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Abstract

A hybrid algorithm with Meir-Keeler contraction for finding the fixed points of the asymptotically
pseudocontractive mappings is presented. Some strong convergence results are given. (©2016 All rights
reserved.
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1. Introduction

Throughout this paper, let H be a real Hilbert space with inner (-,-) and norm || - ||, respectively. Let
() £ C C H be a closed convex set. Let T : C'— C be a nonlinear operator with nonempty fixed points set
Fiz(T).

Definition 1.1. T is said to be uniformly L-Lipschitzian if there exists a constant L > 0 such that
[Tz — T"y|| < Lz -y

for all z,y € C and for all n > 1.
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Definition 1.2. T is called asymptotically pseudocontractive if there exists a sequence {k,} C [1,00) with
lim,,— o kn, = 1 such that
(T"e =Ty, 2 —y) < knllz -yl (1.1)

for all z,y € C and for all n > 1.

Remark 1.3. Note that ([L.1]) is equivalent to the following inequality
1Tz — Ty < (2kn — D]z — y|* + [[(z = T"2) - (y — T"y)|? (1.2)

for all z,y € C and for all n > 1.

The class of asymptotic pseudocontractions was introduced by Schu [I1] in 1991. In order to compute
the fixed point of asymptotic pseudocontractions, Schu [11] designed the following convergence result.

Theorem 1.4. Let H be a real Hilbert space. Let ) # C C H be a closed and convex set. Let T : C — C be
a uniformly L-Lipschitzian and asymptotically pseudocontractive mapping with {ky}22, C [1,00). Let {z,}
be a sequence generated by the following algorithm: for initial guess xo € C, compute the sequence x,, by the
form

{yn = (1= Bo)tn + BuT"n, (1.3)

Tnt1 = (1 —ap)zy + Ty, Vn > 1.
Suppose the following conditions are satisfied:

(i) C is bounded and T is completely continuous;

(il) Yooty (kn — 1) < oo;
(iii) O</@1§an§5n§ﬁ2<7ﬂ+fg2_l for alln > 1.

Then the sequence {x,,} generated by (1.3|) converges strongly to some fized point of T.

But we observe that the assumption 7' is completely continuous, that is, T'(C) is relatively compact, is
severe restriction. This brings us to the following question.

Question 1.5. Can we construct an iterative algorithm for finding the fixed points of asymptotically pseu-
docontractive mappings without the assumption that T be completely continuous?

There are a large number of works for finding the fixed points of the pseudocontractive mappings and
asymptotically pseudocontractive mappings. We refer the reader to [I, B, B, 8, 14, 20, 21, 23H25] and
12, 14, [6l, 10}, 1519, 22].

The main purpose of this paper is to introduce a hybrid algorithm with Meir-Keeler contraction for
finding the fixed points of the asymptotically pseudocontractive mappings. We prove that the presented
algorithm converges strongly to the fixed point of the asymptotically pseudocontractive mapping in Hilbert
spaces.

2. Preliminaries

Recall that the metric projection projc : H — C satisfies
|u — projo(u)| = inf{|ju — | : uf € C}.

The metric projection proj is a typical firmly nonexpansive mapping. The characteristic inequality of
the projection is

1

(u—projo(u),u’ —projo(u)) <0

for allu € H, ul € C.
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Recall that a mapping 7" is said to be demiclosed if, for any sequence {z,} which weakly converges to
#, and if the sequence {T'(z,,)} strongly converges to zf, then T'(z) = .
It is well-known that in a real Hilbert space H, the following equality holds:

1w+ (1 = &ul|® = €lfull® + (1 = ) Jul* — €1 = )lu —u'||? (2.1)
for all u,u’ € H and ¢ € [0,1].

Lemma 2.1 ([25]). Let C be a nonempty bounded and closed convex subset of a real Hilbert space H. Let
T:C — C be a uniformly L-Lipschizian and asymptotically pseudocontractive mapping. Then I — T is
demiclosed at zero.

For convenient, in the sequel we shall use the following expressions:
e 2, — z! denotes the weak convergence of z, to z':
e z, — z! denotes the strong convergence of x,, to z!.

Let the sequence {C,} be a nonempty closed convex subset of a Hilbert space H. We define s — Li,,C,,
and w — Ls,C,, as follows.

e r € s— Li,C, if and only if there exists {z,} C C), such that z,, — x.

e v € w— Ls,C), if and only if there exists a subsequence {Cy,} of {C},} and a sequence {y;} C Cy,
such that y; — y.

If Cy satisfies
Cy=s— Li,C, =w — Ls,Cy,

it is said that {C),,} converges to Cy in the sense of Mosco [9] and we write Cp = M — lim,,_,oo Cy,. It is
easy to show that if {C),} is nonincreasing with respect to inclusion, then {C,} converges to (,—; Cy in the
sense of Tsukada [I3] proved the following theorem for the metric projection.

Lemma 2.2 ([13]). Let H be a Hilbert space. Let {Cy} be a sequence of nonempty closed convex subsets of
H. If Co = M — lim,,_,o C,, exists and is nonempty, then for each x € H, {projc, (z)} converges strongly
to projc, (), where projc, and projc, are the metric projections of H onto Cy, and Cy, respectively.

Let (X,d) be a complete metric space. A mapping f : X — X is called a Meir-Keeler contraction [7] if
for every € > 0, there exists 4 > 0 such that

d(z,y) <e+d implies d(f(z),f(y)) <e
for all z,y € X. It is well-known that the Meir-Keeler contraction is a generalization of the contraction.
Lemma 2.3 ([7]). A Meir-Keeler contraction defined on a complete metric space has a unique fized point.

Lemma 2.4 ([12]). Let f be a Meir-Keeler contraction on a convex subset C' of a Banach space E. Then,
for every € > 0, there exists r € (0,1) such that

|z =yl = € implies |[f(z) — f(y)l < rlz -yl
for all x,y € C.

Lemma 2.5 ([12]). Let C be a convex subset of a Banach space E. Let T be a nonexpansive mapping on
C, and let f be a Meir-Keeler contraction on C. Then the following hold.

(i) T - f is a Meir-Keeler contraction on C;

(i) for each a € (0,1), (1 — a)T + af is a Meir-Keeler contraction on C'.



Y. Yu, C.-F. Wen, X. Wang, J. Nonlinear Sci. Appl. 9 (2016), 4772-4779 4775

3. Main results

In this section, we firstly introduce a projected fixed point algorithm with Meir-Keeler contraction for
asymptotically pseudocontractive mappings in Hilbert spaces. Consequently, we show the strong convergence
of our presented algorithm.

In the sequel, we assume that H is a real Hilbert space and () # C C H is a bounded closed convex set.
Let T: C — C be an L(> 1)-Lipschitzian asymptotically pseudocontractive mapping with Fixz(T) # 0. Let
f: C — C be a Meir-Keeler contractive mapping. Let {a,,} and {5, } be two sequences in [0, 1].

Algorithm 3.1. For zy € Cy = C arbitrarily, define a sequence {x,} iteratively by
Yn = (1 = Bn)zn + BnT"Tn,
Cni1 =1{2€ Cp: (1 — o)y + anTyn — 2|12 < ||on — 2|2 + 0,}, (3.1)
Tpy1 = Projc,.,, f(xn), ¥n >0,
where proj is the metric projection and 6,, = 2a,[1 + (2k,, — 1)8,](kn — 1)(diam C)? — 0 as n — co.
Theorem 3.2. [f0<a<a, <f,<b< m for alln > 1, then the sequence {x,} defined by
converges strongly to z¥ = projpm(T)f(q:T).
Remark 3.3. Since f is a Meir-Keeler contraction of C, we get projrr)f is a Meir-Keeler contraction
of C' by Lemma According to Lemma there exists a unique fixed point ' € C such that zf =
projpizr)f (@)
Proof. We first show by induction that Fiz(T) C C), for all n > 0.
(i) Fixz(T) C Cp is obvious.
(ii) Suppose that Fiz(T) C Cy for some k € N. Then, for 2T € Fiz(T) C Cy, we have from that
1770 — 212 < 2k — 1)l — 2T |2 + [ T2 — al? (3.2)

and
Ty — 2t ||? = [|T™((1 = Bp)wn + BT @) — ||

< (2kn = D1 = Ba)(@n — 21) + Ba(T"2n — 2)|? (3.3)
+ 11 = Br)wn + BT @y — TnynH2'
From , we have
(1 = Brn)zn + BuT™xpn — Tnyn||2 = (1 = Bu)(@n — T"yn) + Bu(T"rn — Tnyn)H2
— (1= Bo)llen — Tyl + Bull T2 — Ty (3.4
— Bn(1 = Bp)llzn — TnanQ-
Since T is uniformly L-Lipschitzian and z,, — y,, = Bn(xn — T"xy), by , we get
(1 = Ba)an + BT e — T yul|? < (1= Bo)llzn — T yall® + B L? |l — T2
= Bn(1 = Bn)llzn _Tnxn||2 (3.5)
= (1= Ba)llen = T ynll* + (BAL? + B — Bn) |0 — T[>
By and , we have
(1 = B)(@n = ab) + Ba(Tn — 2P = (1 = Bp)llwn — 2> + Bal| T 2 — 2T
= Bn(1 = Bn)llzn — Tnan2
< (1= Ba)llwn — &) + Bal(2kn — )|z — 2| (3.6)
+ llzn — Tnxn||2] = Bn(1 = Bn)llzn — T"an2
= (1 — 208y + 2knBn)||zn — xTHQ + @%llﬂ?n — T .
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By (3.3), (3.5) and (3.6]), we obtain

1Ty — 2™|* < (2K — 1)(1 = 285 + 2knBa) & — 21> + (1 = Bp)llzn — Tyl

3.7
- ﬁn(l - anﬂn - BiLZ)”xn - Tnl'nHQ' ( )
. 1 .
Since £, < b < AT we derive that
1 —2k,B, — B2L* >0, V¥Yn>1.
This together with (3.7) implies that
1Ty — 2T[1* < (2kn — 1)(1 = 285 + 2knBa) 20 — 2T + (1 = Bp) |0 — T ynl|>. (3.8)

By (2.1) and (3.8) and noting that a,, < f3,,, we have

(1 = an)zn + an Ty — 2T = (1 = an) e — 2¥|* + | T"yn — 2|2
—an(l —an)llzn — Tnyn”2
< [(1 = an) + an(2kn — 1)(1 — 28, + 2knBn)] ||z — 27|
— an(Bn — an)||Tn — Tn?/n||2
< [(1 = an) + an(2kn — 1)(1 — 28, + 2knBn)] |20 — 27|
= [|zn — xTH2 + 20 [1 + (2kn — 1) Bp] (K — D)||lzn — mTHZ
< lzn = 2T + 6n,
and hence zf € Cl+1. This indicates that
Fiz(T) C Cy,

for all n > 0. Next, we show that C), is closed and convex for all n > 0.

(i) It is obvious from the assumption that Cy = C is closed convex.

(ii) Suppose that Cj is closed and convex for some k € N. For z € Cf, we know that ||(1 — ag)zi +
arTy, — z||? < ||zg — 2||? + 0 is equivalent to

2a(zr — Ty, 2) < Jlae|® = |(1 — o)z + aTyw||* + O

So, Ck41 is closed and convex. By the induction, we deduce that C), is closed and convex for all n > 0.
This implies that {x,} is well-defined. Next, we prove that

lim |z, —u|| =0
n—oo

for some u € N2, C), and
(flu) —uw,u—y) =0
for all y € Fix(T).

Since (o2, Ch, is closed and convex, we also have that projaee. ¢, is well-defined and so projn=_ ¢, fisa
Meir-Keeler contraction on C. By Lemma there exists a unique fixed point v € ()7~ C,, of projaz. ¢, f.
Since C, is a nonincreasing sequence of nonempty closed convex subset of H with respect to inclusion, it
follows that

o0
0 # Fiz(T) C (| Cp =M — lim C,.
n=1

n—oo



Y. Yu, C.-F. Wen, X. Wang, J. Nonlinear Sci. Appl. 9 (2016), 4772-4779 4777

Setting u,, := projc, f(u) and applying Lemma we can conclude
Jim = projn , f() = u.

Now we show that lim,,_, [|zn — u|| = 0. Assume d = lim,,||z,, — u|| > 0, then for all ¢, 0 < e < d, we
can choose a 91 > 0 such that L
1i7ILHH$n —ul| > e+ 61 (3.9)

Since f is a Meir-Keeler contraction, for above ¢, there exists another do > 0 such that
|z —yll < e+ 2 implies [[f(z) — f(y)l| <e (3.10)
for all x,y € C. In fact, we can choose a common ¢ > 0 such that (3.9) and (3.10) hold. If §; > 2, then

lim||z, — ul| > €+ 61 > €+ da.
If §; < d9, then from (3.10)), we deduce that
|z —yll <e+dr implies ||f(z) — f(y)ll <e
for all x,y € C. Thus, we have o
%ﬂun—uﬂ>€+57 (3.11)
and
|z —y|| < e+ implies ||f(x) — f(y)|| < e for all z,y € C. (3.12)

Since u, — u, there exists ng € N such that
llup, —ul| <9, Vn>mno. (3.13)

We now consider two possible cases.

Case 1. There exists n; > ng such that
|zn, —ul|l <e+o.

By (3.12) and (3.13), we get

241 = ull < l[2ng+1 = wng sl + lung 41 = ull
= [lprojc,, ¢1.f(@n,) = proje,, o f (W)l + lltn, +1 — ull

< f@ny) = FI + [[uny 41 — ul|
<e+6.

By the induction, we can obtain
[Zny4m —ull <e+d

for all m > 1, which implies that -
lim||z, —u|| < e+,
n

and this contradicts to (3.11). Therefore, we conclude that ||z, —u|| — 0 as n — oo.

Case 2. ||z, —ul| > e+ ¢ for all n > ny.
We shall prove that case 2 is impossible. Suppose case 2 holds true. By Lemma there exists r € (0, 1)
such that
1f(@n) = f(W)|| < 7llen —ull,  Vn =mne.
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Thus, we have
HJUn-i-l - un+1” = ||pTOan+1 f(xn) - pT’Oan_H f(u)H
< [[f(@n) = f(u)]]
< rllen —ull
for every n > ng. It follows that
lim|zp+1 — ull = im|[ 241 — wps|
n n
< rlim||z, — ul|
n
< lim||z,, — ul,
n
which gives a contradiction. Hence, we obtain

lim ||z, —ul|| = 0.
n—o0

Finally, we prove u € Fix(T). Observe that

[znr1 = @all < llzn — ull + [lu = upga || + [[tn41 = Tna]
= [lon — ull + [[u = unga || + [[projo, ., f(@n) = projo, ., f(u)]
< lan — ull + [lu = upga || + [1f (@n) — f(u)]-
Therefore,
lim ||zp+1 — x| = 0. (3.14)
n—oo
From z,+1 € Cp41, we have
(1 = an)zn + anT™yn — $n+1||2 <@ — xn+1||2 + O
This together with (3.14) implies that
nh_{go IT"yn — an|| = 0.
Note that
[z = T"2p|| < [lzn — T yull + [Ty — T" 24|
< lzn = T"ynll + Ll|@n — ynll
< |lzn = T ynl| + LBnllwn — T 24|
It follows that

1
[#n = T"an|| £ ————Fllzn = T"yn|| < [#n = T"ynll — 0. (3.15)
1-8,L

1—al
Observe that
0 = Tall < 120 — Tt + st — T ||+ 1T g1 — T )| + [T — T

< ln = zpsa | + N2nsr = T @i || + Lll@nts — 2] + LI T 2n — @nl| (3.16)

= (L4 L)|lan = zpsr || + 2pa1 = T @npa || + LT 2y — 24|
By Lemma , and , we have v € Fliz(T). Since x,,41 = projc,,, [(zn), we have

(f(@n) = Tns1,@pp1 —y) 20, Vy € Cnya.
Since Fiz(T) C Cpy1, we get
(f(xn) — Tpt1,Tne1 —y) >0, Yy € Fiz(T).
We have from z,, — u € Fiz(T) that
(f(u) —u,u—1y) >0, Vye Fiz(T).

Thus, u = projpizmr) f(u) = xf. This completes the proof. O



Y. Yu, C.-F. Wen, X. Wang, J. Nonlinear Sci. Appl. 9 (2016), 4772-4779 4779

Acknowledgment

The corresponding author was partially supported by the grant from Research Center for Nonlinear
Analysis and Optimization, Kaohsiung Medical University, Taiwan.

References
[1] L. C. Ceng, A. Petrusel, J. C. Yao, Strong convergence of modified implicit iterative algorithms with perturbed
mappings for continuous pseudocontractive mappings, Appl. Math. Comput., 209 (2009), 162-176.
[2] C. E. Chidume, Strong convergence theorems for fixzed points of asymptotically pseudocontractive semi-groups, J.
Math. Anal. Appl., 296 (2004), 410-421.
[3] C. E. Chidume, M. Abbas, B. Ali, Convergence of the Mann iteration algorithm for a class of pseudocontractive
mappings, Appl. Math. Comput., 194 (2007), 1-6.
[4] R. Dewangan, B. S. Thakur, M. Postolache, Strong convergence of asymptotically pseudocontractive semigroup
by viscosity iteration, Appl. Math. Comput., 248 (2014), 160-168.
[5] F. Gu, Approzimate fized point sequence for a finite family of asymptotically pseudocontractive mappings, Comput.
Math. Appl., 53 (2007), 1792-1799.
[6] J. K. Kim, Y. M. Nam, Modified Ishikawa iterative sequences with errors for asymptotically set-valued pseudo-
contractive mappings in Banach spaces, Bull. Korean Math. Soc., 43 (2006), 847-860.
[7] A. Meir, E. Keeler, A theorem on contraction mappings, J. Math. Anal. Appl., 28 (1969), 326-329.
[8] C. Moore, B. V. C. Nnoli, Strong convergence of averaged approzimants for Lipschitz pseudocontractive maps, J.
Math. Anal. Appl., 260 (2001), 269-278.
[9] U. Mosco, Convergence of convez sets and of solutions of variational inequalities, Advances in Math., 3 (1969),
510-585.
[10] E. U. Ofoedu, Strong convergence theorem for uniformly L-Lipschitzian asymptotically pseudocontractive mapping
in real Banach space, J. Math. Anal. Appl., 321 (2006), 722-728.
[11] J. Schu, Iterative construction of fized points of asymptotically nonexpansive mappings, J. Math. Anal. Appl.,
158 (1991), 407-413.
[12] T. Suzuki, Moudafi’s viscosity approzimations with Meir-Keeler contractions, J. Math. Anal. Appl., 325 (2007),
342-352. 24} 25
[13] M. Tsukada, Convergence of best approrimations in a smooth Banach space, J. Approx. Theory, 40 (1984),
301-309. 2 27
[14] A. Udomene, Path convergence, approzimation of fized points and variational solutions of Lipschitz pseudocon-
tractions in Banach spaces, Nonlinear Anal., 67 (2007), 2403-2414.
[15] Y. Yao, R. P. Agarwal, M. Postolache, Y. C. Liou, Algorithms with strong convergence for the split common
solution of the feasibility problem and fized point problem, Fixed Point Theory Appl., 2014 (2014), 14 pages.
[16] Y. Yao, W. Jigang, Y. C. Liou, Regularized methods for the split feasibility problem, Abstr. Appl. Anal., 2012
(2012), 15 pages.
[17] Y. Yao, Y. C. Liou, J. C. Yao, Split common fized point problem for two quasi-pseudo-contractive operators and
its algorithm construction, Fixed Point Theory Appl., 2015 (2015), 19 pages.
[18] Y. Yao, G. Marino, H. K. Xu, Y. C. Liou, Construction of minimum-norm fized points of pseudocontractions in
Hilbert spaces, J. Inequal. Appl., 2014 (2014), 14 pages.
[19] Y. Yao, M. Postolache, S. M. Kang, Strong convergence of approzimated iterations for asymptotically pseudocon-
tractive mappings, Fixed Point Theory Appl., 2014 (2014), 13 pages.
[20] Y. Yao, M. Postolache, Y. C. Liou, Coupling Ishikawa algorithms with hybrid techniques for pseudocontractive
mappings, Fixed Point Theory Appl., 2013 (2013), 8 pages.
[21] Y. Yao, M. Postolache, Y. C. Liou, Strong convergence of a self-adaptive method for the split feasibility problem,
Fixed Point Theory Appl., 2013 (2013), 12 pages.
[22] H. Zegeye, M. Robdera, B. Choudhary, Convergence theorems for asymptotically pseudocontractive mappings in
the intermediate sense, Comput. Math. Appl., 62 (2011), 326-332.
[23] H. Zegeye, N. Shahzad, An algorithm for a common fized point of a family of pseudocontractive mappings, Fixed
Point Theory Appl., 2013 (2013), 14 pages.
[24] H. Zegeye, N. Shahzad, T. Mekonen, Viscosity approzimation methods for pseudocontractive mappings in Banach
spaces, Appl. Math. Comput., 185 (2007), 538-546.
[25] H. Zhou, Demiclosedness principle with applications for asymptotically pseudo-contractions in Hilbert spaces,

Nonlinear Anal., 70 (2009), 3140-3145.



	1 Introduction
	2 Preliminaries
	3 Main results

