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Abstract

In this paper, we derive some interesting identities of symmetry for the degenerate q-Euler polynomials
under the symmetry group of degree n arising from the fermionic p-adic q-integral on Zp. c©2016 all rights
reserved.
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1. Introduction

Let p be a fixed odd prime number. Throughout this paper, Zp, Qp, and Cp will denote the ring of p-adic
integers, the field of p-adic rational numbers and the completion of the algebraic closure of Qp, respectively.

Let q be an indeterminate in Cp with |1− q|p < p
− 1
p−1 , where | · |p is the p-adic norm. As is known, the

q-analogue of the number x is defined as [x]q = 1−qx
1−q . Let f(x) be continuous function on Zp. The fermionic
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p-adic q-integral on Zp is defined by Kim as follows (see [3–20])

I−q(f) =

∫
Zp
f(x)dµ−q(x) = lim

N→∞

pN−1∑
x=0

f(x)µ−q(x+ pNZp)

= lim
N→∞

[2]q
2

pN−1∑
x=0

f(x)(−q)x

= lim
N→∞

1 + q

1 + qpN

pN−1∑
x=0

f(x)(−q)x.

For λ, t ∈ Cp with |λ|p ≤ 1, |t|p < p
− 1
p−1 , the degenerate Euler polynomials are defined by Carlitz to be

2

(1 + λt)
1
λ + 1

(1 + λt)
x
λ =

∞∑
n=0

En,λ(x)
tn

n!
, (see [2, 12]). (1.1)

Note that limλ→0 En,λ = En(x), where En(x) are ordinary Euler polynomials which are given by the gener-
ating function to be

2

et + 1
ext =

∞∑
n=0

En(x)
tn

n!
, (see [1–20]). (1.2)

Recently, Kim proved the following equation:∫
Zp

(1 + λt)
x+y
λ dµ−1(y) =

2

(1 + λt)
1
λ + 1

(1 + λt)
x
λ =

∞∑
n=0

En,λ(x)
tn

n!
. (1.3)

Thus, by (1.3), we get

λn
∫
Zp

(
x+ y

λ

)
n

dµ−1(y) = En,λ(x), (see [12]), (1.4)

where
∫
Zp f(x)dµ−1(x) = limq→1

∫
Zp f(x)dµ−q(x) and (x)n = x(x − 1) · · · (x − n + 1), (n ≥ 1), (x)0 = 1.

In [13], the degenerate q-Euler polynomials are defined by Kim as follows∫
Zp

(1 + λt)
[x+y]q
λ dµ−q(y) =

∞∑
n=0

En,λ,q(x)
tn

n!
. (1.5)

When x = 0, En,λ,q = En,λ,q(0) are called the degenerate q-Euler numbers. Note that limλ→0 En,λ,q(x) =
En,q(x), where En,q(x) are called the Carlitz’s q-Euler polynomials (see [10, 13]).

In this paper, we study some identities of symmetry for the degenerate q-Euler polynomials arising from
the fermionic p-adic q-integral on Zp under symmetry group of degree n.

2. Symmetric identities for the degenerate q-Euler polynomials under Sn

Let Sn be the symmetry group of degree n and let w1, w2 · · · , wn be odd positive integers. Then, we
study the following integral equation for the fermionic p-adic q-integral on Zp:∫

Zp
(1 + λt)

1
λ

[(∏n−1
j=1 wj

)
y+
(∏n

j=1 wj

)
x+wn

∑n−1
j=1

(∏n−1

i=1
i 6=j

wi

)
kj

]
q

dµ−qw1w2···wn−1 (y)

=
[2]qw1···wn−1

2
lim
N→∞

wn−1∑
m=0

pN−1∑
y=0

(1 + λt)

1
λ

[(∏n−1
j=1 wj

)(
m+wny

)
+
(∏n

j=1 wj

)
x+wn

∑n
j=1

(∑n−1

i=1
i 6=j

wi

)
kj

]
q

× (−1)m+wnyqw1w2···wn−1(m+wny).

(2.1)
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From (2.1), we have

2

[2]qw1···wn−1

n−1∏
l=1

wl−1∑
kl=0

(−1)
∑n−1
i=1 kiq

wn
∑n−1
j=1

(∏n−1

i=1
i 6=j

wi

)
kj

×
∫
Zp

(1 + λt)

1
λ

[(∏n−1
j=1 wj

)
y+
(∏n

j=1 wj

)
x+wn

∑n−1
j=1

(∏n−1

i=1
i 6=j

wi

)
kj

]
q

dµ−qw1w2···wn−1 (y)

= lim
N→∞

n−1∏
l=1

wl−1∑
kl=0

wn−1∑
m=0

pN−1∑
y=0

(1 + λt)

1
λ

[(∏n−1
=1 wj

)(
m+wny

)
+
(∏n

j=1 wj

)
x+wn

∑n
j=1

(∏n−1

i=1
i 6=j

wi

)
kj

]
q

× (−1)
∑n−1
i=1 ki+m+yq

wn
∑n−1
j=1

(∏n−1

i=1
i 6=j

wi

)
kj+
(∏n−1

j=1 wj

)
m+
(∏n

j=1 wj

)
y

.

(2.2)

Thus, by (2.2), we note that

I(w1, w2, · · · , wn) =
2

[2]qw1···wn−1

n−1∏
l=1

wl−1∑
kl=0

(−1)
∑n−1
i=1 kiq

wn
∑n−1
j=1

(∏n−1

i=1
i 6=j

wi

)
kj

×
∫
Zp

(1 + λt)

1
λ

[(∏n−1
j=1 wj

)
y+
(∏n

j=1 wj

)
x+wn

∑n−1
j=1

(∏n−1

i=1
i 6=j

wi

)
kj

]
q

dµ−qw1w2···wn−1 (y)

(2.3)

is invariant for any permutation σ in the symmetry group of degree n. Therefore, by (2.2), we obtain the
following theorem.

Theorem 2.1. For w1, · · · , wn ∈ N with wi ≡ 1 (mod 2), i = 1, 2, · · · , n, we note that I(wσ(1), wσ(2), · · · , wσ(n))
are the same for any σ ∈ Sn, (n ≥ 1).

From the definition of [x]q, we note that[( n−1∏
j=1

wj
)
y +

( n∏
j=1

wj
)
x+ wn

n−1∑
j=1

( n−1∏
i=1
i 6=j

wj
)
kj

]
q

=
[ n−1∏
j=1

wj

]
q

[
y + wnx+ wn

n−1∑
j=1

kj
wj

]
qw1w2···wn−1

. (2.4)

By (2.4), we get∫
Zp

(1 + λt)

1
λ

[(∏n−1
j=1 wj

)
y+
(∏n

j=1 wj

)
x+wn

∑n−1
j=1

(∏n−1

i=1
i 6=j

wj

)
kj

]
q

dµ−qw1···wn−1 (y)

=

∫
Zp

(
1 +

λ[∏n−1
j=1 wj ]q

[ n−1∏
j=1

wj
]
q
t

) 1
λ

[(∏n−1
j=1 wj

)
y+
(∏n

j=1 wj

)
x+wn

∑n−1
j=1

(∏n−1

i=1
i 6=j

wj

)
kj

]
q

dµ−qw1···wn−1 (y)

=
∞∑
m=0

[ n−1∏
j=1

wj

]m
q
Em, λ

[
∏n−1
j=1

wj ]q
,qw1···wn−1

(
wnx+ wn

n−1∑
j=1

kj
wj

)
tn

n!
, (n ∈ N).

(2.5)

Therefore, by Theorem 2.1 and (2.5), we obtain the following theorem.

Theorem 2.2. Let w1, w2, · · · , wn be odd integers and let m be a non-negative integer. Then, the following
expressions

2

[2]qwσ(1)···wσ(n−1)

[ n−1∏
j=1

wσ(j)

]m
q

n−1∏
l=1

wσ(l)−1∑
kl=0

(−1)
∑n−1
i=1 kiq

wσ(n)
∑n−1
j=1

(∏n−1

i=1
i 6=j

wσ(i)

)
kj

× Em, λ[∏n−1
j=1

wσ(j)

]
q

,q
wσ(1)wσ(2)···wσ(n−1)

(
wσ(n)x+ wσ(n)

n−1∑
j=1

kj
wσ(j)

)
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are the same for any permutation σ in the symmetry group of degree n.

Now, we observe that[
y + wnx+ wn

n−1∑
j=1

kj
wj

]
qw1w2···wn−1

=
[wn]q[∏n−1
j=1 wj

]
q

[ n−1∑
j=1

( n−1∏
i=1
i 6=j

wi
)
kj

]
qwn

+ q
wn

∑n−1
j=1

(∏n−1

i=1
i 6=j

wi

)
kj[
y + wnx

]
qw1···wn−1 .

(2.6)

From (1.5), we have

∞∑
n=0

En,λ,q(x)
tn

n!
=

∫
Zp

(1 + λt)
[x+y]q
λ dµ−q(y) =

∞∑
n=0

λn
∫
Zp

(
[x+ y]q

λ

)
n

dµ−q(y)
tn

n!
. (2.7)

By comparing the coefficients on the both sides of (2.7), we get

En,λ,q(x) = λn
∫
Zp

(
[x+ y]q

λ

)
n

dµ−q(y), (n ≥ 0), (2.8)

where (
[x+ y]q

λ

)
n

=

n∑
l=0

S1(n, l)

(
[x+ y]q

λ

)l
and S1(n, l) is the Stirling number of the first kind. From (2.8), we have

Em, λ[∏n−1
j=1

wj

]
q

,qw1···wn−1

(
wnx+ wn

n−1∑
j=1

kj
wj

)

=

(
λ[∏n−1

j=1 wj
]
q

)m ∫
Zp

([y + wnx+ wn
∑n−1

j=1
kj
wj

]
qw1···wn−1

λ

)
m

dµ−qw1···wn−1 (y).

(2.9)

Now, by (2.6), we observe that(
λ[∏n−1

j=1 wj
]
q

)m([y + wnx+ wn
∑n−1
j=1

kj
wj

]
qw1···wn−1

λ

)
m

=

(
λ[∏n−1

j=1 wj
]
q

)m(
1

λ

(
[wn]q[∏n−1
j=1 wj

]
q

[ n−1∑
j=1

( n−1∏
i=1
i6=j

wi
)
kj

]
qwn

+ q
wn

∑n−1
j=1

(∏n−1

i=1
i 6=j

wi

)
kj

[y + wnx]qw1···wn−1

))
m

=

(
λ[∏n−1

j=1 wj
]
q

)m m∑
l=0

λ−lS1(m, l)

×
(

[wn]q[∏n−1
j=1 wj

]
q

[ n−1∑
j=1

( n−1∏
i=1
i 6=j

wi
)
kj

]
qwn

+ q
wn

∑n−1
j=1

(∏n−1

i=1
i6=j

wi

)
kj

[y + wnx]qw1···wn−1

)l

=

(
λ[∏n−1

j=1 wj
]
q

)m m∑
l=0

λ−lS1(m, l)

l∑
i=0

(
[wn]q[∏n−1
j=1 wj

]
q

)l−i[ n−1∑
j=1

( n−1∏
i=1
i 6=j

wi
)
kj

]l−i
qwn

× q
wni

∑n−1
j=1

(∏n−1

i=1
i 6=j

wi

)
kj

[y + wnx]iqw1···wn−1

(
l

i

)
.

(2.10)
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By (2.9) and (2.10), we get

Em, λ[∏n−1
j=1

wj

]
q

,qw1···wn−1

(
wnx+ wn

n−1∑
j=1

kj
wj

)

=
1[∏n−1

j=1 wj

]m
q

m∑
l=0

l∑
i=0

(
l

i

)
λm−lS1(m, l)

(
[wn]q[∏n−1
j=1 wj

]
q

)l−i[ n−1∑
j=1

( n−1∏
i=1
i 6=j

wi
)
kj

]l−i
qwn

× q
wni

∑n−1
j=1

(∏n−1

i=1
i 6=j

wi

)
kj ∫

Zp
[y + wnx]iqw1···wn−1dµ−qw1···wn−1 (y)

=
1[∏n−1

j=1 wj

]m
q

m∑
l=0

l∑
i=0

(
l

i

)
λm−lS1(m, l)

(
[wn]q[∏n−1
j=1 wj

]
q

)l−i[ n−1∑
j=1

( n−1∏
i=1
i 6=j

wi
)
kj

]l−i
qwn

× q
wni

∑n−1
j=1

(∏n−1

i=1
i 6=j

wi

)
kj

Ei,qw1···wn−1 (wnx).

(2.11)

By Theorem 2.2 and (2.11), we get

2

[2]qw1···wn−1

[ n−1∏
j=1

wj

]m
q

n−1∏
l=1

wl−1∑
kl=0

(−1)
∑n−1
i=1 kiq

wn
∑n−1
j=1

(∏n−1

i=1
i 6=j

wi

)
kj

× Em, λ[∏n−1
j=1

wj

]
q

,qw1···wn−1

(
wnx+ wn

n−1∑
j=1

kj
wj

)

=
2

[2]qw1···wn−1

n−1∏
l=1

wl−1∑
kl=0

(−1)
∑n−1
i=1 kiq

wn
∑n−1
j=1

(∏n−1

i=1
i 6=j

wi

)
kj

×
m∑
p=0

p∑
i=0

(
p

i

)
λm−pS1(m, p)

(
[wn]q[∏n−1
j=1 wj

]
q

)p−i[ n−1∑
j=1

( n−1∏
i=1
i 6=j

wi
)
kj

]p−i
qwn

× q
wni

∑n−1
j=1

(∏n−1

i=1
i 6=j

wi

)
kj

Ei,qw1w2···wn−1 (wnx)

=
m∑
p=0

p∑
i=0

(
p

i

)
λm−pS1(m, p)

(
[wn]q[∏n−1
j=1 wj

]
q

)p−i
Ei,qw1w2···wn−1 (wnx)

×
n−1∏
l=1

wl−1∑
kl=0

(−1)
∑n−1
i=1 kiq

(i+1)wn
∑n−1
j=1

(∏n−1

i=1
i 6=j

wi

)
kj[ n−1∑

j=1

( n−1∏
i=1
i 6=j

wi
)
kj

]p−i
qwn

=
m∑
p=0

p∑
i=0

(
p

i

)
λm−pS1(m, p)

(
[wn]q[∏n−1
j=1 wj

]
q

)p−i
Ei,qw1w2···wn−1 (wnx)T

(p)
n,qwn (w1, · · · , wn−1|i+ 1),

(2.12)

where

T (p)
n,q (w1, · · · , wn−1|i) =

n−1∏
l=1

wl−1∑
kl=0

(−1)
∑n−1
t=1 ktq

i
∑n−1
j=1

(∏n−1
t=1
t6=j

wt
)
kj[ n−1∑

j=1

( n−1∏
t=1
t6=j

wt
)
kj

]p−i
q

, (2.13)

and En,q(x) is the Carlitz’s q-Euler polynomials which are given by
∫
Zp [x + y]nq dµ−q(y) = En,q(x), (n ≥ 0),

(see [1, 6, 8]). Therefore, by (2.12), we obtain the following theorem.
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Theorem 2.3. For w1, w2, · · · , wn ∈ N with wi ≡ 1 (mod 2), (i = 1, 2, · · · , n), and m ≥ 0, the following
expressions

m∑
p=0

p∑
i=0

(
p

i

)
λm−pS1(m, p)

(
[wσ(n)]q[∏n−1
j=1 wσ(j)

]
q

)p−i
Ei,qwσ(1)wσ(2)···wσ(n−1) (wσ(n)x)T

(p)

n,q
wσ(n) (wσ(1), · · · , wσ(n−1)|i+ 1)

are the same for any permutation σ in the symmetry group of degree n.
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