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Abstract

We perform a further investigation for the Apostol-Bernoulli, Apostol-Euler and Apostol-Genocchi poly-
nomials. By making use of the generating function methods and summation transform techniques, we es-
tablish some general convolution identities for the Apostol-Bernoulli, Apostol-Euler and Apostol-Genocchi
polynomials. These results are the corresponding extensions of some known formulas including the general
convolution identities discovered by Dilcher and Vignat [K. Dilcher, C. Vignat, J. Math. Anal. Appl., 435
(2016), 1478–1498] on the classical Bernoulli and Euler polynomials. c©2016 All rights reserved.
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1. Introduction

The classical Bernoulli polynomials Bn(x), the classical Euler polynomials En(x) and the classical Genoc-
chi polynomials Gn(x) are usually defined by the following generating functions:

text

et − 1
=
∞∑
n=0

Bn(x)
tn

n!
(|t| < 2π),

2ext

et + 1
=

∞∑
n=0

En(x)
tn

n!
(|t| < π),
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and
2text

et + 1
=

∞∑
n=0

Gn(x)
tn

n!
(|t| < π).

The rational numbers Bn, the integers En and the rational numbers Gn given by

Bn = Bn(0), En = 2nEn

(
1

2

)
and Gn = Gn(0)

are called the classical Bernoulli numbers, the classical Euler numbers and the classical Genocchi numbers,
respectively.

As is well-known, the classical Bernoulli, Euler and Genocchi polynomials and numbers play important
roles in many different areas of mathematics such as number theory, combinatorics, special functions and
mathematical analysis. Numerous interesting properties for them can be found in many books and papers;
see, for example, [2, 3, 11, 13, 22, 23, 37]. The inspiration of the present paper stems from the general
convolution identities for the classical Bernoulli and Euler polynomials recently discovered by Dilcher and
Vignat [14] using identities for difference operators, techniques of symbolic computation and tools from the
probability theory. We establish some general convolution identities for the Apostol-Bernoulli, Apostol-
Euler and Apostol-Genocchi polynomials by making use of the generating function methods and summation
transform techniques. These results are the corresponding extensions of some known formulas including the
general convolution identities on the classical Bernoulli and Euler polynomials due to Dilcher and Vignat
[14] and the convolution identities for the classical Genocchi polynomials due to Agoh [4].

We now turn to the Apostol-Bernoulli polynomials Bn(x;λ), the Apostol-Euler polynomials En(x;λ) and
the Apostol-Genocchi polynomials Gn(x;λ), which are usually defined by means of the following generating
functions (see, e.g., [25, 27–29]):

text

λet − 1
=
∞∑
n=0

Bn(x;λ)
tn

n!
(|t+ log λ| < 2π), (1.1)

2ext

λet + 1
=
∞∑
n=0

En(x;λ)
tn

n!
(|t+ log λ| < π), (1.2)

and
2text

λet + 1
=

∞∑
n=0

Gn(x;λ)
tn

n!
(|t+ log λ| < π). (1.3)

In particular, Bn(λ), En(λ) and Gn(λ) given by

Bn(λ) = Bn(0;λ), En(λ) = 2nEn
(

1

2
;λ

)
and Gn(λ) = Gn(0;λ)

are called the Apostol-Bernoulli numbers, the Apostol-Euler numbers and the Apostol-Genocchi numbers,
respectively. Clearly, Bn(x;λ), En(x;λ) and Gn(x;λ) reduce to Bn(x), En(x) and Gn(x) when λ = 1. It is
worth mentioning that the Apostol-Bernoulli polynomials were firstly introduced by Apostol [6] (see also
Srivastava [36] for a systematic study) in order to evaluate the value of the Hurwitz-Lerch zeta function.
For some nice methods and results on these polynomials and numbers, one is referred to [7, 8, 26, 32, 33].

This paper is organized as follows. In the second section, we state some notation, recall the elementary
and beautiful idea stemming from Euler to discover his famous pentagonal number theorem, and give some
general convolution identities for the Apostol-Bernoulli polynomials. In the third section, we present some
general convolution identities for the Apostol-Euler polynomials. The fourth section is contributed to the
statement of some general convolution identities for the Apostol-Genocchi polynomials.

2. Convolution identities for Apostol-Bernoulli polynomials

For convenience, in the following we adopt the common notation described in the standard books [12, 38].
The rising factorial (a)k is defined for complex number a and non-negative integer k by
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(a)0 = 1 and (a)k = a(a+ 1) · · · (a+ k − 1) (k ≥ 1).

The binomial coefficients
(
a
k

)
is defined for complex number a and non-negative integer k by(

a

0

)
= 1 and

(
a

k

)
=
a(a− 1)(a− 2) · · · (a− k + 1)

k!
(k ≥ 1).

The multinomial coefficient
(

n
r1,...,rk

)
is defined for positive integer k and non-negative integers n, r1, . . . , rk

by (
n

r1, . . . , rk

)
=

n!

r1! · · · rk!
.

We also write, for a subset J ⊆ {1, . . . , k} and complex numbers a1, . . . , ak, |J | as the cardinality of J ,

aJ =
∏
r∈J

ar and J = {1, . . . , k} \ J,

and denote by [tj11 · · · t
jk
k ]f(t1, . . . , tk) the coefficients of tj11 · · · t

jk
k in f(t1, . . . , tk) for positive integer k and

non-negative integers j1, . . . , jk. Obviously,[
tj11
j1!
· · ·

tjkk
jk!

]
f(t1, . . . , tk) = (j1! · · · jk!)[tj11 · · · t

jk
k ]f(t1, . . . , tk). (2.1)

We now recall Euler’s elementary and beautiful idea in the discovery of his famous pentagonal number
theorem: for infinite number of complex numbers x1, x2, x3, · · · , (see, e.g., [5, 9, 10])

(1 + x1)(1 + x2)(1 + x3) · · · = (1 + x1) + x2(1 + x1) + x3(1 + x1)(1 + x2) + · · · . (2.2)

We shall make use of the finite form of (2.2) to establish some general convolution identities for the
Apostol-Bernoulli, Apostol-Euler and Apostol-Genocchi polynomials. Clearly, the finite form of (2.2) can
be written as

(1 + x1)(1 + x2)(1 + x3) · · · (1 + xn) = (1 + x1) + x2(1 + x1) + x3(1 + x1)(1 + x2) (2.3)

+ · · ·+ xn(1 + x1)(1 + x2) · · · (1 + xn−1), (n ≥ 1).

We replace xr by xr − 1 for 1 ≤ r ≤ n in (2.3) to obtain

x1 · · ·xn − 1 =
n∑

r=1

(xr − 1)x1 · · ·xr−1, (2.4)

where the product x1 · · ·xr−1 is considered to be equal to 1 when r = 1. If we take xr = λre
tr for 1 ≤ r ≤ n

and substitute k for n in (2.4), then for positive integer k,

λ1 · · ·λket1+···+tk − 1 =

k∑
r=1

(λre
tr − 1)

r−1∏
i=1

λie
ti . (2.5)

It follows from (2.5) that

k∏
i=1

tie
xiti

λieti − 1
=

k∑
r=1

λre
tr − 1

λ1 · · ·λket1+···+tk − 1

r−1∏
i=1

λie
ti

k∏
i=1

tie
xiti

λieti − 1

=

k∑
r=1

tre
xr(t1+···+tk)

λ1 · · ·λket1+···+tk − 1

r−1∏
i=1

λi
tie

(xi−xr+1)ti

λieti − 1

k∏
i=r+1

tie
(xi−xr)ti

λieti − 1
,

which means for non-negative integer n and complex numbers a1, . . . , ak,
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∑
j1+···+jk=n+1

j1,...,jk≥0

(
−a1
j1

)
· · ·
(
−ak
jk

)( k∑
r=1

tr

k∏
i=1

tie
xiti

λieti − 1

)

=
∑

j1+···+jk=n+1
j1,...,jk≥0

(
−a1
j1

)
· · ·
(
−ak
jk

)( k∑
r=1

tr
(t1 + · · ·+ tk)exr(t1+···+tk)

λ1 · · ·λket1+···+tk − 1
(2.6)

×
r−1∏
i=1

λi
tie

(xi−xr+1)ti

λieti − 1

k∏
i=r+1

tie
(xi−xr)ti

λieti − 1

)
.

It is easily seen that for complex number a and non-negative integer k,

(k + 1)

(
−a
k + 1

)
= (−a− k)

(
−a
k

)
and (a)k = (−1)kk! ·

(
−a
k

)
. (2.7)

It follows from (1.1) and (2.7) that

∑
j1+···+jk=n+1

j1,...,jk≥0

(
−a1
j1

)
· · ·
(
−ak
jk

)[
tj11
j1!
· · ·

tjkk
jk!

]( k∑
r=1

tr

k∏
i=1

tie
xiti

λieti − 1

)

=
∑

j1+···+jk=n
j1,...,jk≥0

k∑
r=1

(jr + 1)

(
−ar
jr + 1

) k∏
i=1
i 6=r

(
−ai
ji

)[
tj11
j1!
· · ·

tjkk
jk!

]( k∏
i=1

tie
xiti

λieti − 1

)
(2.8)

=
(−1)n+1(n+ a1 + · · ·+ ak)

n!

∑
j1+···+jk=n
j1,...,jk≥0

(
n

j1, . . . , jk

)
(a1)j1 · · · (ak)jk

× Bj1(x1;λ1) · · · Bjk(xk;λk).

On the other hand, since for positive integer k and non-negative integer N (see, e.g., [12, 38]),

(t1 + · · ·+ tk)N =
∑

l1+···+lk=N
l1,...,lk≥0

(
N

l1, . . . , lk

)
tl11 · · · t

lk
k , (2.9)

so by (1.1) and (2.9) we have

(t1 + · · ·+ tk)ex(t1+···+tk)

λ1 · · ·λket1+···+tk − 1
=

∞∑
N=0

BN (x;λ1 · · ·λk)
∑

l1+···+lk=N
l1,...,lk≥0

tl11
l1!
· · ·

tlkk
lk!
. (2.10)

It follows from (1.1), (2.1), (2.6) and (2.10) that

∑
j1+···+jk=n+1

j1,...,jk≥0

(
−a1
j1

)
· · ·
(
−ak
jk

)[
tj11
j1!
· · ·

tjkk
jk!

]( k∑
r=1

tr

k∏
i=1

tie
xiti

λieti − 1

)

=
∑

j1+···+jk=n+1
j1,...,jk≥0

(
−a1
j1

)
· · ·
(
−ak
jk

)
(j1! · · · jk!)

×
k∑

r=1

∑
l1,...,lr−1,

lr+1,...,lk≥0

Bl1+···+lr−1+(jr−1)+lr+1+···+lk(xr;λ1 · · ·λk)

l1! · · · lr−1! · (jr − 1)! · lr+1! · · · lk!
(2.11)
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×
r−1∏
i=1

λi
Bji−li(xi − xr + 1;λi)

(ji − li)!

k∏
i=r+1

Bji−li(xi − xr;λi)
(ji − li)!

=
∑

j1+···+jk=n+1
j1,...,jk≥0

(
−a1
j1

)
· · ·
(
−ak
jk

) k∑
r=1

∑
l1+···+lk=n
l1,...,lk≥0

jrBlr(xr;λ1 · · ·λk)

×
r−1∏
i=1

(
ji
li

)
λiBli(xi − xr + 1;λi)

k∏
i=r+1

(
ji
li

)
Bli(xi − xr;λi).

Notice that for non-negative integers n, k and complex number a,

k

(
−a
k

)
= −a

(
−a− 1

k − 1

)
and

(
n

k

)(
a

n

)
=

(
a

k

)(
a− k
n− k

)
, (2.12)

which together with the famous Chu-Vandermonde convolution showed in [17] yields for non-negative integers
l1, . . . , lk with l1 + · · ·+ lk = n,

∑
j1+···+jk=n+1

j1,...,jk≥0

jr

(
−ar
jr

) k∏
i=1
i 6=r

(
−ai
ji

)(
ji
li

)
= −ar

k∏
i=1
i 6=r

(
−ai
li

) ∑
j1+···+jk=n+1

j1,...,jk≥0

(
−ar − 1

jr − 1

) k∏
i=1
i 6=r

(
−ai − li
ji − li

)

= −ar
k∏

i=1
i 6=r

(
−ai
li

)(
−(a1 + · · ·+ ak)− 1− (n− lr)

n− (n− lr)

)
.

(2.13)

If we apply (2.7) and (2.13) to (2.11) then

∑
j1+···+jk=n+1

j1,...,jk≥0

(
−a1
j1

)
· · ·
(
−ak
jk

)[
tj11
j1!
· · ·

tjkk
jk!

]( k∑
r=1

tr

k∏
i=1

tie
xiti

λieti − 1

)

=
(−1)n+1

n!

k∑
r=1

ar
∑

l1+···+lk=n
l1,...,lk≥0

(
n

l1, . . . , lk

)
(a1 + · · ·+ ak + n+ 1− lr)lrBlr(xr;λ1 · · ·λk) (2.14)

×
r−1∏
i=1

λi(ai)liBli(xi − xr + 1;λi)

k∏
i=r+1

(ai)liBli(xi − xr;λi).

Thus, by equations (2.8) and (2.14), we get the following result.

Theorem 2.1. Let a1, . . . , ak be complex numbers with k being a positive integer. Then, for non-negative
integer n, ∑

j1+···+jk=n
j1,...,jk≥0

(
n

j1, . . . , jk

)
(a1)j1 · · · (ak)jk
(a1 + · · ·+ ak)n

Bj1(x1;λ1) · · · Bjk(xk;λk)

=
k∑

r=1

∑
l1+···+lk=n
l1,...,lk≥0

(
n

l1, . . . , lk

)
ar

(a1 + · · ·+ ak)n+1−lr
Blr(xr;λ1 · · ·λk)

×
r−1∏
i=1

(ai)liλiBli(xi − xr + 1;λi)

k∏
i=r+1

(ai)liBli(xi − xr;λi).
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It follows that we show some special cases of Theorem 2.1. Since the Apostol-Bernoulli polynomials
satisfy the difference equation (see, e.g., [28]):

λBn(x+ 1;λ)− Bn(x;λ) = nxn−1 (n ≥ 0), (2.15)

so from (2.15) we have

r−1∏
i=1

(ai)liλiBli(xi − xr + 1;λi) =
∑

J⊆{1,...,r−1}

∏
i∈J

(ai)liBli(xi − xr;λi)
∏
i∈J

(ai)li li(xi − xr)
li−1. (2.16)

Thus, by applying (2.16) to Theorem 2.1 and then taking x1 = · · · = xk = x, we get the general
convolution identity for the Apostol-Bernoulli polynomials as follows.

Corollary 2.2. Let a1, . . . , ak be complex numbers with k being a positive integer. Then, for non-negative
integer n, ∑

j1+···+jk=n
j1,...,jk≥0

(
n

j1, . . . , jk

)
(a1)j1 · · · (ak)jk
(a1 + · · ·+ ak)n

Bj1(x;λ1) · · · Bjk(x;λk)

=
k∑

r=1

∑
|J |=r

n! · aJ
(n+ 1− r)!

∑
l0+l1+···+lk−r=n+1−r

l0,l1,...,lk−r≥0

(
n+ 1− r

l0, l1, . . . , lk−r

)
(air+1)l1 · · · (aik)lk−r

(a1 + · · ·+ ak)n+1−l0

× Bl0(x;λ1 · · ·λk)Bl1(λir+1) · · · Blk−r
(λik),

where ir+1, . . . , ik ∈ J .

In particular, if we take λ1 = · · · = λk = 1 in Corollary 2.2, we get the following general convolution
identity for the classical Bernoulli polynomials.

Corollary 2.3. Let a1, . . . , ak be complex numbers with k being a positive integer. Then, for non-negative
integer n, ∑

j1+···+jk=n
j1,...,jk≥0

(
n

j1, . . . , jk

)
(a1)j1 · · · (ak)jk
(a1 + · · ·+ ak)n

Bj1(x) · · ·Bjk(x)

=

k∑
r=1

∑
|J |=r

n! · aJ
(n+ 1− r)!

∑
l0+l1+···+lk−r=n+1−r

l0,l1,...,lk−r≥0

(
n+ 1− r

l0, l1, . . . , lk−r

)
(air+1)l1 · · · (aik)lk−r

(a1 + · · ·+ ak)n+1−l0

×Bl0(x)Bl1 · · ·Blk−r
,

where ir+1, . . . , ik ∈ J .

The case a1, . . . , ak being positive real numbers in Corollary 2.3 is due to Dilcher and Vignat [14,
Theorem 2], and leads to the corresponding higher-order convolution identity for the classical Bernoulli
polynomials due to Agoh and Dilcher [4, Theorem 1] when a1 = · · · = ak = 1. In the same way, if we take
a1 = · · · = ak = 1 in Corollary 2.2, we obtain the higher-order convolution identity for the Apostol-Bernoulli
polynomials as follows.

Corollary 2.4. Let k be a positive integer. Then, for non-negative integer n,

(n+ k)
∑

j1+···+jk=n
j1,...,jk≥0

Bj1(x;λ1) · · · Bjk(x;λk)



Y. He, T. Kim, J. Nonlinear Sci. Appl. 9 (2016), 4780–4797 4786

=

k∑
r=1

∑
|J |=r

∑
l0+l1+···+lk−r=n+1−r

l0,l1,...,lk−r≥0

(
n+ k

l0

)
Bl0(x;λ1 · · ·λk)Bl1(λir+1) · · · Blk−r

(λik),

where ir+1, . . . , ik ∈ J .

Remark 2.5. Note that the corresponding higher-order convolution identity for the Apostol-Bernoulli poly-
nomials stated in [18, Theorem 3.1] is only complete on condition that λ1 = · · · = λk. The case k = 2 in
Corollary 2.3 can be easily used to give for positive integer n (see, e.g., [14]),

(n+ 2)

n∑
k=0

Bk(x)Bn−k(x) = 2

n∑
k=0

(
n+ 2

k + 2

)
BkBn−k(x) +

(
n+ 2

3

)
Bn−1(x), (2.17)

and for positive integer n ≥ 2,

n

2

n−1∑
k=1

Bk(x)Bn−k(x)

k(n− k)
=

n∑
k=1

(
n

k

)
BkBn−k(x)

k
+
n

2
Bn−1(x) +Hn−1Bn(x), (2.18)

where Hn is the n-th Harmonic numbers. And the case x = 0 in (2.17) and (2.18) gives the famous
identities of Matiyasevich [30] and Miki [31] for the classical Bernoulli numbers, respectively. For some
equivalent versions and different proofs of (2.17) and (2.18), one is referred to [1, 15, 16, 21, 24, 34]. For
more applications of Corollary 2.3, see [14] for details.

3. Convolution identities for Apostol-Euler polynomials

We next apply (2.4) to establish some general convolution identities for the Apostol-Euler polynomials.
By taking xr = −λretr for 1 ≤ r ≤ n and substituting k for n in (2.4), we get for positive integer k,

(−1)kλ1 · · ·λket1+···+tk − 1 =
k∑

r=1

(−1)r(λre
tr + 1)

r−1∏
i=1

λie
ti . (3.1)

It follows from (3.1) that

k∏
i=1

2exiti

λieti + 1
=

k∑
r=1

(−1)r
λre

tr + 1

(−1)kλ1 · · ·λket1+···+tk − 1

r−1∏
i=1

λie
ti

k∏
i=1

2exiti

λieti + 1

=

k∑
r=1

(−1)r
2exr(t1+···+tk)

(−1)kλ1 · · ·λket1+···+tk − 1

r−1∏
i=1

λi
2e(xi−xr+1)ti

λieti + 1

k∏
i=r+1

2e(xi−xr)ti

λieti + 1
.

(3.2)

We discuss (3.2) on two cases. We firstly consider the case k being an even integer. In this case, we get
for non-negative integer n and complex numbers a1, . . . , ak,

∑
j1+···+jk=n+1

j1,...,jk≥0

(
−a1
j1

)
· · ·
(
−ak
jk

)( k∑
r=1

tr

k∏
i=1

2exiti

λieti + 1

)

= 2
∑

j1+···+jk=n+1
j1,...,jk≥0

(
−a1
j1

)
· · ·
(
−ak
jk

)( k∑
r=1

(−1)r
(t1 + · · ·+ tk)exr(t1+···+tk)

λ1 · · ·λket1+···+tk − 1
(3.3)

×
r−1∏
i=1

λi
2e(xi−xr+1)ti

λieti + 1

k∏
i=r+1

2e(xi−xr)ti

λieti + 1

)
.



Y. He, T. Kim, J. Nonlinear Sci. Appl. 9 (2016), 4780–4797 4787

If we make the operation [
t
j1
1
j1!
· · · t

jk
k
jk!

] in both sides of the above identity, in view of (1.2) and (2.7), the
left hand side of (3.3) can be written as∑

j1+···+jk=n+1
j1,...,jk≥0

(
−a1
j1

)
· · ·
(
−ak
jk

)[
tj11
j1!
· · ·

tjkk
jk!

]( k∑
r=1

tr

k∏
i=1

2exiti

λieti + 1

)

=
∑

j1+···+jk=n
j1,...,jk≥0

k∑
r=1

(jr + 1)

(
−ar
jr + 1

) k∏
i=1
i 6=r

(
−ai
ji

)[
tj11
j1!
· · ·

tjkk
jk!

]( k∏
i=1

2exiti

λieti + 1

)

=
(−1)n+1(n+ a1 + · · ·+ ak)

n!

∑
j1+···+jk=n
j1,...,jk≥0

(
n

j1, . . . , jk

)
(a1)j1 · · · (ak)jk

× Ej1(x1;λ1) · · · Ejk(xk;λk),

(3.4)

and in light of (1.2) and (2.10), the right hand side of (3.3) can be written as∑
j1+···+jk=n+1

j1,...,jk≥0

(
−a1
j1

)
· · ·
(
−ak
jk

)[
tj11
j1!
· · ·

tjkk
jk!

]( k∑
r=1

tr

k∏
i=1

2exiti

λieti + 1

)

= 2
∑

j1+···+jk=n+1
j1,...,jk≥0

(
−a1
j1

)
· · ·
(
−ak
jk

) k∑
r=1

(−1)r
∑

l1+···+lk=n+1
l1,...,lk≥0

Blr(xr;λ1 · · ·λk)

×
r−1∏
i=1

(
ji
li

)
λiEli(xi − xr + 1;λi)

k∏
i=r+1

(
ji
li

)
Eli(xi − xr;λi).

(3.5)

It is easy to see from (2.12) and the famous Chu-Vandermonde convolution stated in [17] that for non-
negative integers l1, . . . , lk with l1 + · · ·+ lk = n+ 1,∑

j1+···+jk=n+1
j1,...,jk≥0

(
−ar
jr

) k∏
i=1
i 6=r

(
−ai
ji

)(
ji
li

)
=

k∏
i=1
i 6=r

(
−ai
li

)(
−(a1 + · · ·+ ak)− (n+ 1− lr)

n+ 1− (n+ 1− lr)

)
. (3.6)

Hence, applying (2.7) and (3.6) to (3.5) gives∑
j1+···+jk=n+1

j1,...,jk≥0

(
−a1
j1

)
· · ·
(
−ak
jk

)[
tj11
j1!
· · ·

tjkk
jk!

]( k∑
r=1

tr

k∏
i=1

2exiti

λieti + 1

)

= 2
(−1)n+1

(n+ 1)!

k∑
r=1

(−1)r
∑

l1+···+lk=n+1
l1,...,lk≥0

(
n+ 1

l1, . . . , lk

)
(a1 + · · ·+ ak + n+ 1− lr)lr (3.7)

× Blr(xr;λ1 · · ·λk)

r−1∏
i=1

λi(ai)liEli(xi − xr + 1;λi)

k∏
i=r+1

(ai)liEli(xi − xr;λi).

Thus, by equations (3.4) and (3.7), we obtain the following result.

Theorem 3.1. Let a1, . . . , ak be complex numbers with k being an even positive integer. Then, for non-
negative integer n, ∑

j1+···+jk=n
j1,...,jk≥0

(
n

j1, . . . , jk

)
(a1)j1 · · · (ak)jk
(a1 + · · ·+ ak)n

Ej1(x1;λ1) · · · Ejk(xk;λk)
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=
2

n+ 1

k∑
r=1

(−1)r
∑

l1+···+lk=n+1
l1,...,lk≥0

(
n+ 1

l1, . . . , lk

)
Blr(xr;λ1 · · ·λk)

(a1 + · · ·+ ak)n+1−lr

×
r−1∏
i=1

(ai)liλiEli(xi − xr + 1;λi)
k∏

i=r+1

(ai)liEli(xi − xr;λi).

It follows that we give some special cases of Theorem 3.1. Since the Apostol-Euler polynomials satisfy
the difference equation (see, e.g., [25])

λEn(x+ 1;λ) + En(x;λ) = 2xn (n ≥ 0), (3.8)

so from (3.8) we have

r−1∏
i=1

{−(ai)liλiEli(xi − xr + 1;λi)} =
∑

J⊆{1,...,r−1}

∏
i∈J

(ai)liEli(xi − xr;λi)
∏
i∈J

{−2(ai)li(xi − xr)
li}. (3.9)

Thus, applying (3.9) to Theorem 3.1 and then taking x1 = · · · = xk = x gives the general convolution
identity for the Apostol-Euler polynomials as follows.

Corollary 3.2. Let a1, . . . , ak be complex numbers with k being an even positive integer. Then, for non-
negative integer n,∑

j1+···+jk=n
j1,...,jk≥0

(
n

j1, . . . , jk

)
(a1)j1 · · · (ak)jk
(a1 + · · ·+ ak)n

Ej1(x;λ1) · · · Ejk(x;λk)

=
1

n+ 1

k∑
r=1

∑
|J |=r

(−2)r
∑

l0+l1+···+lk−r=n+1
l0,l1,...,lk−r≥0

(
n+ 1

l0, l1, . . . , lk−r

)
(air+1)l1 · · · (aik)lk−r

(a1 + · · ·+ ak)n+1−l0

× Bl0(x;λ1 · · ·λk)El1(0;λir+1) · · · Elk−r
(0;λik),

where ir+1, . . . , ik ∈ J .

If we take λ1 = · · · = λk = 1 in Corollary 3.2, we get the following general convolution identity for the
classical Euler polynomials.

Corollary 3.3. Let a1, . . . , ak be complex numbers with k being an even positive integer. Then, for non-
negative integer n,∑

j1+···+jk=n
j1,...,jk≥0

(
n

j1, . . . , jk

)
(a1)j1 · · · (ak)jk
(a1 + · · ·+ ak)n

Ej1(x) · · ·Ejk(x)

=
1

n+ 1

k∑
r=1

∑
|J |=r

(−2)r
∑

l0+l1+···+lk−r=n+1
l0,l1,...,lk−r≥0

(
n+ 1

l0, l1, . . . , lk−r

)
(air+1)l1 · · · (aik)lk−r

(a1 + · · ·+ ak)n+1−l0

×Bl0(x)El1(0) · · ·Elk−r
(0),

where ir+1, . . . , ik ∈ J .

If we take a1 = · · · = ak = 1 in Corollary 3.2, we get the following higher-order convolution identity for
the Apostol-Euler polynomials.
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Corollary 3.4. Let k be an even positive integer. Then, for non-negative integer n,

(n+ k)
∑

j1+···+jk=n
j1,...,jk≥0

Ej1(x;λ1) · · · Ejk(x;λk)

=
k∑

r=1

∑
|J |=r

(−2)r
∑

l0+l1+···+lk−r=n+1
l0,l1,...,lk−r≥0

(
n+ k

l0

)
Bl0(x;λ1 · · ·λk)El1(0;λir+1) · · · Elk−r

(0;λik),

where ir+1, . . . , ik ∈ J .

We next consider the case k being an odd positive integer in (3.2). In this case, it is easily seen that for
non-negative integer n and complex numbers a1, . . . , ak,

∑
j1+···+jk=n
j1,...,jk≥0

(
−a1
j1

)
· · ·
(
−ak
jk

)( k∏
i=1

2exiti

λieti + 1

)

=
∑

j1+···+jk=n
j1,...,jk≥0

(
−a1
j1

)
· · ·
(
−ak
jk

)( k∑
r=1

(−1)r−1
2exr(t1+···+tk)

λ1 · · ·λket1+···+tk + 1

×
r−1∏
i=1

λi
2e(xi−xr+1)ti

λieti + 1

k∏
i=r+1

2e(xi−xr)ti

λieti + 1

)
.

(3.10)

Notice that from (1.2) and (2.9) we have

2ex(t1+···+tk)

λ1 · · ·λket1+···+tk + 1
=
∞∑

N=0

EN (x;λ1 · · ·λk)
∑

l1+···+lk=N
l1,...,lk≥0

tl11
l1!
· · ·

tlkk
lk!
. (3.11)

By making the operation [
t
j1
1
j1!
· · · t

jk
k
jk!

] in both sides of (3.10), in view of (1.2) and (3.11), we obtain

∑
j1+···+jk=n
j1,...,jk≥0

(
−a1
j1

)
· · ·
(
−ak
jk

)
Ej1(x1;λ1) · · · Ejk(xk;λk)

=
∑

j1+···+jk=n
j1,...,jk≥0

(
−a1
j1

)
· · ·
(
−ak
jk

) k∑
r=1

(−1)r−1
∑

l1+···+lk=n
l1,...,lk≥0

Elr(xr;λ1 · · ·λk)

×
r−1∏
i=1

(
ji
li

)
λiEli(xi − xr + 1;λi)

k∏
i=r+1

(
ji
li

)
Eli(xi − xr;λi),

which together with (2.7) and (3.6) yields the following result.

Theorem 3.5. Let a1, . . . , ak be complex numbers with k being an odd positive integer. Then, for non-
negative integer n, ∑

j1+···+jk=n
j1,...,jk≥0

(
n

j1, . . . , jk

)
(a1)j1 · · · (ak)jk
(a1 + · · ·+ ak)n

Ej1(x1;λ1) · · · Ejk(xk;λk)
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=

k∑
r=1

(−1)r−1
∑

l1+···+lk=n
l1,...,lk≥0

(
n

l1, . . . , lk

)
Elr(xr;λ1 · · ·λk)

(a1 + · · ·+ ak)n−lr

×
r−1∏
i=1

(ai)liλiEli(xi − xr + 1;λi)
k∏

i=r+1

(ai)liEli(xi − xr;λi).

If we apply (3.9) to Theorem 3.5 and then take x1 = · · · = xk = x, we get another general convolution
identity for the Apostol-Euler polynomials as follows.

Corollary 3.6. Let a1, . . . , ak be complex numbers with k being an odd positive integer. Then, for non-
negative integer n,∑

j1+···+jk=n
j1,...,jk≥0

(
n

j1, . . . , jk

)
(a1)j1 · · · (ak)jk
(a1 + · · ·+ ak)n

Ej1(x;λ1) · · · Ejk(x;λk)

=

k∑
r=1

∑
|J |=r

(−2)r−1
∑

l0+l1+···+lk−r=n
l0,l1,...,lk−r≥0

(
n

l0, l1, . . . , lk−r

)
(air+1)l1 · · · (aik)lk−r

(a1 + · · ·+ ak)n−l0

× El0(x;λ1 · · ·λk)El1(0;λir+1) · · · Elk−r
(0;λik),

where ir+1, . . . , ik ∈ J .

The case λ1 = · · · = λk = 1 in Corollary 3.6 gives the following general convolution identity for the
classical Euler polynomials.

Corollary 3.7. Let a1, . . . , ak be complex numbers with k being an odd positive integer. Then, for non-
negative integer n,∑

j1+···+jk=n
j1,...,jk≥0

(
n

j1, . . . , jk

)
(a1)j1 · · · (ak)jk
(a1 + · · ·+ ak)n

Ej1(x) · · ·Ejk(x)

=
k∑

r=1

∑
|J |=r

(−2)r−1
∑

l0+l1+···+lk−r=n
l0,l1,...,lk−r≥0

(
n

l0, l1, . . . , lk−r

)
(air+1)l1 · · · (aik)lk−r

(a1 + · · ·+ ak)n−l0

× El0(x)El1(0) · · ·Elk−r
(0),

where ir+1, . . . , ik ∈ J .

The case a1, . . . , ak being positive real numbers in the above Corollaries 3.3 and 3.7 are due to Dilcher
and Vignat [14, Theorem 4], which gives the corresponding higher-order convolution identity for the classical
Euler polynomials due to Agoh and Dilcher [4, Theorems 2 and 3] when a1 = · · · = ak = 1, respectively.
In particular, the case k = 2 in Corollaries 3.3 and 3.7 will give some similar convolution identities for the
classical Euler polynomials to (2.17) and (2.18) (see [14] for details). If we take a1 = · · · = ak = 1 in
Corollary 3.6, we obtain the following higher-order convolution identity for the Apostol-Euler polynomials.

Corollary 3.8. Let k be an odd positive integer. Then, for non-negative integer n,∑
j1+···+jk=n
j1,...,jk≥0

Ej1(x;λ1) · · · Ejk(x;λk)
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=

k∑
r=1

∑
|J |=r

(−2)r−1
∑

l0+l1+···+lk−r=n
l0,l1,...,lk−r≥0

(
n+ k − 1

l0

)
El0(x;λ1 · · ·λk)El1(0;λir+1) · · · Elk−r

(0;λik),

where ir+1, . . . , ik ∈ J .

Remark 3.9. Note that the corresponding two higher-order convolution identities for the Apostol-Euler
polynomials stated in [18, Theorem 3.2] are only complete on condition that λ1 = · · · = λk.

4. Convolution identities for Apostol-Genocchi polynomials

We finally apply (3.2) to establish some general convolution identities for the Apostol-Genocchi polyno-
mials. By substituting 2ti for 2 in the left hand side of (3.2), we discover

k∏
i=1

2tie
xiti

λieti + 1
=

k∑
r=1

(−1)r
2tre

xr(t1+···+tk)

(−1)kλ1 · · ·λket1+···+tk − 1

r−1∏
i=1

λi
2tie

(xi−xr+1)ti

λieti + 1

k∏
i=r+1

2tie
(xi−xr)ti

λieti + 1
, (4.1)

which means for even positive integer k, non-negative integer n and complex numbers a1, . . . , ak,

∑
j1+···+jk=n+1

j1,...,jk≥0

(
−a1
j1

)
· · ·
(
−ak
jk

)( k∑
r=1

tr

k∏
i=1

2tie
xiti

λieti + 1

)

= 2
∑

j1+···+jk=n+1
j1,...,jk≥0

(
−a1
j1

)
· · ·
(
−ak
jk

)( k∑
r=1

(−1)rtr
(t1 + · · ·+ tk)exr(t1+···+tk)

λ1 · · ·λket1+···+tk − 1
(4.2)

×
r−1∏
i=1

λi
2tie

(xi−xr+1)ti

λieti + 1

k∏
i=r+1

2tie
(xi−xr)ti

λieti + 1

)
.

By making the operation [
t
j1
1
j1!
· · · t

jk
k
jk!

] in both sides of (4.2), in similar considerations to (2.8) and (2.14),
we discover the following result.

Theorem 4.1. Let a1, . . . , ak be complex numbers with k being an even positive integer. Then, for non-
negative integer n,∑

j1+···+jk=n
j1,...,jk≥0

(
n

j1, . . . , jk

)
(a1)j1 · · · (ak)jk
(a1 + · · ·+ ak)n

Gj1(x1;λ1) · · · Gjk(xk;λk)

= 2
k∑

r=1

(−1)r
∑

l1+···+lk=n
l1,...,lk≥0

(
n

l1, . . . , lk

)
ar

(a1 + · · ·+ ak)n+1−lr
Blr(xr;λ1 · · ·λk)

×
r−1∏
i=1

(ai)liλiGli(xi − xr + 1;λi)

k∏
i=r+1

(ai)liGli(xi − xr;λi).

It follows that we discuss some special cases of Theorem 4.1. Since the Apostol-Genocchi polynomials
satisfy the difference equation (see, e.g., [26])

λGn(x+ 1;λ) + Gn(x;λ) = 2nxn−1 (n ≥ 0), (4.3)

so from (4.3) we have
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r−1∏
i=1

{−(ai)liλiGli(xi − xr + 1;λi)} =
∑

J⊆{1,...,r−1}

∏
i∈J

(ai)liGli(xi − xr;λi)
∏
i∈J

{−2(ai)li li(xi − xr)
li−1}. (4.4)

Thus, applying (4.4) to Theorem 4.1 and then taking x1 = · · · = xk = x gives the general convolution
identity of the Apostol-Genocchi polynomials, as follows.

Corollary 4.2. Let a1, . . . , ak be complex numbers with k being an even positive integer. Then, for non-
negative integer n,∑

j1+···+jk=n
j1,...,jk≥0

(
n

j1, . . . , jk

)
(a1)j1 · · · (ak)jk
(a1 + · · ·+ ak)n

Gj1(x;λ1) · · · Gjk(x;λk)

=

k∑
r=1

∑
|J |=r

(−2)r
n! · aJ

(n+ 1− r)!
∑

l0+l1+···+lk−r=n+1−r
l0,l1,...,lk−r≥0

(
n+ 1− r

l0, l1, . . . , lk−r

)
(air+1)l1 · · · (aik)lk−r

(a1 + · · ·+ ak)n+1−l0

× Bl0(x;λ1 · · ·λk)Gl1(λir+1) · · · Glk−r
(λik),

where ir+1, . . . , ik ∈ J .

It is obvious that the case λ1 = · · · = λk = 1 in Corollary 4.2 gives the following general convolution
identity for the classical Genocchi polynomials.

Corollary 4.3. Let a1, . . . , ak be complex numbers with k being an even positive integer. Then, for non-
negative integer n,∑

j1+···+jk=n
j1,...,jk≥0

(
n

j1, . . . , jk

)
(a1)j1 · · · (ak)jk
(a1 + · · ·+ ak)n

Gj1(x) · · ·Gjk(x)

=
k∑

r=1

∑
|J |=r

(−2)r
n! · aJ

(n+ 1− r)!
∑

l0+l1+···+lk−r=n+1−r
l0,l1,...,lk−r≥0

(
n+ 1− r

l0, l1, . . . , lk−r

)
(air+1)l1 · · · (aik)lk−r

(a1 + · · ·+ ak)n+1−l0

×Bl0(x)Gl1 · · ·Glk−r
,

where ir+1, . . . , ik ∈ J .

If we take a1 = · · · = ak = 1 in Corollary 4.2, we get the following higher-order convolution identity for
the Apostol-Genocchi polynomials.

Corollary 4.4. Let a1, . . . , ak be complex numbers with k being an even positive integer. Then, for non-
negative integer n,

(n+ k)
∑

j1+···+jk=n
j1,...,jk≥0

Gj1(x;λ1) · · · Gjk(x;λk)

=

k∑
r=1

∑
|J |=r

(−2)r
∑

l0+l1+···+lk−r=n+1−r
l0,l1,...,lk−r≥0

(
n+ k

l0

)
Bl0(x;λ1 · · ·λk)Gl1(λir+1) · · · Glk−r

(λik),

where ir+1, . . . , ik ∈ J .
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In particular, the case λ1 = · · · = λk = 1 in Corollary 4.4 gives the higher-order convolution identity for
the classical Genocchi polynomials as follows,

(n+ k)
∑

j1+···+jk=n
j1,...,jk≥0

Gj1(x) · · ·Gjk(x) =

k∑
r=1

(
k

r

)
(−2)r

∑
l0+l1···+lk−r=n+1−r

l0,l1,...,lk−r≥0

(
n+ k

l0

)
Bl0(x)Gl1 · · ·Glk−r

, (4.5)

where n, k are positive integers with k being an even integer. If we take k = 2 in (4.5), in view of G0 = 0
and G1 = 1 (see, e.g., [27]), we get the convolution identity for the classical Genocchi polynomials due to
Agoh [1, 20], namely

n−1∑
k=1

Gk(x)Gn−k(x) +
4

n+ 2

n−2∑
k=0

(
n+ 2

k

)
Bk(x)Gn−k = 0 (n ≥ 2).

If we take k = 2 in Corollary 4.3, by applying the methods described in [14] to yield (2.18), we obtain
another convolution identity for the classical Genocchi polynomials due to Agoh [1, 20], namely

n−1∑
k=1

Gk(x)Gn−k(x)

k(n− k)
+

4

n

n−2∑
k=0

(
n

k

)
Bk(x)Gn−k
n− k

= 0 (n ≥ 2).

We next consider the case k being an odd positive integer in (4.1). Obviously, in this case, for non-
negative integer n and complex numbers a1, . . . , ak,

∑
j1+···+jk=n
j1,...,jk≥0

(
−a1
j1

)
· · ·
(
−ak
jk

)( k∏
i=1

2tie
xiti

λieti + 1

)

=
∑

j1+···+jk=n
j1,...,jk≥0

(
−a1
j1

)
· · ·
(
−ak
jk

)( k∑
r=1

(−1)r−1
2tre

xr(t1+···+tk)

λ1 · · ·λket1+···+tk + 1
(4.6)

×
r−1∏
i=1

λi
2tie

(xi−xr+1)ti

λieti + 1

k∏
i=r+1

2tie
(xi−xr)ti

λieti + 1

)
.

Since G0(x;λ) = 0 (see, e.g., [27]), so by (2.9) we have

2ex(t1+···+tk)

λ1 · · ·λket1+···+tk + 1
=

∞∑
N=0

GN+1(x;λ1 · · ·λk)

N + 1

∑
l1+···+lk=N
l1,...,lk≥0

tl11
l1!
· · ·

tlkk
lk!
. (4.7)

By making the operation [
t
j1
1
j1!
· · · t

jk
k
jk!

] in both sides of (4.6), in view of (1.3) and (4.7), we get

∑
j1+···+jk=n
j1,...,jk≥0

(
−a1
j1

)
· · ·
(
−ak
jk

)
Gj1(x1;λ1) · · · Gjk(xk;λk)

=
∑

j1+···+jk=n
j1,...,jk≥0

(
−a1
j1

)
· · ·
(
−ak
jk

) k∑
r=1

(−1)r−1jr
∑

l1+···+lk=n
l1,...,lk≥0

Glr(xr;λ1 · · ·λk)

lr
(4.8)

×
r−1∏
i=1

(
ji
li

)
λiGli(xi − xr + 1;λi)

k∏
i=r+1

(
ji
li

)
Gli(xi − xr;λi).
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It is easily seen from (2.13) that for non-negative integers l1, . . . , lk with l1 + · · ·+ lk = n,

∑
j1+···+jk=n
j1,...,jk≥0

jr

(
−ar
jr

) k∏
i=1
i 6=r

(
−ai
ji

)(
ji
li

)
= −ar

k∏
i=1
i 6=r

(
−ai
li

)(
−(a1 + · · ·+ ak)− 1− (n− lr)

n− 1− (n− lr)

)
. (4.9)

Thus, by applying (4.9) to (4.8), in light of (2.7), we obtain the following result.

Theorem 4.5. Let a1, . . . , ak be complex numbers with k being an odd positive integer. Then, for non-
negative integer n,∑

j1+···+jk=n
j1,...,jk≥0

(
n

j1, . . . , jk

)
(a1)j1 · · · (ak)jk
(a1 + · · ·+ ak)n

Gj1(x1;λ1) · · · Gjk(xk;λk)

=
k∑

r=1

(−1)r−1
∑

l1+···+lk=n
l1,...,lk≥0

(
n

l1, . . . , lk

)
ar

(a1 + · · ·+ ak)n+1−lr
Glr(xr;λ1 · · ·λk)

×
r−1∏
i=1

(ai)liλiGli(xi − xr + 1;λi)

k∏
i=r+1

(ai)liGli(xi − xr;λi).

If we apply (4.4) to Theorem 4.5 and then take x1 = · · · = xk = x, we get the general convolution
identity for the Apostol-Genocchi polynomials, as follows.

Corollary 4.6. Let a1, . . . , ak be complex numbers with k being an odd positive integer. Then, for non-
negative integer n,∑

j1+···+jk=n
j1,...,jk≥0

(
n

j1, . . . , jk

)
(a1)j1 · · · (ak)jk
(a1 + · · ·+ ak)n

Gj1(x;λ1) · · · Gjk(x;λk)

=
k∑

r=1

∑
|J |=r

(−2)r−1
n! · aJ

(n+ 1− r)!
∑

l0+l1+···+lk−r=n+1−r
l0,l1,...,lk−r≥0

(
n+ 1− r

l0, l1, . . . , lk−r

)
(air+1)l1 · · · (aik)lk−r

(a1 + · · ·+ ak)n+1−l0

× Gl0(x;λ1 · · ·λk)Gl1(λir+1) · · · Glk−r
(λik),

where ir+1, . . . , ik ∈ J .

It is clear that the case λ1 = · · · = λk = 1 in Corollary 4.6 gives the general convolution identity for the
classical Genocchi polynomials, as follows.

Corollary 4.7. Let a1, . . . , ak be complex numbers with k being an odd positive integer. Then, for non-
negative integer n,∑

j1+···+jk=n
j1,...,jk≥0

(
n

j1, . . . , jk

)
(a1)j1 · · · (ak)jk
(a1 + · · ·+ ak)n

Gj1(x) · · ·Gjk(x)

=
k∑

r=1

∑
|J |=r

(−2)r−1
n! · aJ

(n+ 1− r)!
∑

l0+l1+···+lk−r=n+1−r
l0,l1,...,lk−r≥0

(
n+ 1− r

l0, l1, . . . , lk−r

)
(air+1)l1 · · · (aik)lk−r

(a1 + · · ·+ ak)n+1−l0

×Gl0(x)Gl1 · · ·Glk−r
,

where ir+1, . . . , ik ∈ J .
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If we take a1 = · · · = ak = 1 in Corollary 4.6, we get the following higher-order convolution identity for
the Apostol-Genocchi polynomials.

Corollary 4.8. Let k be an odd positive integer. Then, for non-negative integer n,

(n+ k)
∑

j1+···+jk=n
j1,...,jk≥0

Gj1(x;λ1) · · · Gjk(x;λk)

=

k∑
r=1

∑
|J |=r

(−2)r−1
∑

l0+l1+···+lk−r=n+1−r
l0,l1,...,lk−r≥0

(
n+ k

l0

)
Gl0(x;λ1 · · ·λk)Gl1(λir+1) · · · Glk−r

(λik),

where ir+1, . . . , ik ∈ J .

The above Corollaries 4.4 and 4.8 imply the corresponding higher-order convolution identities for the
Apostol-Genocchi polynomials described in [19, Theorem 2.3] are only complete on condition that λ1 =
· · · = λk. In particular, if we take λ1 = · · · = λk = 1 in Corollary 4.8, we get the following higher-order
convolution identity for the classical Genocchi polynomials:

(n+ k)
∑

j1+···+jk=n
j1,...,jk≥0

Gj1(x) · · ·Gjk(x)

=

k∑
r=1

(
k

r

)
(−2)r−1

∑
l0+l1+···+lk−r=n+1−r

l0,l1,...,lk−r≥0

(
n+ k

l0

)
Gl0(x)Gl1 · · ·Glk−r

,

(4.10)

where n, k are positive integers with k being an odd integer. And the case k = 3 in (4.10) gives for positive
integer n ≥ 2, ∑

j1+j2+j3=n

Gj1(x)Gj2(x)Gj3(x)− 3

n+ 3

∑
j1+j2+j3=n

(
n+ 3

j3

)
Gj1Gj2Gj3(x)

+
6

n+ 3

n−1∑
k=0

(
n+ 3

k

)
Gk(x)Gn−1−k =

4

n+ 3

(
n+ 3

5

)
Gn−2(x),

which is very analogous to the convolution identity on the classical Bernoulli and Euler polynomials presented
in [4, Corollaries 1 and 3]. In fact, by using the methods showed in [14], one can derive the similar convolution
identity for the classical Genocchi polynomials to Corollary 9 stated in [14]. The details are left as an exercise
for the interested readers. It is also informed that the results presented in [35, Corollary 2.3, (2.19)] are
only complete on condition that α0 = α1 = · · · = αr−1, which implies the result stated in [35, (2.20)] is only
complete when α0 = α1.
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