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Abstract

In this paper, a convex feasibility problem is investigated based on a block method. Strong conver-
gence theorems for common solutions of equilibrium problems and generalized asymptotically quasi-¢-
nonexpansive mappings are established in a strictly convex and uniformly smooth Banach space which also
has the Kadec-Klee property. The results obtained in this paper unify and improve many corresponding
results announced recently. (©2016 All rights reserved.

Keywords: Banach space, block method, equilibrium problem, convex feasibility problem, variational
inequality.
2010 MSC: 4TH05, 90C33.

1. Introduction

The theory of fixed points of nonlinear operators is an important branch of modern mathematics as
a bridge between nonlinear functional analysis and convex optimization theory. Many nonlinear problems
arising in economics, medicine, engineering, and physics can be studied based on fixed point methods (see
[8, 12, 27], and the references therein).

Recently, convex feasibility problems have been intensively investigated based on iterative techniques.
The so called convex feasibility problems which capture lots of applications in various disciplines such as
image restoration, and radiation therapy treatment planning are to find a special point in the intersection of
common fixed point sets, which is a convex set of a (countable or uncountable) family of nonlinear operators.
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Mean-valued iterative methods are efficient for studying the fixed points of Lipschitz continuous nonlinear
operators. However, in the framework of infinite-dimensional Hilbert spaces, they are only weakly conver-
gent (see [I3] and the references therein). In many modern disciplines, including image recovery, economics,
control theory, and quantum physics, problems arise in the framework of infinite dimension spaces. In such
nonlinear problems, the strong convergence is often much more desirable than the weak convergence. To
guarantee the strong convergence of mean-valued iteration algorithms, many authors use different regular-
ization methods (see [4l 5, [7, [OHTTL 20], 29]). The projection method which was first introduced by Haugazeau
[15] has been considered for the approximation of fixed points of nonexpansive mappings. The advantage
of projection methods is that the strong convergence of iterative sequences can be guaranteed without any
compact assumptions imposed on mappings or spaces.

In this paper, we study on the generalized asymptotically-¢-nonexpansive mappings and equilibrium
problems in the terminology of Blum and Oettli [6] based on a block method. The equilibrium problem
includes many important problems in nonlinear functional analysis and convex optimization such as the
Nash equilibrium problem, variational inequalities, complementarity problems, saddle point problems and
game theory. Strong convergence theorems of common solutions are established with the aid of a generalized
projection in a Banach space. The results obtained in this paper mainly unify and improve the corresponding
results in [14], [16HI9, 22], 23] 25].

2. Preliminaries

Let E be a real Banach space and E* the dual space of E. Let Bg be the unit sphere of . Recall that
E is said to be a strictly convex space iff ||z + y|| < 2 for all z,y € Bg and = # v.

Recall that F is said to have a Gateaux differentiable norm iff lim; g w exists for each =,y € Bg.
In this case, we also say that E is smooth. FE is said to have a uniformly Gateaux differentiable norm if
for each y € B, the limit is attained uniformly for all x € Bg. F is also said to have a uniformly Fréchet
differentiable norm iff the above limit is attained uniformly for x,y € Bg. In this case, we say that E is
uniformly smooth. It is known that if F is uniformly smooth, then duality mapping J is uniformly norm-
to-norm continuous on every bounded subset of F. It is also known that E* is uniformly convex if and only
if F is uniformly smooth.

In this paper, we use — and — to denote the strong convergence and weak convergence, respectively.

Recall that E has the Kadec-Klee (KK) property if lim,_, |2, — z|| = 0 as n — oo, for any sequence
{zn} C E, and = € E with z,, — =z, and ||z,| — [|z|| as n — oo. It is known that every uniformly convex
Banach space has the KK property.

Let C be a nonempty closed and convex subset of E and let G : C x C — R be a function. Recall that
in equilibrium problem, the aim is to find Z € C such that G(zy) > 0 for all y € C. We use S(G) to denote
the solution set of the equilibrium problem. That is, S(G) = {z € C: G(z,y) > 0Vy € C}.

In order to study the equilibrium problem, we assume that G satisfies the following conditions:

Al) G(a,a) =0, Ya € C;

(A1) G

(A2) G(b,a) + G(a,b) <0, VYa,b € C,

(A3) G(a,b) > limsup, o G(tc+ (1 —t)a,b), Va,b,c € C;

(A4) b+ G(a,b) is convex and weakly lower semi-continuous for all a € C.

Let T': C' — C be a mapping. In this paper, we use F(T') to denote the fixed point set of mapping 7.
T is said to be closed if for any sequence {x,} C C such that lim, . x, = 2’ and lim, o Tz, = 7/, then
Tz =y

Recall that the normalized duality mapping J from E to 2F" is defined by

Jr={f* € B": |lz|* = (=, f*) = I/}
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Next, we assume that E is a smooth Banach space which means mapping J is single-valued and study
the functional

o(z,y) = llzl* + lly* = 2z, Jy) Va,y € B.

In [3], Alber studied a new mapping IIo in a Banach space E which is an analogue of Pg, the metric
projection, in Hilbert spaces. Recall that the generalized projection Il : E — C' is a mapping that assigns
to an arbitrary point z € F the minimum point of ¢(x,y), that is, [Icz = Z, where Z is the solution to
the minimization problem ¢(Z,z) = minyec ¢(y,z). It is obvious from the definition of function ¢ that
(2l = llyl)? < ¢(z,y) for all z,y € E.

Recall that a point p is said to be an asymptotic fixed point of mapping 7" if and only if subset C contains
a sequence {x,} which converges weakly to p such that lim,,_« |2y, — Ty || = 0. In this paper, we use F (T)
to stand for the asymptotic fixed point set. Let K be a bounded subset of C. Recall that T is said to be
uniformly asymptotically regular on C' if and only if lim sup,,_, . sup,cx{||7"z — T 12|} = 0.

T is said to be relatively nonexpansive iff

$(p,Tz) < ¢(p,x) Yz €C, Vp € F(T) = F(T) #0.
T is said to be relatively asymptotically nonexpansive iff
$(p. T"x) < (in + @(p,x) Yz €C, Vpe F(T) =F(T)#0 ¥n>1,

where {u,} C [0,00) is a sequence such that u, — 0 as n — oo.
T is said to be quasi-¢-nonexpansive iff

o(p, Tx) < (p,x) Yz € C, Vp € F(T) # 0.

T is said to be asymptotically quasi-¢-nonexpansive iff there exists a sequence {p,} C [0, 00) with g, — 0
as n — oo such that

o(p, T"x) < (pn + 1)(p,x) Vo€ C, Vpe F(T)#0, vn > 1.

Remark 2.1. The class of relatively asymptotically nonexpansive mappings, which was considered in [I] cov-
ers the class of relatively nonexpansive mappings. The class of quasi-¢-nonexpansive mappings and the class
of asymptotically quasi-¢-nonexpansive mappings cover the class of relatively nonexpansive mappings and
the class of relatively asymptotically nonexpansive mappings, respectively. Quasi-¢-nonexpansive mappings
and asymptotically quasi-¢-nonexpansive mappings do not require the strong restriction that the fixed point
set equals the asymptotic fixed point set, respectively (see [23| 24] and the references therein).

Remark 2.2. We note that the class of quasi-¢-nonexpansive mappings and the class of asymptotically quasi-
¢-nonexpansive mappings are generalizations of the class of quasi-nonexpansive mappings and the class of
asymptotically quasi-nonexpansive mappings in Banach spaces, respectively, since the \/¢(x,y) = ||z — y||.

T is said to be a generalized asymptotically quasi-¢-nonexpansive mapping if there exist two nonnegative
sequences {u,} C [0,00) with u, — 0, and {§,} C [0, 00) with &, — 0 as n — oo such that

o(p, T"z) < (pn + 1)d(p,x) + &, Ve eC,Vpe F(T)#D, Vn> 1.

Remark 2.3. The class of generalized asymptotically quasi-¢-nonexpansive mappings, which was introduced
in [2I] is a generalization of the class of generalized asymptotically quasi-nonexpansive mappings [2] in
the framework of Banach spaces. Common fixed points of generalized asymptotically quasi-nonexpansive
mappings were investigated via the implicit iterations in [2].

The following lemmas play an important role in this paper.
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Lemma 2.4 ([3]). Let E be a strictly convex, reflexive, and smooth Banach space and let C' be a nonempty,
closed, and convex subset of E. Let x € E. Then

gb(y,ch) S ¢(yvm) - ¢(ch)x) ) vy € C’
and (y — xo, Jxr — Jxg) <0 for ally € C, if and only if xo = lox.

Lemma 2.5 ([27]). Let r be a positive real number and let E be uniformly convexr. Then there exists a
strictly increasing, continuous, and convex function g : [0,2r] — R such that g(0) = 0 and

11 = )y + tall* + (1 — )g(llb - al)) < tllal* + (1 —t)|b]|*
foralla,be B":={a€ E: |a|| <r} and t € [0,1].

Lemma 2.6 ([23,28]). Let E be a strictly convex, smooth, and reflexive Banach space and let C' be a closed
convez subset of E. Let G be a function, which satisfies (A1)-(A4), from C x C to R. Let v € E and let
r > 0. Define a mapping Wg, : E — C by

W ={2e€C:rGQ(z,y)+ (y — 2, J2— Jz) >0, YyeC}.

Then, there exists z € C such that rG(z,y)+(z—y, Jz—Jx) <0 for ally € C, and the following conclusions
hold:

(1) WG is single-valued quasi-¢-nonexpansive and
(WGTe — WGy, JWET e — JWETy) < (W2 — WETy, Jx — Jy)
for all x,y € E;
(2) F(WET) = S(G) is closed and convex;

(3) (g, WOz) + ¢(WE"z,2) < (g, ), Vg € F(WET).

3. Main results

Theorem 3.1. Let E be a strictly conver and uniformly smooth Banach space which also has the KK
property. Let C' be a nonempty closed and convex subset of E. Let G; be a bifunction satisfying conditions
(A1)-(A4) and let T; be a generalized asymptotically quasi-p-nonexpansive mapping on C for every i € A,
where A is an arbitrary index set. Assume that T; is closed and uniformly asymptotically regular on C for
every i € A and NiepaF(T;) (NieaS(G;) is nonempty and bounded. Let {x,} be a sequence generated in the
following process. xg € E chosen arbitrarily and

(Chy=C, VieA,

C1 = NienC1 ), 1 = Il o,

JYtmiy = (1= i) JT Tn + iy Jn,

Clnt1,) = 12 € Cinyi) * BnyiyMn,iy + (2, 00) +Eny) = 02, uma)}
(Cn+1 = NieaClag1i), Tny1 = e,y 21,

where ug, 3y € Cpn such that v, iy Gi(Ugma),Y) + (Uni) — Y JUm) — JYma)) <0 for ally € Cp, My, ;) =
sup{@(p, zn) : p € NMieaF (Ti) N NieaS(Gi)}, {am,iy} s a real sequence in (0,1) such that liminf, oo o, ;)
(i) — 1) <0, and {r(, 4} is a real sequence in [r;, o), where {r;} is a positive real number sequence.
Then {xy} converges strongly to Un,_, p(7;) M nieas(G)T1-
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Proof. Since T; is closed, we find that NieaF(T;) is also closed. Let p(i ), P, € F( i), and p; = (1 —
ti)p(2,i) +tip(1,i), where ¢; € (0’ 1)a for every i € A. Note that fn,z (1 +N(n,z))d)( Pa,i ) = ¢( P, T pz)
and (,5) + (1 + pn,i)) AP (2,), Pi) = ¢(P2,5), Ti'pi)- Tt follows that

o1y, Ti'pi) — 2(pi — (1,3)> Ipi — JT}'pi) = d(p1,0) Pi) + é(pi, T} i),
and
d(p(2,i): Ti'pi) — 2(pi — P(2iys Ipi — JTi'pi) = d(P(2,0), Pi) + D(pi, T pi)-
Hence, we have

(pi, Ti'pi) < 2(pi — p1ays Ipi — J(T7'Pi)) + &(nii) + n,i)P(P(1,3), Pi) (3.1)
and
(pi, Ti'pi) < 2(pi — p2,iys Ipi — J(T7'Pi)) + §(ni) + Bin,i)@(P (2,0 Pi)- (3.2)
Multiplying ¢; and (1 — ¢;) on the both sides of (3.1)) and , respectively, yields that
¢(piaﬂnpi) < (1 —t ) nz)¢( P2,) pz) + &(nz + tzluf(n z)<f>( P i)ypi)-

It follows that limy, o ¢(pi, T;'pi) = 0. This implies that

Ipill = lim [|77pi]. (33)
It follows that
| Jpil| = Jim T (T pi) |- (3.4)

Since E* is reflexive, we may assume that J(7]'p;) converges Weakly to g*'. In view of the reﬂex1v1ty of E,
we have E* = J(FE). This shows that there eX1sts an element ¢' € F such that ¢** = Jg'. It follows that
(pi, Tp;) + 2(pi, J(Tp:)) = |Ipil|? + || J(Tp:)||?. Taking limit infimum as n — oo on the both sides of the
equality above, we obtain that

= 2{pi,g™") = llpill* + 19'lI* = 2{pi. Jg") = 6(pi, 9') 2 0.

This implies that g* = p;, that is, Jp; = g**. It follows that J(I]'p;) — Jp; € E*. In view of the KK
property of E*, we obtain from that limy, o0 || Jpi — J (T]'ps)|| = 0. It follows that T}"p; — p;. Using the
KK property of E, one finds from ) that T'p; — p; as n — oo. It follows that T;T"p; = T ”sz — Di,
as n — 00. Since T; is closed, one sees that pi € F(T;), for every ¢ € A. This proves, for every i € A, that
F(T;) is convex. This in turn implies that N;ep F(T;) is a convex set. Using Lemma one obtains that
NieaS(Gi) is closed and convex. This proves that Il _, s(a,) N nies F(73)T 18 well-defined, for any element in
E.

Next, we prove that C,, is convex and closed. It is obvious that C(; ;) = C'is convex and closed. Assume
that C,, ;) is convex and closed for some m > 1. Let z1, 22 € C(py11,4), We see that 21, 22 € Cyy, 5. It follows
that 2 = t21 +(1—1)22 € Cy, ), where t € (0,1). Notice that ¢(21, U(m)) — (21, Tm) < i) T Hm,i) M(m,i)s
and ¢(22a u(m,z)) - ¢(’Z27 l'm) < g(m,z) + :u(m,i)M(m,i)a Hence, one has

0> |Ipil? + [lg™"

2(21, Jxm — Jumi) = [12ml* + e I* < Eamiy + tmi M)

and
2(za, Ja — Jumsy) — @ml1? + Nwmi |* < Emiy + iy Mm.-
This finds ¢(z, Tm) + Em,i) + L,y Mim,i) = @(2, Um,i)), Where z € Cyy, 5. This shows that C(,,41 ) is closed
and convex. Hence, Cy, = NieaCly ) is a convex and closed set. This proves that Il¢, ,, 1 is well defined.
Now, we are in a position to prove that N;ep F(T;) (NieaS(G;) C Cy,.

n+1
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Here, NieaAF(T;) (1 NieaS(Gi) € C1 = C is clear. Suppose that NMiep F(T;) () NieaS(G;) C Clm,q) for
some positive integer m. For any w € NieaF'(T3) (1 NieaS(Gi) C Cyp i), We see that

(W, U(my)) < AW, Y(m,i))
= [lwll* + l[gn,i Jom + (1 = i) T wm||* = 2w, (i Jom + (1 = Qi) T T )
< lwl* = 2(1 = o i) (W, JT] T ) — 20m,5) (W, J T
+ (1= T zml? + i l2ml?
< (1 = Qi) (W, Tin) + Ay P(Ws Tn) + (1 = Qi) (m,iy D05 Tin) + (1 — i) )E(mi)
< A(w, Tm) + E(myi) T H(m,i)P(W, T,

which shows that w € C;,41,4). This implies that NepaS(Gi) (N NieaF (1) C C(y, ). Hence, we find that
NieaS(Gi) N NieaF (Ti) C NieaCln ) Using Lemma one has (z — xy,, Jr1 — Jx,) <0 for any z € C),. It
follows that

(W= 2, Joy — Jan) <0 Vw € NieaS(Gi) () NieaF (Ty). (3.5)

Using Lemma yields that ¢(zn,z1) < ¢(n, ., #(7)) N senS(G)T1, ¥1), Which shows that {¢(zy,,71)} is
bounded. Hence, {z,} is also bounded. Since F is reflexive, we may assume that x,, — Z. Since C), is
closed and convex, this yields £ € C,,. Therefore, ¢(zy,z1) < ¢(Z,x1). Since the norm is weakly lower
semicontinuous, we have

(@, 1) < Hminf(|lz|* + [lz1|* — 2(wn, J21)) = liminf ¢(an, 21) < ¢(7, 21).

It follows that lim, oo ¢(zn,x1) = ¢(Z,21). Hence, lim,_, ||zn]| = ||Z]|. Using the KK property of the
space, one obtains that x,, converges strongly to Z as n — oco. On the other hand, we find that ¢(x,41,21) >
¢(zy, 1), which shows that {¢(zy, x1)} is nondecreasing. Therefore, lim,,_,oc ¢(zn, 1) exists. It follows that
O(xTnt1,21) — O(Tpn, 1) > G(Tpt1, ). Therefore, we have lim, o0 ¢(Tp+1, Tn) = 0. Since zp41 € Cpt1, We
have ¢(Zn+1, Tn) +Enyi) + Heni) Mni) = S(Tnt1, Ugnz)) > 0. It follows that limy, 00 @(Tn+1, U(n,)) = 0. This
yields that limy, oo (|[t(n)ll — [|#n+1]]) = 0. Therefore, limy, oo [l = [|Z]]. That is, limp o [[Jum)ll =
limy, o0 [tu(ng)ll = [|Z]] = [|JZ|. This implies that {Ju,;} is bounded. Assume that Ju,; converges
weakly to u(**?) € E*. In view of the reflexivity of F, we see that J(FE) = E*. This shows that there exists an
element u* € E such that Ju' = u(*"). Tt follows that ¢(z,41, Uini)) F2(Ens 1, Jugn ) = Nz |2+ Tugq |1
Taking limit infimum as n — oo yields that

0> |1 - 2z, ™) + [[uD |2 = ||2]* + | Ju'||* - 2(z, Ju') = ¢(@, u').

That is, Z = ', which in turn implies that Jz = u(*". Hence, Jug gy — Jr € E*. Since E* is
uniformly convex, then it has the KK property and we obtain that limy, e Ju@,;) = JZ. Since J -1
E* — E'is demicontinuous and E has the KK property, one gets that u,; — Z, as n — oo. This implies
limy, 00 [|Tn — U(n 5|l = 0. Hence, we have limy, o0 (¢(w, 7) — ¢(w, U 5))) = 0. Since £ is uniformly convex,
we find from Lemma [2.5] that

A(w, ugng) < 1wl + ey Jen + (1= @) JT @l = 2(w, (1 = () J T @0 + Qi) JTn)

< kuz - 2(1 - a(n,i))<w7 JTann> - 2a(n,i) <wa J$n>

= i) (1= i) g(| T2 — JTwal)) + @ el + (1= @) |77 @0l (3.6)
< d(w, zn) + (1 = i) i) P(W, Tn) — Qi) (1 = () 91T 20 — JT w0]) + s
< ¢(w7 $n) + :u(n,i)M(n,i) - a(n,i)(l - O‘(n,z))g(H‘]xn - JTznl"nH) + g(n,z)

It follows that lim,, e || JZn—J T2, || = 0. This implies that lim,, s || JT @, —JZ|| = 0. Since J ! : E* - E
is demicontinuous, one has 7'z, — Z. Hence, one has lim, , ||7]'xy| = ||Z||. Since E has the KK
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property, we obtain lim,_,« ||Z — T*z,|| = 0. Since each T; is uniformly asymptotically regular, one has
lim,, 00 ||Z — TZ-”Han = 0. That is, T;(7)'xz,) — Z. Using the closedness of T;, we find £ = T;Z for each
i € A. This proves z € NiepA F(T;).

Next, we show that z € N;cpS(G;). It follows from that limy, .o @(U(n,i), Y(n,s)) = 0. Hence, we have
im0 ([[4(n,i) | = 1Y(n0)ll) = 0. Since ug, ;) — T as n — oo, we find that ||y, ;)| — [|Z]| as n — oo, that
is, limy o0 [|[JY(n,ll = I|JZ||. This shows that {Jy(,; } is bounded. Since E is uniformly smooth, one sees
that E* is reflexive. We may assume that Jy, ;) — y*) € E*. There exists y* € E such that Jy' = y*?.
It follows that ¢(ug, ), Yni)) + 2(U(ni), TYmni)) = gl + ||Jy(n7z-)||2. Therefore, we have

0> |12 + ly™1? = 2(z,y™7) = |2l* + ly'|I* - 2(z. Jy') = d(z,y").

That is, Z = y'. Hence, we have y** = Jz. It follows that JYmn,iy — JT € E*. Since E* is uniformly
convex, it has the KK property, we obtain that Jy(, ;) —JZ — 0 as n — oc. Using the fact that J'.E*—>FE
is demicontinuous, we see that y(,; — =. Using the KK property, we obtain that y¢; — Z as n — oo.
Since E is uniformly smooth, lim, o [|JY(n,i) — JUen4)|l = 0. Since G; is monotone, we find that

Tn,)Gi(Ys Uni)) <Y — ) Il Ty — Tyl Yy € Cn.

Therefore, one sees Gi(y,z) <0 for all y € C. For y € C and 0 < t; < 1, define y(; ;) = (1 — ;)T + t;y. This
implies that 0 > G;(y(,), 7). Hence, we have 0 = G;(y(1,3), Y(t,i)) < tiGi(Y(1,i), y)- It follows that G;(Z,y) > 0
for all y € C. This implies that z € S(G;) for every i € A.

Finally, we prove = Il _, p(7;) n,eaS(Go)T1- Letting n — oo in (3.5), we arrive at (Z—w, Jr1—J7) > 0
for w € NieaA F(T;) (N NieaS(Gi). Using Lemma we find that T =TI, _, p(1;)Nn,eas(a)®1- This completes
the proof. O

Remark 3.2. Theorem [3.1| mainly improves the corresponding results in Hao [14], Qin et al. [22] and unifies
the corresponding results in [14], T6HI9, 22] 23] 25]. The framework of the space is applicable to LP, where
p> 1.

For the class of asymptotically quasi-¢-nonexpansive mappings, we have the following result.

Corollary 3.3. Let E be a strictly convexr and uniformly smooth Banach space which also has the KK
property. Let C be a nonempty closed and convexr subset of E. Let G; be a bifunction satisfying conditions
(A1)-(A4) and let T; : C — C be asymptotically quasi-p-nonexpansive for every i € A, where A is an
arbitrary index set. Assume that T; is closed and uniformly asymptotically reqular on C' for every i € A.
Assume that NiepaS(G;) (NieaF(T5) is nonempty and bounded. Let {x,} be a sequence generated in the
following process. xy € E chosen arbitrarily and

Cun=C, Wie,

C1 = NieaCiy, o1 = ey,

JYni) = AnyiyJTn + (1 — @) ST T,

Clnt1,) =172 € Cinyiy » A2, 20) + pniyMemay > (2w}
Cnt1 = NieAClnt1)s Tnpr = e, 21,

where ug, 3 € Cpn such that v,y Gi(Uma),Y) + (Y — Uiy, JUn) — SYma)) = 0 for ally € Cp, My, ;) =
sup{o(p, Tn) : p € NieaS(Gi) NNieaF(Ti)}, {am)} is a real sequence in (0,1) such that iminf, oo o, )
(i) — 1) < 0, and {r(4} is a real sequence in [r;,o0), where {r;} is a positive real number sequence.
Then the sequence {xyn} converges strongly to In,_, 5(Gy) (\nicaF(T3)T1-

Remark 3.4. Corollary improves the corresponding results in Kim [I7]. To be more clear, we have the
following: a single mapping was extended to a family of mappings and a single bifunction was extended to
a family of bifunctions, respectively.
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For the class of quasi-¢-nonexpansive mappings, the boundedness of the common solution set is not
required. Indeed, we have the following result.

Corollary 3.5. Let E be a strictly conver and uniformly smooth Banach space which also has the KK
property. Let C' be a nonempty closed and convex subset of E. Let G; be a bifunction satisfying (Al)-(A4)
and let T; : C — C be a quasi-¢-nonexpansive for every i € A, where A is an arbitrary index set. Assume
that T; is closed for every i € A. Assume that NiepS(G;) (NieaF(T;) is nonempty. Let {x,} be a sequence
generated in the following process. xo € E chosen arbitrarily and

(

C(l,i) =C, VieA,

Cr = NieaClap), 21 = e, o,

JYn,iy = n,iyJTn + (1 = a(n ) Tizn,
Clns1i) = {2 € Cinyiy + 9(2,20) = 0(2,u(na)) }s
Crnt1 = NieaClat1)s Tntr = 1le, 21,

where U, ;) € Cp such that v, 5)Gi(Wmni), ¥) + (U — Uiy, JUm) — JYmi)) = 0 for all y € Cn, {a@m)}
is a real sequence in (0,1) such that iminf, o g (a(ms) — 1) < 0, and {r¢,;)} s a real sequence
in [ri,00), where {r;} is a positive real number sequence. Then the sequence {x,} converges strongly to
Hniens@)nniear(m)®1-

Remark 3.6. Corollary improves the corresponding results in Qin et al. [25]. A single equilibrium
problem was extended to a family of equilibrium problems and a pair of mappings was extended to a family
of mappings. Both bifunctions and mappings are uncountable infinite families. The projection studied in
this paper is also different from [25], which is only valid for a countable infinite family mappings. Since
every uniformly convex Banach space is a strictly convex Banach space which also has the KK property, we
see that Corollary is still valid in uniformly smooth and uniformly convex Banach spaces. Corollary
improves the corresponding results in Qin et al. [24].

4. Applications

In this section, we give some deduced results in the framework of Hilbert spaces. We also consider
solutions of a family of variational inequalities and common minimizers of a family of proper, lower semi-
continuous, and convex functionals.

Theorem 4.1. Let E be a Hilbert space and let C' be a nonempty closed and convex subset of E. Let G;
be a bifunction satisfying (Al)-(A4) and let T; : C — C' be a generalized asymptotically quasi-nonexpansive
mapping for every i € A, where A is an arbitrary index set. Assume that T; is closed and uniformly
asymptotically regular on C for every i € A. Assume that NiepaS(G;) () NieaF(T;) is nonempty and bounded.
Let {x,} be a sequence generated in the following process. xg € E chosen arbitrarily and

Cup =C, Vi€

C1 = NieaCl), 1 = Proje, xo,

Yini) = Yn,i)Tn + (1 = @ni)) T 0,

Cint1,i) = {2 € Clnyiy : 12 = Zall® + Eni) + iy Mnzy = 12 — ugn 17,
(Cn+1 = NieAClar1,i), Tny1 = Proje, ., 21,

where uy, ) € Cy, such that (Y — U i)s Um i)~ Yn,i)) T T(n,i)Gi(Uma),y) > 0 forally € Cp, M, ;) = sup{|lp—
znl? s p € NieaS(Gi) NNieaF (1)}, {agm,q} is a real sequence in (0,1) such that iminf, e a5 () —
1) <0, {r(n,)} s a real sequence in [r;,00), where {r;} is a positive real number sequence and Proj is the
metric projection. Then the sequence {x,} converges strongly to Projn,c,s(G:i) N niea F(T;) %1
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Proof. In the framework of Hilbert spaces, we see that \/¢(x,y) = || — y|| for all z,y € E. The generalized
projection is reduced to the metric projection and the generalized asymptotically-¢-nonexpansive mapping
is reduced to the generalized asymptotically quasi-nonexpansive mapping. Using Theorem we find the
desired conclusion immediately. O

For the class of quasi-nonexpansive mappings, we have the following result.

Corollary 4.2. Let E be a Hilbert space. Let C' be a nonempty closed and convex subset of E. Let G; be a
bifunction satisfying (A1)-(A4) and let T; : C — C be a quasi-nonerpansive mapping for every i € A, where
A is an arbitrary index set. Assume that T; is closed for every i € A. Assume that NieaS(G;) () NieaF(T3)
is nonempty. Let {x,} be a sequence generated in the following process. xo € E chosen arbitrarily and

(Chy=C, VieA,

C1 = NienC1,i), 21 = Projc, xo,

Yni) = Un,iyTn + (1 = (i) Tin,

Cing1,i) = {z € Cnyy 1z — Tnll > ||z = U(n,i)H},
Crnt1 = NieaClnr1)s Tnt1 = Proje, 21,

where u, 3y € Cy, such that 7, 3 Gi(U(n ), Y) +{Y = Un.i)s Un,i) = Ynyi)) = 0 for ally € Cp, M, ;) = sup{||p—
znl? i p € NieaS(Gi) NNieaF (1)}, {agn,i} is a real sequence in (0,1) such that liminf, o at( i) ((n i) —
1) <0, {rm,} is a real sequence in [r;,00), where {r;} is a positive real number sequence and Proj is the
metric projection. Then the sequence {x,} converges strongly to Projn,c,s(G:) N niea F(T) %1

Let A: C — E* be a single valued monotone operator which is continuous along each line segment in
C' with respect to the weak* topology of E* (hemicontinuous). Recall the following variational inequality.
Finding a point = € C such that (z — y, Az) < 0 for all y € C. The symbol N¢(x) stands for the normal
cone for C' at a point z € C; that is, No(z) = {z* € E* : (x —y,z*) > 0, Vy € C}. From now on, we use
VI(C, A) to denote the solution set of the variational inequality.

Theorem 4.3. Let E be a strictly convexr and uniformly smooth Banach space which also has the KK
property. Let C' be a nonempty closed and convex subset of E. Let A be an index set and let A; : C —
E* be a single valued, monotone, and hemicontinuous operator. Let G; be a bifunction satisfying (Al)-
(A4). Assume that NieaS(G;)(NieaVI(C, A;) is not empty. Let {x,} be a sequence generated in the
following process. xg € E chosen arbitrarily and

Ci;=0C, VieA,

C1 = NieaClpy, 1 = Il o,

gy = VI(C, A + - (J = Jxp)),

JYniy = (1= amay) I 2ni + ampJTn, n=>1,
Clat1) = {w e Clnyi) o(w, xn) > d(w, un )},

Crnt1 = NieaClns1)s Tnt1 =g, ;00 Y > 1,

where ue, 3y € Cp such that v,y Gi(Uma),Y) + (Y — Uiy, JUn) — SYma)) = 0 for ally € Cp, M, ;) =
sup{o(p, Tn) :p € NieaS(Gi) NNieaVI(C, Ai)}, {an )} is a real sequence in (0, 1) such that liminf,, o0 oy )
(i) — 1) < 0, and {r(, 5} is a real sequence in [r;,o0), where {r;} is a positive real number sequence.
Then {xn} converges strongly to I, _, 5(Gy) (\nieaVI(C,A1)T1-

Proof. Define a mapping T; C £ x E* by

T — 0, x¢C,
A;jx + Nex, z€C.
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Hence, T is maximal monotone and 7, 1(0) = VI(C, A;) (see [26]). For each r; > 0, and = € F, we see that
there exists a unique z,, in the domain of T} such that Jz € Jx,, + r/T;(z,,), where z,, = (J + r;T;) " Jz.
Notice that 1
7,7,

Zng = VI(C, (J — an) + Ai);

which is equivalent to
1
<Zn,i - Y, Aizn,i + *(Jzn,z - an)) <0, V@/ € 07

r;
that is,
1
;(Ja:n — Jznyi) € Nco(zni) + Aizni.
(2
This implies that 2, ; = (J+7;1;) "t Jx,. From [23], we find that (J+7;T;)~!J is closed quasi-¢-nonexpansive
with F((J 4 r;T;)~'J) = T; *(0). Using Theorem [3.1, we find the desired conclusion immediately. O

Example 4.4. Let F =R and C = [0, 1]. Define a mapping @ by
07 e l? 1 )
Qe=1{" <&l
g.’I], T € [O, g]

Then @ is a generalized asymptotically-¢-nonexpansive mapping with a unique fixed pint 0. We also have
the following:

H(Q2,Q") = Q" — @yl = oyl — P < e — uf? = ol )2y € 0, 5],
B(Q, Q") = 1Q" — @y =0 < o~y = b(ay) Yoy € (5,1),

$(Q"z,Q"y) = |Q"z — Q"yl?

1 2
1 1 1
< (g — vl + 0l

1 1
< (37|93*y|+37)2
S ‘x_y‘Z—f—fn)
where &, = 32% + 3% for any x € [0, %],y IS (%, 1], and

P(Q"z,Q"y) = |Q"z — Q"yl|?

where &, = 32% + 3% for any x € (%, 1],y € [0, %] This implies that ¢(Q"z, Q"y) < (1 + pn)o(z,y) + &n.
This shows that @ is a generalized asymptotically ¢-nonexpansive mapping with a unique fixed point 0. Let
G : [0,1] x [0,1] — R be defined as

3 5 V3. V3

3
G(z,y) == —3% — 5 sinz + Zy2 + ?siny.

It is easy to check that
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1

3
4

G(b,a) + G(a,b) <0, Va,be[0,1];

(a,b) is convex and weakly lower semi-continuous for each a € [0, 1];

(1)
(2) Gla,a) =0, Va e [0,1];
(3)
(4)

G(a,b) > limsup, o G(tc + (1 —t)a,b), Va,b,c € [0,1];

and the common solution set of the equilibrium and the fixed point problems is not empty.
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