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Abstract
In this paper, we obtain some results on the m-variable cubic functional equation
f(2331 + vy, 72$m+ym)+f(2z1 — Y1, a2$m_ym)
:2f(xl +yla"' 7xm+ym)+2f(331 — Y1, 7xm_ym)+12f(xla 7$m)-

The cubic form f(z1,- - ,xy) = Zlgigjgkgm ;12T is a solution of the above functional equation.
(©2016 all rights reserved.
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1. Introduction

In this paper, let X and Y be real vector spaces. A mapping f is called a cubic form (homogeneous
polynomial of degree 3) if there exists a;j, € R (1 <14 < j < k < m) such that

flxy, - xy) = Z i KT T T, (1.1)
1<i<j<k<m
for all 1, -+ ,xp € X. For a mapping f: X™ — Y, consider the m-variable cubic functional equation:

fRxi4+wy1,,2Tm +Ym) + 21 — Y1, . 20m — Ym)

(1.2)
=2f(x1 4y, Tm +Ym) F2f (@1 — Y1, T — Ym) + 12f (21, Tm).
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When X =Y =R, the cubic form f : R™ —R given by (1.1) is a solution of (1.2).
For a mapping g : X — Y, consider the cubic functional equation:

92z +y) +9(2x —y) = 2g9(z +y) + 29(x — y) + 12g(x). (1.3)

In 2002, Jun and Kim [4] solved the equation (|1.3)). Later, many different cubic functional equations were
solved by numerous authors ([2H5]).

In 2008, the authors [I] investigated the solution and stability of (|1.2)) for the case m = 2. In this paper,
we investigate the relation between (1.2) and (|1.3]) and some sufficient conditions that satisfy the equation
(1.2), and prove the generalized Hyers-Ulam stability of (1.2]).

2. Results
The m-variable cubic functional equation ([1.2]) induces the cubic functional equation (|1.3)) as follows.

Theorem 2.1. Let f: X" — Y be a mapping satisfying and let g : X =Y be the mapping given by
9(x) = flz,- -, ) (2.1)

for all x € X, then g satisfies .

Proof. By and , we have

g+ )+ 92z —y)=fRz+y, - 204y + fQRz —y, -, 22 —y)
=2f(x+y, -, o+y) +2f(x—y, - ,x—y)+12f(z, - ,x)
= 29(z +y) +29(z — y) + 12g(2)

for all z,y € X. O

The cubic functional equation (1.3)) induces the m-variable cubic functional equation (1.2 with an
additional condition.

Theorem 2.2. Let a;5, € R (1 <i<j<k<m)andg: X = Y be a mapping satisfying (L.3)). If
f:X™ =Y is the mapping given by
“ 1
f((l:h ‘e 7$m) = Zamg(:c,) + ﬂ Z <an~j [9(23}@‘ + .CU]‘) — g(2(l)i — .Tj) — QQ(CC]‘)]
i=1 1<i<j<m

+ aijilg(zi + 225) + g(x; — 2x5) — 29(561)])

1
+3 Z aik(79(wi + x5 + xp) + 29(2:) + 29(25) + 29(Tk)
1<i<j<k<m

— g(2xi +x;+ a:k) — g(xi + 2z + xk) — g(wi +x;+ ka)]

for all xq1, - ,xy € X, then f satisfies (1.2)).
Furthermore, (2.1)) holds if ;" | ai;i + Zl§i<j§m(aiij + a;j;) + % Zl§i<j<k§m aijr = 1.

Proof. By (|1.3]) and (2.2), we obtain

f(2x1+yla"’ ’me+ym)+f(2l'l_yla"' a2xm_ym)

= Z aiii [9(2%; + yi) + 92z — yi)]
i1
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1

1<i<j<m
—29(2x; + yj) + g(4w; + 225 — 2y — ;) — g(dai — 225 — 2y + y;) — 29225 — y;)]
+ aiji [9(22; + dxj 4+ yi + 2y5) + (22 — dxj +yi — 2y;)

=292z + i) + 922 + 4y — yi — 2y5) + 9(2x; — dxj — yi + 2y;) — 29(2x; — yz)]>

1
+5 D [79(2@ + 23 + 2zp, + Y + Y5 + yk) + 29(22; + ¥i)
1<i<j<k<m

+ 29225 + y5) + 2922k + yx) — g(dw; + 225 + 22 + 2y; + Y5 + yr)

— 92z +4xj + 22 + yi + 2y5 + ) — 922 + 25 + dxp + vi + Y5 + 2y)
+ 7922 + 225 + 22 — Yy — yj — yr) + 2922 — ;)

+ 292z — y;) + 292z — yx) — g(4wi + 225 + 22 — 2y; — Y5 — Yk)

— 922 +4xj + 2z, — yi — 2y5 — yk) — 9(2x + 235 + dx — yi — Y5 — 2uk)

i 1 1
= (Z Giii — 75 Z aij; + 3 Z aijk) (923 + yi) + 9(2x; — yi)]
=1

1<i<j<m 1<i<j<k<m

- <112 Z Ajjj — % Z aijk) [9(2z; +y;) + g(2z; — y;)]

1<i<j<m 1<i<j<k<m

1
+3 > k(9@ + ye) + 922k — yr)]
1<i<j<k<m

1
+ 21 Z |:aiij (9 [2(2:@' + ;) + (2y; + yj)] + g[2(2x,~ + ;) — (2y; + yj)]
1<i<j<m

— 922w — x5) + (2yi — y5)] — 9[2(2wi — x5) — (2yi — yj)])
+ aij; <9 [2(i 4 225) + (yi + 2y5)] + 9[2(zi — 225) + (yi — 2y;)]

+ g[2(zi + 2x5) — (yi + 2y;)] + 9[2(x; — 2x5) — (i — 2yj)]>} + % Z ik
1<i<j<k<m

— 9[2(2@ +ai+ap) + 2y +y; + yk)] - Q[Q(Ql'i +a;+ o) — 2y +yj + yk)]
— 920z + 225 + xp) + (yi + 2y5 + )] — 9[2(2i + 225 + x) — (vi + 295 + yr)]
— 9[22 + x5+ 2x1) + (yi + 5 + 2u0)] — 9[22 + 25+ 223) — (i +y5 + 2yk)]>
“ 1 2
= (22am‘ ~ % Z aijj + 3 Z aijk) [9(z; + yi) + g(zi — yi) + 6g(z)]
=1 1<i<j<m 1<i<j<k<m
2
- (6 > i - 3 > aijk) l9(x; +y5) + g(aj — y;) + 6g(z;)]
1<i<j<m 1<i<j<k<m
2
+3 > aiklg(er+yr) + gz — y) + 6g()]

1<i<j<k<m
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- % > [au‘j (9[(2@3 + ;) + (2y; + ;)] + 9[(2xi + x5) — 2y +y))]

1<i<j<m

+69(2x; + x;) — g[(22; — 25) + 2y — y5)] — 9[(225 — 25) — 2y; — y;)] — 69(22; — fb’j))
+ aijj <9[(f€z‘ +225) + (yi + 25)] + g[ (@i +225) — (i + 2y5)] + 6g(@; + 27;)

gl — 205) + (s — 207)] + (s — 22) — (i — 207)] + 6 — 2xj>)}

1
+ 3 Z Ak (79[(%' +xj 4+ xK) + (i +y; + yk)] + 79[(9% +xj+ k) — (yi +y; + ’yk)]

1<i<j<k<m
+42g(x; + x5 + xp) — g[(2azi +aj+ )+ 2y +y; + uk ]
— g[(in +ai+ap) — 2y +y; + yk)] 69(2z; + z; + xi)
— g[(zi + 2z + zp) + (yi + 2y + yi) | — 9[(@i + 225 + 1) — (vi + 2y5 + yi)|
— 6g(zi + 225 + ) — g[(zi + x5 + 22) + (yi + yj + 2ys)]
)

— g[(zi + x5 + 2x3) — (i + y5 + 2ur)] — 69(zs + 25 + 224 >

m
=2 Z am[g(xi + yl-) + g(mi — yi) + 69(:@)]
=1
1
+ D Z <an'j [9(2:62- + x5+ 2y +y;) — 9(2%; — x5 + 2y — yj)

1<i<j<m
—2g(xj +y;) + 92w + x5 — 2y; — y;) — 9(2x; — x5 — 25 +y;)

— 2g(wj — yj) + 69(2%; + x;) — 69(27; — x5) — 129(%‘)]

+ aijj [9‘(%’ +2x5 + yi + 2y5) + g(@i — 225 + yi — 2y;)
= 29(xi +yi) + g(wi + 225 — yi — 2u5) + g(@i — 225 — yi + 2y;)

—29(x; — yi) + 69(x; + 2z5) + 6g(x; — 2x5) — 12g(x,-)})

1
+3 S agrlTa(mi+ x5+ mp + i+ y; + ur) + 29(zi + yi) + 29(x5 + y5) + 29(z + vr)
1<i<j<k<m

— 92 + x5+ o+ 2y +y; +yk) — 9(xi + 225 + 2+ yi + 2y + Uk)

—9(®i + x5 + 22 + yi +yj + 2ux) + 79(i + 25 + Tk — Yi — Yj — Yk)

+29(w; — yi) + 29(x; — y;) + 29(xk — Yk)

=92z + x5 + w1 — 2y — Y5 — yk) — 9(@i + 275 + T) — Yi — 2Y5 — Yk)

—g(xi + a5 + 20, — yi — y; — 2uk) + 429(xs + x5 + x3) + 12g9(x5)

+12g(x;) + 12g(2k) — 69(22; + z; + z5) — 6g(2; + 225 + 2%) — 69(z; + 5 + 2z5)]
=2f(x1+y1i, o Tm  Ym) F2f (1 — Y1, T — Ym) F12f (1, )

for all 1, -+, Zm,y1, -+ ,ym € X. Letting z =y = 0 in ([1.3)), we get g(0) = 0. Putting y = 0 in (1.3)), we
obtain ¢g(2z) = 8¢(x) for allz € X. And putting y = x in (1.3)), we infer g(3z) = 27¢(z) for all z € X. Setting

z=0in 1} we have that g is an odd mapping. If >~ aiii+21§i<j§m(aiij +am)+% 21§i<j<k§m aijk =
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1, by (2.2), we find

2) =) aiuig(w) + i > (an‘j l9(8x) — 39(x)] + asjjlg(3x) + g(—x) — 29(36)])
=1

1<i<j<m

+ % Z aijk[79(3z) + 6g(x) — 3g(4z)]

1<i<j<k<m

= Zau‘z‘g(ﬂ?) + Z [aiijg(z) + aijjg(x)] + % Z aijrg ()

1<i<j<m 1<i<j<k<m
1
§ Qi35 + § azzg + aZ]j + 5 § Qjjk g<$)
1<i<j<m 1<i<j<k<m

= g(w)
for all z € X. O

A mapping S : X3 — Y is called symmetric if
S(x,y,2) =Sz, 2,y) = S(y,2,2) = S(y,z,2) = S(z,2,y) = S(2,y,2)

for all z,y,z € X.
In the following theorem, we find out some sufficient conditions that satisfy the equation (|1.2]).

Theorem 2.3. A mapping [ : X™ — Y satisfies (1.2) if there exist symmetric multi-additive mappings
Si, -+, Sm : X3 = Y and multi-additive mappings Lij, Nij : X3 = Y(1 <i<j<m), Myp: X3 —Y(1<
i <j<k<m) such that

m

f(xlf" 7xm) = ZS’i(xi,xi,xi)—l— Z [Lij(.%‘i,l'i,xj)—i—NZ‘j(.%'i,J}j,.%’j)] + Z Mijk(xi,xj,xk),
i1 1<i<j<m 1<i<j<k<m

L’L’j(:ﬂaya Z) = Lij(y,x,Z) and Nij(xvyaz) = Nij($,z7y) fOT’ all TyY,2,T1," " , Tm € X.

Proof. We assume that there exist symmetric multi-additive mappings S1,---, S, : X2 — Y and multi-
additive mappings L;;, Nij : X3 - Y(1 < i < j <m), Myr : X3 - Y(1 <i < j <k < m) such
that

m
fler, e mm) =Y Silwmi,m)+ > [L(rg, e ) + Nyg(ro,xp, o))+ Y Migg(@i, x5, 2),
i=1 1<i<j<m 1<i<j<k<m

Lij(x,y,2) = Lij(y,x, z) and Nyj(x,y,2) = Njj(x,2,y) for all x,y,z,21, -+ ,2m € X. Since M;; (1 < i <
j < m) are multi-additive and St,- - ,S,, are symmetric multi-additive,

fQRxi+y1,  2xm +ym) + FRz1 — Y1, -+, 2T — Ym)

m
= ZS' 2a; + yi, 2z + yi, 220 + i)
+ Z z] 2$] + Y5, 2z + 4, 225 + yz) + Nz](2xz + Yi, 233] + Yj, 237] + y])]

1<i<j<m
m

+ ) Mie(2w + yi 235+, 2o+ yk) + > Si(2as — yi, 235 — i, 2 — i)
1<i<j<k<m i=1
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+ > [Lij(2a — yy, 230 — i, 22 — i) + Nij (230 — i, 225 — yj, 25 — )]
1<i<j<m

+ Z Miji(2z; — yi, 225 — 5, 225 — Yk)
1<i<j<k<m

(i (25 + ys, 25 + yi, 225 + i) + Si(2w5 — yi, 225 — ys, 22 — y;)]

Il

Il
—

)

_'_

=

> ALij(xj, i i) + Lij(x,yi, i) + Lij (5,20 vi) + Lig (45, vi, :)
1<i<j<m
+ AN (@, x5, 25) + Nij (@i, y5,Y5) + Nig(vi, 25, 95) + Nij (i, y5, 25)]
+4 ) [AM(ws wg, o) + Mije(@i,yi, ) + Mige (v 25, ) + Mg (vi, y5, 2]

1<i<j<k<m

m
= Q(Zsi(l“i ‘it yinmi+y) + Y [Lig(ay + yj, i+ yismi + )

i=1 1<i<j<m
+ Nyg(i+ vz + oz +y)l + D Mige(ws + viymj + yj, 25 + yk))

1<i<j<k<m

m
+2<Zsi(1‘i_yi7$i_yi,1’i_yi)+ Z [Lij (x5 — Y5, @i — yi, i — Yi)
i=1

1<i<j<m

+ Nyj(wi — iy —yjoms —y)l + > Mige(ws — iy w — yj, 25 — yk))
1<i<j<k<m

m
+ 12(2 Si(ziwiy i)+ Y L, v ) + Nig(wa, ag, o))+ Y Mye(a, xj,xk)>

i=1 1<i<j<m 1<i<j<k<m

=2f(x1 4y, Tm +Ym) F2f (X1 — Y1, T — Ym) + 12 (21, 2m)
for all z1, - - ,Zm, Y1, ,Ym € X. O

From now on, let Y be complete and let ¢ : X?™ — [0, 00) be a function satisfying

o0

B 1 . . ) .

QO(xl, oy Ty Y1, 7ym) = Z W@(zjxh Tt 72]1.7717 2]y17 Tt 72Jym) < 0 (23)
7=0

for all 1, - ,Zm,y1, " ,Ym € X.
Theorem 2.4. Let f: X™ — Y be a mapping such that

1221 +y1, -, 22m + Ym) + f(221 — Y1, 28 — Ym)
_2f($1+y17"' 7xm+ym) _2f($1_y17"' ,xm_ym) —12f($’1,~-' >$m)H (24)
< 90(1'1,"' sy Tms Y1, 7ym)

for all xy, -+ ,xm,y1, -+ ,ym € X. Then there exists a unique mapping F : X™ =Y satisfying (1.2)) such
that
Hf(xlv 7xm) —F(x1,~-- 7xm)H < 95(3;17'” s T,y 0, 70) (2'5)

forall x1,--- ,x, € X, where the mapping F' is given by

1 . )
F(xy, - ,xy) = lim —f(2xy, -+ ,22)
j—o0 8J

forallxy, - jxm € X.
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Proof. Letting y1 = -+ =y, = 0 in (2.4]), we have
1 1
f(x17”'7wm)_§f<2xl7”'72:1:771) §T630(x17”'7xmvo7'”70)

for all z1,--- ,z,;, € X. Thus we obtain

1 . . 1 ) ) 1 . )
7f(23x1’... ;2J:Em) _ Wf@ﬁ_lm"“ ’2j+1$m)H < m@@jxla“‘ 2 20, 0, - - - ’0)

&7
for all x1,--- , 2, € X and all j. For given integers k,l (0 < k < 1), we get
1 1 = 1 . ‘
' 87f(2kf’317"' ,262,,) — gf(21gel,--- ,21xm)H < kago(zﬂxl,--- ;29 2,,,0, -+, 0) (2.6)
]:
for all z1,---,z,, € X. By 1) the sequence {éf@jml,--- ,272,,)} is a Cauchy sequence for all
r1, - ,Tm € X. Since Y is complete, the sequence {éf(?xl, oo, 20 2,,)} converges for all 21, -+ , 2, € X.

Define F': X™ — Y by

1 . .
F(z1, - ,xm) = lim —f(2%21, - ,22,,)
Jj—o0 87

for all z1,--- , 2, € X. By (2.4), we have

1

87 |:f( j(2$1 + Y1), ’2j(2xm + ym)) + f(2j(2x1 — Y1), 72j(2$m - ym)):|

- 5 [P P )~ @ =) D= )| + 67 )|

=

< jﬁﬂ(zjxh 72j$m72jy17”' 72Jym)

Qo

for all 1, -+ ,Zm,y1, - ,ym € X and all j. Letting j — oo and using (2.3]), we see that F' satisfies (|1.2)).
Setting k = 0 and taking [ — oo in ([2.6]), one can obtain the inequality (2.5). If G : X™ — Y is another

mapping satisfying ((1.2)) and ({2.5)), we obtain
1 . . . .
|’F(x1’ toe axm) - G(:Elv T ’:l:m)|| = 87||F(2]‘T1’ T ,2jxm) - G(2jx17 to 72jxm)”
1 . . 4 .
< gHF(QJ:]“’... ) — f(2a, - Y x|

1 . . . 4
+ ng(Qth ) = Gy, )|

2 . .
< §¢(2Jm1,--~ 2 20,,0,--+,0) >0 as j — o0
for all x1,--- ,x,, € X. Hence the mapping F' is the unique mapping satisfying (|1.2)), as desired. O
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