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Abstract

In this paper, we study a parabolic system with general singular terms and positive Dirichlet boundary
conditions. Some sufficient conditions for finite-time quenching and global existence of the solutions are
obtained, and the blow-up of time-derivatives at the quenching point is verified. Furthermore, under some
appropriate hypotheses, we prove that the quenching point is only origin and quenching of the system is
non-simultaneous. Moreover, the estimate of quenching rate of the corresponding solution is established in
this article. (©2016 all rights reserved.
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1. Introduction and main results

In the present work, we consider the following parabolic system coupled with general singular terms
subject to positive Dirichlet boundary conditions

ut(z,t) = Au — f(v(z,t)), (x,t) € Q2 x(0,T),

’Ut(ﬂj‘,t) = Av _g(u(l‘at))a (l’,t) € x (O7T)a (1 1)
u=uv=1, (z,t) € 0Q x (0,T), '
u(z,0) = up(z), v(z,0) =vo(x), =€

where Q € RY is a bounded domain with smooth boundary, and the initial data satisfying

ug, Vg € CQ(Q) NCYQ); ug,v0 =1, £ €9Q; 0 < up,vg <1, x €N, (1.2)
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To begin our study better, we also assume that positive functions f(v) : (0,1] — (0, +0o0) and g(u) : (0,1] —
(0, +00) verify the following conditions:

(H1) f(v) and g(u) are locally Lipschitz on (0, 1];
(Hs) f'(v) <0 for v € (0,1] and ¢'(u) < 0 for u € (0, 1];
(

Hs3) lim f(v) =400 and lim g(u) = 4o0;

v—=07t u—0+
(Hy) f"(v) >0 for v € (0,1] and ¢"(u) > 0 for u € (0,1].

Because of the singular nonlinearity in the absorption terms of (1.1)), the finite-time quenching phenom-
ena may occur for the model. We say the solution (u,v) of the problem (1.1)) quenches, if (u,v) exists in the
classical sense and is positive for all 0 <t < T, and also satisfies

f ¢ D} =0.
inf min {u(z,t),v(.0)}
If this happens, then T will be called as quenching time. Clearly at quenching time T', a singularity develops
in the absorption term, consequently the classical solution can no longer exist. Throughout this paper, the
notion here as usual, f ~ g means that there exists finite positive constants ¢, co such that c1g < f < ¢ag.

Since the study of quenching phenomena was begun in 1975 by Kawarada [7], a lot of works have been

contributed to this subject. For example, Zheng and Wang in [18] studied the coupled parabolic system

up(x,t) = ugy — V7P, (z,t) € Qx(0,T),

Ut(x7t) = Ugz —u 9, (CL‘,t) €Qx ( )7

u=v=1, (2,1) € 00 x (0,T), (1.3)
u(z,0) = up(z), v(z,0) =vo(x), =€ Q.

Their mainly results read as follows:

(1) If p,q > 1, then any quenching in ([1.3) is simultaneous; if p < 1 < ¢, then any quenching in ([1.3) is
non-simultaneous with u being strictly positive; and if p,q < 1, then there exists (ug,vp) such that
simultaneous quenching occurs.

(2) If quenching is non-simultaneous and, for instance v is the unique quenching component, then v(0, ) ~
(T —t). Otherwise,
(p=1) a=1
(a) u(0,t) ~ (T —t)we=1 ,0(0,t) ~ (T —t)ra—1 if p,g > 1 or p,qg < 1;
(b) u(0,4),v(0,t) ~ (I = )% if p =g = 1;
(¢) w(0,t) ~ |log(T — t)[FT,v(0,8) ~ (T — 1)|log(T — )|77 if ¢ > p = L.
Salin in [16] considered the semilinear parabolic equation

ug(x,t) = ugy +1g(au), (z,t) € (=1,1) x (0,7,
w(£l,t) =1, 0<t<T,
u(x70) = UO(x)a LS [_lvl]a

’I.L(:E,t) ds ) — O

. . . . 1
and derived that the quenching rate is 1&113% 1+ 7= /o Tog(as)

Afterwards, Mu et al. in [14] studied the following reaction-diffusion system with logarithmic singularity,

ut(x,t) = Au + 1g(aw), (z,t) € Q x (0,T),
ve(x,t) = Av + 1g(Su), (z,t) € Q x (0,7), (1.4)
u=v=1, (z,t) € 09 x (0,T), ’

u(z,0) = up(z), v(z,0) =vo(z), x€Q,
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where 0 < «a,8 < 1. They proved that if up(x) < vo(x),a < f, then any quenching in is non-
simultaneous with v being strictly positive; and if ug(z) > vo(z), > 3, then any quenching in is
non-simultaneous with u being strictly positive. Besides, if quenching is non-simultaneous and, for instance,
v is the quenching component, then when ¢ — 77, v(0,t) ~ (T — t). Furthermore, the blow-up of time-
derivatives at the quenching point is also proved. For more research on quenching phenomena for parabolic
system with Neumann boundary conditions, we refer readers to [3, [5, 15, 17, 19], and some advances in
quenching phenomena those days, we refer readers to [I, 2 8H11] and references therein. In addition, for
some research on decay, see [6l, 12} [13] and corresponding references therein.

Motivated by those papers and references therein, the main purpose of this paper is to study the quench-
ing phenomena of parabolic system coupled with general singular terms under proper assumptions to
get some more general conclusions.

To state our results conveniently, we firstly introduce some notions.

Let ¢ be the first eigenfunction with the first eigenvalue A1 of the problem

Ap+Ap=0, x€,
=0, x € 010,

normalized by [, ¢(z)dz =1,¢(z) >0 in Q.
Theorem 1.1. Solutions of (1.1)) quenches in finite-time for any initial data provided that \y small enough.

As many authors who understand quenching, it is said that time-derivatives blow up while the solution
itself remains bounded (see [2) [7]). In the rest of this paper, without any special explanation, we always
assume that the initial data ug, vy satisfy

Aug — f(vg) < 0,Avg — g(ug) < 0,z € Q. (1.5)
Then, we have the following results.

Theorem 1.2. IfQ is a convex domain, then the solution of (1.1) quenches in finite-time and (uy,vy) blow
up at this time.

Theorem 1.3. If Q = Br = {x € RY : |z| < R} and R > min(, /%, \ /92(—1;7)), then the radial solution of
(1.1) quenches in finite time for any initial data.

Theorem 1.4. If the diameter of ) is small enough and the initial data satisfies 0 < € < ug,vg < 1 on Q,
then the solution of (1.1} does not quench in finite-time. For this case, we say that the solution (u,v) of
(1.1) ezists globally.

Theorem 1.5. If Q) is a convexr domain, then the quenching set of (L.1) is a compact subset of Q. In
particular, if Q is a ball centered at the origin with radius R, the radial initial data (ug,vy) satisfies both

) and
ug(r), vy(r) > 0 for r € (0, R] with ug(0),v((0) > 0,

then the origin is the only quenching point.

Theorem 1.6. For all initial data ug, if g(P) is large enough, then there erists an open set (in the C?
topology) of the initial data vy such that v quenches while u is strictly positive for all t € [0,T], where

P =maxug < 1. Furthermore, we have the quenching rate of v(0,t) as follows
el

0(0,8) ~ (T — t).

Theorem 1.7. For all initial data vo, if f(Q) is large enough, then there exists an open set (in the C?
topology) of the initial data ug such that u quenches while v is strictly positive for all t € [0,T], where

@ = maxvy < 1. Furthermore, we have the quenching rate of u(0,t) as follows
€N

u(0,) ~ (T — t).
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Remark 1.8. If f(v) = v P or —log(av) and g(u) = u~? or —log(Bu) with p, ¢, a, f > 0, it is easy to see that
f(v), g(u) satisfy the conditions (Hj)-(Hy4). Therefore, we extend the corresponding results of [14 16, 18]
to a more general system (|1.1)) in this paper.

The plan of this paper is organized as follows. In the next section, we obtain the sufficient condition
for finite-time quenching and global existence. In Section [3] we obtain the quenching set. Moreover,
under appropriate hypotheses, we prove that the solution of the system is non-simultaneous quenching, and
estimate the quenching rate.

2. Finite-time quenching and global existence

In this section, we obtain the sufficient condition for finite-time quenching and quenching set, which
reads in Theorems [T.1] - and global existence of solutions is solved in Theorem

Proof of Theorem[L.1]. Let (u,v) be the solution of (1.1)) with the maximal existence time 7. By the maxi-
mum principle we have 0 < u,v < 1in Q x (0,7). Let

X0 —/Q(l—u)cpdx, Fy(t) —/Q(l—v)cpdx, Ft) = Fu(t) + Fo(8), te[0,T).

By the properties we assumed for functions f(v), g(u) with u,v € (0, 1] and corresponding Taylor expansions,
we can obtain
f(’l)) 25(1_U)+017 g(u) 25(1—U)+C2,

where 9, ¢1, co are positive constants determined by f(v), g(u).
By a straight-forward computation, we have

Fl(t)=— /Q Aupdr + /Q f(v)pdz
:/QA(l—u)godx—i-/ﬂf(v)wd:c

> -\ / (1 —u)pdx + 5/(1 —v)pdx + c1
Q Q
= —)\1Fu(t) + 5Fv(t) + ¢y,
that is,
Fy(t) > =M Fy(t) + 0F,(t) + c1.

Similarly, we have
Fy(t) > =M Fy(t) + 0Fy(t) + co.

Consequently,
F/(t) > (5—/\1)F(7f)—|—0, C=c+co.

Notice 0 < F(t) < 2 in Q x (0,7) and )\ small enough, it is easy to obtain that (6 — \;)F(t) +C > 0, hence

= Alglg(t) — Zdh te0.T), (2.1)

Integrating (2.1]) from 0 to ¢, we have the problem

0—A\1)F(t)+C
5= o ((6—A11))F((0))+cv 0 F# A1,

S(F(t) — F(0)), §=A1.
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Now, letting ¢ — T, combining lim F(¢) < 2, we obtain
t—T—

2(6—X1)+C
6—1>\1 In (541)5(0”07 0 7 A1,

T < (2.2)
(2 - F(0)), 5= A1

Clearly, the right-hand side of (2.2)) is greater than zero, which shows finite-time quenching of the solutions
in the system ((1.1). The proof of Theorem is complete. O]

Next, we prove Theorem We start with the following lemmas.

Lemma 2.1. Assume that the initial data satisfy (1.5)), then ug, vy <0 for (z,t) € Qx (0,T). Furthermore,
we have for any n > 0, there exists ¢ > 0 such that

Ug, Vg < —C, (Ilf,t) € QT] X [777 T)7
where 0, = {x € Q : dist(x,00) > n}.
Proof. Let I(z,t) = w(x,t), J(x,t) = v(z,t). Differentiating the system ((1.1) with respect to ¢, we have

I, = A — f'(v)J, (x,t) € Q@ x (0,7T),
Jy = AJ — ¢ (u)l, (z,t) € 2% (0,T), (2.3)
I—J—o, (z,t) € 90 x (0,T), '

I(x,0) <0, J(z,0) <0, €

By the comparison principle, we have I(z,t) = w(x,t) < 0,J(z,t) = ve(x,t) < 0. Therefore, (u,v) are
strictly decreasing in time.
Consider the following auxiliary system

we = Aw — f(vp), (z,t) € Qx(0,T),
z = Az — g(uo), (z,t) € Q< (0,T), (2.4)
w=z=1, z,t) € 900 x (0,7T), '

w(x,0) = up(x), 2z(x,0) =vo(x), =€

It is easy to see that (2.4) has a unique global solution, by (1.5) we have w¢(z,t) < 0,2(z,t) < 0, for
Q x (0,+00). Let ® =u —w, ¥ = v — z. Therefore, we have

S, =u —w <0, Uy =0 — 2 <0, (l‘,t)EQX(O,T).

If we choose ¢ = min{ min |w], min |z}, then we have us, vy < —c, (2,t) € Q, x [1,T). O
Q’IX[an) Q’IX[an)

Lemma 2.2. Assume that Q is a convex domain and (1.5) holds. Then for any n > 0, there exists € > 0
such that
u < —ef(v), v < —eg(u), (z,t) € Q, x [n,T).

Proof. Let i =u; +ef(v), v =v +eg(u), (x,t) € Qy x [,T). Then
iy — Al = ug + ef (V)vy — Aug — ef"(0)| Vo2 — ef'(v)Av
< —f (v +ef (v)vy — ef (v)Av
= —f'(v)v —ef'(v)g(w)
= —f'(v)o.

Similarly, we have
O — A < —¢'(u)a.
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By Lemma if n is small enough, then there exists ¢ > 0 such that us, v, < —c for (z,t) € Q, x [n,T).
Furthermore, we can select an € > 0 small enough such that

w=u +ef(v) <0, (x,t) €0 x[nT),
v=wv+eg(u) <0, (z,t) €0 x[nT).

And initial data satisfy
{ u(z,0) = Aug(z) — f(vo(x)) +&f (vo(x)) <0,
0(x,0) = Avg(z) — g(uo(x)) + eg(up(z)) < 0.

By the comparison principle, we derive that @ = u; +ef(v) <0, ¥ = vy +eg(u) <0, (z,t) € Q, x [n,T). O

Proof of Theorem[1.2. By Lemma fixing n and integrating from n to t, we get 0 < wu(x,t) <
u(z,m) — c(t —n) < 1—c(t —n), namely, the quenching time 7' < 1 + 1, therefore, under the condition
the solutions of quench in finite-time. By Lemma if v(x,t) — 0 (respectively, u(x,t) — 0) for
t — T, then v; — —oo (respectively, u; — —o0). The proof of Theorem is completed. O

Next, we will prove Theorems and We first introduce the following lemma and consider the
radial solutions of (I.1) on Q = Br = {z € RY : |z| < R}.

Lemma 2.3. Let (u,v) be the global solution of (1.1)) with (ug,vo) = (1,1),u,v > b on Bg x (0,00) for some
be (0,1). Then (u,v) approaches uniformly from above to a solution (U, V') of the steady-state problem

(2.5)

AU = f(V),AV =g(U), =z € Bgp,
U=V=1, x € OBp.

Proof. Since (1,1) is a strict super-solution of the problem (|1.1)), by Lemma we have ug, vy < 0 in
Bpr x (0,00). Define

W(z,t) = : Gz, y)uly, t)dy, Z(z,t)= : G(z,y)v(y,t)dy, (z,t) € Br x (0,00),

where G(z,y) is the Green’s function associated with the operator —A on Bpr under Dirichlet boundary
conditions. Hence

We= | Cloyhulydy= | Gl y)aulydy = [ Clwy)f(ly,0)dy,
Zi= [ Gloyuly.dy = | Gly)duly,tdy = | Gl y)g(uly.)dy,
namely,
Wie=1—u(z,t) - . Gz, y)f(v(y,t))dy,
Zy=1—-wv(z,t) - . G(z,y)g(uly,t))dy.

It follows from w;,v; < 0 that G(z,y)f(v(y,t)) and G(x,y)g(u(y,t)) are nondecreasing with respect to t.
Thus the monotone convergence theorem with

b<U(z)= lim u(z,t), b<V(zr)= lim v(z,1t),

t—o00 t—o00

which implies that

Jim Wy =1—U(e) - : Gz, y)f(V(y)dy,
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Jim 7, =1-V(z) - : G(x,y)g9(U(y))dy.

On the other hand, since W and Z are bounded, and Wy, Z; < 0 by uz, v < 0, we have
lim Wt = 0, lim Zt = O,
t—o00 t—00

which yield

Uz) =1- : Gz, y)f(V(y)dy, V(z)=1- : G(z,y)g(U(y))dy.
R R
Consequently, (U, V) is a solution of the problem ([2.5)), and the uniform convergence is guaranteed by Dini’s
theorem. The proof of Lemma 2.3]is complete. O

Proof of Theorem [1.3] Consider the auxiliary problem

Qt(x7t) = Au— f(ﬂ(ﬂ?,t)), (:Uat) €Qx (07 )a
v(x,t) = Av —g(u(z,t), (x,t) € 2x(0,T),
uU=v=c¢ (z,t) € 9Q x (0,T),
u(x,0) = v(x,0) =€, € Q.

(2.6)

It is easy to see that the solution of (2.6) is a sub-solution of ([1.1). By the comparison principle, we have
u < u,v < v, it suffices to prove that (u,v) is global. Let ¢ satisfy
A¢p—K =0, =€ Bp,
¢ =€, x € OBR,
where K > max{f(€),g(¢)}, and Bp is the ball centered at origin with radius R. So we have
K(|z|* — R? KR?
o(z) = (‘:C|2N> + ¢ with r%;nd)(m) =e— o

and K > max{f(¢),g(¢)} by taking R small enough. Therefore, (¢, ¢) is a time-independent sub-solution
of (2.6) for Q C Br. By Lemma the global solutions of ((1.1)) exist provided that €2 small enough. The
proof of Theorem [1.3]is completed. O

Proof of Theorem[1.4. Consider the auxiliary system

0y (2,t) = A — f(0(x, 1)), (2,8) € Q x (0,T),
ﬁt(l’,t) = A —g(ﬂ(l‘,t)), (l’,t) € x ( )T)v
u=1v=1, (x,t) € 9Q x (0,T),
u(z,0) = v(z,0) =1, z € Q.

By the comparison principle, we have u < u,v < .
We first consider the following system

Au* = f(1), in Bg,
Av* = g(l), in Bg,
u*=v*=1, on 0Bpg.

By the Green’s function, the solution (a*,7*) denotes as the following

u* = f(l)(gﬂjlj_Rz) + 17
2 2
o* = 9(1)(|§]|V_R ) +1,

and 2
{ mina* = 7_“) +1,

min v* = g(l)R + 1.

Clearly, (u*,v*) is a super-solution of (1.1). By Lemma 2.3 the solution (u,v) of (L.1)) is global only if
u*,7* > 0. Thus, the proof of Theorem is complete. O
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3. Quenching set and non-simultaneous quenching

In this section, we firstly obtain the quenching set. Secondly, we prove the quenching is non-simultaneous
and establish the non-simultaneous quenching rates of corresponding solutions.

Proof of Theorem[L.5. We will employ a similar method as it in [4} [I8] to prove this theorem. Without loss
of generality, assume

ug  Jvo
on’ On
where n is the outward normal on 9f; otherwise, we can work with the initial data (u,v)|y—;—, = 0 for any

small 7 > 0.
Take yg € 02, and assume for simplicity yop = 0 with the outward normal (1,0,...,0) at yo. Define

>0, on 0, (3.1)

QOFf =Qn{xy >a}, Q) ={(z1,2)](2a — 21,2") € QF}

with a < 0,2" = (22, ...,xn). Clearly, Q is the reflection of Q with respect to the hyperplane z1 = a.

Consider the functions '
[(z,t) = u(zy,2',t) —u(a — xz1,2',t), YT(x,t) =v(w1,2',t) —v(2a — 11,2, 1)
in Q_ x (0,T). Since f(v) and g(u) are locally Lipschitz on (0, 1], a simple computation yields
Iy — AT = —[f(v(z1,2',t)) — f(v(2a — 21,2, 1))] = p1 T,

T, — AT = _[g(u(l‘lvz/at)) — g(u(2a — a1, leat))] = p27,

where p1, p2 are nonnegative and bounded in Qg x (0,¢) for any fixed ¢ € (0,7). In addition, I' =Y =0
onzy=a and I' = u(zy,2',t) — 1 < 0, = v(x1,2',t) — 1 < 0 on (00, N{z1 < a}) x (0,7). Finally,
['(z,0),T(z,0) < 0 for z € Q, provided |a| is small enough by (3.1). By the maximum principle, I', T < 0
in Q x (0,7) and 288—;‘1 =L 50,29 — é%‘l > 0 on 1 = a. By the arbitrariness of a, it follows that

- Bml Bml
ou Ov
— = >0, in Q" x(0,T 3.2
ax17ax1 > ) m aox( ) )7 ( )

provided |ag| is small enough.
Now introduce the functions

X = Ug, — (@1 — a0), ¥ =1vy —e(x1—ao)
in QF x (0,7) with € > 0 to be determined. We have
Xt = Ax + f'(0) = —£(z1 — a0) f'(v) 2 0,

Vi — Ay + g'(u)x = —(x1 — ag)g'(u) > 0.

Additionally, x,% > 0 on 21 = ag by (3.2)), and x(x,0),1(x,0) > 0 by (3.1). Furthermore, we claim that
X, % > 0 on (9% NOQ) x (0,T). Indeed, let (a, ) solve

iy = Au, v = A, (x,t) € Q x (0,7),
u=0v=1, z,t) € 0Q x (0,7T),
(x,0) = ugp(z), v(z,0)=wvo(z), x €.
Then u < w,v < v by the comparison principle. Consequently
ou _ 0u ov _ Ov
—>—>b>0, —>—> 0 00 x (0,7).
an_ﬁn_0>’6n_8n_60>’on x (0,7)
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It follows that
X > bocos < n,x1 > —e(x1 —ag) >0, 1 >cocos <n,xr; >—c(x; —ag) >0

for x € 89;0 N 0N with ¢ small enough. Therefore, by the maximum principle, we have x,® > 0 in
Qf x (0,T). In particular,

Uz, > (w1 — ag), vy, > e(x1 — ag), for (x1,2',t) € [ap,0] x {&' =0} x (0,T). (3.3)

Integrating (3.3) with respect to x1, we get

1
u(z1,0,t) > u(ag,0,t) + 58((131 —ap)?,

1
v(x1,0,t) > v(ao,0,t) + 55(371 —ag)*.

Thus, any point = (z1,2’) € (ag,0) x {#/ = 0} cannot be a quenching point. The above argument shows
that ag can be chosen independent of the initial point yg € 0. By varying ¥y along with 02, we conclude
that there is an Q-neighborhood ' of 99 such that any point = € €’ is not a quenching point.

Since € is a ball centered at the origin with radius R, the radial initial data (ug,vg) satisfies both
and uy(r), vy (r) > 0 for r € (0, R] with u((0),v{(0) > 0, then we can follow the proof of Lemma [2.2| in [4]
to conclude that the origin is the only quenching point. The proof of Theorem is complete. O

Proof of Theorem[L.6] Consider the system (2.3)) again with vg = £ < 1. Then

I, = AT — f'(v)J, (z,t) € Q2 x(0,T),
Jy=AJ - ¢ (u)l, (x,t) € Q@ x (0,T),
I=J=0, (x,t) € 002 x (0,7,
I(z,0) = Aug(z) — f(vo(z)) <0, z €,

J(z,0) = —g(up(z)) < 0, x € Q.

Set P = maxug < 1. Therefore, taking ¢ sufficient small, by the comparison principle, we have uy(z,t) <
€

—g(P) and vy(z,t) < —g(P) for any (x,t) € Q x (0,T). Therefore, v(x,t) > g(P)(T — t). Then substituting
it into equation (L.1)), we can obtain u; > Au — f(A(T —t)), where A = g(P).
Consider the following problem with the solution w(t),

{ u(t) = —f(A(T —1)), te(0,7),
u = te )
then we have

u(z,t) > u(t) =m — (A(T — s))ds. (3.4)

If £ is small enough, by (3.4) we have
u(z,T) >m—hm/f ))ds > 0.

Something important that we have to remark here is above arguments are still working with any initial data
v, which is close to vy = & in the C? topology, so the details are omitted. Thus we have proved that v
quenches while w is strictly positive for all ¢ € [0, T].

Next, we will give the estimate for v(0,¢). By the estimate of (2.2), we have

vi(0,1) < —eg(u(0, 1)) < —eg(P) <0.
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Thus, there exists a positive constant c; such that
U(Ov T) - /U(Oa t) < _Cl(T - t)a
that is
v(0,t) > 1 (T —t). (3.5)
On the other hand, from the condition (1.5)), we have vy (x,t) > 0, so Av(0,t) > 0 and v > —g(u(0,1)).
Thus, v¢(0,t) > —g(co) = —C1(C1 > 0), where ¢g = inf minwu(z,t) > 0. Since ¢p > 0,v(0,7) =0 and T is

0<t<T zeQ
quenching time, so
v(0,t) < C(T —t). (3.6)
Combining (3.5) and (3.6]), we can get v(0,t) ~ (T —t). To this end, the proof of Theorem|L.6]is complete. [
Proof of Theorem [L.7]. Since the process of proof is similar to that of Theorem [1.6] we omit it here. O
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