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Abstract

Hölder’s inequality and its various generalizations are playing very important and basic role in different
branches of modern mathematics. In this paper, we give some new monotonicity properties of generalized
Hölder’s inequalities and then we obtain some new refinements of generalized Hölder’s inequalities. c©2016
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1. Introduction

The classical Hölder’s inequality, which has wide application in different branches of modern mathemat-
ics, was given by Hölder [1] as follows.

Theorem 1.1. Let ai ≥ 0, bi ≥ 0 (i = 1, 2, · · · , n), and p ≥ q > 1 such that 1
p + 1

q = 1. Then

n∑
i=1

aibi ≤
( n∑

i=1

api

) 1
p
( n∑

i=1

bqi

) 1
q

. (1.1)

The sign of inequality (1.1) is reversed for p < 0. (For p < 0, we assume that ai, bi > 0.)

In 1979, Vasić and Pečarić [6] established the following interesting theorem.
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Theorem 1.2. Let aij > 0 (i = 1, 2, · · · , n, j = 1, 2, · · · ,m).
(a) If pj > 0, and if

∑m
j=1

1
pj
≥ 1, then

n∑
i=1

m∏
j=1

aij ≤
m∏
j=1

( n∑
i=1

a
pj
ij

) 1
pj

. (1.2)

(b) If pj < 0 (j = 1, 2, · · · ,m), then

n∑
i=1

m∏
j=1

aij ≥
m∏
j=1

( n∑
i=1

a
pj
ij

) 1
pj

. (1.3)

(c) If p1 > 0, pj < 0 (j = 2, 3, · · · ,m), and if
∑m

j=1
1
pj
≤ 1, then

n∑
i=1

m∏
j=1

aij ≥
m∏
j=1

( n∑
i=1

a
pj
ij

) 1
pj

. (1.4)

The above inequalities are called as generalized Hölder’s inequalities.

As is well-known, an important research subject in analyzing inequality is to convert an univariate into
the monotonicity of functions. For example, Hu in [2] solved the elaboration problems of the Opial-Hua
inequality by using the monotonicity of Hu’s inequality. Tian [4] gave some new refinements of Hölder’s
inequalities by using the monotonicity property of reversed Hu’s inequality. Qi, Cerone, Dragomir and
Srivastava [3] gave two alternative proofs for monotonic and logarithmically convex properties of the one-
parameter mean values J(r) and for monotonic properties of the product J(r)J(−r) on (−∞,∞).

In 2015, Tian [5] presented the following properties of generalized Hölder’s inequalities (1.2), (1.3) and
(1.4).

Theorem 1.3. Let aij > 0 (i = 1, 2, · · · , n, j = 1, 2, · · · ,m), and p1 > p2 > · · · > pm > 0 such that∑m
j=1

1
pj
≥ 1. Suppose that

Hs(n) =
m∏
j=1

( n∑
i=1

a
pj
ij

) 2s
pj

−
( n∑

i=1

m∏
j=1

aij

)2s

, s = 1, 2, · · · . (1.5)

Then we have
0 ≤ Hs(n) ≤ Hs(n + 1).

Theorem 1.4. Let aij > 0 (i = 1, 2, · · · , n, j = 1, 2, · · · ,m), and let p1 < p2 < · · · < pm < 0. Suppose that

Hs(n) =
m∏
j=1

( n∑
i=1

a
pj
ij

) 2s
pj

−
( n∑

i=1

m∏
j=1

aij

)2s

, s = 1, 2, · · · . (1.6)

Then we have
0 ≥ Hs(n) ≥ Hs(n + 1). (1.7)

Theorem 1.5. Let aij > 0 (i = 1, 2, · · · , n, j = 1, 2, · · · ,m), and let p1 > 0, p2 < p3 < · · · < pm < 0 such
that

∑m
j=1

1
pj
≤ 1. Suppose that

Hs(n) =
m∏
j=1

( n∑
i=1

a
pj
ij

) 2s
pj

−
( n∑

i=1

m∏
j=1

aij

)2s

, s = 1, 2, · · · . (1.8)

Then we have
0 ≥ Hs(n) ≥ Hs(n + 1). (1.9)

Stimulated by the works of Hu [2], Tian [5] and Qi and Cerone, Dragomir and Srivastava [3], in this
paper, some new monotonicity properties of the above generalized Hölder’s inequalities are given and then
some new refinements of generalized Hölder’s inequalities (1.2), (1.3) and (1.4) are obtained.



J.-F. Tian, M.-H. Ha, J. Nonlinear Sci. Appl. 9 (2016), 3638–3646 3640

2. Monotonicity properties and refinements of generalized Hölder’s inequalities

Theorem 2.1. Let aij > 0 (i = 1, 2, · · · , n, j = 1, 2, · · · ,m), and let p1 > p2 > · · · > pm > 0 such that∑m
j=1

1
pj
≥ 1. Suppose that

Hs(n) =
m∏
j=1

( n∑
i=1

a
pj
ij

) s
pj

−
( n∑

i=1

m∏
j=1

aij

)s

, s = 1, 2, · · · . (2.1)

Then we have
0 ≤ Hs(n) ≤ Hs(n + 1).

Proof. Let us define

An :=
n∑

i=1

m∏
j=1

aij

and

Bn :=
m∏
j=1

( n∑
i=1

a
pj
ij

) 1
pj

.

Next, we divide the proof into three cases.
Case I. When s = 1 and m is even. A simple computation shows that

B2
n =

m∏
j=1

( n∑
i=1

a
pj
ij

) 2
pj

=

[( n∑
i=1

ap2i2

)( n∑
r=1

ap2r2

)] 1
p2

− 1
p1

[( n∑
i=1

ap1i1

)( n∑
r=1

ap2r2

)] 1
p1

[( n∑
i=1

ap2i2

)( n∑
r=1

ap1r1

)] 1
p1

×

[( n∑
i=1

ap4i4

)( n∑
r=1

ap4r4

)] 1
p4

− 1
p3

[( n∑
i=1

ap3i3

)( n∑
r=1

ap4r4

)] 1
p3

[( n∑
i=1

ap4i4

)( n∑
r=1

ap3r3

)] 1
p3

× . . . . . . . . .

×

[( n∑
i=1

apmim

)( n∑
r=1

apmrm

)] 1
pm

− 1
pm−1

[( n∑
i=1

a
p(m−1)

i(m−1)

)( n∑
r=1

apmrm

)] 1
pm−1

×

[( n∑
i=1

apmim

)( n∑
r=1

a
pm−1

r(m−1)

)] 1
pm−1

(2.2)

and

(An+1 −An)(Bn+1 + Bn)

=

( n+1∑
i=1

m∏
j=1

aij −
n∑

i=1

m∏
j=1

aij

)[ m∏
j=1

( n+1∑
i=1

a
pj
ij

) 1
pj

+
m∏
j=1

( n∑
i=1

a
pj
ij

) 1
pj

]

=

( m∏
j=1

a(n+1)j

)[ m∏
j=1

( n+1∑
i=1

a
pj
ij

) 1
pj

]
+

( m∏
j=1

a(n+1)j

)[ m∏
j=1

( n∑
i=1

a
pj
ij

) 1
pj

]

=

( m∏
j=1

a(n+1)j

)( n+1∑
i=1

ap1i1

) 1
p1

( n+1∑
i=1

ap2i2

) 1
p2

· · ·
( n+1∑

i=1

apmim

) 1
pm
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+

( m∏
j=1

a(n+1)j

)( n∑
i=1

ap1i1

) 1
p1

( n∑
i=1

ap2i2

) 1
p2

· · ·
( n∑

i=1

apmim

) 1
pm

=

[
ap2(n+1)2

( n+1∑
i=1

ap2i2

)] 1
p2

− 1
p1

[
ap1(n+1)1

( n+1∑
i=1

ap2i2

)] 1
p1

[
ap2(n+1)2

( n+1∑
i=1

ap1i1

)] 1
p1

×

[
ap4(n+1)4

( n+1∑
i=1

ap4i4

)] 1
p4

− 1
p3

[
ap3(n+1)3

( n+1∑
i=1

ap4i4

)] 1
p3

[
ap4(n+1)4

( n+1∑
i=1

ap3i3

)] 1
p3

× . . . . . . . . .

×

[
apm(n+1)m

( n+1∑
i=1

apmim

)] 1
pm

− 1
pm−1

×

[
a
pm−1

(n+1)(m−1)

( n+1∑
i=1

apmim

)] 1
pm−1

[
apm(n+1)m

( n+1∑
i=1

a
pm−1

i(m−1)

)] 1
pm−1

(2.3)

+

[
ap2(n+1)2

( n∑
i=1

ap2i2

)] 1
p2

− 1
p1

[
ap2(n+1)2

( n∑
i=1

ap1i1

)] 1
p1

[
ap1(n+1)1

( n∑
i=1

ap2i2

)] 1
p1

×

[
ap4(n+1)4

( n∑
i=1

ap4i4

)] 1
p4

− 1
p3

[
ap4(n+1)4

( n∑
i=1

ap3i3

)] 1
p3

[
ap3(n+1)3

( n∑
i=1

ap4i4

)] 1
p3

× . . . . . . . . .

×

[
apm(n+1)m

( n∑
i=1

apmim

)] 1
pm

− 1
pm−1

×

[
apm(n+1)m

( n∑
i=1

a
pm−1

i(m−1)

)] 1
pm−1

[
a
pm−1

(n+1)(m−1)

( n∑
i=1

apmim

)] 1
pm−1

.

From (2.3), (2.2) and (1.2) we deduce(
An+1 −An

)(
Bn+1 + Bn

)
+ B2

n

≤

[
ap2(n+1)2

( n+1∑
i=1

ap2i2

)
+

n∑
i=1

(
ap2(n+1)2a

p2
i2 + ap2i2

n∑
r=1

ap2r2

)] 1
p2

− 1
p1

×

[
ap1(n+1)1

( n+1∑
i=1

ap2i2

)
+

n∑
i=1

(
ap2(n+1)2a

p1
i1 + ap1i1

n∑
r=1

ap2r2

)] 1
p1

×

[
ap2(n+1)2

( n+1∑
i=1

ap1i1

)
+

n∑
i=1

(
ap1(n+1)1a

p2
i2 + ap2i2

n∑
r=1

ap1r1

)] 1
p1

×

[
ap4(n+1)4

( n+1∑
i=1

ap4i4

)
+

n∑
i=1

(
ap4(n+1)4a

p4
i4 + ap4i4

n∑
r=1

ap4r4

)] 1
p4

− 1
p3

×

[
ap3(n+1)3

( n+1∑
i=1

ap4i4

)
+

n∑
i=1

(
ap4(n+1)4a

p3
i3 + ap3i3

n∑
r=1

ap4r4

)] 1
p3

×

[
ap4(n+1)4

( n+1∑
i=1

ap3i3

)
+

n∑
i=1

(
ap3(n+1)3a

p4
i4 + ap4i4

n∑
r=1

ap3r3

)] 1
p3
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× . . . . . . . . .

×

[
apm(n+1)m

( n+1∑
i=1

apmim

)
+

n∑
i=1

(
apm(n+1)mapmim + apmim

n∑
r=1

apmrm

)] 1
pm

− 1
pm−1

×

[
a
pm−1

(n+1)(m−1)

( n+1∑
i=1

apmim

)
+

n∑
i=1

(
apm(n+1)ma

pm−1

i(m−1) + a
pm−1

i(m−1)

n∑
r=1

apmrm

)] 1
pm−1

×

[
apm(n+1)m

( n+1∑
i=1

a
pm−1

i(m−1)

)
+

n∑
i=1

(
a
pm−1

(n+1)(m−1)a
pm
im + apmim

n∑
r=1

a
pm−1

r(m−1)

)] 1
pm−1

=

[
ap2(n+1)2

( n+1∑
i=1

ap2i2 +
n∑

i=1

ap2i2

)
+

( n∑
i=1

ap2i2

)2
] 1

p2
− 1

p1

×

[
ap1(n+1)1

( n+1∑
i=1

ap2i2

)
+

n∑
i=1

ap1i1

( n+1∑
r=1

ap2r2

)] 1
p1

×

[
ap2(n+1)2

( n+1∑
i=1

ap1i1

)
+

n∑
i=1

ap2i2

( n+1∑
r=1

ap1r1

)] 1
p1

×

[
ap4(n+1)4

( n+1∑
i=1

ap4i4 +
n∑

i=1

ap4i4

)
+

( n∑
i=1

ap4i4

)2
] 1

p4
− 1

p3

×

[
ap3(n+1)3

( n+1∑
i=1

ap4i4

)
+

n∑
i=1

ap3i3

( n+1∑
r=1

ap4r4

)] 1
p3

×

[
ap4(n+1)4

( n+1∑
i=1

ap3i3

)
+

n∑
i=1

ap4i4

( n+1∑
r=1

ap3r3

)] 1
p3

× · · · · · · · · ·

×

[
apm(n+1)m

( n+1∑
i=1

apmim +

n∑
i=1

apmim

)
+

( n∑
i=1

apmim

)2
] 1

pm
− 1

pm−1

×

[
a
pm−1

(n+1)(m−1)

( n+1∑
i=1

apmim

)
+

n∑
i=1

a
pm−1

i(m−1)

( n+1∑
r=1

apmrm

)] 1
pm−1

×

[
apm(n+1)m

( n+1∑
i=1

a
pm−1

i(m−1)

)
+

n∑
i=1

apmim

( n+1∑
r=1

a
pm−1

r(m−1)

)] 1
pm−1

=

[(
ap2(n+1)2

)2

+ 2ap2(n+1)2

( n∑
i=1

ap2i2

)
+

( n∑
i=1

ap2i2

)2
] 1

p2
− 1

p1

×
( n+1∑

i=1

n+1∑
r=1

ap1i1 a
p2
r2

) 1
p1

( n+1∑
i=1

n+1∑
r=1

ap2i2 a
p1
r1

) 1
p1

×

[(
ap4(n+1)4

)2

+ 2ap4(n+1)4

( n∑
i=1

ap4i4

)
+

( n∑
i=1

ap4i4

)2
] 1

p4
− 1

p3

×
( n+1∑

i=1

n+1∑
r=1

ap3i3 a
p4
r4

) 1
p3

( n+1∑
i=1

n+1∑
r=1

ap4i4 a
p3
r3

) 1
p3
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× · · · · · · · · ·

×

[(
apm(n+1)m

)2

+ 2apm(n+1)m

( n∑
i=1

apmim

)
+

( n∑
i=1

apmim

)2
] 1

pm
− 1

pm−1

×
( n+1∑

i=1

n+1∑
r=1

a
pm−1

i(m−1)a
pm
rm

) 1
pm−1

( n+1∑
i=1

n+1∑
r=1

apmima
pm−1

r(m−1)

) 1
pm−1

=

m∏
j=1

( n+1∑
i=1

a
pj
ij

) 2
pj

= B2
n+1.

This implies that (
An+1 −An

)(
Bn+1 + Bn

)
≤ B2

n+1 −B2
n

and hence
An+1 −An ≤ Bn+1 −Bn,

that is
Bn −An ≤ Bn+1 −An+1

and then, we get
H1(n) ≤ H1(n + 1).

Case II. When s = 1 and m is odd. Carrying detailed computing, we get

B2
n =

m∏
j=1

( n∑
i=1

a
pj
ij

) 2
pj

=

[( n∑
i=1

ap2i2

)( n∑
r=1

ap2r2

)] 1
p2

− 1
p1

[( n∑
i=1

ap1i1

)( n∑
r=1

ap2r2

)] 1
p1

[( n∑
i=1

ap2i2

)( n∑
r=1

ap1r1

)] 1
p1

×

[( n∑
i=1

ap4i4

)( n∑
r=1

ap4r4

)] 1
p4

− 1
p3

[( n∑
i=1

ap3i3

)( n∑
r=1

ap4r4

)] 1
p3

[( n∑
i=1

ap4i4

)( n∑
r=1

ap3r3

)] 1
p3

× . . . . . . . . .

×

[( n∑
i=1

a
pm−1

i(m−1)

)( n∑
r=1

a
pm−1

r(m−1)

)] 1
pm−1

− 1
pm−2

×

[( n∑
i=1

a
p(m−2)

i(m−2)

)( n∑
r=1

a
pm−1

r(m−1)

)] 1
pm−2

[( n∑
i=1

a
pm−1

i(m−1)

)( n∑
r=1

a
pm−2

r(m−2)

)] 1
pm−2

×

[( n∑
i=1

apmim

)( n∑
r=1

apmrm

)] 1
pm

(2.4)

and

(An+1 −An)(Bn+1 + Bn)

=

( n+1∑
i=1

m∏
j=1

aij −
n∑

i=1

m∏
j=1

aij

)[ m∏
j=1

( n+1∑
i=1

a
pj
ij

) 1
pj

+

m∏
j=1

( n∑
i=1

a
pj
ij

) 1
pj

]

=

( m∏
j=1

a(n+1)j

)[ m∏
j=1

( n+1∑
i=1

a
pj
ij

) 1
pj

]
+

( m∏
j=1

a(n+1)j

)[ m∏
j=1

( n∑
i=1

a
pj
ij

) 1
pj

]
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=

( m∏
j=1

a(n+1)j

)( n+1∑
i=1

ap1i1

) 1
p1

( n+1∑
i=1

ap2i2

) 1
p2

· · ·
( n+1∑

i=1

apmim

) 1
pm

+

( m∏
j=1

a(n+1)j

)( n∑
i=1

ap1i1

) 1
p1

( n∑
i=1

ap2i2

) 1
p2

· · ·
( n∑

i=1

apmim

) 1
pm

=

[
ap2(n+1)2

( n+1∑
i=1

ap2i2

)] 1
p2

− 1
p1

[
ap1(n+1)1

( n+1∑
i=1

ap2i2

)] 1
p1

[
ap2(n+1)2

( n+1∑
i=1

ap1i1

)] 1
p1

×

[
ap4(n+1)4

( n+1∑
i=1

ap4i4

)] 1
p4

− 1
p3

[
ap3(n+1)3

( n+1∑
i=1

ap4i4

)] 1
p3

[
ap4(n+1)4

( n+1∑
i=1

ap3i3

)] 1
p3

× . . . . . . . . .

×

[
a
pm−1

(n+1)(m−1)

( n+1∑
i=1

a
pm−1

i(m−1)

)] 1
pm−1

− 1
pm−2

×

[
a
pm−2

(n+1)(m−2)

( n+1∑
i=1

a
pm−1

i(m−1)

)] 1
pm−2

[
a
pm−1

(n+1)(m−1)

( n+1∑
i=1

a
pm−2

i(m−2)

)] 1
pm−2

(2.5)

×

[
apm(n+1)m

( n+1∑
i=1

apmim

)] 1
pm

+

[
ap2(n+1)2

( n∑
i=1

ap2i2

)] 1
p2

− 1
p1

[
ap2(n+1)2

( n∑
i=1

ap1i1

)] 1
p1

[
ap1(n+1)1

( n∑
i=1

ap2i2

)] 1
p1

×

[
ap4(n+1)4

( n∑
i=1

ap4i4

)] 1
p4

− 1
p3

[
ap4(n+1)4

( n∑
i=1

ap3i3

)] 1
p3

[
ap3(n+1)3

( n∑
i=1

ap4i4

)] 1
p3

× . . . . . . . . .

×

[
a
pm−1

(n+1)(m−1)

( n∑
i=1

a
pm−1

i(m−1)

)] 1
pm−1

− 1
pm−2

×

[
a
pm−1

(n+1)(m−1)

( n∑
i=1

a
pm−2

i(m−2)

)] 1
pm−2

[
a
pm−2

(n+1)(m−2)

( n∑
i=1

a
pm−1

i(m−1)

)] 1
pm−2

×

[
apm(n+1)m

( n∑
i=1

apmim

)] 1
pm

.

From (2.5), (2.4), (1.2) and by the same methods as in Case I, we can obtain the following inequality.

H1(n) ≤ H1(n + 1). (2.6)

Case III. When s > 1, s ∈ N and m ∈ N. From inequality Bn−An ≤ Bn+1−An+1, it is easy to see that

Bs
n −As

n ≤ Bs
n+1 −As

n+1

is valid for s = 2, 3, · · · , and then,
Hs(n) ≤ Hs(n + 1)

holds for s = 1, 2, · · · .
If we set n = 1 in (2.1), then Hs(1) = 0.
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Thus
0 ≤ Hs(n) ≤ Hs(n + 1), s = 1, 2, · · · .

The proof of Theorem 2.1 is completed.

From Theorem 2.1, we obtain the following refinement of generalized Hölder’s inequality (1.2).

Corollary 2.2. Let aij > 0 (i = 1, 2, · · · , n, j = 1, 2, · · · ,m), and let p1 > p2 > · · · > pm > 0 such that∑m
j=1

1
pj
≥ 1. Then

n∑
i=1

m∏
j=1

aij ≤
m∏
j=1

( n∑
i=1

a
pj
ij

) 1
pj

−H(2) ≤
m∏
j=1

( n∑
i=1

a
pj
ij

) 1
pj

, (2.7)

where H(2) =
∏m

j=1(a
pj
1j + a

pj
2j)

2
pj −

(∏m
j=1 a1j +

∏m
j=1 a2j

)2 ≥ 0.

Using inequality (1.3) and making the similar methods as in Theorem 2.1, we can obtain the following
result.

Theorem 2.3. Let aij > 0 (i = 1, 2, · · · , n, j = 1, 2, · · · ,m), and let p1 < p2 < · · · < pm < 0. Suppose that

Hs(n) =
m∏
j=1

( n∑
i=1

a
pj
ij

) s
pj

−
( n∑

i=1

m∏
j=1

aij

)s

, s = 1, 2, · · · . (2.8)

Then
Hs(n + 1) ≤ Hs(n) ≤ 0. (2.9)

From Theorem 2.3, we get the refinement of generalized Hölder’s inequality (1.3) as follows.

Corollary 2.4. Let aij > 0 (i = 1, 2, · · · , n, j = 1, 2, · · · ,m), and let p1 < p2 < · · · < pm < 0. Then

n∑
i=1

m∏
j=1

aij ≥
m∏
j=1

( n∑
i=1

a
pj
ij

) 1
pj

−H(2) ≥
m∏
j=1

( n∑
i=1

a
pj
ij

) 1
pj

, (2.10)

where H(2) =
∏m

j=1(a
pj
1j + a

pj
2j)

2
pj −

(∏m
j=1 a1j +

∏m
j=1 a2j

)2 ≤ 0.

Using inequality (1.4) in instead of (1.2), and making the similar methods as in Theorem 2.1, we imme-
diately obtain the following monotonicity property of inequality (1.4).

Theorem 2.5. Let aij > 0 (i = 1, 2, · · · , n, j = 1, 2, · · · , k), and let p1 > 0, p2 < p3 < · · · < pm < 0 such
that

∑m
j=1

1
pj
≤ 1. Suppose that

Hs(n) =
m∏
j=1

( n∑
i=1

a
pj
ij

) s
pj

−
( n∑

i=1

m∏
j=1

aij

)s

, s = 1, 2, · · · . (2.11)

Then we have
Hs(n + 1) ≤ Hs(n) ≤ 0. (2.12)

Using Theorem 2.5, we can obtain the following refinement of generalized Hölder’s inequality (1.4).

Corollary 2.6. Let aij > 0 (i = 1, 2, · · · , n, j = 1, 2, · · · ,m), and let p1 > 0, p2 < p3 < · · · < pm < 0 such
that

∑m
j=1

1
pj
≤ 1. Then

n∑
i=1

m∏
j=1

aij ≥
m∏
j=1

( n∑
i=1

a
pj
ij

) 1
pj

−H(2) ≥
m∏
j=1

( n∑
i=1

a
pj
ij

) 1
pj

, (2.13)

where H(2) =
∏m

j=1(a
pj
1j + a

pj
2j)

2
pj −

(∏m
j=1 a1j +

∏m
j=1 a2j

)2 ≤ 0.
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