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Abstract
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1. Introduction and preliminaries

Let K be a nonempty subset of a real Banach space E. Let T : K → K be a nonlinear mapping, then
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we denote the set of all fixed points of T by F (T ). The set of common fixed points of four mappings S1, S2,
T1 and T2 will be denoted by F = F (S1)

⋂
F (S2)

⋂
F (T1)

⋂
F (T2).

A mapping T : K → K is said to be asymptotically nonexpansive in the intermediate sense [1] if it is
continuous and the following inequality holds:

lim sup
n→∞

sup
x,y∈K

(
‖Tn(x)− Tn(y)‖ − ‖x− y‖

)
≤ 0.

From the above definition, it follows that an asymptotically nonexpansive mapping must be an asymp-
totically nonexpansive mapping in the intermediate sense. But the converse does not hold as the following
example shows.

Example 1.1. Let E = R be a normed linear space and K = [0, 1]. For each x ∈ K, we define

T (x) =

{
kx, if x 6= 0,
0, if x = 0,

where 0 < k < 1. Then
|Tnx− Tny| = kn|x− y| ≤ |x− y|

for all x, y ∈ K and n ∈ N.
Thus T is an asymptotically nonexpansive mapping with constant sequence {1} and

lim sup
n→∞

{|Tnx− Tny| − |x− y|} = lim sup
n→∞

{kn|x− y| − |x− y|} ≤ 0,

because limn→∞ k
n = 0 as 0 < k < 1, for all x, y ∈ K, n ∈ N and T is continuous. Hence T is an

asymptotically nonexpansive mapping in the intermediate sense.

Example 1.2. Let E = R, K = [− 1
π ,

1
π ] and |λ| < 1. For each x ∈ K, consider

T (x) =

{
λx sin(1/x), if x 6= 0,

0, if x = 0.

Clearly F (T ) = {0}. Since

Tx = λx sin(1/x), T 2x = λ2 x sin(1/x) sin
( 1

λx sin(1/x)

)
, . . . ,

we obtain {Tnx} → 0 uniformly on K as n→∞. Thus

lim sup
n→∞

{
‖Tnx− Tny‖ − ‖x− y‖ ∨ 0

}
= 0

for all x, y ∈ K. Hence T is an asymptotically nonexpansive mapping in the intermediate sense (ANI in
short), but it is not a Lipschitz mapping. In fact, suppose that there exists λ > 0 such that |Tx − Ty| ≤
λ|x− y| for all x, y ∈ K. If we take x = 2

5π and y = 2
3π , then

|Tx− Ty| =
∣∣∣λ 2

5π
sin
(5π

2

)
− λ 2

3π
sin
(3π

2

)∣∣∣ =
16λ

15π
,

whereas

λ|x− y| = λ
∣∣∣ 2

5π
− 2

3π

∣∣∣ =
4λ

15π
,

and hence it is not an asymptotically nonexpansive mapping.

Definition 1.3. A subset K of a Banach space E is said to be a retract of E if there exists a continuous
mapping P : E → K (called a retraction) such that P (x) = x for all x ∈ K. If, in addition P is nonexpansive,
then P is said to be a nonexpansive retract of E.
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If P : E → K is a retraction, then P 2 = P . A retract of a Hausdorff space must be a closed subset.
Every closed convex subset of a uniformly convex Banach space is a retract.

In 2004, Chidume et al. [3] introduced the concept of non-self asymptotically nonexpansive mappings in
the intermediate sense as follows.

Definition 1.4. Let K be a nonempty subset of a real Banach space E and let P : E → K be a nonexpansive
retraction of E onto K. A non-self mapping T : K → E is said to be asymptotically nonexpansive in the
intermediate sense if T is uniformly continuous and

lim sup
n→∞

sup
x,y∈K

(
‖T (PT )n−1(x)− T (PT )n−1(y)‖ − ‖x− y‖

)
≤ 0.

For the sake of convenience, we restate the following concepts and results.
Let E be a Banach space with its dimension greater than or equal to 2. The modulus of convexity of E

is the function δE(ε) : (0, 2]→ [0, 1] defined by

δE(ε) = inf
{

1− ‖1

2
(x+ y)‖ : ‖x‖ = 1, ‖y‖ = 1, ε = ‖x− y‖

}
.

A Banach space E is uniformly convex if and only if δE(ε) > 0 for all ε ∈ (0, 2].
Let S = {x ∈ E : ‖x‖ = 1} and let E∗ be the dual of E, that is, the space of all continuous linear

functionals f on E. The space E has:

(i) Gâteaux differentiable norm if

lim
t→0

‖x+ ty‖ − ‖x‖
t

exists for each x and y in S.

(ii) Fréchet differentiable norm [11] if for each x in S, the above limit exists and is attained uniformly for
y in S and in this case, it is also well-known that

〈h, J(x)〉+
1

2
‖x‖2 ≤ 1

2
‖x+ h‖2 (1.1)

≤ 〈h, J(x)〉+
1

2
‖x‖2 + b(‖x‖)

for all x, h ∈ E, where J is the Fréchet derivative of the functional 1
2 ‖·‖

2 at x ∈ E, 〈· ·〉 is the pairing

between E and E∗, and b is an increasing function defined on [0,∞) such that limt→0
b(t)
t = 0.

(iii) Opial condition [7] if for any sequence {xn} in E, xn converges to x weakly it follows that

lim sup
n→∞

‖xn − x‖ < lim sup
n→∞

‖xn − y‖ for all y ∈ E with y 6= x.

Examples of Banach spaces satisfying Opial condition are Hilbert spaces and all spaces lp(1 < p < ∞).
On the other hand, Lp[0, 2π] with 1 < p 6= 2 fails to satisfy Opial condition.

A mapping T : K → K is said to be demiclosed at zero, if for any sequence {xn} in K, the condition xn
converges weakly to x ∈ K and Txn converges strongly to 0 imply Tx = 0.

A mapping T : K → K is said to be completely continuous if {Txn} has a convergent subsequence in K
whenever {xn} is bounded in K.

A Banach space E has the Kadec-Klee property [10] if for every sequence {xn} in E, xn → x weakly
and ‖xn‖ → ‖x‖ it follows that ‖xn − x‖ → 0.

In 2003, Chidume et al. [2] studied the following iteration process for non-self asymptotically nonexpan-
sive mappings:

x1 = x ∈ K,
xn+1 = P ((1− αn)xn + αnT (PT )n−1xn), n ≥ 1, (1.2)

where {αn} is a sequence in (0, 1) and proved some strong and weak convergence theorems in the framework
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of uniformly convex Banach spaces.
In 2004, Chidume et al. [3] studied the following iteration scheme:

x1 = x ∈ K,
xn+1 = P ((1− αn)xn + αnT (PT )n−1xn), n ≥ 1, (1.3)

where {αn} is a sequence in (0, 1), and K is a nonempty closed convex subset of a real uniformly convex
Banach space E, P is a nonexpansive retraction of E onto K, and proved some strong and weak convergence
theorems for asymptotically nonexpansive non-self mappings in the intermediate sense in the framework of
uniformly convex Banach spaces.

In 2006, Wang [13] generalized the iteration process (1.2) as follows:

x1 = x ∈ K,
xn+1 = P ((1− αn)xn + αnT1(PT1)

n−1yn),

yn = P ((1− βn)xn + βnT2(PT2)
n−1xn), n ≥ 1,

where T1, T2 : K → E are two asymptotically nonexpansive non-self mappings and {αn}, {βn} are real
sequences in [0, 1), and proved some strong and weak convergence theorems for asymptotically nonexpansive
non-self mappings.

In 2012, Guo et al. [5] generalized the iteration process (1.3) as follows:

x1 = x ∈ K,
xn+1 = P ((1− αn)Sn1 xn + αnT1(PT1)

n−1yn),

yn = P ((1− βn)Sn2 xn + βnT2(PT2)
n−1xn), n ≥ 1,

(1.4)

where S1, S2 : K → K are two asymptotically nonexpansive self mappings and T1, T2 : K → E are two
asymptotically nonexpansive non-self-mappings and {αn}, {βn} are real sequences in [0, 1), and proved some
strong and weak convergence theorems for mixed type asymptotically nonexpansive mappings. Recently,
Wei and Guo [15] studied the following.

Let E be a real Banach space, K a nonempty closed convex subset of E and P : E → K a nonexpansive
retraction of E onto K. Let S1, S2 : K → K be two asymptotically nonexpansive self mappings and
T1, T2 : K → E two asymptotically nonexpansive non-self-mappings. Then Wei and Guo [15] defined the
new iteration scheme of mixed type with mean errors as follows:

x1 = x ∈ K,
xn+1 = P (αnS

n
1 xn + βnT1(PT1)

n−1yn + γnun), (1.5)

yn = P (α′nS
n
2 xn + β′nT2(PT2)

n−1xn + γ′nu
′
n), n ≥ 1,

where {un}, {u′n} are bounded sequences in E, {αn}, {βn}, {γn}, {α′n}, {β′n}, {γ′n} are real sequences in
[0, 1) satisfying αn +βn + γn = 1 = α′n +β′n + γ′n for all n ≥ 1, and proved some weak convergence theorems
in the setting of real uniformly convex Banach spaces. If γn = γ′n = 0, for all n ≥ 1, then the iteration
scheme (1.5) reduces to the scheme (1.4).

The purpose of this paper is to study iteration scheme (1.5) for the mixed type asymptotically nonexpan-
sive mappings in the intermediate sense which is more general than the class of asymptotically nonexpansive
mappings in uniformly convex Banach spaces and establish some strong and weak convergence theorems for
mentioned scheme and mappings.

Next we state the following useful lemmas to prove our main results.

Lemma 1.5 ([12]). Let {αn}∞n=1, {βn}∞n=1 and {rn}∞n=1 be sequences of nonnegative numbers satisfying the
inequality

αn+1 ≤ (1 + βn)αn + rn, ∀n ≥ 1.

If
∑∞

n=1 βn <∞ and
∑∞

n=1 rn <∞, then
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(i) limn→∞ αn exists;

(ii) in particular, if {αn}∞n=1 has a subsequence which converges strongly to zero, then limn→∞ αn = 0.

Lemma 1.6 ([9]). Let E be a uniformly convex Banach space and 0 < α ≤ tn ≤ β < 1 for all n ∈ N. Suppose
further that {xn} and {yn} are sequences of E such that lim supn→∞ ‖xn‖ ≤ a, lim supn→∞ ‖yn‖ ≤ a and
limn→∞ ‖tnxn + (1− tn)yn‖ = a hold for some a ≥ 0. Then limn→∞ ‖xn − yn‖ = 0.

Lemma 1.7 ([10]). Let E be a real reflexive Banach space with its dual E∗ has the Kadec-Klee property. Let
{xn} be a bounded sequence in E and p, q ∈ ww(xn) (where ww(xn) denotes the set of all weak subsequential
limits of {xn}). Suppose limn→∞ ‖txn + (1− t)p− q‖ exists for all t ∈ [0, 1]. Then p = q.

Lemma 1.8 ([10]). Let K be a nonempty convex subset of a uniformly convex Banach space E. Then there
exists a strictly increasing continuous convex function φ : [0,∞)→ [0,∞) with φ(0) = 0 such that for each
Lipschitzian mapping T : K → K with the Lipschitz constant L,

‖tTx+ (1− t)Ty − T (tx+ (1− t)y)‖ ≤ Lφ−1
(
‖x− y‖ − 1

L
‖Tx− Ty‖

)
for all x, y ∈ K and all t ∈ [0, 1].

2. Strong convergence theorems

In this section, we prove some strong convergence theorems of iteration scheme (1.5) for the mixed type
asymptotically nonexpansive mappings in the intermediate sense in real uniformly convex Banach spaces.
First, we shall need the following lemma.

Lemma 2.1. Let E be a real uniformly convex Banach space, K a nonempty closed convex subset of
E. Let S1, S2 : K → K be two asymptotically nonexpansive self-mappings in the intermediate sense and
T1, T2 : K → E two asymptotically nonexpansive non-self-mappings in the intermediate sense. Put

Gn = max
{

0, sup
x, y∈K, n≥1

(
‖Sn1 x− Sn1 y‖ − ‖x− y‖

)
, sup
x, y∈K, n≥1

(
‖Sn2 x− Sn2 y‖ − ‖x− y‖

)}
, (2.1)

and

Hn = max
{

0, sup
x, y∈K, n≥1

(
‖T1(PT1)n−1(x)− T1(PT1)n−1(y)‖ − ‖x− y‖

)
, (2.2)

sup
x, y∈K, n≥1

(
‖T2(PT2)n−1(x)− T2(PT2)n−1(y)

)}
,

such that
∑∞

n=1Gn < ∞ and
∑∞

n=1Hn < ∞. Let {xn} be the sequence defined by (1.5), where {un},
{u′n} are bounded sequences in E, {αn}, {βn}, {γn}, {α′n}, {β′n}, {γ′n} are real sequences in [0, 1) satisfying
αn + βn + γn = 1 = α′n + β′n + γ′n for all n ≥ 1,

∑∞
n=1 γn < ∞ and

∑∞
n=1 γ

′
n < ∞. Assume that

F = F (S1)
⋂
F (S2)

⋂
F (T1)

⋂
F (T2) 6= ∅. Then limn→∞ ‖xn − q‖ and limn→∞ d(xn, F ) both exist for any

q ∈ F .

Proof. Let q ∈ F . From (1.5), (2.1) and (2.2), we have

‖yn − q‖ = ‖P (α′nS
n
2 xn + β′nT2(PT2)

n−1xn + γ′nu
′
n)− P (q)‖

≤ ‖α′nSn2 xn + β′nT2(PT2)
n−1xn + γ′nu

′
n − q‖

≤ α′n‖Sn2 xn − q‖+ β′n‖T2(PT2)n−1xn − q‖+ γ′n‖u′n − q‖ (2.3)

≤ α′n[‖xn − q‖+Gn] + β′n[‖xn − q‖+Hn] + γ′n‖u′n − q‖
≤ (α′n + β′n)‖xn − q‖+Gn +Hn + γ′n‖u′n − q‖
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= (1− γ′n)‖xn − q‖+Gn +Hn + γ′n‖u′n − q‖
≤ ‖xn − q‖+An,

where An = Gn+Hn+γ′n‖u′n−q‖. Since by assumptions
∑∞

n=1Gn <∞,
∑∞

n=1Hn <∞ and
∑∞

n=1 γ
′
n <∞,

it follows that
∑∞

n=1An <∞. Again from (1.5), (2.1) and (2.2), we have

‖xn+1 − q‖ = ‖P (αnS
n
1 xn + βnT1(PT1)

n−1yn + γnun)− P (q)‖
≤ ‖αnSn1 xn + βnT1(PT1)

n−1yn + γnun − q‖
≤ αn‖Sn1 xn − q‖+ βn‖T1(PT1)n−1yn − q‖+ γn‖un − q‖ (2.4)

≤ αn[‖xn − q‖+Gn] + βn[‖yn − q‖+Hn] + γn‖un − q‖
≤ αn‖xn − q‖+Gn +Hn + βn‖yn − q‖+ γn‖un − q‖.

By using equation (2.3) in (2.4), we obtain

‖xn+1 − q‖ ≤ αn‖xn − q‖+ βn[‖xn − q‖+An]

+Gn +Hn + γn‖un − q‖
= (αn + βn)‖xn − q‖+ βnAn +Gn +Hn + γn‖un − q‖ (2.5)

= (1− γn)‖xn − q‖+ βnAn +Gn +Hn + γn‖un − q‖
≤ ‖xn − q‖+Bn,

where Bn = βnAn+Gn+Hn+γn‖un−q‖. Since by hypothesis
∑∞

n=1Gn <∞,
∑∞

n=1Hn <∞,
∑∞

n=1 γn <∞
and

∑∞
n=1An < ∞, it follows that

∑∞
n=1Bn < ∞. For any q ∈ F , from (2.5), we obtain the following

inequality
d(xn+1, F ) ≤ d(xn, F ) +Bn. (2.6)

By applying Lemma 1.5 in (2.5) and (2.6), we have limn→∞ ‖xn − q‖ and d(xn, F ) both exist. This
completes the proof.

Lemma 2.2. Let E be a real uniformly convex Banach space, K a nonempty closed convex subset of
E. Let S1, S2 : K → K be two asymptotically nonexpansive self-mappings in the intermediate sense and
T1, T2 : K → E two asymptotically nonexpansive non-self-mappings in the intermediate sense and Gn and
Hn be taken as in Lemma 2.1. Assume that F = F (S1)

⋂
F (S2)

⋂
F (T1)

⋂
F (T2) 6= ∅. Let {xn} be the

sequence defined by (1.5), where {un}, {u′n} are bounded sequences in E, {αn}, {βn}, {γn}, {α′n}, {β′n},
{γ′n} are real sequences in [0, 1) satisfying αn +βn + γn = 1 = α′n +β′n + γ′n for all n ≥ 1,

∑∞
n=1 γn <∞ and∑∞

n=1 γ
′
n <∞. If the following conditions hold:

(i) {βn} and {β′n} are real sequences in [ρ, 1− ρ] for all n ≥ 1 and for some ρ ∈ (0, 1),

(ii) ‖x− Ti(PTi)n−1y‖ ≤ ‖Sni x− Ti(PTi)n−1y‖ for all x, y ∈ K and i = 1, 2,

then limn→∞ ‖xn − Sixn‖ = limn→∞ ‖xn − Tixn‖ = 0 for i = 1, 2.

Proof. By Lemma 2.1, limn→∞ ‖xn − q‖ exists for all q ∈ F and therefore {xn} is bounded. Thus, there
exists a real number r > 0 such that {xn} ⊆ K ′ = Br(0) ∩K, so that K ′ is a closed convex subset of K.
Let limn→∞ ‖xn − q‖ = c. Then c > 0 otherwise there is nothing to prove. Now (2.3) implies that

lim sup
n→∞

‖yn − q‖ ≤ c. (2.7)

Also, we have

‖Sn2 xn − q‖ ≤ ‖xn − q‖+Gn, ∀n ≥ 1,
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‖T2(PT2)n−1xn − q‖ ≤ ‖xn − q‖+Hn, ∀n ≥ 1,

and
‖Sn1 xn − q‖ ≤ ‖xn − q‖+Gn, ∀n ≥ 1.

Hence
lim sup
n→∞

‖Sn2 xn − q‖ ≤ c,

lim sup
n→∞

‖T2(PT2)n−1xn − q‖ ≤ c,

and
lim sup
n→∞

‖Sn1 xn − q‖ ≤ c. (2.8)

Next,
‖T1(PT1)n−1yn − q‖ ≤ ‖yn − q‖+Hn,

gives by virtue of (2.6) that
lim sup
n→∞

‖T1(PT1)n−1yn − q‖ ≤ c.

Also, it follows from

c = lim
n→∞

‖xn+1 − q‖

= lim
n→∞

‖αnSn1 xn + βnT1(PT1)
n−1yn + γnun − q‖

= lim
n→∞

‖αn[Sn1 xn − q +
γn

2αn
(un − q)]

+ βn[T1(PT1)
n−1yn − q +

γn
2βn

(un − q)]‖

= lim
n→∞

‖αn[Sn1 xn − q +
γn

2αn
(un − q)]

+ (1− αn)[T1(PT1)
n−1yn − q +

γn
2βn

(un − q)]‖,

and Lemma 1.6 that

lim
n→∞

‖Sn1 xn − T1(PT1)n−1yn +
( γn

2αn
− γn

2βn

)
(un − q)‖ = 0.

Since limn→∞ ‖
(
γn
2αn
− γn

2βn

)
(un − q)‖ = 0, we obtain that

lim
n→∞

‖Sn1 xn − T1(PT1)n−1yn‖ = 0. (2.9)

By condition (ii), it follows that

‖xn − T1(PT1)n−1yn‖ ≤ ‖Sn1 xn − T1(PT1)n−1yn‖,

and so, from (2.9), we have
lim
n→∞

‖xn − T1(PT1)n−1yn‖ = 0. (2.10)

Now

‖xn+1 − q‖ = ‖αnSn1 xn + βnT1(PT1)
n−1yn + γnun − q‖

= ‖αn(Sn1 xn − q) + βn(T1(PT1)
n−1yn − Sn1 xn) + γn(un − Sn1 xn)‖

≤ αn‖Sn1 xn − q‖+ βn‖T1(PT1)n−1yn − Sn1 xn‖+ γn‖un − Sn1 xn‖‖,
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yields that
c ≤ lim inf

n→∞
‖Sn1 xn − q‖,

so that (2.8) gives
lim
n→∞

‖Sn1 xn − q‖ = c.

On the other hand,

‖Sn1 xn − q‖ ≤ ‖Sn1 xn − T1(PT1)n−1yn‖+ ‖T1(PT1)n−1yn − q‖
≤ ‖Sn1 xn − T1(PT1)n−1yn‖+ ‖yn − q‖+Hn,

so, we have
c ≤ lim inf

n→∞
‖yn − q‖. (2.11)

By using (2.7) and (2.11), we obtain

lim
n→∞

‖yn − q‖ = c.

Thus

c = lim
n→∞

‖yn − q‖

= lim
n→∞

‖α′nSn2 xn + β′nT2(PT2)
n−1xn + γ′nu

′
n − q‖

= lim
n→∞

‖α′n[Sn2 xn − q +
γ′n

2α′n
(u′n − q)]

+ β′n[T2(PT2)
n−1xn − q +

γ′n
2β′n

(u′n − q)]‖

= lim
n→∞

‖α′n[Sn2 xn − q +
γ′n

2α′n
(u′n − q)]

+ (1− α′n)[T2(PT2)
n−1xn − q +

γ′n
2β′n

(u′n − q)]‖,

and Lemma 1.6 implies that

lim
n→∞

‖Sn2 xn − T2(PT2)n−1xn +
( γ′n

2α′n
− γ′n

2β′n

)
(u′n − q)‖ = 0.

Since limn→∞ ‖
(
γ′n
2α′n
− γ′n

2β′n

)
(u′n − q)‖ = 0, we obtain that

lim
n→∞

‖Sn2 xn − T2(PT2)n−1xn‖ = 0. (2.12)

By condition (ii), it follows that

‖xn − T2(PT2)n−1xn‖ ≤ ‖Sn2 xn − T2(PT2)n−1xn‖,

and so, from (2.12), we have
lim
n→∞

‖xn − T2(PT2)n−1xn‖ = 0. (2.13)

Since Sn2 xn = P (Sn2 xn) and P : E → K is a nonexpansive retraction of E onto K, we have

‖yn − Sn2 xn‖ = ‖α′nSn2 xn + β′nT2(PT2)
n−1xn + γ′nu

′
n − Sn2 xn‖

= ‖(1− β′n − γ′n)Sn2 xn + β′nT2(PT2)
n−1xn + γ′nu

′
n − Sn2 xn‖
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≤ β′n‖Sn2 xn − T2(PT2)n−1xn‖+ γ′n‖u′n − Sn2 xn‖,

and so
lim
n→∞

‖yn − Sn2 xn‖ = 0. (2.14)

Again, we have

‖yn − xn‖ ≤ ‖yn − Sn2 xn‖+ ‖Sn2 xn − T2(PT2)n−1xn‖+ ‖T2(PT2)n−1xn − xn‖.

Thus, it follows from (2.12), (2.13) and (2.14) that

lim
n→∞

‖yn − xn‖ = 0. (2.15)

Since ‖xn − T1(PT1)n−1xn‖ ≤ ‖Sn1 xn − T1(PT1)n−1yn‖ by condition (ii) and

‖Sn1 xn − T1(PT1)n−1xn‖ ≤ ‖Sn1 xn − T1(PT1)n−1yn‖
+ ‖T1(PT1)n−1yn − T1(PT1)n−1xn‖
≤ ‖Sn1 xn − T1(PT1)n−1yn‖+ ‖yn − xn‖+Hn.

By using (2.9), (2.15) and Hn → 0 as n→∞, we have

lim
n→∞

‖Sn1 xn − T1(PT1)n−1xn‖ = 0, (2.16)

and
lim
n→∞

‖xn − T1(PT1)n−1xn‖ = 0. (2.17)

It follows from

‖xn+1 − Sn1 xn‖ = ‖P (αnS
n
1 xn + βnT1(PT1)

n−1yn + γnun)− P (Sn1 xn)‖
≤ ‖αnSn1 xn + βnT1(PT1)

n−1yn + γnun − Sn1 xn‖
≤ βn‖Sn1 xn − T1(PT1)n−1yn‖+ γn‖un − Sn1 xn‖,

and (2.9) that
lim
n→∞

‖xn+1 − Sn1 xn‖ = 0. (2.18)

In addition, we have

‖xn+1 − T1(PT1)n−1yn‖ ≤ ‖xn+1 − Sn1 xn‖+ ‖Sn1 xn − T1(PT1)n−1yn‖.

By using (2.9) and (2.18), we have

lim
n→∞

‖xn+1 − T1(PT1)n−1yn‖ = 0. (2.19)

Now, by using (2.16), (2.17) and the inequality

‖Sn1 xn − xn‖ ≤ ‖Sn1 xn − T1(PT1)n−1xn‖+ ‖T1(PT1)n−1xn − xn‖,

we have limn→∞ ‖Sn1 xn − xn‖ = 0. It follows from (2.13) and the inequality

‖Sn1 xn − T2(PT2)n−1xn‖ ≤ ‖Sn1 xn − xn‖+ ‖xn − T2(PT2)n−1xn‖,

that
lim
n→∞

‖Sn1 xn − T2(PT2)n−1xn‖ = 0. (2.20)
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Since

‖xn+1 − T2(PT2)n−1yn‖ ≤ ‖xn+1 − Sn1 xn‖+ ‖Sn1 xn − T2(PT2)n−1xn‖+ ‖xn − yn‖+Hn,

from (2.15), (2.18), (2.20) and Hn → 0 as n→∞, it follows that

lim
n→∞

‖xn+1 − T2(PT2)n−1yn‖ = 0. (2.21)

Since Ti for i = 1, 2 is uniformly continuous, P is nonexpansive retraction, it follows from (2.21) that

‖Ti(PTi)n−1yn−1 − Tixn‖ = ‖Ti[(PTi)(PT )n−2)yn−1]− Ti(Pxn)‖ → 0 as n→∞ (2.22)

for i = 1, 2. Moreover, we have

‖xn+1 − yn‖ ≤ ‖xn+1 − T1(PT1)n−1yn‖+ ‖T1(PT1)n−1yn − xn‖+ ‖xn − yn‖.

By using (2.10), (2.15) and (2.19), we have

lim
n→∞

‖xn+1 − yn‖ = 0. (2.23)

In addition, we have

‖xn − T1xn‖ ≤ ‖xn − T1(PT1)n−1xn‖+ ‖T1(PT1)n−1xn − T1(PT1)n−1yn−1‖
+ ‖T1(PT1)n−1yn−1 − T1xn‖
≤ ‖xn − T1(PT1)n−1xn‖+ ‖xn − yn−1‖+Hn

+ ‖T1(PT1)n−1yn−1 − T1xn‖.

Thus, it follows from (2.17), (2.22), (2.23) and Hn → 0 as n→∞, that

lim
n→∞

‖xn − T1xn‖ = 0.

Similarly, we can prove that
lim
n→∞

‖xn − T2xn‖ = 0.

Finally, we have

‖xn − S1xn‖ ≤ ‖xn − T1(PT1)n−1xn‖+ ‖S1xn − T1(PT1)n−1xn‖
≤ ‖xn − T1(PT1)n−1xn‖+ ‖Sn1 xn − T1(PT1)n−1xn‖ (by condition (ii)).

Thus, it follows from (2.16) and (2.17) that

lim
n→∞

‖xn − S1xn‖ = 0.

Similarly, we can prove that
lim
n→∞

‖xn − S2xn‖ = 0.

This completes the proof.

Theorem 2.3. Under the assumptions of Lemma 2.2, if one of S1, S2, T1 and T2 is completely continuous,
then the sequence {xn} defined by (1.5) converges strongly to a common fixed point of the mappings S1,
S2, T1 and T2.



G. S. Saluja, M. Postolache, A. Ghiura, J. Nonlinear Sci. Appl. 9 (2016), 5119–5135 5129

Proof. Without loss of generality we can assume that S1 is completely continuous. Since {xn} is bounded
by Lemma 2.1, there exists a subsequence {S1xnk

} of {S1xn} such that {S1xnk
} converges strongly to some

q1. Moreover, by definition of complete continuity and from Lemma 2.2, we have

lim
k→∞

‖xnk
− S1xnk

‖ = lim
k→∞

‖xnk
− S2xnk

‖ = 0,

and
lim
k→∞

‖xnk
− T1xnk

‖ = lim
k→∞

‖xnk
− T2xnk

‖ = 0,

which implies that
‖xnk

− q1‖ ≤ ‖xnk
− S1xnk

‖+ ‖S1xnk
− q1‖ → 0,

as k →∞ and so xnk
→ q1 ∈ K. Thus, by the continuity of S1, S2, T1 and T2, we have

‖q1 − Siq1‖ = lim
k→∞

‖xnk
− Sixnk

‖ = 0,

and
‖q1 − Tiq1‖ = lim

k→∞
‖xnk

− Tixnk
‖ = 0

for i = 1, 2. Thus it follows that q1 ∈ F (S1)∩ F (S2)∩ F (T1)∩ F (T2). Again, since limn→∞ ‖xn − q1‖ exists
by Lemma 2.1, we have limn→∞ ‖xn − q1‖ = 0. This shows that the sequence {xn} converges strongly to a
common fixed point of the mappings S1, S2, T1 and T2. This completes the proof.

For our next result, we need the following definition.
A mapping T : K → K is said to be semi-compact if for any bounded sequence {xn} in K such that

‖xn−Txn‖ → 0 as n→∞, then there exists a subsequence {xnr} ⊂ {xn} such that xnr → x∗ ∈ K strongly
as r →∞.

Theorem 2.4. Under the assumptions of Lemma 2.2, if one of S1, S2, T1 and T2 is semi-compact, then the
sequence {xn} defined by (1.5) converges strongly to a common fixed point of the mappings S1, S2, T1 and
T2.

Proof. Since we know that from Lemma 2.2, limn→∞ ‖xn − Sixn‖ = limn→∞ ‖xn − Tixn‖ = 0 for i =
1, 2 and one of S1, S2, T1 and T2 is semi-compact, there exists a subsequence {xnj} of {xn} such that
{xnj} converges strongly to some q∗ ∈ K. Moreover, by the continuity of S1, S2, T1 and T2, we have
‖q∗ − Siq∗‖ = limj→∞ ‖xnj − Sixnj‖ = 0 and ‖q∗ − Tiq∗‖ = limj→∞ ‖xnj − Tixnj‖ = 0 for i = 1, 2. Thus it
follows that q∗ ∈ F (S1) ∩ F (S2) ∩ F (T1) ∩ F (T2). Since limn→∞ ‖xn − q∗‖ exists by Lemma 2.1, we have
limn→∞ ‖xn − q∗‖ = 0. This shows that the sequence {xn} converges strongly to a common fixed point of
the mappings S1, S2, T1 and T2. This completes the proof.

Theorem 2.5. Under the assumptions of Lemma 2.2, if there exists a continuous function f : [0,∞)→ [0,∞)
with f(0) = 0 and f(t) > 0 for all t ∈ (0,∞) such that

f(d(x, F )) ≤ a1 ‖x− S1x‖+ a2 ‖x− S2x‖+ a3 ‖x− T1x‖+ a4 ‖x− T2x‖

for all x ∈ K, where F = F (S1) ∩ F (S2) ∩ F (T1) ∩ F (T2) and a1, a2, a3, a4 are nonnegative real numbers
such that a1 + a2 + a3 + a4 = 1, then the sequence {xn} defined by (1.5) converges strongly to a common
fixed point of the mappings S1, S2, T1 and T2.

Proof. From Lemma 2.2, we know that limn→∞ ‖xn − Sixn‖ = limn→∞ ‖xn − Tixn‖ = 0 for i = 1, 2, we
have limn→∞ f(d(xn, F )) = 0. Since f : [0,∞)→ [0,∞) is a nondecreasing function satisfying f(0) = 0 and
f(t) > 0 for all t ∈ (0,∞) and limn→∞ d(xn, F ) exists by Lemma 2.1, we have limn→∞ d(xn, F ) = 0.

Now, we show that {xn} is a Cauchy sequence in K. Indeed, from (2.5), we have

‖xn+1 − q‖ ≤ ‖xn − q‖+Bn
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for each n ≥ 1 with
∑∞

n=1Bn <∞ and q ∈ F . For any m, n, m > n ≥ 1, we have

‖xm − q‖ ≤ ‖xm−1 − q‖+Bm−1

≤ ‖xm−2 − q‖+Bm−1 +Bm−2
...

≤ ‖xn − q‖+
m−1∑
i=n

Bi

≤ ‖xn − q‖+
∞∑
i=n

Bi.

Since limn→∞ d(xn, F ) = 0 and
∑∞

i=nBi <∞, for any given ε > 0 there exists a positive integer n0 such
that

d(xn, F ) <
ε

4
,

∞∑
i=n0

Bi <
ε

4
.

Therefore, there exists q1 ∈ F such that

‖xn0 − q1‖ <
ε

4
,

∞∑
i=n0

Bi <
ε

4
.

Thus, for all m,n ≥ n0, we get from the above inequality that

‖xm − xn‖ ≤ ‖xm − q1‖+ ‖xn − q1‖

≤ ‖xn0 − q1‖+
∞∑
i=n0

Bi

+ ‖xn0 − q1‖+
∞∑
i=n0

Bi

= 2
(
‖xn0 − q1‖+

∞∑
i=n0

Bi

)
< 2
(ε

4
+
ε

4

)
= ε.

Thus, it follows that {xn} is a Cauchy sequence. Since K is a closed subset of E, the sequence {xn}
converges strongly to some q′ ∈ K. It is easy to prove that F (S1), F (S2), F (T1) and F (T2) are all closed and
so F is a closed subset of K. Since limn→∞ d(xn, F ) = 0, we have q′ ∈ F . Thus, the sequence {xn} converges
strongly to a common fixed point of the mappings S1, S2, T1 and T2. This completes the proof.

3. Weak convergence theorems

In this section, we prove some weak convergence theorems of iteration scheme (1.5) for the mixed type
asymptotically nonexpansive mappings in the intermediate sense in real uniformly convex Banach spaces.

Lemma 3.1. Under the assumptions of Lemma 2.1, for all p1, p2 ∈ F = F (S1) ∩ F (S2) ∩ F (T1) ∩ F (T2),
the limit

lim
n→∞

‖txn + (1− t)p1 − p2‖

exists for all t ∈ [0, 1], where {xn} is the sequence defined by (1.5).
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Proof. By Lemma 2.1, limn→∞ ‖xn − z‖ exists for all z ∈ F and therefore {xn} is bounded. By letting

an(t) = ‖txn + (1− t)p1 − p2‖

for all t ∈ [0, 1], we conclude that limn→∞ an(0) = ‖p1 − p2‖ and limn→∞ an(1) = ‖xn − p2‖ exists by
Lemma 2.1. It, therefore, remains to prove Lemma 3.1 for t ∈ (0, 1). For all x ∈ K, we define the mapping
Wn : K → K by:

Un(x) = P (α′nS
n
2 x+ β′nT2(PT2)

n−1x+ γ′nu
′
n),

and
Wn(x) = P (αnS

n
1 x+ βnT1(PT1)

n−1Un(x) + γnun).

Then it follows that xn+1 = Wnxn, Wnp = p for all p ∈ F . Now from (2.3) and (2.5) of Lemma 2.1, we
see that

‖Un(x)− Un(y)‖ ≤ ‖x− y‖+An,

and
‖Wn(x)−Wn(y)‖ ≤ ‖x− y‖+Bn, (3.1)

with
∑∞

n=1Bn <∞. By setting

Qn,m = Wn+m−1Wn+m−2 . . .Wn, m ≥ 1, (3.2)

and
bn,m = ‖Qn,m(txn + (1− t)p1)− (tQn,mxn + (1− t)Qn,mp2)‖.

From (3.1) and (3.2), we have

‖Qn,m(x)−Qn,m(y)‖ = ‖Wn+m−1Wn+m−2 . . .Wn(x)−Wn+m−1Wn+m−2 . . .Wn(y)‖
≤ ‖Wn+m−2 . . .Wn(x)−Wn+m−2 . . .Wn(y)‖+Bn+m−1

≤ ‖Wn+m−3 . . .Wn(x)−Wn+m−3 . . .Wn(y)‖
+Bn+m−1 +Bn+m−2

...

≤ ‖x− y‖+
n+m−1∑
j=n

Bj

for all x, y ∈ K, Qn,mxn = xn+m and Qn,mp = p for all p ∈ F . Thus

an+m(t) = ‖txn+m + (1− t)p1 − p2‖
≤ bn,m + ‖Qn,m(txn + (1− t)p1)− p2‖

≤ bn,m + an(t) +

n+m−1∑
j=n

Bj .

(3.3)

By using [4, Theorem 2.3], we have

bn,m ≤ ϕ−1(‖xn − u‖ − ‖Qn,mxn −Qn,mu‖)
≤ ϕ−1(‖xn − u‖ − ‖xn+m − u+ u−Qn,mu‖)
≤ ϕ−1(‖xn − u‖ − (‖xn+m − u‖ − ‖Qn,mu− u‖)),

and so the sequence {bn,m} converges uniformly to 0, i.e., bn,m → 0 as n → ∞. Since limn→∞Bn = 0,
therefore from (3.3), we have

lim sup
n→∞

an(t) ≤ lim
n,m→∞

bn,m + lim inf
n→∞

an(t) = lim inf
n→∞

an(t).

This shows that limn→∞ an(t) exists, that is, limn→∞ ‖txn + (1− t)p1 − p2‖ exists for all t ∈ [0, 1]. This
completes the proof.
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Lemma 3.2. Under the assumptions of Lemma 2.1, if E has a Fréchet differentiable norm, then for all
p1, p2 ∈ F = F (S1) ∩ F (S2) ∩ F (T1) ∩ F (T2), the following limit exists

lim
n→∞

〈xn, J(p1 − p2)〉,

where {xn} is the sequence defined by (1.5), if Ww({xn}) denotes the set of all weak subsequential limits of
{xn}, then 〈l1 − l2, J(p1 − p2)〉 = 0 for all p1, p2 ∈ F and l1, l2 ∈Ww({xn}).

Proof. Suppose that x = p1 − p2 with p1 6= p2 and h = t(xn − p1) in inequality (1.1). Then, we get

t 〈xn − p1, J(p1 − p2)〉+
1

2
‖p1 − p2‖2 ≤

1

2
‖txn + (1− t)p1 − p2‖2

≤ t 〈xn − p1, J(p1 − p2)〉+
1

2
‖p1 − p2‖2 + b(t‖xn − p1‖).

Since supn≥1 ‖xn − p1‖ ≤M ′ for some M ′ > 0, we have

t lim sup
n→∞

〈xn − p1, J(p1 − p2)〉+
1

2
‖p1 − p2‖2 ≤

1

2
lim
n→∞

‖txn + (1− t)p1 − p2‖2

≤ t lim inf
n→∞

〈xn − p1, J(p1 − p2)〉+
1

2
‖p1 − p2‖2 + b(tM ′).

That is,

lim sup
n→∞

〈xn − p1, J(p1 − p2)〉 ≤ lim inf
n→∞

〈xn − p1, J(p1 − p2)〉+
b(tM ′)

tM ′
M ′.

If t→ 0, then limn→∞ 〈xn−p1, J(p1−p2)〉 exists for all p1, p2 ∈ F ; in particular, 〈l1− l2, J(p1−p2)〉 = 0
for all l1, l2 ∈Ww({xn}).

Theorem 3.3. Under the assumptions of Lemma 2.2, if E has Fréchet differentiable norm, then the sequence
{xn} defined by (1.5) converges weakly to a common fixed point of the mappings S1, S2, T1 and T2.

Proof. By Lemma 3.2, we obtain 〈l1− l2, J(p1− p2)〉 = 0 for all l1, l2 ∈Ww({xn}). Therefore, ‖q∗− p∗‖2 =
〈q∗ − p∗, J(q∗ − p∗)〉 = 0 implies q∗ = p∗. Consequently, {xn} converges weakly to a common fixed point in
F = F (S1) ∩ F (S2) ∩ F (T1) ∩ F (T2). This completes the proof.

Theorem 3.4. Under the assumptions of Lemma 2.2, if the dual space E∗ of E has the Kadec-Klee (KK)
property and the mappings I − Si and I − Ti for i = 1, 2, where I denotes the identity mapping, are
demiclosed at zero, then the sequence {xn} defined by (1.5) converges weakly to a common fixed point of
the mappings S1, S2, T1 and T2.

Proof. By Lemma 2.1, {xn} is bounded and since E is reflexive, there exists a subsequence {xnj} of {xn}
which converges weakly to some q1 ∈ K. By Lemma 2.2, we have

lim
j→∞

‖xnj − Sixnj‖ = 0, and lim
j→∞

‖xnj − Tixnj‖ = 0

for i = 1, 2. Since by hypothesis the mappings I−Si and I−Ti for i = 1, 2 are demiclosed at zero, therefore
Siq1 = q1 and Tiq1 = q1 for i = 1, 2, which means q1 ∈ F = F (S1) ∩ F (S2) ∩ F (T1) ∩ F (T2). Now, we show
that {xn} converges weakly to q1. Suppose {xni} is another subsequence of {xn} converges weakly to some
q2 ∈ K. By the same method as above, we have q2 ∈ F and q1, q2 ∈Ww({xn}). By Lemma 3.1, the limit

lim
n→∞

‖txn + (1− t)q1 − q2‖

exists for all t ∈ [0, 1] and so q1 = q2 by Lemma 1.7. Thus, the sequence {xn} converges weakly to q1 ∈ F .
This completes the proof.
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Theorem 3.5. Under the assumptions of Lemma 2.2, if E satisfies Opial condition and the mappings I−Si
and I − Ti for i = 1, 2, where I denotes the identity mapping, are demiclosed at zero, then the sequence
{xn} defined by (1.5) converges weakly to a common fixed point of the mappings S1, S2, T1 and T2.

Proof. Let q∗ ∈ F , from Lemma 2.1 the sequence {‖xn − q∗‖} is convergent and hence bounded. Since
E is uniformly convex, every bounded subset of E is weakly compact. Thus, there exists a subsequence
{xnk

} ⊂ {xn} such that {xnk
} converges weakly to x∗ ∈ K. From Lemma 2.2, we have

lim
k→∞

‖xnk
− Sixnk

‖ = 0 and lim
k→∞

‖xnk
− Tixnk

‖ = 0

for i = 1, 2. Since the mappings I−Si and I−Ti for i = 1, 2 are demiclosed at zero, therefore Six
∗ = x∗ and

Tix
∗ = x∗ for i = 1, 2, which means x∗ ∈ F . Finally, let us prove that {xn} converges weakly to x∗. Suppose

by the contrary that there is a subsequence {xnj} ⊂ {xn} such that {xnj} converges weakly to y∗ ∈ K and
x∗ 6= y∗. Then by the same method as given above, we can also prove that y∗ ∈ F . From Lemma 2.1 the
limits limn→∞ ‖xn − x∗‖ and limn→∞ ‖xn − y∗‖ exist. By virtue of the Opial condition of E, we obtain

lim
n→∞

‖xn − x∗‖ = lim
nk→∞

‖xnk
− x∗‖

< lim
nk→∞

‖xnk
− y∗‖

= lim
n→∞

‖xn − y∗‖

= lim
nj→∞

‖xnj − y∗‖

< lim
nj→∞

‖xnj − x∗‖

= lim
n→∞

‖xn − x∗‖,

which is a contradiction, so x∗ = y∗. Thus, {xn} converges weakly to a common fixed point of the mappings
S1, S2, T1 and T2. This completes the proof.

Example 3.6. Let R be the real line with the usual norm | · | and let K = [−1, 1]. Define two mappings
S, T : K → K, respectively, by the formulas

T (x) =

{
−2 sinx2 , if x ∈ [0, 1],
2 sinx2 , if x ∈ [−1, 0),

and

S(x) =

{
x, if x ∈ [0, 1],
−x, if x ∈ [−1, 0).

Then both S and T are asymptotically nonexpansive mappings with constant sequence {kn} = {1} for
all n ≥ 1 and uniformly L-Lipschitzian mappings with L = supn≥1{kn} and both are uniformly continuous
on [-1,1] and hence they are asymptotically nonexpansive mappings in the intermediate sense. Also the
unique common fixed point of S and T , that is, F = F (S)∩ F (T ) = {0}. Furthermore, S and T satisfy the
condition (ii) in Lemma 2.2 (see, [5, Example 3.1]).

Now, we give some more examples by taking two mappings, T1 = T2 = T and S1 = S2 = S as follows.

Example 3.7. Let E = R, K = [− 1
π ,

1
π ], |λ| < 1 and P be the identity mapping. For each x ∈ K, define

the mappings S, T : K → K by the formulas

T (x) =

{
λx sin(1/x), if x 6= 0,

0, if x = 0,
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and

S(x) =

{
x
2 , if x 6= 0,
0, if x = 0.

Then {Tnx} → 0 uniformly on K as n→∞. Thus

lim sup
n→∞

{
‖Tnx− Tny‖ − ‖x− y‖ ∨ 0

}
= 0

for all x, y ∈ K. Hence T is an asymptotically nonexpansive mapping in the intermediate sense (ANI in
short), but it is not a Lipschitz mapping and S is an asymptotically nonexpansive mapping with constant
sequence {kn} = {1} for all n ≥ 1 and uniformly L-Lipschitzian with L = supn≥1{kn}. Also, F (T ) = {0} is
the unique fixed point of T and F (S) = {0} is the unique fixed point of S, that is, F = F (S) ∩ F (T ) = {0}
is the unique common fixed point of S and T .

Example 3.8. Let E = R, K = [0, 1], and P be the identity mapping. For each x ∈ K, define the mappings
S, T : K → K by the formulas

T (x) =


k x, if 0 ≤ x ≤ 1/2,

k
2k−1(k − x), if 1/2 ≤ x ≤ k,

0, if k ≤ x ≤ 1,

and

S(x) =

{
x, if x 6= 0,
0, if x = 0,

where 1/2 < k < 1. Then F (T ) = {0} and {Tnx} converges uniformly to 0 on K. Obviously, T is uniformly
continuous. It follows that T is an asymptotically nonexpansive mapping in the intermediate sense (ANI in
short). Further, T is uniformly Lipschitzian. Indeed, if 0 ≤ x ≤ 1/2 and 1/2 ≤ y ≤ k, then Tnx = knx and
Tny = kn

2k−1(k − y). Therefore, we see that

|Tnx− Tny| =
∣∣∣knx− kn

2
+
kn

2
− kn

2k − 1
(k − y)

∣∣∣
=
∣∣∣kn(x− 1

2

)
+

kn

2k − 1

[(
k − 1

2

)
− (k − y)

]∣∣∣
≤ kn

∣∣∣x− 1

2

∣∣∣+
kn

2k − 1

∣∣∣y − 1

2

∣∣∣
≤ kn

2k − 1
|x− y|

≤ k

2k − 1
|x− y|.

Hence T is uniformly k
2k−1 -Lipschitzian and S is an asymptotically nonexpansive mapping with constant

sequence {kn} = {1} for all n ≥ 1 and uniformly L-Lipschitzian with L = supn≥1{kn}. Also, F (S) = {0} is
the unique fixed point of S. Thus, F = F (S) ∩ F (T ) = {0} is the unique common fixed point of S and T .

4. Concluding remarks

In this paper, we study the mixed type iteration scheme for two asymptotically nonexpansive self-
mappings in the intermediate sense and two asymptotically nonexpansive non-self-mappings in the inter-
mediate sense and establish some strong convergence theorems by using some completely continuous and
semi-compactness conditions and some weak convergence theorems by using the following conditions:

(i) the space E has a Fréchet differentiable norm;
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(ii) dual space E∗ of E has the Kadec-Klee (KK) property;

(iii) the space E satisfies Opial condition.

Our results extend and generalize the corresponding results of Chidume et al. [2, 3], Guo et al. [5, 6], Saluja
[8], Schu [9], Tan and Xu [12], Wang [13], Wei and Guo [14, 15].
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