Available online at www.tjnsa.com
J. Nonlinear Sci. Appl. 9 (2016), 46664677

Research Article

Q m e "// [
{“ S'""‘!:E A ,‘f Journal of Nonlinear Science and Applications |
: pp |

Print: ISSN 2008-1898 Online: ISSN 2008-1901

Dual synchronization of chaotic and hyperchaotic
systems

A. Almatroud Othman?, M. S. M. Noorani®, M. Mossa Al-Sawalhab*

?School of Mathematical Sciences, Universiti Kebangsaan Malaysia, 43600 UKM Bangi, Selangor, Malaysia.
bMathematics Department, Faculty of Science, University of Hail, Kingdom of Saudi Arabia.

Communicated by X.-J. Yang

Abstract

The existence of the dual synchronization behavior between a pair of chaotic and hyperchaotic systems is
investigated via a nonlinear controller, in which the nonlinear functions of the system are used as a nonlinear
feedback term. The sufficient conditions for achieving the dual synchronization behavior between a pair of
chaotic and hyperchaotic systems using a nonlinear feedback controller are derived by using the Lyapunov
stability theorem. The dual synchronization behavior between a pair of chaotic systems (Chen and Lorenz
system) and a pair of hyperchaotic systems hyperchaotic Chen system and hyperchaotic Lii system are
taken as two illustrative examples to show the effectiveness of the proposed method. Theoretical analysis
and numerical simulations are performed to verify the results. (©2016 All rights reserved.
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1. Introduction

Several chaotic and hyperchaotic systems have been discovered and thoroughly analyzed over the past
decades. These systems are interesting as its study links between the sciences and nature. Scientists who
understand its existence have been struggling to control these systems to our benefit. There is a great need
to control the chaotic and hyperchaotic systems, as they play an important role in industrial applications
particularly in chemical reactions, biological systems, information processing and secure communications
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[1]. A very important aspect in chaos theory is the synchronization of chaotic systems. The concept of
synchronization chaos is to make two chaotic systems oscillate in a synchronized manner by using the
output of the drive system to control the response system so that the output of the response system follows
the output of the drive system. Over the past decades, much attention has been devoted to the search for
better and more efficient methods to synchronize chaotic and hyperchaotic systems. Up to now, various
methods have been developed to design controllers in the chaotic and hyperchaotic systems, such as adaptive
synchronization, active synchronization, linear and nonlinear feedback [3], 5, 9, 10} 16 [19] 21, 22] etc. However
all of the aforementioned methods are mainly concerned with the synchronization of one drive system and
one response system, so these methods cannot be applied for multiuser communication systems [20].

Recently, the concept of dual synchronization of two different pairs of chaotic dynamical systems has
been investigated and used experimentally in communication applications. Dual synchronization of chaos is a
technique to separate two mixed chaotic signals by using synchronization. In dual synchronization technique,
there is a pair of response systems that must be synchronized with pairs of drive systems by using a signal
generated through linear combination of the drive systems states. Dual synchronization in colpitts electronic
oscillators is studied in [I§]. Dual and cross dual synchronization of chaotic external cavity laser diodes is
investigated in [I5]. Experimental and numerical dual synchronization of chaos in two pairs of one-way
coupled microchip lasers using only one transmission channel is studied in [20]. Dual synchronization of the
Lorenz and Réssler systems is studied in [I3], where the output signal from the drive systems is a scalar
signal, constructed by a linear combination of their states. Dual synchronization in modulated time delayed
systems is discussed in [7]. Projective-dual synchronization in delay dynamical systems with time-varying
coupling delay is investigated in [6]. Dual synchronization of chaotic and hyperchaotic systems with fully
uncertain parameters via Adaptive control method is discussed in [14].

To the best of our knowledge, there are few theoretical results about dual synchronization of chaotic
systems, and on the other hand, all of the aforementioned methods [6, [7, 13}, [I5] (18] are mainly concerned
with the dual synchronization of chaotic systems with low dimensional attractors characterized by one
positive Lyapunov exponent and do not consist of the dual synchronization of hyperchaotic systems. This
feature limits the complexity of the chaotic dynamics. It is believed that the chaotic systems with higher
dimensional attractors have much wider applications. In this work, we investigate the existence of the dual
synchronization behavior between a pair of chaotic and hyperchaotic systems via a nonlinear controller, in
which the nonlinear functions of the system are used as a nonlinear feedback term. The sufficient conditions
for achieving the dual synchronization behavior are derived by using the Lyapunov stability theorem. By
this nonlinear feedback controller, one can synchronize a pair of chaotic and hyperchaotic systems effectively.
The simulation results demonstrate that this control method is commendable, effective and feasible. The
organization of the paper is as follows. In Section[2] the problem statement and dual synchronization scheme
are presented for the chaotic and hyperchaotic systems. In Sections[3]and [l numerical studies are performed
to show the effectiveness of proposed method. Finally a concluding remark is given.

2. Problem statement

Consider a pair of chaotic system in the form

1 = f1(x1),
& fi(z1) (2.1)
91 = g1(y),

where z1 = [711, 12, . .., 21,)" and y1 = [y11,¥12, - - -, Y1n]’ are the state vectors of the two master systems,

fi € CIR™ x R",R"] and g1 € C[R" x R", R"] are two known functions. The corresponding two slave
systems are defined by
Eo = fao(w2) +u1,
U2 = g2(y2) + us,
]T

(2.2)

where z9 = [221, 222, ...,%2,]7 and yo = [yo1,¥22,...,%2s]7 are the state vectors of the two slave systems,
f2 € C[R™ x R",R"] and g € C[R™ x R", R"] are two known functions and v = (u! )T € R?" is a
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controller. Our goal is to design an appropriate controller u = (uf )T such that the trajectory of the

pair of the response system (2.2 could be synchronized with the pair of the drive system (2.1)) where the
errors between systems (2.1)) and (2.2)) should satisfy

Tim o (6) =1 ()] =0, Jim [y (&) — v (8] =0, (2.3)
where |[|-|| is the Euclidean norm.

2.1. Dual Synchronization
System ([2.1)) can be rewritten in the form

Bj N Bﬁﬂ  E=1), (2.4)

where & = Bl], fz) = [g (z )} . Similarly, system (2.2)) can be rewritten in the form
1 (21

[ _[Re]  f] s

where g = Bj ,9(y) = [g zgzﬂ and u = [Zj Let

T
Ed = (al, Ay oeey Oy bl, b2, ceey bn) (:Ell,l‘lg, s TIny Y115 Y125 - - - ,ynl) =Cx

denote the linear coupling of the two drive systems, and

T
er = (a1,a2,...,an,b1,b2,...,by) (221,722, ..., %20, Y21, %21, .-, Y2n) = Cy
denote the linear coupling of the two response systems, let A = (a1, az,...,a,)" and B = (by,ba,...,b,)"
be two known matrices such that a;,b;,i =1,2,...,n, j=1,2,...,n cannot be zero at the same time. The
error for dual synchronization is e; = Ce, where e = y — z and C = diag(a1,ag,...,an,b1,ba, ... by).

Theorem 2.1. If the nonlinear feedback controller U is designed as
U=—F(e,x)+ kes, (2.6)

then the response system (2.5)) can synchronize the drive system (2.4) asymptotically, where x is the state
variable, e is the error of the state variable of the two systems, es is the linear coupling of the master and
slave systems, and k is a feedback gain.

Proof. The drive and the response systems ([2.4]) and (2.5)) are split into linear terms f;(x), g;(y) and nonlinear
terms f;(z), g;(y) where

@ = fi(z) + fi(z), (2.7)
v =gi(y) +g(y) +u. (2.8)

Hence, the error dynamics system can be written as

é=gi(y) +g;(y) — filx) = fi(z) +u, (2.9)

where e = y — z. The difference between the two linear terms g;(y), fi(z) can be written as

9i(y) — fi(z) = Ae + f'(x), (2.10)
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where A is the coefficient matrix of the error system. Equation (2.9) and f/(z) consist of residual terms.
The difference between the two nonlinear terms g;(y) — f;j(x) is then written as

9i(y) — fi(x) = F(e,x) — f'(x). (2.11)
Equation (2.9 becomes
¢ =Ae+ F(e,x) +u= Ae+ kes. (2.12)
Construct a Lyapunov function in the form
1
V= 5eTe. (2.13)
Then its time derivative is _
vV =cle. (2.14)
Inserting ([2.12]) into the time derivative of V' leads to
V=-elPe<o. (2.15)
Since V is positive definite and V is negative definite in the neighborhood of zero solution of system (2.9), it
follows that lim;_, ||e|| = 0, based on the Lyapunov stability theorem [§]. Therefore, the response system
(2.8) is synchronized with the drive system (2.7)). This completes the proof. O]

3. Dual synchronization of two chaotic systems

We define the master systems and slave systems as follows.
Master 1. Chen system [4] is given by
Z1 = a(yr — x1),
y1 = (0 — a)z1 — x121 + Sy, (3.1)
Z1 = z1y1 — Bar.
Master 2. Lorenz system [12] is given by
Zo = o(y2 — x2),
Yo = pT2 — Taz2 — Y2, (3:2)
22 = T2Y2 — Yz2.

So the corresponding slave systems are

Slave 1.
73 = a(ys — x3) + u,
U3 = ((5 — Oé):L'g — x323 + 0ys + us9, (3.3)
Z3 = w3ys — P23 + u3.

Slave 2.

£y = o(ys — x4) + g,
Y4 = pT4 — T4zg — Y4 + Us, (3.4)
Z4 = Tays — Y24 + U,
where U = [u1,us, u3, uq, us,ug)” is the controller function. Subtracting (3.1 from and from
yields the following error dynamical system:
€1 = afex —e1) + u,
€2 = (0 —a)e; —ejez — z1e1 — x1e3 + deg + ug,
6:3 = ejez + y1e1 + r1ex — Bes + us, (3.5)
€y = o(es —eq) + uy,
€5 = peq — €5 — €466 — 2264 — T2€6 + Us,

€6 = eqe5 + Yoeq + Toe5 — veg + ug,
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where e = x3 — T1, €2 = Y3 — Y1, €3 = 23 — 21, €4 = T4 — T2, €5 = Y4 — Y2, €6 = 24 — 22. Our goal is to find
proper control functions u; (¢ = 1,...,6), such that the pair of the master system equations and
synchronizes the pair of the slave system equations and asymptotically, that is, lim;_, |le|| = 0,
where e = [e1,...,eg]?. For this end, we propose the following corollary.

Corollary 3.1. The pair of the master system equations (3.1) and (3.2) can be synchronized the pair of the
slave system equations (3.3)) and (3.4) asymptotically for any different initial condition with the following
nonlinear controller.

u; = —aes + ke,

ug = —(0 — a)e; + e1es + zie1 + x1eg — 20es + koe,

u3 = —ejeg — y1e1 — ri1ea + ke

et (3.6)
us = —peyq + eqe6 + 22e4 + w2e6 + kse,

Uug = —eqe5 — Yaeq — Toes + kge,

where e = a1e1 + ases + azes + breq + boes + bseg, is the linear coupling of the masters and slave systems.
Proof. Substituting (3.6) into (3.5)) leads to the following error system

€1 = —aey + ke,
€y = —deq + koe,
€3 = —fBes + ke,

€4 = —oeyq + kye, (3.7)
es = —es5 + kse,
€g = —veg + kge.
Construct a Lyapunov function in the form
V= 1eTe. (3.8)

The time derivative of V' along the solution of error dynamical system (3.7)) gives

V =e1é1 + eaéa + e3é3 + eqéq + e5és + esép

=e1(—ae; + kie) + ea(—dea + kae) + es3(—Les + kse)

+ eq(—oeq + kye) + es(—es + kse) + eg(—ves + kge)

=(k1a1 — oa)e% + (k1ag + keay)erea + (kras + ksay)eres
+ (k1by + kgaq)ereq + (k1bo + ksai)eres + (kibs + kgaq)eres
+ (kaag — 6)e3 + (koaz + kzaz)eses + (koby + kyaz)ezey (3.9)
(kaby + ksaz)eaes + (kabs + keag)ezes + (kzaz — B)es
(k3bi + kyas)eseq + (ksba + ksas)eses + (ksbs + ksas)eseg
(kaby — o)ed + (kaba + ksbi)eses + (kabs + kebi)eses
(ksba — 1)e2 + (ksbs + keba)eses + (kbs — 7)ed
eTPe

n
n
n
n

where e = [|e1],|e2], |es], |ea], |es], |es|]] and P is real symmetric. Obviously, P should be positive definite
to ensure that the origin of error system is asymptotically stable. According to Sylvester’s theorem
[17], P is positive definite if and only if A; > 0,7 = 1,2,...,6, where A; represents the ith order sequential
subdeterminant of a matrix. That is, we should choose the appropriate parameters. This completes the
proof. O
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Figure 1: State trajectories between the pair of Chen systems (3.1]) and (3.3), (a) signals z1 and z3; (b) signals y1 and ys; (c)

signals z1 and z3.

Figure 2: State trajectories between the pair of Lorenz systems (3.2) and (3.4), (a) signals x2 and z4; (b) signals y2 and yu;

(c) signals z2 and z4.
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Figure 3: (a)The error signals e, e2, e3 between the pair of Chen systems; (b)The error signals e, e5, €6 between the pair of
Lorenz systems.

3.1. Numerical simulations

The problem of dual synchronization of Chen system and Lorenz system is simulated. The system
parameters are set to o = 35,9 = 28 and [ = 3 for the pair of Chen systems and o = 10,y = 8/3 and
p = 28 for the pair of Lorenz system, so both systems exhibit chaotic behavior. In addition, the coupled
parameters are valued as a; = (1,1,1),b; = (1,1,1),i = 1,2,3 and k; = (—2),7 = 1,...,6, so that the
condition P is positive definite. The initial conditions of the master systems and are taken as
21(0) = 0.5,41(0) = 1,21(0) = 1,22(0) = 1.5 and y2(0) = 2.5, 22(0) = 0.65. The initial conditions of the
slave systems and are taken as x3(0) = 10.5,y3(0) = 1,23(0) = 37 and 24(0) = 10,34(0) =
15.5, 24(0) = 9.65, so the initial conditions of the error system are set to be e1(0) = 10, e2(0) = 0, e3(0) = 36
and e4(0) = 8.5,e5(0) = 13, e4(0) = 9. Dual synchronizations of Chen system and Lorenz system are shown
in Figurs and |3| Figure [I| (a)—(c) show the state trajectories of pair of Chen systems and (3.3).
Figure [2| (a)—(c) show the state trajectories of pair of Lorenz systems and (3.4). Figure 3] (a)-(b)
show the error eq,eq,es3 and ey, e5, eg between the pair of Chen systems and the pair of Lorenz systems,
respectively.

4. Dual synchronization of two hyperchaotic systems

We define the master and slave systems as follows:
Master 1. Hyperchaotic Chen system [I1] is given by

¥ = oy — z1) + wi,

Y1 = 0z — 2121 + Oy,

. (4.1)
Z1 = x1y1 — B2,
w1 = Y121 + owi.
Master 2. Hyperchaotic Lii system [2] is given by
Ty = a1(y2 — 72) + wo,
jo = —x222 + 0192,
Y2 222 1Y2 (4.2)

2o = xay2 — 122,

W = T222 + 01W2.

So, the corresponding slave systems are:
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Slave 1. _
23 = aysz — x3) + w3 + u1,
js = dx3 — w323 + Oys + uo,
y'3 3 323 Y3 2 (4.3)
23 = x3Yy3 — Bz3 + ug,
w3 = Y323 + Qw3 + uy.
Slave 2. .
2y = a1(ys — x4) + wy + us,
jg = —T424 + 0194 + U,
Ya 424 1Y4 6 (4.4)

Z4 = x4ys — Pr124 + ur,
Wy = T4z4 + 01W4 + usg,

where U = [u1, ..., ug]” is the controller function. Subtracting (4.3)) from ([4.1]), and (4.4) from (4.2), yields

the following error dynamical system:

€1 = alex —e1) +eq + uq,

€9 = el — ejez — z1€1 — x1e3 + Bes + ug,

€3 = e1ea + y1e1 + r1ez — Peg + ug,

€4 = z1e2 + y1e3 + eses + peq + ua,

€s = ai(es — es) + eg + us,

€6 = —x9e7 — 29€5 — eser + O1eg + ug,

€7 = y2e5 + Tae + eses — Prer + ug,

eg = z9e5 + Toe7 + eser + preg + ug,
where e; = x3 — 1, €2 = Y3 — Y1, €3 = 23 — 21, €4 = W3 — W1, €5 = T4 — T2, €6 = Ya — Y2, €7 = 24 — 22,

eg = wy — we. Our goal is to find proper control functions u; (i = 1,...,8), such that the pair of the master

systems (4.1) and (4.2) synchronizes the pair of the slave systems (4.3) and (4.4]) asymptotically, that is,
limy_,o0 |le]| = 0, where e = [eq, ..., es]”.

For this end, we propose the following corollary.
Corollary 4.1. The pair of the master system equations (4.1) and (4.2) can be synchronized the pair of

the slave system equations (4.3)) and (4.4) asymptotically for any different initial condition with following
nonlinear controller.

u] = —aes —eq + ke,

ug = —de1 + erez + z1e1 + r1eg — 20eq + koe,

uz = —eiez — yire1 — riez + kse,

uy = —2z1€2 — Yyres — ezez — 2peq + kse, (4.6)
us = —ayeq — eg + kse, .

ug = xToe7 + z9e5 + eser — 201eg + kge,
w7y = —y2e5 — Taeg — €56 + kre,
ug = —ze5 — Toey — eser — 201e8 + kge,

where e = aje; + ases + azes + aqeq + bies + baeg + bger + byes is the linear coupling of the masters and
slave systems.
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Figure 4: State trajectories between the pair of hyperchaotic Chen systems (4.1) and (4.3, (a) signals z; and z3; (b) signals
y1 and ys; (c) signals z1 and z3; (d) signals w, and ws.
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Figure 5: State trajectories between the pair of hyperchaotic Lii systems (4.2]) and

and ya; (c) signals z2 and z4; (d) signals we and wa.
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Figure 6:

(a) The error signals e1, e2, €3, e4 between the pair of hyperchaotic Chen systems; (b) The error signals es, eg, €7, s

between the pair of hyperchaotic Lii systems.

Proof. Substituting (4.6) into (3.5)) leads to the following error system

€1 = —aey + ke,

€o = —bles + koe,

€3 = —fPes + kse,

6.4 = —oeyq + kye, (4.7)
€5 = —aies + kse,

€6 = —thes + kge,

er = —prer + kre,

€s = —p1es + ksge.

Construct a Lyapunov function in the form

= —€ €.

2

The time derivative of V' along the solution of error dynamical system (4.7]) gives

V =e1é1 + €262 + €363 + €464 + €565 + egée + erer + egey

:(alkl — 04)6% + (a2k1 + alkg)eleg + (a3k1 + a1k3)€1€3 + (a4k1 + a1k4)6164

+ (bik1 + arks)eres + (bak1 + arke)eres + (bsk1 + arkr)erer + (baki + arks)eres
+ (agks — 0)e3 + (asks + asks)eses + (agks + asky)eses + (brka + asks)eses
(boks + aske)eses + (bska + azkr)eser + (baka + asks)eses + (asks — B)e;
(asks + asks)eses + (brks + asks)eses + (boks + aske)eses + (bsks + agkr)eser
(baks + asks)eses + (aska — g)ef + (bika + asks)eaes + (baka + aske)eaes
bska + asky)eser + (baky + asks)eses + (biks — a1)e2 + (baks + bike)eses

)

)

i
+ (4.9)
4

+(

+ (bgks + biky)eser + (baks + bikg)eses + (bake — 01)ez 4 (bske + baky)eger

+(

(
bake + baks)eges + (bskr — Br)e3 + (bsks + bakr)eres + (baks — 01)ex

— el Pe,

where e = [le1], |ea|, |es|, |ea|, |es] , les]| s |e7] , |es]] and P is real symmetric. Obviously, P should be positive
definite to ensure that the origin of error system (4.5 is asymptotically stable. According to Sylvester’s
theorem [I7], P is positive definite if and only if A; > 0,7 = 1,2,...,8, where A; represents the ith order
sequential subdeterminant of matrix. That is, we should choose the appropriate parameters. This completes

the proof.

O
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4.1. Numerical simulations

The dual synchronization problem of the hyperchaotic Chen system and hyperchaotic Lii system is
simulated. The system parameters are set to a = 35,60 = 12, 8 = 3, § = 7 and ¢ = 0.5 for the pair of
the hyperchaotic Chen systems and a; = 36,61 = 20, 1 = 3 and p; = 1.3 for the pair of hyperchaotic
Lorenz system, so both systems exhibits hyperchaotic behavior. In addition, the coupled parameters are
valued as a; = (1,1,1,1),b; = (1,1,1,1),¢ = 1,2,3,4 and k; = (—2),7 = 1,...,8 so that the condition P is
positive definite. The initial conditions of the master system and the master system are taken as
21(0) = 5,y1(0) = 8,21(0) = —1,w;(0) = =3, and z2(0) = 5,y2(0) = 8, 22(0) = —1,w2(0) = —3, the initial
conditions of the slave system and the slave system are taken as z3(0) = 3,y3(0) = 4, 23(0) =
5,w3(0) =5 and x4(0) = 3,y4(0) = 4, 24(0) = 5, w4(0) = 5, so the initial conditions of the error system are
set to be €1(0) = —2,e2(0) = —4,e3(0) = 6,e4(0) = 8,e5(0) = —2,¢e(0) = —4,e7(0) = 6,e3(0) = 8. Dual
synchronization of pair hyperchaotic Chen system and pair hyperchaotic Lii system are shown in Figures [4]
and [6] Figure [4] (a)-(d) show the state trajectories of pair of hyperchaotic Chen systems and (4.3).
Figure 5| (a)—(d) show the state trajectories of pair of hyperchaotic Lii systems and . Figure |§|
(a)—(b) show the errors e1, e2, €3, e4 and es, g, €7, es between the pair of the hyperchaotic Chen systems and
the pair of the hyperchaotic Lii systems, respectively.

5. Concluding remark

We investigate the dual synchronization behavior of a pair of chaotic systems and extend the dual
synchronization behavior for a pair of hyperchaotic systems. We proposed a novel nonlinear feedback
control scheme for chaos and hyperchaos dual synchronization according to the Lyapunov method. The
dual synchronization behavior between a pair of chaotic systems (Chen and Lorenz systems) and a pair of
hyperchaotic systems (hyperchaotic Chen and hyperchaotic Lii systems) are illustrated by two examples to
show the effectiveness of the proposed method. Theoretical analysis and numerical simulations verified the
results.
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