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Abstract

We introduce a hybrid method for finding a common element of the set of solutions of an equilibrium
problem defined on the dual space of a Banach space and the set of common fixed points of a family
of generalized nonexpansive mappings and prove strong convergence theorems by using the new hybrid
method. Using our main results, we obtain some new strong convergence theorems for finding a solution
of an equilibrium problem and a fixed point of a family of generalized nonexpansive mappings in a Banach
space. (©2016 All rights reserved.
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1. Introduction

Let E be a real Banach space, E* the dual space of F and C a closed subset of E such that JC is a
closed and convex subset of E*, where J is the duality mapping on E. Let f be a bifunction from JC x JC
to R, where R is the set of real numbers. The equilibrium problem is to find

Z € C such that f(Jz,Jy) >0, Yy € C.
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The set of such solutions Z is denoted by EP(f). A mapping T' of C into itself is called nonezpansive
if [Tz — Tyl < ||z —y|| for all x,y € C. We use F(T') to denote the set of fixed points of T, that is,
F(T)={x € C:2x=Tz}. A mapping T of C into itself is called quasi-nonerpansive if F(T) is nonempty
and [Tz —y|| < |lx —y| for all z € C and y € F(T). It is easy to see that if T is nonexpansive with
F(T) # 0, then it is quasi-nonexpansive.

Numerous problems in physics, optimization and economics reduce to find a solution of the equilibrium
problem. Some methods have been proposed to solve the equilibrium problem in a Hilbert space, see
for instance, Blum and Oettli [I], and Combettes and Hirstoaga [2]. On the other hand, Ibaraki and
Takahashi [3] introduced a new resolvent of a maximal monotone operator in a Banach space and the
concept of a generalized nonexpansive mapping in a Banach space. Ibaraki and Takahashi [3], and Kohsaka
and Takahashi [5] also studied some properties for generalized nonexpansive retractions in Banach spaces.
Recently, Takahashi and Zembayashi [12] considered the following equilibrium problem with a bifunction
defined on the dual space of a Banach space. Moreover, they proved a strong convergence theorem for
finding a solution of the equilibrium problem which generalized the result of Combettes and Hirstoaga [2].

Construction of fixed point iteration of nonlinear mappings is an important subject in the theory of
nonlinear mappings and has been widely studied by many mathematicians. In 1953, Mann [6] introduced an
algorithm which is used to approximate a fixed point of a nonlinear mapping 7" : C — C'. Mann’s iterative
process is defined as follows: zg € C

Tnt1 = anxo + (1 —ap)Tx,, n >0,

where {a, } is a real sequence in [0, 1]. However, Mann’s algorithm have only weak convergence. For example,
Reich [9] proved that if T : C' — C' is a nonexpansive mapping with a fixed point in a closed and convex
subset of a uniformly convex Banach space with a Frechét differentiable norm and {c,} is chosen such that
>0 o on(l — ap) = oo, then the Mann’s iteration converges weakly to a fixed point of 7. Later, Nakajo
and Takahashi [8] attempted to modify the Mann’s iteration in order to guarantee strong convergence by
using the hybrid method in mathematical programming, called normal hybrid method. For a nonexpansive
mapping 7" in a Hilbert space, it is as follows:

(

1=z € C,Cy=0C,

Up = anTy + (1 — an) Ty,

Co={2€C: |z —un| <]z — zall}, (1.1)
Qn=1{2€C:(xy—z,x—x,) >0},

(| Tnt1 = Po,ng.T

for all n € N where o, C [0,a] for a € [0,1), then sequence {x,} generated by , converges strongly to
Pp(ryr which is the metric projection from C' onto F(T'). Construction the sets C,, and @y, is difficult to
obtain because it has complicated condition. For this reason, Takahashi et al. [11] introduced another hybrid
method and proposed the following modification iteration method different from Nakajo and Takahashi ’s
hybrid method [8]. We call such a method the shrinking projection method:

rn=x€C,Cy=C,

Up = Ty + (1 — ap) Ty, (1.2)
Cntr={2 € Cp: Iz —unll < Jz — zall},

Tny1 = Po,x

for all n € N, where {a,,} C [0,1]. They proved strong convergence of the sequence {z,} generated by
under an appropriate control condition on the sequence {«,,}.

In this paper, motivated by Takahashi et al. [II], we introduce a new hybrid method by using the
shrinking projection method and Takahashi and Zambayashi [12] for finding a common element of the set
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of solutions of equilibrium problem and the set of common fixed points of a countable family of generalized
nonexpansive mappings in a Banach space and prove strong convergence theorems in a Banach space. Using
this results, we obtain some new strong convergence results for finding a solution of an equilibrium problem
and a fixed point of a generalized nonexpansive mapping or a family of generalized nonexpansive mappings
in a Banach space.

2. Preliminaries

Throughout this paper, we assume that all linear spaces are real. Let N and R be the sets of all positive
integers and real numbers, respectively. Let E be a Banach space and let E* be the dual space of E. For
a sequence {z,} of E and a point x € E, the weak convergence of {x,} to x and the strong convergence
of {x,} to = are denoted by x, — x and x,, — x, respectively. The duality mapping J from E into 2F" is
defined by

Jr = {z* € E*: (z,2%) = ||z||* = ||=*||*}, Vz € E.

Let S(E) be the unit sphere centered at the origin of E. Then the space E is said to be smooth if the

limit

et tyl

t—0 t
exists for all z,y € S(F). It is also said to be uniformly smooth if the limit exists uniformly in x,y € S(FE).
A Banach space E is said to be strictly convez if || 52| < 1 whenever z,y € S(E) and = # y. It is said to
be uniformly convez if for each € € (0,2], there exists § > 0 such that ||“£%|| < 1 — § whenever z,y € S(E)
and ||z — y|| > e. We know the following (see [10]):

(i) if E is smooth, then J is single-valued;

(i) if E is reflexive, then J is onto;

(iv) if E is strictly convex, then J is strictly monotone;

)
)
(iii) if E is strictly convex, then J is one-to-one;
)
) if E is uniformly smooth, then J is uniformly norm-to-norm continuous on each bounded subset of E.

(v

Let E be a smooth, strictly convex and reflexive Banach space and let C be a closed convex subset of
E. Throughout this paper, define the function ¢ : E x E — R by

Oy, x) = lyllI* = 2(y, Jz) + ||z||*, ¥y, z € E. (2.1)

Observe that, in a Hilbert space H, (2.1)) reduces to ¢(z,y) = ||z — y||?, for all z,y € H. It is obvious from
the definition of the function ¢ that for all z,y € FE,

(P1) (=]l = lyl)?* < é(z,y) < (=]l + llyl)?,
(PQ) ¢(x7y) = gb(a:,z) + ¢(Zay) + 2<CL‘ -2, Jz — Jy),
(P3) ¢(z,y) = (x, Jo = Jy) + (y — =, Jy) < ||z Jz = Jyll + [y — z[l[[y]|.

Let C be a closed convex subset of a Banach space E, and let T be a mapping from C into itself. Recall
that a self-mapping T : C — C'is generalized nonexpansive if F(T) # () and ¢(Tx,u) < ¢(z,u) for all z € C
and u € F(T). Let R be a mapping from E onto C. Then R is said to be a retraction if R> = R. The
mapping R from E onto C is said to be sunny if R(Rxz + t(xr — Rx)) = Rx for all z € E and ¢t > 0.

A nonempty closed subset C' of a smooth Banach space F is said to be a sunny generalized nonexpansive
retract of E if there exists a sunny generalized nonexpansive retraction R from F onto C. We know the
following lemmas for sunny generalized nonexpansive retractions.
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Lemma 2.1 ([3]). Let C be a nonempty closed subset of a smooth and strictly convex Banach space E and
let R be a retraction from E onto C. Then the following assertions are equivalent:

(i) R is sunny generalized nonexpansive;
(ii) (x — Rz, Jy — JRx) <0, Vzx € E,y e C.

Lemma 2.2 ([3]). Let C be a nonempty closed sunny generalized nonexpansive retract of a smooth and
strictly convex Banach space E. Then the sunny generalized nonexpansive retraction from E onto C' is
uniquely determined.

Lemma 2.3 ([3]). Let C be a nonempty closed subset of a smooth and strictly convex Banach space E such
that there exists a sunny generalized nonexpansive retraction R from E onto C, let x € E and z € C. Then
the following assertions hold:

(i) z = Rx if and only if (x — z,Jy — Jz) <0 for ally € C;
(ii)) ¢(z, Rx) + ¢(Rx, 2) < ¢(x, z).

Lemma 2.4 ([5]). Let C' be a nonempty closed subset of a smooth, strictly convex and reflexive Banach
space EE. Then the following items are equivalent:

(i) C is a sunny generalized nonexpansive retract of E;
(ii) JC is closed and convex.

Lemma 2.5 ([5]). Let E be a smooth, strictly convex and reflexive Banach space and let C' be a nonempty
closed sunny generalized nonexpansive retract of E . Let R be the sunny generalized nonexpansive retraction
from E onto C, let x € E and z € C. Then the following assertions are equivalent:

(i) z = Rx;
(ii) ¢(z,2) = mingec é(x,y).

Let C be a nonempty closed subset of a smooth, strictly convex and reflexive Banach space E such that
JC'is closed and convex. To solve the equilibrium problem, let us assume that a bifunction f : JOx JC — R
satisfies the following conditions:

(A1) f(z*,2*) =0 for all z* € JC;

(A2) f is monotone, i.e., f(z*,y*) + f(y*,2*) <0 for all z*,y* € JC;
(A3) for all z*,y*, 2" € JC, limsupy, f(tz* + (1 —t)z*, y*) < f(2*, y");
(A4) for all * € JC, f(z*,-) is convex and lower semicontinuous.

Lemma 2.6 ([1]). Let C be a nonempty closed subset of a smooth, strictly convex and reflexzive Banach space
E such that JC' is closed and convex, and let f be a bifunction from JC x JC to R satisfying (A1)-(A4).
Then, for r > 0 and x € E, there exists z € C' such that

1
f(Jz, Jy) + ;(z —x,Jy—Jz) >0, YyeC.

Lemma 2.7 ([12]). Let C be a nonempty closed subset of a uniformly smooth, strictly convex and reflexive
Banach space E such that JC is closed and convex, let f be a bifunction from JC x JC to R satisfying
(A1)-(A4). Forr >0 and x € E, define a mapping T, : E — C as follows:

1
T(x)={z€C: f(Jz,Jy) + ;(z —z,Jy—Jz) >0, Yy e C}.

Then the following statements hold:
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(i) T, is single-valued;
(i) for allx,y € E, (T,x — Ty, JTyx — JTy) < (x —y, JTrx — JT,y);
)

F(T:) = EP(f);
(iv) JEP(f) is closed and convex.

(iii

Lemma 2.8 ([12]). Let C be a nonempty closed subset of a smooth, strictly conver and reflexive Banach
space E such that JC is closed and convez, let f be a bifunction from JC x JC to R satisfying (A1)-(A4)
and let r > 0. Then, for x € E and p € F(T}),
¢(z, Trx) + ¢(Trx, p) < d(x,p).
The following lemmas are also needed for the proof of our main results.

Lemma 2.9 ([4]). Let E be a uniformly conver and smooth Banach space and let {z,} and {y,} be two
sequences in E such that either {xy} or {yn} is bounded. Iflimy, o0 ¢(Xn,yn) =0, then limy, o0 ||Trn —ynl| =
0.

Lemma 2.10 ([5]). Let C be a closed convex subset of a smooth, strictly convex, and reflexive Banach space
E and let T be a generalized nonexpansive mapping from C' into itself. Then F(T) is closed and JF(T) is
closed and conver.

Lemma 2.11 ([5]). Let C be a closed convex subset of a smooth, strictly convezx, and reflexive Banach space
E and let T be a generalized nonexpansive mapping from C' into itself. Then F(T) is a sunny generalized
nonexpansive retract of E.

Lemma 2.12 ([]). Let E be a uniformly convex and smooth Banach space and let r > 0. Then there exists
a strictly increasing, continuous and convez function g : [0,00) — [0,00) such that g(0) =0 and

gz —yl) < ¢(z,y)
for all x,y € B,(0), where B,(0) ={z € E : ||z]| <r}.

Lemma 2.13 ([13]). Let E be a uniformly convexr Banach space and let v > 0. Then there exists a strictly
increasing, continuous and convex function g : [0,00) — [0,00) such that g(0) =0 and

[tz + (1 = t)yll* < tllz[* + (1 = &)llyll* — t(1 — t)g(llz — ylI)
for all z,y € By(0) and t € [0,1], where B,(0) ={z € E : ||z|| < r}.

Lemma 2.14 ([4]). Let E be a smooth and strictly convex Banach space, z € E, and {t;}", C (0,1) with
Soititi =1, If {x; 1™, is a finite sequence in E such that

o( Z tixi, z) = Z tip(xi, 2)
=1 i=1

then 1 = X9 = ... = Ty

Next, we recall some lemmas for NST-condition.

Let E be a real Banach space and C be a closed convex subset of E. Motivated by Nakajo et al. [7],
we give the following definition: Let {7},} and T be two families of generalized nonexpansive mappings of
C into E such that (2, F(T,,) = F(T) # 0, where F(T},) is the set of all fixed points of T,, and F(T) is
the set of all common fixed points of 7. Then, {T,,} is said to satisfy the NST-condition with T if for each
bounded sequence {z,} C C,

lim ||z, — Thzn|| =0= lim |z, —Tz,| =0, forall T € T.
n—00 n—00

In particular, if 7 = {T'}, i.e., T consists of one mapping 7', then {7}, } is said to satisfy the NST-condition
with T'. It is obvious that {T;,} with T,, = T for all n € N satisfies NST-condition with 7 = {T'}.
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Lemma 2.15. Let C be a closed subset of a uniformly smooth and uniformly convex Banach space E and
let T be a generalized nonexpansive mapping from C into E with F(T) # (. Let {8,} C [0,1] satisfies
lirginf Bn(1 = By) > 0. Forn € N, define the mapping T,, from C into E by

n o0

Thx = ppr+ (1 — B,)Tx

for all x € C. Then, {T,,} is a countable family of generalized nonexpansive mappings satisfying the NST-
condition with T.

Lemma 2.16. Let C be a closed subset of a uniformly smooth and uniformly convex Banach space E and
let S and T be generalized nonexpansive mappings from C into E with F(S)NF(T) # 0. Let {8,} C [0, 1]
satisfies liminf B, (1 — 8,) > 0. For n € N, define the mapping T,, from C into E by

n—oo

T,x = B,Sz + (1 — B,)Tx

for all x € C. Then, {T,} is a countable family of generalized nonexpansive mappings satisfying the NST-
condition with T = {S,T}.

3. Strong convergence theorems

In this section, we introduce and prove a strong convergence theorem of a new hybrid method for finding
a common element of the set of solutions of an equilibrium problem and the set of common fixed points of
a family of generalized nonexpansive mappings in a Banach space. Recall that an operator T' in a Banach
space is call closed, if x,, — x and T'x, — y, then Tz = y.

Before proving our main result, we give the following lemma for non-self generalized nonexpansive map-
pings in a Banach space.

Lemma 3.1. Let E be a smooth, strictly convex and reflexive Banach space and let C' be a closed subset
of E such that JC' is closed and convex. Let T be a generalized nonexpansive mapping from C' into E such
that F(T) # 0, then F(T) is closed and JF(T) is closed and conver.

Proof. We first prove that F(T') is closed. Let {x,} C F(T') with x,, — x. Since T is generalized nonexpan-
sive, then we have

¢(Tx,2n) < ¢(x,2n)
for each n € N. This implies

O(Tx,x) = lim (T, 2,) < lim §(z, 2,) = B(z,) = 0.

n—oo

Therefore, we have ¢(Tx,x) = 0 and hence z € F(T).

We next show that JF(T') is closed. Let {z}} C JF(T) such that z} — z* for some z* € E*. Note
that since JC' is closed and convex, we have z* € JC. Then, there exist x € C and {z,,} C F(T) such that
z* = Jz and z;, = Jx, for all n € N. Thus

¢(Tz,ry) < d(w, 25)
= |lz|* = 2(z, x},) + [l )17

= |lz]* = 2{z,2*) + [|l2*||* = 0.

Hence, lim ¢(T'z,z,) = 0. Since

n—o0

0= lim ¢(Tw,an) = lim (|Ta|* = 2(Tx,23) + [|2;]%)

n—o0

= ||T|* — 2(Tz,2*) + ||l2*||* = ¢(T'z, z),
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we have ¢(T'z,z) = 0 and hence x = T'z. This implies z* = Jx € JF(T).
We finally show that JF(T') is convex. Let *,y* € JF(T) and let o € (0,1) and f =1 — . Then we
have z,y € F(T) such that 2* = Jx and y* = Jy. Thus, we have
H(TT N adz + BJy), J Haz + BJy))
=TT YaJz + BJy)|*> — 20T T aJz + BJy), aJx + BJy) + ||J  (aJz + BTy)||?
+aljz]* + Bllyll* — (allzl* + Bllyll*)
=ag(TJ oz + BJy),x) + BH(TT (e + BJy),y) + Tz + BJy|1* — (allz|* + Bllyl|*)-

Since z,y € F(T') and T is generalized nonexpansive, we have

ag(TJ N adx + BJy),x) + B(TJ (ax + BJy),y) + Sz + BIy|* — (allz| + Bllyl?)
<ag(J Hadz + BJy),x) + Bo(J Tz + BIy),y) + |aJz + BIy|* — (ellz]* + Blly|?)
=a{ ez + BJy|* — 2(J ez + BJy), Jx) + ||z|*}
+ B{lladz + BJy|* = 2(J H(aJz + BJy), Jy) + |ylI*}
+ leJz + BTyl — (ellz) + Bllyl1*)
=2|aJx + BJy|? — 2(J Yadz + BJy), aJz + BJy)
=2z + BJy|?* - 2|z + BJy|*> = 0.

Then we have TJ ! (aJx + BJy) = J~Y(aJz + BJy) and hence J~'(aJx + BJy) € JF(T). This implies
that aJx + BJy € JF(T). Therefore, JF(T) is convex and the proof is complete. O

Using Lemmas [2.4] and we obtain the following lemma.

Lemma 3.2. Let E be a smooth, strictly convex and reflexive Banach space and C' be a closed subset of E
such that JC' is closed and convex. Let T be a generalized monexpansive mapping from C into E such that
F(T) # 0, then F(T) is a sunny generalized nonexpansive retract of E.

Theorem 3.3. Let E be a uniformly smooth and uniformly convex Banach space and let C be a nonempty
closed subset of E such that JC is closed and convex. Let f be a bifunction from JC x JC to R satisfying
(A1)-(A4) and {T),} be a countable family of generalized nonexpansive mappings from C into E, and let T
be a family of closed generalized nonexpansive mappings from C into E such that (\,—; F(T,) = F(T) # 0
and F(T)NEP(f) # 0. Suppose that {T,,} satisfies the NST-condition with T. Let {x,} be the sequence
generated by xg =x € C,Cy = C and

Yn = QnTp + (1 - an)Tnxna
Up € C7 such that f(JUn, Jy) + %(Un — Yn, J?/ - JUTL> > 07 V?/ € C7
Cr1 = {2 € Cp : ¢(un,2) < ¢(xn, 2)},
Tny1 = Re, @
for alln € NU {0}, where J is the duality mapping on E and {ay,} C [0,1] satisfies liminf o, (1 — ) > 0
n—oo
and {rn} C [a,00) for some a > 0. Then, {z,} converges strongly to Rp(mngp(f)T, where Rprynpp(y) 18
the sunny generalized nonexpansive retraction from E onto F(T)N EP(f).
Proof. Since the proof of Theorem is very long, so we divide it into 5 steps.

Stepl : We begin by proving that {x,} is well-defined. Putting u,, = T}. y, for all n € NU{0}, we have from
Lemma that T, is generalized nonexpansive. We first show that F/(7) N EP(f) is a sunny generalized
nonexpansive retract of £ and JC,, is closed and convex. From Lemmas and we have JEP(f) and
JF(T) are closed and convex, respectively. Since E' is uniformly convex, J is injective and hence

J(F(T)NJEP(f)) = JF(T) N JEP(f),
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which is also closed and convex. Using Lemma2.4] we have F(T)NEP(f) is a sunny generalized nonexpansive
retract of E. It is obvious that JCj is closed and convex. Since ¢(uy, 2) < ¢(xy, z) is equivalent to

0 < [lzall? = lJunll* — 2{@n — un, J2),

which is affine in Jz, hence JC,, is closed and convex. Next, we show by the induction that F'(7)NEP(f) C
Cy, for all n € NU{O} From Cy = C, we have F(T) N EP(f) C Cy. Suppose that F(T)NEP(f) C Cy, for

some k € NU{0}. Since T, and T}, are generalized nonexpansive, we have

(ug, u) = ¢(Tr Yk, v) < Ay, u)
= ¢(agzy + (1 — ag) Ty, u)
= |lagzr + (1 — o) Tean||* — 2{apzr + (1 — ag) T, Ju) + ||ul|
< agllanl? + (1 — )| Trer)|* = 20 (@x, Ju) — 2(1 — o) (Teaw, Ju) + [|ul®
= apd(wg, u) + (1 — ag) Tk, u)
< ap(wp, u) + (1 — ag)p(p, u) = ¢y, u).

Hence, we have u € Cj1. This implies that F(T)NEP(f) C C, for all n € NU{0}. So, {z,} is well-defined.
Step2 : We will show that lim,_, ||y — uy|| = 0. It follows from Lemma (ii) and z,, = R¢,x that

(3.1)

¢($,J}n) = ¢($,ch$) < qb(x,u) - qﬁ(chx,u) < gb(x,u)

for all w € F(T) N EP(f) C C,. Then, {¢(z,z,)} is bounded. Moreover, by definition of ¢, we have that
{zy} is bounded. From C),4+; C C, and z,, = Rc,x, we have

¢(@,20) < P, Tnt1), n > 0.

So, the limit of {¢(x, zy,)} exists. From x,, = R¢, z, and for any positive integer k, we have

¢($n,$n+k) = Cb(RCnl‘axn—&-k) < ¢($,$n+k) - ¢(:‘Ua chx) = gb(xvxn-‘rk‘) - ¢(x>$n)

This implies that nh_)rrolo & (Tp, Tpyr) = 0. Using Lemma we have that, for m,n € N with m > n,

Illzn = zml]) < d(Tn, 2m) < O(2, Tm) — é(2, 74),

where ¢ : [0,00) — [0,00) is a continuous, strictly increasing and convex function with g(0) = 0. Then the
property of the function ¢ yields that {z,} is a Cauchy sequence in C, so there exists w € C such that

Tp — w. In view of z, 41 = Re, ., € Cyy1 and definition of €41, we also have

¢(Un, $n+1) < ¢($n7 anrl)-

It follows that hm O(Up, Tpy1) = hm ¢(xn, Tpy1) = 0. Since E is uniformly convex and smooth, we have
from Lemma 2.9 that

nh_{TOlo |20 — Znsa|l = nh—>Holo [tun — Zns1]| = 0.
So, we have
nh_{glo |zn — un|| = 0. (3.2)
Step3 : We will prove that lim, o ||2, — Thznl = 0. Put r = max{sup,, ||z,||,sup,, |Tz,||}. Since E is a

uniformly convex Banach space, there exists a continuous, strictly increasing and convex function g with
g(0) = 0 such that
[tz + (1 = )y[|* < tllz[* + (1 = )lly]* - (1 — t)g(llz — y]))
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for all z,y € B,(0) and ¢ € [0, 1]. So, we have that for u € Q,

Btns 4) = H(Thym, 1) < Som )
= ¢(aney + (1 — an)Thap, u)
= |lanzn + (1 — ap) Tpn||* — 2{anxy + (1 — o) Tnan, Ju) + ||lul|?
< apllznl* + (1 = )| Tzl = 200 (20, Ju) — 2(1 — an){(Than, Ju) + ||u)|?
— an(l — an)g(llzn — Than|)
= an@(Tn, u) + (1 — an)(Tnn, u) — an(l — an)g(||zn — Thzal|)
< and(zn, u) + (1 — ag)p(@n, u) — an(l — an)g(|zn — Than|)
= ¢(n,u) — an(l — an)g(llzn — Thzn|)).

Therefore, we have

an(l = an)g(lzn — Taznll) < ¢(@n, w) — ¢(un, u), Vn € NU{0}.

Since

(@, 1) = d(un, u) = [|2al* = Junl* = 2{@n — un, Ju)
< llzall? = llunll?l + 2l{@n — tn, Ju)|
< el = llunlllClzall + llunll) + 2[zn = wnl[[[Jull
< lzn = unll[(znll + [lunll) + 2]|2n — wnlll|Jull,

it follows that
lim (Qs(xn»u) - ¢(una u)) =0.

n—00

From lim inf,, o an (1 — ay) > 0, we have limy, o0 g(||zr, — Tz, ||) = 0. By properties of the function g, we
have limy,, o0 || — Than| = 0.

Step4 : We will show that w € F(T) N EP(f). Since {T},} satisfies the NST-condition with 7", we have that

lim ||z, —Tzy|| =0, forall T € T.
n—oo

Since x, — w and T is closed, it follows that w is a fixed point of T, that is, w € F(T) and by (3.2)), we
have that u,, — w. On the other hand, from u, = T} y,, Lemma and (3.1)) we have that

¢ (Yn, un) = ¢(Yns T, Yn)

G (Ynsu) = A(Tr, Y, u)
P(@n, u) — (T, Yn, w)
= ¢(zn,u) — d(un, u).

Since lim,,— o0 (qﬁ(a:n,u) — (U, u)) = 0, we have that lim, o ¢(yn,un) = 0. Since E is uniformly convex
and smooth, we have from Lemma [2.9|that lim ||y, — u,| = 0. From r, > a, we have
n—oo

I/\ I/\

m 2, (3.3)

By u, =T, yn, we have
f(Jup, Jy) + —(un — yn, Jy — Jup) >0, Yy € C.

y (A2), we have that

1
7<un — Yn, JY — Jun> > _f(JunaJy) > f(Jvaun)v Yy € C. (3'4)

Tn
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Since f(x,-) is convex and lower semicontinuous and u, — w, it follows from (3.3)) and (3.4]) that
f(Jy, Jw) <0, Vy € C.

For t with0 <t <1landy e C,let yy =tJy+ (1 —t)Jw. Since JC is convex, we have y; € JC and hence
f(yf, Jw) <0. So, from (A1) we have

0= flytsu) <tfys Jy) + (=0 f (g, Jw) <tf(y;, Jy)-
Hence
flyi,Jy) 20, vy € C.
Letting ¢ | 0, from (A3) we have
f(Jw,Jy) >0, Vy € C.
Therefore, we have Jw € JEP(f) that is w € EP(f).

Step5 : We will show that x, converges strongly to Rpimngp(r)® by proving w = Rpirngpp(r)®. From
Lemma (ii), we have

é(z, Rperneps)®) + ¢(Rpmneps)®, w) < ¢(z,w).

Since zp+1 = Re, . ,x and w € F(T) N EP(f) C C,, we get from Lemma (ii) that

n+1
(2, 2ny1) + ¢(Tn+1, Reemnep(p)®) < 0(2, Re(mnep(f)T)- (3.5)
Since x,, — w, it follows by definition of ¢ that ¢(x,x,+1) — ¢(x,w). This implies by (3.5)) that ¢(z,w) <

¢(z, Rp(rnep(p)T). But since ¢(z,w) > ¢(z, Rp(rnep(r)z), we obtain ¢(z,w) = ¢(z, Rr(m)nep()®)-
Therefore, it follows from the uniqueness of Rp(rnpp(r)® that w = Rpnpp(pz. This completes the
proof. O

Corollary 3.4. Let E be a uniformly smooth and uniformly conver Banach space and let C' be a nonempty
closed subset of E such that JC is closed and convex. Let f be a bifunction from JC x JC to R satisfying
(A1)-(A4). Let {z,} be the sequence generated by o =z € C,Cy = C and

u, € C, such that f(Jun, Jy) + %(un — &y, Jy — Ju,) >0, Vy € C,
Cny1 = {2 € Cn: p(un, 2) < ¢(xn,2)},
Tn+1 = Ro, @

for all n € NU {0}, where J is the duality mapping on E and {r,} C |a,00) for some a > 0. Then, {z,}

converges strongly to Rpp(px, where Rpp(y) is the sunny generalized nonexpansive retraction from E onto
EP(f).

Proof. Putting T,, = I for all n € NU {0} in Theorem we obtain the desired result. O
Corollary 3.5. Let E be a uniformly smooth and uniformly convex Banach space and let C' be a nonempty

closed subset of E such that JC is closed and convex. Let {T,,} be a countable family of generalized nonez-
pansive mappings from C' into E and, let T be a family of closed generalized nonexpansive mappings from

C into E such that (.~ F(T) = F(T) # 0. Suppose that {T,,} satisfies the NST-condition with T. Let
{z,} be the sequence generated by xg = x € C,Cy = C and

Up = Ty + (1 — ap)Thzy,

Cni1 ={2€Cp: d(un, 2) < dp(an, 2)},

Tn+1 = Re, @
for alln € NU {0}, where J is the duality mapping on E and {ay} C [0, 1] satisfies linnl}gf an(l —ay) > 0.

Then, {xn} converges strongly to Rp(r)x, where Rp(ry is the sunny generalized nonexpansive retraction

from E onto F(T).

Proof. Putting f(Jz,Jy) =0 for all z,y € C and r, =1 for all n € NU {0} in Theorem [3.3| we obtain the
desired result. O
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4. Deduced results

In this section, using Theorem we obtain some new convergence theorems for finding a common
element of the set of solutions of an equilibrium problem and the set of fixed points of one and two of
generalized nonexpansive mappings in a Banach space.

Theorem 4.1. Let E be a uniformly smooth and uniformly convexr Banach space and let C' be a nonempty
closed subset of E such that JC is closed and convex. Let f be a bifunction from JC x JC to R satisfying
(A1)-(A4) and T be a closed generalized nonexpansive mapping from C into E such that F(T)NEP(f) # 0.
Let {x,} be the sequence generated by xop =z € C,Cy = C and

Yn = Qn®y + (1 — ap)Tay,

un € C, such that f(Jun, Jy) + %(un — Yn, Jy — Jup) >0, Yy € C,
Cnt1={2 € Cp : ¢(un,2) < ¢p(xn,2)},

Tnt1 = Re, @

for all n € NU {0}, where J is the duality mapping on E and {ay,} C [0,1] satisfies liminf v, (1 — ) > 0
n—oo

and {r,} C [a,00) for some a > 0. Then, {z,} converges strongly to Rprynpp(f)T, where Rpmnpp(y) 18

the sunny generalized nonexpansive retraction from E onto F(T) N EP(f).

Proof. Put T,, = T for all n € N. It is obvious that {7}, } satisfies the NST-condition with 7', so we obtain
the desired result by using Theorem O

Theorem 4.2. Let E be a uniformly smooth and uniformly convex Banach space and let C be a nonempty
closed subset of E such that JC is closed and convex. Let f be a bifunction from JC x JC to R satisfying
(A1)-(A4) and T be a closed generalized nonexpansive mapping from C into E such that F(T)NEP(f) # 0.
Let {x),} be the sequence generated by xo = x € C,Cy = C and

Yn = anTpn + (1 — o) (Bnzn + (1 = Br)Tn),

up € C, such that f(Jun, Jy) + %(un — Yn, Jy — Ju,) >0, Yy € C,
Cny1 = {2 € Cy 1 ¢(un, 2) < ¢(wn, 2)},

Tny1 = Re, @

for all n € N, where J is the duality mapping on E and {an} and {Bn} are sequences in [0,1] satisfying
liminf «, (1 — ay,) > 0 and liminf 8,(1 — 8,) > 0 and {r,} C [a,00) for some a > 0. Then, {x,} converges
n—oo n— o0

strongly to Rp(rynpp(f)®, where Rp(rynpp(y) 1S the sunny generalized nonexpansive retraction from E onto
F(T)NEP(f).

Proof. Define T, x = Bpx+(1—3,)Tz for alln € Nand x € C. By Lemma we know that {7}, } satisfies
the NST-condition with 7', so we obtain the desired result by using Theorem O

Theorem 4.3. Let E be a uniformly smooth and uniformly convex Banach space and let C be a nonempty
closed subset of E such that JC is closed and convex. Let f be a bifunction from JC x JC' to R satisfying
(A1)-(A4) and S, T be closed generalized nonexpansive mappings from C into E such that @ = F(S) N
F(T)NEP(f)#0. Let {x,} be the sequence generated by xo = x € C,Cy = C and

Yn = QnZpn + (1 — an) (BnSxn + (1 — Bn)Txy),

un € C, such that f(Ju,, Jy) + %(un — Yn, Jy — Juy) >0, Yy € C,
Cn+1 ={2 € Cy : ¢(un, 2) < ¢(zn, 2)},

Tpt1 = Ro, @

for all n € N, where J is the duality mapping on E and {ca,} and {5,} are sequences in [0, 1] satisfying
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lirginf an(l —ay) > 0 and liminf 8,(1 — 5,,) > 0 and {r,} C [a,00) for some a > 0. Then, {x,} converges
n [e.9] n—oo
strongly to Rqz, where Rq is the sunny generalized nonexpansive retraction from E onto ).

Proof. Define T,z = 3,5z + (1 — 8,)Tx for all n € N and « € C. By Lemma we know that {T),}
satisfies the NST-condition with 7T". So, we obtain the desired result by using Theorem O

5. Applications

In this section, we give a strong convergence theorem for a countable family of nonexpansive mappings
in a Hilbert space. In a Hilbert space, we know that ¢(z,y) = ||z — y||? for all z,y € H, J = I, where I
is an identity mapping and every nonexpansive mapping is closed generalized nonexpansive. The following
two lemmas are directly obtained by Lemmas and respectively.

Lemma 5.1 ([II, Lemma 2.1]). Let C be a closed and convexr subset of a Hilbert space H and let T be a
nonexpansive mapping from C into itself with F(T) # 0. Let {8,} C [0,1] satisfies lirginf Bn(1 — B,) > 0.
For n € N, define the mapping T,, of C into itself by

Thx = ppr+ (1 —B,)Tx

for all z € C. Then, {T,} is a countable family of nonexpansive mappings satisfying the NST-condition
with T.

Lemma 5.2 ([II, Lemma 2.3)). Let C be a closed and convex subset of a Hilbert space H and let S
and T be nonexpansive mappings from C into itself with F(S) N F(T) # 0. Let {,} C [0,1] satisfies
lirginf Bn(1 = By) > 0. Forn €N, define the mapping T,, of C into itself by

n—0o0

T,z = oSz + (1 — B,)Tx

for all x € C. Then, {T,} is a countable family of nonexpansive mappings satisfying the NST-condition
with {S,T}.

Theorem 5.3. Let H be a Hilbert space and let C' be a nonempty closed and convex subset of H. Let f be
a bifunction from C x C to R satisfying (A1)-(A4). Let {T,,} and T be families of nonexpansive mappings
of C into itself such that (-~ F(T,,) = F(T) # 0 and F(T) N EP(f) # 0. Suppose that {T,,} satisfies the
NST-condition with T. Let {x,} be the sequence generated by xo = x € C,Cy = C and

Yn = QpTyp + (]- - an)Tnxru
un, € C, such that f(un,y)+ %(un — YnY —Up) >0, Vy € C,
Crni1 ={2 € Cn: ||z — un|| < [lz — zall},

Tn+1 = PCnerx

for all n € N, where {ay,} C [0,1] satisfies lirginfan(l —ay) > 0 and {r,} C [a,00) for some a > 0.
n—oo

Then, {x,} converges strongly to Ppmnep(n, where Prirnpp(r) s the metric projection from C onto

F(T)NEP(f).

Proof. In a Hilbert space, we know that ¢(z,y) = ||z — y||? for all z,y € H, J = I, where I is the identity
mapping. By using Theorem |3.3] we obtain the desired conclusion. O
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