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Abstract

This paper is concerned with a class of mixed non-monotone tripled operators under the general con-
ditions of ordering relations in ordered Banach spaces. By means of the cone theory and technique of
equivalent norms, the existence and uniqueness of fixed points for such tripled operators are established.
The proof method in this paper is different from those used in the former relevant theorems. At last, an
application is presented to illustrate our result. We extend some previous existing results. (©)2016 all rights
reserved.
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1. Introduction and preliminaries

In this paper, we shall focus on the existence and uniqueness of fixed points for mixed non-monotone
tripled operators in ordered Banach spaces. Recently, many research papers have appeared concerning with
the existence and uniqueness of fixed points for nonlinear operators, such as [Il, 2], 4} 5] [7, [8, 12} 14}, 15} 17],
in which the upper—lower solutions conditions or compactness conditions were usually used.

By using the cone theory, the authors in [10} [I3] considered the existence of unique solution for nonlinear
operator equations with single element in Banach spaces and applied to a class of abstract semilinear
evolution equations with noncompact semigroup and the IVP of nonlinear second order integro-differential
equations in Banach spaces. The existence and uniqueness of solutions for (system of) mixed non-monotone
binary operator equations were stated in [9, [I1], [16]. However, fewer papers dealt with non-monotone tripled
operators in ordered Banach spaces via the generating and normal cone theory; see for instance [6].
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Motivated by the above works, we establish the existence and uniqueness of fixed points for mixed
non-monotone tripled operators in ordered Banach spaces by means of the cone theory and technique of
equivalent norms, which is different method from [0, OHI1 I3 [16]. Moreover, the two-side restriction
conditions on the ordering relations of nonlinear operators here are more extensive. The interesting point
is that we do not require the upper—lower solutions. Therefore, we extend essentially the corresponding
results in [0, 10, 11], 13} 16]. Finally, the results in this paper are applied to the system of nonlinear Volterra
integral equations in Banach spaces.

Let (E, || -||) be a real Banach space and P be a cone in E. The cone P defines a partial ordering in F
by

r<{y<—y—xe€P, Vz, yckE.
For more details about the cone and partial ordering, we refer the reader to [IH3, 5]. 6 denotes the zero
element in F.

A cone P is called normal if there exists a constant N > 0, such that for any x, y € F, 6 < x < y implies
llz|| < Nlly||. A cone P is called generating if E = P — P, i.e., each element € E can be represented by

o
x =1y — z, where y, z € P. A cone P is said to be solid if its interior P is non-empty.
The product space E x E x E is also a real Banach space under the norm

2,y )| = max{ell, Iyll, 1z}, ¥ (2,9,2) € Ex E x E.

Let P={(z,y,2) E EXEXE | x>0, y<#, z>0}. It is easy to verify that P is a cone in F x E x E,
which defines a partial ordering in £ x E X E by

(x1,91,21) < (22,92, 22) <= w1 < T2, Y1 > Y2, 21 < 20.

Lemma 1.1 ([2]). P is generating if and only if there exists a constant T > 0, such that each element x € E
can be represented by x =y — z, and ||y|| < 7l|z||, ||z]| < 7l||x||, where y, z € P.

The following two lemmas can be inferred from the similar methods in [2].

Lemma 1.2.

(i) P is generating if and only if P is generating.
(ii) P is normal if and only if P is normal; and the two normal constants are equal.

Lemma 1.3. P is generating if and only if there exists a constant T > 0, such that for each (x,y,2) €
EXEXE; there exist (371791)31)7 (.’EQ,yQ,ZQ) € P with (.I‘7y,22) = (xlaylazl)_(x27y2722)i and ||(x7z7yl’z’b)” S
7ll(z, y, 2) (i = 1,2).

2. Main results

We shall present some results in this section to obtain the existence and uniqueness of fixed points for
mixed non-monotone tripled operators in ordered Banach spaces.

Theorem 2.1. Let P be a normal and generating cone in E, A: Ex E X E— E X E x E be a nonlinear
operator, and L : E x E x E — E, L(z,y,z) = x. If there exist uy € P, three positive bounded linear
operators By, By, B3 : E — E with r(By + By + Bs) < 1 (where r(-) is the spectral radius of bounded linear
operator) and two positive integers ny,ng, such that for any x,y,2,2,9,2 € B, v > &, y <y, z > Z, we
have

_B’fa(x - f) - BSQ(Q - y) - B§L2(’Z - 2) —up < LAnl(xay7Z) - LAnl('%7g7 2)

2.1
< BPa—8)+BR(—y) + Bt O

Then the set Q) = {:1: €E|x=ALA" (z,z,2), A€ (0, 1)} is bounded.
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Proof. In view of r(By + B2 + B3) < 1, we know there exists a positive constant «, which satisfies
. nnl
lim ||(B1 + Bz + B3)"||» =7(B1+ B2+ B3) < a < 1,
n—oo
and then we choose a positive integer ng, such that
|(B1+ B2+ B3)"|| < a" <1, n>ng. (2.2)

We now denote B = Bi1 + By + Bg and define

Ball | |1B%l Bl
«

[l = fl=ll + o2 =T

, VzeckE. (2.3)
It is clear that || - ||; is a norm in E, and from ([2.3]), we can easily get that

1Bl 115%] 1B~
HxHS”leg <1+Oé+042+‘”+04”01 ||£L'||7 Vxek. (2.4)

Thus the two norms || - ||; and || - || are equivalent. For any =z € E, (2.2) and (2.3]) imply that

oo |IBx| | 1B | B~ e | [|Bmx|
HB‘T”l = + a2 o ano—1 + ano
< a [z,
therefore, we have )
IBl1 < a< 1. (2.5)

Noting that P is a generating cone, by Lemma there exists a 7 > 0, such that each element z € F
can be represented by

r=y—z yzeb and |y <7zl [z] <7l (2.6)

This immediately yields that
—(y+z2)<z<y+=z (2.7)
Let
||| = inf{ llul|1 | w € P, and such that —u <z < u} (2.8)

From (2.7)), we find that ||z||2 is well-defined for any € E. Clearly, || - ||2 is also a norm in E. According
to (2.6))-(2.8]) and (2.4), we have

Bl |5 Bro1
HﬂbSHy+4h§2¢<1+”a”+”2”+-~+H ”

a anofl

) lz|i, Yze€kE. (2.9)

Moreover, for any v € P which satisfies —u < x < u, we notice that 8 < x 4+ v < 2u. This shows that
|lzll1 < |lo 4+ ully + || —ull1 < (2N + 1)||ul|y, where N denotes the normal constant of P under the norm
| - |li. Since u is arbitrary, we obtain

[zl < 2N + Dzll2, VzekE. (2.10)

The two inequalities (2.9) and (2.10|) indicate that the norms || - |2 and || - ||; are equivalent.
For any z, y € E and u € P which satisfy —u < z — y < u, we can easily verify that

1
x>uy, Y>> u, ulzi(:p—i—y—u). (2.11)
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We set
1 1
qui(x—y—i—u), U3:§(y—m+u),

then z — u; = ug, y — u; = ug, uz + uz = u, and we can deduce from ([2.1)) and (2.11)) that

— B3%up —ug < LA™ (z,z,2) — LA™ (2, z,u1) < B3*ug + uo, (2.12)
— By?us — By%u3 —ug < LA™ (z,u1,y) — LA™ (2, z,u1) < By?us + B3?us + uo, (2.13)
— B{?us — By%u3 — ug < LA™ (z,u1,y) — LA™ (u1,y,y) < B{?uz + By?us + uo, (2.14)
— B?u3 —ug < LA™ (y,y,y) — LA™ (u1,y,y) < Bj*ug + up. (2.15)
By —, then we get
—(B]? 4+ By* + By?)u — dug < LA™ (2, z,x) — LA™ (y,y,y) < (B]? + B3* + B§?)u + 4uy,
which implies that
— B™uy — dug < LA™ (z,2,2) — LA™ (y,y,y) < B"u + 4uy. (2.16)

Since B;” (i = 1,2,3) are positive operators and ug € P, we can derive from (2.16)), (2.8)), and (2.5)) that

|LA™ (2,2, 2) — LA™ (5,5, 9)ll> < |B™ullx + 4ol
< IBII{?[wlly + 4fluollx
< a™||u|ly + 4||ugll1, Va,y€E.

By the arbitrariness of v again, we have
|LA™ (2,2,2) — LA™ (3,5, ) 12 < "z — s + Aljuolls, ¥ 2,y € . (2.17)
Hence, for any x € Q, we obtain ||z||s = M|LA™ (z,z,2)|2 < a™2||z||2 + 4]|uoll1 + ||LA™ (6,0, 6)]|2, thus

Aluglr + [[LA™(6,0,0)]2

[z]]2 < T (2.18)
Further, , , and yield that
]| < flzfli < (2N +1)lz]2
< (2N + 1)4||Uo||1 +1Hf§:2(976’0)”2,
i.e., the set  is bounded. The proof is complete. O

Remark 2.2. If ug = 6 in , by virtue of and the Banach contraction mapping principle, we
know that the operator equation LA™ (z,x,z) = x has a unique solution z* in E and for any z¢ € E, the
iterative sequence x,, = LA™ (xy,—1,Tp_1,Tpn—1) converges to z* (n — oo). Hence this theorem can involve
the conclusions of Theorem 2.2 in [6].

Remark 2.3. When the nonlinear operator LA™ in Theorem [2.1] is completely continuous or condensing,
the famous Leray-Schauder fixed point theorem implies that LA™ has at least a fixed point in the closed
ball Bp = {z € E'| ||z|| < R} of E, where R =sup{||z|| | x € E, x = ALA™ (z,z,x), A € (0,1)}.

Theorem 2.4. Let P be a normal and generating cone in E, A;(i =1,2,3) : EXEXE - EXEXFE
be monlinear operators, and Li(i = 1,2,3) : Ex E x E — E defined by L1(z,y,2) = z,La(x,y,2) =
y, Ls(x,y,z) = z. If there exist (uy, —vo, wg) € P, three positive bounded linear operators By, Ba,Bs : E — E
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with r(B;) < 1(i = 1,2,3), and two positive integers ni,na, such that for any x,y,z,%,9,2 € E, x > %, y <
Y, z > Z, we have

— B*(x — %) —up < L1 AT (z,y,2) — L1AT (2,9, 2) < BY*(z — Z) + o, (2.19)
- B;LQ(:& - y) — Vo S LZA;“ (l’, Y, Z) - LQASI (jv ?jv 2) S B;LQ(g - y) + Vo, (220)
— B3*(z — Z) —wo < L3A5" (z,y,2) — L3A5' (2,9, 2) < B3*(2 — Z) + wo. (2.21)

Then the set

Q= {(m,y, 2)EEXEXE| (x,y,2) = A(LlA’fl (x,y,2), LaAy* (x,y, 2), L3 A5 (z, y, 2)),)\ € (0, 1)},

1s bounded.

Proof. Define the operator L: Ex Ex E — E x E x E by
L(z,y,2) = (LlAqfl(x,y, z), LoAy* (z,y,z), LsAg* (:r,y,z)), vV (z,y,2z) € EX EXE. (2.22)
For any z,y,z,2,y,Z2€ E, x> %, y <y, z > Z, from —, we get
Liw,y.2) = L(#.§,2) = (LAY (@,9,2) = LiAY (3,6, 2), Lo AR (2.9, 2)

— Lo AP (3,5,2), LA} (2,9, 2) — Ls AR (7,7, %)

(2.23)
< <B?2(x — &)+ up, —By*(§ — y) —vo, B3* (2 — 2) + w0>
= (BY*(x — &), By*(y — §), By (= = £)) + (w0, —vo, wo).
Similarly, we have
L(w,y,2) ~ L(#,§,2) = —(B{*(@ - 2), By*(y — §), By (= = 2)) — (o, —vo, wo). (2.24)
We also define the operator B: Ex Ex E— E x E x E as follows
B(:p,y,z) = (Biz, By, B3z) VYV (z,y,z) € Ex E X E. (2.25)
Thus — imply that
—B™(x— &,y — 13,2 — %) — (ug, —vo, wo) < L(z,y,2) — L(Z,7, 2) (2.26)

B"(x — &,y —§,2 — 2) + (ug, —vo, wo).

IN

It follows from r(B;) < 1 (i = 1,2,3) and ([2.25)) that we can select a positive constant §, which satisfies
li_)m HB”H% = r(B) < max{r(B),r(Bs),r(Bs)} < 8 < 1. Thus there exists a positive integer ng, such that
n—oo

IB™| < 8" <1, n>no.

For any (z,y,z) € E x E x E, we define

1B,y =)l | 1B*(z,y,2)] 1B (2, y, 2)|
H(xayaZ)Hl = ||(l’,y,Z)H + ﬁ + /82 +ooot Bn0,1 . (227)
Evidently, || - |1 is a norm in E x E x E. Using the similar method in Theorem [2.1], we can show that the
two norms || - ||; and || - || are equivalent and

|B]l1 < B < 1. (2.28)
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Since P is a normal and generating cone, Lemma implies that P is also a normal and generating
cone. By Lemma there exists a 7 > 0, such that each element (z,y,z) € E' X E x E can be represented
by

(x,9,2) = (21,91, 21) — (¥2,92,22), (0,40, 2) € P, and (@i, v, z0) || < 7ll(2,9,2)]], i = 1,2 (2.29)
From , we easily see that
— (1,91, 21) — (T2, Y2, 22) < (2,9, 2) < (21,91, 21) + (T2, Y2, 22).- (2.30)
Now we set

(2, 2)]2 = inf{ 1w, v, w)|[1 | (u,0,w) € P, and such that — (u,v,w) < (z,y, 2) < (u, w)} (2.31)

By ([2.30)), we observe that ||(x,y, z)||2 is well-defined for any (z,y,z) € E x E x E. It is obvious that || - ||2
is anorm in F x F x E. By (2.29)-(2.31) and (2.27)), for any (z,y,2) € E x E x E, we find

(7,9, 2)ll2 < (21,91, 21) + (22, Y2, 22) |11

P ot 2.32
g27<1+||”+” (R i ”)H<x,y,z>||1- =

8 B2 pro—t

Also for any (u,v,w) € P with —(u,v,w) < (2,y,2) < (u,v,w), we know 0 < (z,y, 2)+ (u, v, w) < 2(u, v, w),
which implies that

Iy, 2) 1 < (2,9, 2) + (w0, w)[l + || = (w0, w)lly < 2N+ D)|(u, v, w)[1,
where N’ denotes the normal constant of P under the norm || - ||;. Since (u, v, w) is arbitrary, we get
I(z,y,2)|l1 < @N"+ D)|[(x,y,2)|l2, V (2,y,2) € EXEXE. (2.33)

From (2.32) and (2.33), we conclude that the norms || - ||z and || - [|; are equivalent.
For any (z,v,2),(Z,7,2) € Ex E x E and (u,v,w) € P with the form —(u,v,w) < (z,y,2) — (2,79, 2) <
(u,v,w), we obtain

1
x>ut, I >ut, u*:i(x—i—i‘—u), (2.34)
* ~ * * 1 ~
y<sot, gt ot =gy +g o), (2.35)
* ~ * * 1 ~
z>w", Z>w', w :§(z—|—z—w). (2.36)

We can deduce from ([2.26)) and ( - - ) that

- an(%’ U5, UJ5) - (u07 _U07w0) < ‘Z;(xvya Z) - E(u*vv*7w*) < B?’Lg(u5,v57w5) + (Uo, _1)0711)0)7 (237)

— B™(ug,v6,ws) — (uo, —vo,wo) < L(%,7, ) — L(u*,v*,w*) < B"(ug,ve, we) + (uo, —vo,wp),  (2.38)

where
T—T+u y—y+v z—Z4w
U5 = v5 = w5 =
5 9 ) 5 2 ) 5 9 ;
T—x+u y—y+v zZ—z+w
Ug = , U = y We = )
2 2 2

us + ug = u, V5 + vg = U, ws + wg = w.
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Subtracting (2.38]) from (2.37)), we arrive at
- Bn? (U, v, ’LU) - 2(“07 —o, wO) < f/(l’, Y, Z) - i(j, gv 2) < Bng (uv v, ’UJ) + 2(U0, —o, wO)' (239)
Since B (u,v,w) € P and (ug, —vo, wp) € P, it follows from (2.39), (2.31)), and (2.28) that

1L (2, y, 2) = L(Z,§, 2)ll2 < 1B" (u, v, ) |1 + 2| (uo, —vo, wo)ll1 < B2[|(w, v, w) |1 + 2| (w0, —vo, wo) 1.
For each (z,y,2) € E x E x E and arbitrary (u,v,w), by the definition of new norm || - ||2, we get
1L (,y, 2) = L(&, 5, 2)ll2 < 8" [[(2,y,2) = (& §, 2) |2 + 2| (w0, —vo, wo) - (2.40)
Consequently, for any (z,y,2) € €, we find
1z, y, 2)ll2 = All(L1AY (2,y, 2), Lo Ay' (.9, 2), LaAz" (x, 9, 2)) |12
= M L(z,y.2)]2
< B"2(2,y, 2)ll2 + 2| (uo, —vo, wo) |1 + | L(6, 6. )ll2,

then the above inequality leads to

2||(uo, —vo, wo)|l1 + |1 L(6,6,0)|2

< 2.41
(202l < o (241)
From ([2.27)), (2.33)), and (2.41)), we infer that

@,y )l < (@, y,2)llh < N+ Dll(2,y, 2)]2
2| (uo, — L(6,0,0
< (2Nl + 1) ||(u0a UO’wU)Hl + H ( » Uy )HQ’
1—pgn2

i.e., the set 2 is bounded. This finishes the proof. O

Remark 2.5. If (ug, —vo,wo) = (0,6,0), by and the Banach contraction mapping principle, we also
obtain the existence and uniqueness of solutions and the iterative approximation sequences for the following
systems of operator equations

LlA?l (.CI}, Y, Z) =,

LoAy (z,y,2) =y,

L3 A3 (z,y,2) = z.

Hence we generalize the conditions and conclusions of Theorem 2.1 in [6] directly. Meanwhile, the existence
of fixed points can also be proved by the Leray-Schauder fixed point theorem.

Remark 2.6. The two-side restriction conditions (2.1)) and (2.19)-([2.21]) with respect to the ordering relations
of nonlinear operators in Theorems and are a kind of more general conditions than those in [6] 10,
11], 13| [16], from which we can not only deduce the existence but also the uniqueness of fixed points.

Remark 2.7. In Theorems [2.1] and we consider the more general nonlinear mixed non-monotone tripled
operators LA™ and L;A]" (i = 1,2,3) not LA and L;A;(i = 1,2,3) to satisfy the conditions of ordering
relations.

3. An application

In order to apply Theorem[2.4)in this paper, we discuss the system of nonlinear Volterra integral equations
in Banach space E.

Let I =1[0,T] (T > 0) and C[I, E] be a Banach space of all continuous functions from I into F with the
norm ||z||c = sup{||z(¢)|| | t € I}. We also set Po = {u € C[I,E] | u(t) > 0, t € I}, then it is easy to check
that Pg is a cone in C[I, E]. The partial ordering defined by Pr in C[I, E] is still denoted by <.

Consider the following system of nonlinear Volterra integral equations in E and define the nonlinear
operators A; : C[I,E] x C[I, E] x C[I, E] — C|I, E] as follows
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z(t) = xo(t) + /Ot f t,s,:c(s),/os ki(s,7)g1(T,y(1))dr, /OT kg(S,T)Qg(T,Z(T))dT) ds
£ Ay (elt),y(0) 20), tET

o0 =t + [ 12 (1556 [ bats i u(rar, |

y(0), o), tel,

s T
2(t) = 20(t) + h(t&M@zékd&ﬂ%hwUD&zékﬂ&ﬂ%ﬁwﬁmh>®

0

2 As(x(t),y(1),2(1), tel,
where zg, yo, 20 € C|[LE]|, fi: DXxEXEXE — E (i=1,2,3), D ={(t,s) € I xI | s <t}, and k1, ks, ks €
C[D, R+], ko, ka, ke € C[I x I, R+], 91,93,95 : Do X E — FE, g2,94,96 : I X E — FE, Dy = {S el ’ s <
t Vtel} Foranyz,y,z € C[I,FE], f1 (t, s,x(s), [y k1(s, 7)g1 (7, y(7))dr, fOT ka(s,7)ga(T, z(7))dr) :D— FE
is continuous and fo, f3 have the same meanings.

It is easy to see that (z,y,2) € C[I, E] x C[I, E] x C[I, E] is the solution of system if and only if
(z,y,2) = (Ai(z,y, 2), Aao(z,y, 2), A3(2,y, 2)).
Theorem 3.1. Let P be a normal solid cone of E. Suppose that g;(T,y) (7 € 1,7 =1,3,5) are nondecreasing
iny and g;(1,2) (1 € I,j = 2,4,6) are nondecreasing in z. There exist ug,vo, wo € Pc, the constants
M >0 (k=1,2,3) and N, >0 (Il =1,2,3,4,5), such that for any (t,s) € D,z,y,2,%,9,%2 € C[I,E],xz >
T,y <19,z >z, we have

T

ka(s,7)ga(T, z(T))dT> ds (3.1)

(1>

N
[\v]
—~

8
—

~
>

_Ml(x - :E) — U S fl(t757$)y7 Z) - fl(t,S,.’i,g,g) S Nl(x - :E) +U0, (32)
_MQ(g - y) — Vo S fQ(t737$,y7 Z) - fz(ta Sa‘%vgvé) S NQ(:& - y) + Vo, (33)
_M3(Z - 2) — Wo S f3(t737=737y7 Z) - f3(t7 Sa‘%vg?é) S N3(Z - 2) + wo, (34)
93(7'7 y) - 93(7-7 g) < N4(g - y)7 (35)
96(7,2) — g6(7,2) < N5(2 — 2), (3.6)
and
T
N5Tmax{M3,N3}ntr1aIX/ ke(t,s)ds < 1. (3.7)
€ Jo

Then the set
Q= {(x,y,z) € C[Ia E] X C[Ia E] X C[Ia E] ’ (1’,:[/,2) = A(Al(:c,y,z),Ag(x,y,z),Ag(x,y, Z))7)‘ € (071>}

1s bounded.

Proof. For any x,y,2,2,9,2 € ClI,E],x > &,y < g,z > Zand t € I, from (3.1) and (3.2)), we get

—Bi(x(t) — (1)) —/0 uo(s)ds <Ay (x(t),y(t), 2()) — Ar(Z (), 5(t), (1))

. (3.8)
< BiGalt) =) + [ (s
t
where Biz(t) = /0 max{ M, N1 }z(s)ds. Equations , , and again imply that
t
—Ba(y(t) — y(t)) —/ vo(s)ds <Az (x(t),y(t), 2(t)) — A2(Z(t), 4(t), Z(t))
0 (3.9)

t
S&@@Mm+éwﬁﬁ&
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s

t
where Bay(t) = Na maX{MQ,NQ}/ / ks(s,T)y(T)dr. We also find, by (3.1)), (3.4), and (3.6) that
0o Jo
t

—Bs(z(t) — 2(t)) — / wo(s)ds <As(x(t),y(t), 2(t)) — As(Z(t),5(t), (1))
0 (3.10)

< By(a(t) — 2(t)) + /0 wo(s)ds,

t T
where Bsz(t) = N3 maX{Mg,Ng}/ / ke(s,T)z(T)drds. Using the similar method in [10], we can show
0 Jo
that r(B;1) = r(B2) = 0. It is well-known that ||Bs|| = N5 max{Mg,Ng}Tr?alx f(;f kg(t, s)ds, thus it follows
€

from (3.7)) that r(Bs) < ||Bs|| < 1.
Since P is a normal and solid cone of E, it is easy to prove that P is also normal and solid in C[I, E]
directly from [3]. Thus, by [2], we know P is a generating cone in C[I, E]. Therefore, the conclusion of

Theorem can deduce from ((3.8])-(3.10) and Theorem (in which n; = ng = 1). O

Remark 3.2. Because the conditions in Theorems[2.1]and [2.4)of this paper are more general, their applications
to nonlinear differential and integral equations must be extensive under the two side ordering relations
conditions. Moreover, this also means that our results can not be obtained by the proof methods and results
in [6l, 10, 111 [13] 16].
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