t2)(t1 — tQQ) )

I+gq Zﬁ

=1

'(zm s Y P )

which is independent of x and tends to zero as to — t1. Hence F5 is equicontinuous. Therefore Fj is relatively
compact on B,, and by Arzela-Ascoli theorem, F» is compact on B,. Thus the condition (b) of Theorem
is satisfied. Therefore all conditions of Theorem are satisfied, and consequently, the boundary value
problem has at least one solution on J. This completes the proof. O

3.3. Existence result via Leray-Schauder’s Nonlinear Alternative

Theorem 3.4 (Nonlinear alternative for single valued maps, [16]). Let E be a Banach space, C a closed
and convez subset of E,U an open subset of C and 0 € U. Suppose that F : U — C is a continuous, compact
(that is, F(U) is a relatively compact subset of C') map. Then either

(i) F has a fived point in U, or
(13) there is a x € OU (the boundary of U in C') and A € (0,1) with x = A\F(z).
Theorem 3.5. Assume that:

(H3) there exist a continuous nondecreasing function 1 : [0,00) — (0,00) and a function ¢ € C([0,T],RT)
such that
)] < eOp(lzl) for each (t,) € T xR

(Hy) there exists a constant M > 0 such that

(1-A)M
V(M)[lelA2 + A

where Ay, Ao, A are defined by (3.2)), (3.3) and (3.4), respectively.
Then the boundary value problem (1.1) has at least one solution on J.

>1, A <1,

Proof. Consider the operator F defined by . We will show that the boundary value problem has
at least one solution on J. To accomplish this, firstly, we shall show that F maps bounded sets (balls) into
bounded sets in C. For a number p > 0, let B, = {x € C(J,R) : |z|| < p} be a bounded ball in C'(J,R).
Then for t € J, we have

|Fx(t)] < Sup{ )\/ s)dys —|—/ (t —qs)f(s,z(s))dgs

teJ
m 4 &
th(l—I-)\a)r:Oé S 1 Bz' / 2(5)dys
(14 Aa) Z B; i—1 (L =7ri)& Jrg,

Tzéz

m &i s
_Zﬂz f(s,z(s))dgs — Zb’i/é Mf(s,x(s))dqs]
i=1 ri&i Kl

}

T(1+ |)\a\) + |af
< lz[| | AT + A |Z|/Bz
=1




S. Sitho, et al., J. Nonlinear Sci. Appl. 9 (2016), 3491-3503 3501

T? T+ |Aa|) +]al 1Bil&i(1 — 7iq)
i o (Zlﬁz z€z+21+q>]

(=Dl

Tly|(1 + [Aa]) + [yal

< pAr+9(p) el A2 + A,

and consequently,
[Fzll < pAr +9(p)ll el Az + A.

After that, we will show that the operator F maps bounded sets into equicontinuous sets of C. Let t1,
to € J such that t1 < t2 and x € B,. Then, we have

|Fa(ta) — Fa(ty)]

to to
<IN [l [t =l sn(oldgs + [t = a3)l 0 dos
\tz —t| |Bi &
PMEI e O

i&i

ngz
+vai sx|M+Zmr f Quwamwl

7,

|>‘Ht2 t1| ﬁz — T 61
Sp(Mm—t! D
=1 v/5e

+ ”SOWJ(P){(h —to)to + (t1 —t2)(t1 — tQQ) — 19 (Z \Bilrici + Z 8] &i(1 nq)) }

14¢ 1+4+4¢
Z Bi
i=1 '

As t3 —t1 — 0, the right-hand side of the above inequality tends to zero independently of x € B,.
Therefore, by the Arzela-Ascoli theorem, the operator F : C — C is completely continuous.

The result will follow from the Leray-Schauder nonlinear alternative (Theorem once we have proved
the boundedness of the set of the solutions to equations x = vFx for v € (0,1).

Let x be a solution. Then for ¢ € J, and following the similar computations as in first step, we have

[z(t)] < llzll A+ ([lzDllell Az + A,

which leads to
a-Adlel
Y(llzDllellA2 +A —

In view of (Hy), there exists a constant M such that ||z| # M. Setting the set

U=A{zeC(0,T],R) : |f| < M},

we see that the operator F : U — C(J,R) is continuous and completely continuous. From the choice of U,
there is no € 0U such that x = vFz for some v € (0,1). Consequently, by the nonlinear alternative of
Leray-Schauder type, we get that the operator F has a fixed point « € U which is a solution of the boundary
value problem . This completes the proof. O
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4. Examples

In this section, we present three examples to illustrate our results.

Example 4.1. Consider the following quantum difference Langevin equation with multi-quantum numbers
g-derivatives nonlocal conditions

1 et 22(t) + 4|z (t)| 1
Due (D37 ) 0 = s (Taarea )+ 0

z(0) = §D1/sx(0)a %D1/3x <z) + %D2/119€ (é) + %Dl/gﬂﬁ (131> = %
Here q =1/4,p=1/8, A=1/17, a =2/5, m =3, v =3/5, T =4, p1 = 1/7, B2 = 3/10, B3 = 2/9,
rn = 1/37 r2 = 2/117 r3 = 1/9a 51 = 3/87 §2 = 1/67 53 = 3/11 and f(t,ﬂ?) = (e_t/5(17 - t))((lj +
4|z])/(|z| + 3)) + (1/2). Since |f(t,z) — f(t,y)| < (2/65)|x — y|, then (H;) is satisfied with K = 2/65. By
direct computation, we have that A; ~ 0.33941, Ay ~ 13.22127, and (1 + Aa) D", B; =~ 0.68073 # 0. Thus
KAs 4+ Ay ~0.74622 < 1. Hence, by Theorem the problem has a unique solution on [0, 4].

Example 4.2. Consider the following quantum difference Langevin equation with multi quantum numbers
g-derivatives nonlocal conditions

1 _ 9sin?¢ |z(t)]
D1/3 (D1/3 + 15) ZU(t) = (6—t)2 <‘5L‘(t)’ 1 + 1) , te [0,4],

(4.2)
1 1 3 2 3 3 1 1

Here q = 1/3, p=1/4, A=1/15, a = 1/5, m =3,y =1/2, T =4, p; = 1/6, By = 2/7, B3 = 3/5,
11 =2/5,r2=3/8,13=1/T,& =3/4,& = 3/7,& =1/9and f(t,x) = (9sin®t/((6—t)*))((Jx|/(|z[+1))+1).
By direct computation, we have A; ~ 0.54649262 < 1, and (1 + Aa) > ;% B; ~ 1.0664127 # 0. Clearly,

9sin’t T
o= |2 (e 1)
< 9sin®t
T (6-1t)?
Hence, by Theorem the problem has at least solution on [0, 4].

Example 4.3. Consider the following quantum difference Langevin equation with multi quantum numbers

g-derivatives nonlocal conditions

1 _ cos’t 22 (t) |z(t)] 2
D (Do 35) 0 = 573 (o £ a3 +5) - *=109)

1 1 1 3 2 2 1 1 3 3
z(0) = §D1/2x<0)7 s D1z (6) + = Dojox <5) + 7 Dsss® <7> + D52 (14) =7
Here ¢ =1/3,p=1/2, A=1/18, a =1/8, m =4,y =3/4, T =5, 1 = 1/5, B2 = 3/7, f3 = 2/11,
Bo = 1/9, 11 = 1/3, o = 2/9, 15 = 3/8, 74 = 3/13, & = 1/6, & = 2/5, & = 1/7, & = 3/14 and
ft,z) = (cos?t/(17 — )2)((z?/(|z| + 1)) + (J=|/(B|z| + 2)) + (2/3)). By direct computation, we have
A1 >~ 0.55556, Ay ~ 4.17049, and (1 + Aa) > v, B; =~ 0.927898 # 0. Clearly,

!f(tx)\:‘ cos”t ( I +2>'
’ (17 —=t)2 \|z|+1  3|z|+2 3
< cos? t (
S ar=o2

Choosing ¢(t) = cos?t/(17 —t)? and (|z|) = |x| + 1, we can show that there exists M > 22.37033 such
that (Hy) is satisfied. Hence, by Theorem the problem (4.3)) has at least solution on [0, 5].

(4.3)

|x| +1).
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