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Abstract

We prove a strong convergence theorem of a two-step viscosity iteration method for nonexpansive map-
pings in CAT(0) spaces without the nice projection property N and the restriction of the contraction constant
k € [0, %) Our result gives an affirmative answer to the open questions raised by Piatek [B. Piatek, Numer.
Funct. Anal. Optim., 34 (2013), 1245-1264], and Kaewkhao et al. [A. Kaewkhao, B. Panyanak, S. Suantai,
J. Inequal. Appl., 2015 (2015), 9 pages]. (©2016 All rights reserved.
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1. Introduction

Let E be a nonempty closed convex subset of a Hilbert space H and T : F — E be a nonexpansive map-
ping with a nonempty fixed point set Fiz(T'). The following scheme is known as the viscosity approximation
method or Moudafi’s viscosity approximation method: for any given z; € E,

Tpt1 = Anf(xn) + (1 —an)T(z,), Vn>1, (1.1)

where f : E — E is a contraction with a constant k € (0,1), and {ay,} is a sequence in (0, 1). In [I0], under
some suitable assumptions, the author proved that the sequence {z,} defined by (l.1)) converges strongly
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to a point z € Fix(T) which satisfies the following variational inequality:
(f(z) —z,z—x) >0, Vo € Fiz(T).

We note that the Moudafi viscosity approximation method can be applied to convex optimization, linear
programming, monotone inclusions, and elliptic differential equations.

The first extension of Moudafi’s result to the so-called CAT(0) space was proved by Shi and Chen [14].
However, they assumed that the space CAT(0) must satisfy some addition condition P. By using the concept
of quasi-linearization introduced by Berg and Nikolaev [I], Wangkeeree and Preechasilp [16] could omit the
condition P from Shi and Chen’s result. They obtained the following theorems.

Theorem 1.1 ([I6, Theorem 3.1]). Let E be a nonempty closed convex subset of a complete CAT(0) space
X, T : E — E be a nonexpansive mapping with Fix(T) # 0, and f : E — E be a contraction with a constant
ke (0,1). For each s € (0,1), let x5 be given by

xs = sf(xs) ® (1 — 8)T(xs). (1.2)

Then the net {zs} converges strongly to ¥ as s — 0 such that ¥ = Pp,1)(f()), which is equivalent to the

variational inequality:
<@f(f3,;?c> > 0Vz € Fiz(T).

Theorem 1.2 ([16, Theorem 3.4]). Let E, X, T, f, k be the same as in Theorem . Suppose that t1 € E
is arbitrarily chosen and {xy} is iteratively generated by

Tnt1 = Qnf(xy) ® (1 — apn)T(zy), VR > 1, (1.3)

where {an,} is a sequence in (0, 527) satisfying:

(C2) Y0l an = o0;

(C3) Zzozl lay, — apt1] < oo or limy,so aiil = 1.

Then {xy,} converges strongly to T, where & = Ppy7)(f(Z)) which is equivalent to the variational inequality:

<mﬁs> > 0 Ve € Fiz(T).

Among other things, by using the geometric properties of CAT(0) spaces, Piatek [I3] proved the following
strong convergence of a two-step viscosity iteration method.

Theorem 1.3 (|13, Theorem 4.3]). Let X be a complete CAT(0) space with the nice projection property
N and C be a nonempty closed convexr subset of X. Let T : X — X be a nonexpansive mapping with
Fix(T) # 0 and f: X — X be a contraction with k € [0, %) Then there is a unique point q € Fix(T) such
that ¢ = Ppig1)(f(q)). Moreover, for each u € X and for each couple of sequences {ay} and {B,} in (0,1)
satisfying

(i) limp—yoo ap = 0;

(i) 252y an = 00,

(iii) 0 < liminf, B, <limsup,, B, < 1.
For the arbitrary initial point x1 = u € C, the sequence {xy}, generated by

Yn = Oénf(xn) S (1 - Oén)T(.CCn),

(1.4)
Tn+l = Brnxn ® (1 - Bn)ym Vn > 1,

converges to q.
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(Concerning the definition of “nice projection property N” please, see, Piatek [13])

In [I3], the author provided an example of a CAT(0) space lacking the nice projection property N, and
so he raised the following open question.

Open question 1. Does Theorem still hold without the nice projection property N and k € [0,1)?

By combining the ideas of [16] and [13] intensively, Kaewkhao-Panyanak-Suantai [7] omit the property
N from Theorem and proved the following result.

Theorem 1.4 ([7]). Let C be a nonempty, closed, and convexr subset of a complete CAT(0) space X,
T :C — C be a nonexpansive mapping with Fiz(T) # 0, and f : C — C be a contraction with k € [0, %)
For the arbitrary initial point u € C, let {x,,} be generated by

T =u,
Yn = anf(zn) @ (1 — )T (2n), (1.5)
Tn+1 = 5n$n S (1 - 5n)ym Vn > 1,

where {ay} and {B,} are sequences in (0,1) satisfying the following conditions:

(i) limn_>oo Ay = O;

(if) 2255, an = o0o;

(iii) 0 < liminf, 8, <limsup, 5, < 1.

Then {zn} converges strongly to & such that & = Ppiyr)(f(%)) and T also satisfies
(2 :?n> >0 Ve Fix(T).

Although Theorem gives a partial answer to Open question [I] mentioned above, but it remains an
open problem. Therefore the authors also raised the following.

Open question 2. Whether Theorem [1.3| and Theorem [1.4] hold for k € [0,1)?

The purpose of this paper is by using a different method to prove a strong convergence theorem of a two-
step viscosity iteration for nonexpansive mappings in CAT(0) spaces without the nice projection property N
and the restriction of the contraction constant k € [0, %) Our result not only gives an affirmative answer to
the Open questions (1] and |2 mentioned above, but also extends and improves the main results of Wangkeeree
and Preechasilp [16], Piatek [13], Kaewkhao-Panyanak-Suantai [7] and Nilsrakoo-Saejung [11].

2. Preliminaries and Lemmas

Recall that a metric space (X,d) is called a CAT(0) space, if it is geodesically connected and if every
geodesic triangle in X is at least as ’thin’ as its comparison triangle in the Euclidean plane. It is known that
any complete, simply connected Riemannian manifold having non-positive sectional curvature is a CAT(0)
space. Other examples of CAT(0) spaces include pre-Hilbert spaces (see [2]), R-trees (see [§]), Euclidean
buildings (see [3]), the complex Hilbert ball with a hyperbolic metric (see [6]), and many others. A complete
CAT(0) space is often called Hadamard space. A subset K of a CAT(0) space X is convex if, for any
x,y € K, [x,y] C K, where [z,y] is the uniquely geodesic joining z and y.

In this paper, we write (1 — ¢)x @ ty for the unique point z in the geodesic segment joining from z to y
such that

d(z,z) = td(z,y), d(y,z)=(1-t)d(z,y). (2.1)

It is well known that a geodesic space (X, d) is a CAT(0) space if and only if the following inequality

A1 =tz @ty 2) < (1 —t)d*(x,2) + td*(y, 2) — t(1 — t)d*(z,y) (2.2)
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is satisfied for all z,y,z € X and ¢ € [0,1]. In particular, if x,y, z are points in a CAT(0) space (X, d)
and t € [0, 1], then

d(1—t)x P ty,z) < (1 —t)d(x,z)+ td(y, 2). (2.3)
The concept of quasi-linearization was introduced by Berg and Nikolaev [I]. Let (X,d) be a metric

space. We denote a pair (a,b) € X x X by % and call it a vector. The quasi-linearization is a mapping
(-,) 1 (X x X) x (X x X) — R defined by

@, &7> - % (d(a,d) + d*(b, ¢) — d*(a, c) — d*(b,d)) Va,b,c,d € X. (2.4)

It is easy to see that <£, &?> = <E>i, %> , <£, 31> = — <§L, §1> and <<ﬁ, 31> + <:EZ, §1> = <£, &z>> for
- (i;Vbe’ Z;ﬂ; fhfc. (X, d) satisfies the Cauchy-Schwarz inequality if

‘<% Zz>‘ < d(a,b)d(c,d) Va,b,c,d € X. (2.5)

It is well known [1] that (X, d) is a CAT(0) space if and only if it satisfies the Cauchy-Schwarz inequality.
Some other properties of quasi-linearization are included as follows.

Lemma 2.1 ([4], [5]). Let C' be a nonempty convex subset of a complete CAT(0) space (X,d), x € X and
u € C. Then u= Pc(x) (the metric projection of x to C) if and only if

(yt, ut) >0, VyeC.

Lemma 2.2 ([I7]). Let X be a complete CAT(0) space. For anyt € [0,1] and u,v € X, let uy = tu®(1—t)v.
Then, for any z,y € X,

() (w2, ug) < t(ad, wd) + (1 —t) (0F, wh);
(ii) (ugt, w)) <t (ud, w)) + (1 — t) (v, wf)) and (ugt, v§) < t (wt, v)) + (1 — t) (v, v3).

Recall that a continuous linear functional p on [*°, the Banach space of bounded real sequences, is called
a Banach limit if ||p]| = p(1,1,1,--+) =1 and pp(an) = pn(ans1) for all {a,} € 1°°.

Lemma 2.3 ([15]). Let o be a real number and let (a1, ag,---) € I be such that py(an) < o for all Banach
limits p and limsup,,_, . (an+1 — an) < 0. Then limsup,,_,., an < .

Lemma 2.4 ([5, 17]). Let {z,} and {y,} be bounded sequences in a CAT(0) space (X,d) and {B8,} a
sequence in [0, 1] with 0 < liminf, 8, < limsup,, < 1. Suppose that T,+1 = Bpxn ® (1 — Bp)yn for alln > 1
and

lim sup(d(ynH, yn) - d(xn-i-ly xn)) <0. (26)

n—oo

Then limy, o0 d(zp, yn) = 0.

Lemma 2.5 ([I8]). Let {c,} be a sequence of non-negative real numbers satisfying the property c,11 <
(1 = vn)en + Ynin, n > 1, where {y,} C (0,1) and {n,} C R such that

(i) Z5Livn = 00;
(ii) Hmsup, oo Mn < 0 or X024 || < oo

Then {c,} converges to zero as n — oo.

Lemma 2.6 ([12] Theorem 3.1]). Let E be a nonempty closed convex subset of a complete CAT(0) space
X and T : E — E be a nonexpansive mapping, and f : E — E be a contraction with k € (0,1). Then the
following statements hold:



S. S. Chang, L. Wang, G. Wang, L. J. Qin, J. Nonlinear Sci. Appl. 9 (2016), 4563-4570 4567
(i) the net {xs} defined by
xs =sf(zs) @ (1—5)T(xs), se€(0,1) (2.7)
converges strongly to & as s — 0 where ¥ = Ppiyr)(f(T));
(ii) if {xn} is a bounded sequence in E such that lim, oo d(xy, T (x,)) = 0, then
pn (4(f(2),3) = d*(f(2), 20)) <0, (2.8)

for all Banach limits p.

3. Main Results

We are now in a position to give the main results of the paper.

Theorem 3.1. Let E be a nonempty closed convexr subset of a complete CAT(0) space X, T : E — E be a
nonezxpansive mapping with Fix(T) # 0. Let f : E — E be a contraction with k € (0,1). For the arbitrary

initial point w € C, let {x,} be generated by

T =u,
Yn = anf(xn) ®(1- Oén)T({Bn),
Tnt1 = Ppin @ (1 - 5n)yna Vn > 1,

where {an} and {B,} are sequences in (0,1) satisfying the following conditions:

(1) limy, oo @ = 0;
(il) doosq an = oo;

(iii) 0 < liminf, 8, <limsup, 5, < 1.

Then {xn} converges strongly to T such that & = Pryr) (f(Z)) and T also satisfies
(31 :?c> >0 Vze Fix(T).

Proof. We divide the proof into four steps.

step 1. We show that {z,}, {yn}, {T'(zn)}, and {f(z,)} are bounded sequences in E.
Let p € Fiz(T). By inequality (2.3)), we have

d(@n+1,p) < Bnd(zn,p) + (1 = Bn)d(Yn p)
< Bnd(xn,p) + (1 = Bn) [d(an f(zn) ® (1 — an)T(20), p)]
< Bnd(n,p) + (1 = Bn) {am [d(f(zn), f(p)) + d(f(p),p)] + (1 — an)d(wn, p)}
<[ —an(l—k)+ (1 = k)anBn] d(xn,p) + (1 — Bn)and(f(p), p)

< s [, D).

By induction, we have

d(zpn,p) < maz {d(xl,p), W]} , Vn>1.

Hence, {z,} is bounded and so are {f(z,)}, {T(zn)} and {yn}.
step 2. Next, we show that

lim d(zp,yn) =0; ILm d(zp, T(zy)) = 0; ILm d(xp41,2n) = 0.

n—oo

(3.1)
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In fact, we have

d(Yn+1,Yn) < d(an+1f(@n41) © (1 = ang1) T (@ng1), an fan) © (1 — on)T(25))
< d(ant1f(Tnt1) © (1 = ant1)T(@n41), a1 f(@ng1) © (1 — any1)T(zn))
+ d(ont1 f(@ng1) & (1 = g 1) T (@), ang1 f(@n) © (1 — ang1)T (@)
+ d(ont1 f(an) ® (1 — ang1)T(an), an f(2n) ® (1 — an)T(xn))
< (1= an)d(T(@n41), Tan) + an1d(f (@ns1), f(@n)) + [antr — anld(f(2n), Tan)
< (1= ans1)d(@ns1, Tn) + app1kd(Tps1, ) + |ns1 — anl d(f(20), Txy).

This implies that

d(Yn+1,Yn) — A(@Tnt1,Tn) < (ny1k — ang1) d(Tpy1, 7o) + a1 — anl d(f(z0), Ty).

Hence we have,
lim sup {d(Yn+1,Yn) — d(Tny1,20)} <0.

n—oo
By Lemma we have
lim d(x,,yn) = 0. (3.3)

n-sc0
It follows from and that
d(xp, T(xp)) < d(Tn,Yn) + d(Yn, Trpn) < d(@n, yn) + and(f(zy), Tzy) = 0 (as n — 00),
d(Tnt1,Yn) < Brd(Tn,yn) — 0,
d(nt1, Tn) < d(XTnt1, Yn) + d(yn, xn) — 0.
step 3. Next, we prove that
limsup {d*(f(%), &) — d*(f(&),Tzn)} <0, (3.4)

n—oo

where & = PFim(T)(f(j))'
In fact, since {x,} is bounded and d(z,,Tz,) — 0, by Lemma (ii), for all Banach limits u, we have

pin (2 (F(2), B) — pind® (£ (B), 20)) < 0. (3.5)

Since d(Zp+1,xn) — 0, we have

tisup {((£(2),7) - (@), 2un1) — (@ (1(@),3) — E(F(@),20)} <0 (3.
It follows from , and Lemma that
lirn sup {&(f(2),7) = d*(f(),20)} <0. (3.7)

From (3.2)) and (3.7)), we have
limsup {d2(f(‘%)7‘,1~:) - dQ(f(‘%)7Tmn)}

< hfln_fip {dQ(f(:z')’ T) — d2(f(£i'), xn)} + h{in_}sgp {dQ(f(:i')v Tp) — dQ(f(j)a T:L‘n)}
< hgi)souop {dQ(f(i')P%) - d2(f(£)7$n)}

o+ limsup {d(f (@), zp) +d(f(Z), T(zn)) d(f(2), zn) — d(f(2), T (zn))}
< lim sup {dQ(f(i),f) - dQ(f(j)’l’n)}

n—oo

+ limsup {d(f(#), @) + d(f(&), T(x)) d(wn, T(z,))} <O0.

n—0o0
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step 4. Finally, we show that {xn} converges strongly to a point € Fiz(T) where & = P, (f(7)).
In fact, it follows from and . ) that

d2($n+1,5f) = &*(Bprn @ (1 = Bn)yn, T)
< Bnd? (2, 7) + (1= Bn)d* (yn, &) = Bu(1 = Bn)d* (2n, yn) (3.9)
< Bud? (20, &) + (1 = Bn)d*(yn, T),
and
®(1—an)T(xy), )
)+ (1= ap)d* (T, 2) — an(l — an)d?(f(z,), Txy)
Ty, &) + an(d®(f(2n), ) — d*(f(xn),, Tan)) + and®(f(2n), Tn)

_ (3.10)
< (1= an)d* (@0, &) + an(d®(f (2n), &) — d*(f (), Tn)) + aidQ(f(:vn),Txn)

By using (2.4 , Lemma m the Cauchy-Schwarz inequality and for any n > 1, we have

an ((f(@n), &) — d*(f(2n), Tn))
= 20, {< (2n)2, T(x ):z> - dQ(Txn,:E*)}
= 20, {(F) @, @) ) o+ (F@)3,T@n)3) — d* (T, )}
< 20, {kd(n, D)d(T, ) + <m T(wn)i) — d*(Trn, ) (311)
< ank {d* (2, 7) + d2(Tn, )} + 200, <W T(zn)i > — 20nd?(Ty, 7)

+ an(k — 2)d*(T2y, 7) + an {d*(f(2), %) + d*(T2y, 7) — d*(f(), Tzn)}

+a );
+ (

ankd®(z,, 7)
ankd?(x,, &)
z)

= ( _1)d2(T$n7 +04n {d2 ( ) ( ( ),T$n)}
< ankd ( Lpy T

a, {d2 &) — d?(f(Z), Txy) )} (since an(k —1) <0).

Substituting (3.11]) into (3.10), and after simplifying, we have

d2(yn73~c) < (1 - an(l - k))dz(xnw%)
+ oy {d(f(2), %) — dP(f(&), Tzn)} + a2d®(f(zn), Tn).

Substituting (3.12)) into (3.9)) and simplifying, for any n > 1, we have

(3.12)

(041, ) < Bud? (0, 7) + (1= B){ (1 = an(1 = ) & (0, )
+ ap (d2(f(*%)7 CE) - dz(f(i)vTxn)) + Oz?LdQ(f(xn), Txn)} (3‘13)

< (1= (1= B)(1 — K)an) d(an, @)
(1= Bu)an (P(F(2),8) — (F(@), Taa)) + 02 (f(2), Ta).

Putting, in Lemma en = d*(p, %), Y= (1- 8,1 —k)a, and

(1= 8) ((f(3), 3) — P(f(F), Ton)) + and?(f(wn), )
i (T— k)1 - Bn) ’

then (3.13) can be written as

cnt1 < (L =m)en +vnin, Vn2>1, (3.14)
By virtue of the conditions (i), (ii), (iii), and by using (3.4), we know that
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(i) Tn € (07 1) and Zle Yn = OQ;
(i) limsup,,_ oo 7n < 0.

Therefore all conditions in Lemma, [2.5| are satisfied. We have ¢, — 0 as n — oo. This implies that z,
converges strongly to Z, where & = Ppy 1) f(Z).
The proof of Theorem [3.1]is completed.

O

Remark 3.2. Theorem [3.1]not only gives an affirmative answer to the Open questions[I]and [2]raised by Piatek
[13] and Kaewkhao-Panyanak-Suantai [7], respectively, but also extends and improves the corresponding
results of Wangkeeree and Preechasilp [16], Piatek [13], Kaewkhao-Panyanak-Suantai [7] and Nilsrakoo-
Saejung [11], Kumam et al. [9] and many others.
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