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Abstract

In this paper, the (k, s)-fractional integral operator is used to generate new classes of integral inequalities
using a family of n positive functions, (n € N). Two classes of integral inequalities involving the (k, s)-
fractional integral operator are derived here and these results allow us in particular to generalize some
classical inequalities. Certain interesting consequent results of the main theorems are also pointed out.
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1. Introduction and preliminaries

Fractional calculus and its wide application have recently been paid to an ever increasing extent atten-
tions. In mathematical analysis, the fractional calculus is a very helpful tool to perform differentiation and
integration with the real number or complex number powers of the differential or integral operators. A
detailed account of fractional calculus operators along with their properties and applications can be found
in the research monographs by Miller and Ross [I8] and Kiryakova [15]. It is fairly well-known that there
are a number of different definitions of fractional integrals and their applications. Each definition has its
own advantages and suitable for applications to different type of problems. Recently, Atangana and Baleanu
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[1] added one more dimension to this study by proposing a derivative that is based upon the generalized
Mittag-Leffler function, since the Mittag-Leffler function is more suitable in expressing nature than power
function. For the more recent development of fractional calculus, we refer the reader to the recent papers
[2, 1B, 10} 14] 22, 23] [30].

Integral inequalities are taken up to be important as these are useful in the study of different classes of
differential and integral equations (see [19]). During the past several years, many researchers have obtained
various fractional integral inequalities comprising the different fractional differential and integral operators.
This subject has earned the attention of many researchers and mathematicians during the last few decades.
There is a large number of the fractional integral operators discussed in the literature, but because of their
applications in many fields of sciences, the Riemann-Liouville and Hadamard fractional integral operators
have been studied extensively [7, 8 11} [15] 16, 21, 29, B1]. Further, for inequalities involving generalized
fractional operators one can see [4H6, [24H28].

Recently, fractional k-fractional integral operators have been investigated in the literature by some
authors. For this, we begin with the following properties in the literature. The Pochhammer k-symbol
() x and the k-gamma function I'y are defined as follows (see [9]):

(@) =z(x+k)(z+2k) (z+(n—1k), (neN, k>0), (1.1)
and .
Tp(x) == Jim W (k>0, zeC\kZy), (1.2)

where kZj = {kn in €Ly } It is noted that the case K = 1 of (1.1) and ([1.2)) reduces to the familiar

Pochhammer symbol (z), and the gamma function I'. The function I'y is given by the following integral:
oo tk
Pu(z) = / #le T dr, (R(a) > 0).
0

The function I'j, defined on R is characterized by the following three properties:

(i) Tk(z + k) = 2 Dk(2);
(i) Ti(k) =1;
(iii) I'g(x) is logarithmically convex.
It is easy to see that
x
k
We want to recall the preliminaries and notations of some well-known fractional integral operators that
will be used to obtain some remarks and corollaries.

The (k, s)-Riemann-Liouville fractional integral operator 7" of order o > 0 for a real-valued continuous
function f(t) is defined as (see [28, p. 79, Definition 2.1.]):

rk(x):k%lr( ) (R(z) >0, k>0).

(s+1)' %

/ (25 — TR F (1) dt, (1.3)
a
where £ >0, 3> 0and s € R\ {—1}.

Throughout this paper, we will obtain our main results by assuming s € R™\{—1} instead of s € R\{—1}.

2. Main results

In this section, we prove two classes of integral inequalities involving (k, s)-fractional integral operator.
These results allow us in particular to generalize some classical inequalities.
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Theorem 2.1. Let (f;),_, , ben positive continuous and decreasing functions on [a,b] anda <t < b, a >
0,k>0,seRT\{-1},6 >0, (>, >0. Then, the following inequality holds true

W5 Ty £ 450] 275 [ = 0 T, S50
e 0] = e lt-o T 7 0]

where p is any fized integer in {1,2,...,n}.

(2.1)

Proof. Since (f;)

i1 are n positive continuous and decreasing functions on [a , b], then we have
]

((b=ay = (r=a)) (57 ()= £ (p) 2 0

for any fixedpe {1,...,n}and ( >, > 0,6 >0, 7, p € [a,t]; a <t <b.
Let us consider the following functional,

(s+ 1)17% (255‘“1 — TS+1)%_1 75
ka(a)

L) (0= = =) (577 ()= £57(0))
i=1

Foltr) =

where a,k >0, t >a and s € RT\ {-1}

We observe that each factor of the above functional is positive in view of the conditions stated with
Theorem and hence, the function F¢' (¢, 7) remains positive for all 7 € (a, t) (t > a).

Since F&(t,7) > 0 and by using the definition of (k, s)-fractional integral, then we have

n

0< / Fot,mydr = (p— a3 70 | T #7068 )| + £ (052 [(t—a)‘sﬂfﬂi <t>]

itp i=1

n n
—(p—a) S5 " ()12 [H i (f)] 3T t=a) [T £ 15(0)| - (2.2)
i=1 1#p
By multiplying both sides of [@2) by SV EET=p"DE 0" 4 inteorating with ttopf
y multiplying both sides o y o) and integrating with respect to p from a
to t, and by using the definition of (k, s)-fractional integral, we get

ol | B GI VA [(t—a)‘sﬂfﬁi <t>] >R To =) TL S @) 2T [Hf?i <t>],

i#p i=1 i#p i=1
which arrives the result (2.1)). O

Remark 2.2. The inequality (2.1]) is reversed, if the functions (f;),_,  are increasing on [a,b]. Further,
on setting s =0, « =k =n =1 and t = b, Theorem leads to the known Theorem 3 due to [17, p. 205].

Theorem 2.3. Let (f;),_, , be n positive continuous and decreasing functions on |a,b] and a <t <'b,
a,8>0,k>0,seR"\{=1}, ( >, >0, where p is a fized integer in {1,2,...,n}. Then, the following
iequality holds true

R [Ty 177 15 O 72 (=) Tz 17 O] 422 [Ty £7° O] 3.78 (00 T, £7°0)
178 | (t=a) Ty, £ £5 0|78 [Ty £ O] 432.92 [ (4=) TIi, £ 50 [0 [T £7 0] —
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*%(t5+1_p5+1)%*

1 1 s .
Proof. By multiplying both side of (2.2)) by (s+1) ) P TI, fi"(p), then integrating the re-
sulting inequality with respect to p over (a,t), a <t < b and by using Fubini’s theorem, we get

B8
t t 1 1-£2 t8+1_ s+1 E_l s n
o< [ [ T P oy me i
a va i=1

kL(8)

=Jo|[[H 0] 377 [(t—a>‘5Hf?" <t>]

i£p i=1

I T @ T [(t —a) T £ (®)

1#p i=1

Lige |e— o s 0] 12 [H £

1#p i=1

—iT0 = [ F5 0] 28 [H fi%(t)] :
ip i=1
This completes the proof of Theorem O

Remark 2.4. Tt may be noted that for o = 3, Theorem [2.3] immediately reduces to Theorem 2.1} Again, for
s=0,a=06=k=n=1andt =0, Theorem reduces to Theorem 3 of [I7, p. 205].

Now, we consider another class of fractional integral inequalities which generalizes the above theorems,
in the following manner.

Theorem 2.5. Let (f;),_, , andg be continuous functions on [a,b] such that g is increasing and (f;),_;
are decreasing on [a,b] and a >0, k >0, s e RT\ {—1}, a <t <b, ( >, > 0 where p is a fized integer in
{1,2,...,n}. Then, the following inequality holds true

R [Ty 17485 0] 172 [P O TI, £7 (1)
170 [ (O iy 1715 (8] 172 NIy £7°0)

> 1.

Proof. Under the valid condition of Theorem [2.5] we can write
(9°0) =o"@) (5577 () = 1577 () 2 0

forallp=1,...,n,a<t<b,a>0,k>0,se€R"\{-1},8>0,(>7,>0,7,p€ [a,b]
Now, let us consider the quantity

(s + 1)1—% (ts+l _ Ts+1)%*1 -
kT (a)

L) (90 =a"@) (F77 ) = 577 () -
=1

Lys(t;T,p) =

It is clear that
Lk,s (t§ T, p) >0,
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therefore,
t n n
OSA@AmwMaNMM?Hﬁ%@-H“W)Mﬂf@ﬂﬁ%i (2.3)
i#£Dp i=1
TS OTT O] a0 f 7 (0) 3T [Hf?i (t)] -
i#p i=1
Consequently,

M?Hﬁﬁ@mﬁpmﬂmmkﬁa Hﬂ@ wﬂﬂm@l
3 =1

1#p i#p
Theorem [2.5] is thus proved. O

Another generalization of Theorem [2.5]is as below.

Theorem 2.6. Let (f;),_, , and g be positive continuous functions on [a,b], such that g is increasing and

(fi)iz1., are decreasing on [a,b]. Then for any fived p € {1,2,...,n} and for alla <t < b, o, > 0,
k>0,seR"\{-1}, >0, (> >0 we have

298 [Tz, 1775 ]398 [ O T 17 O] 43.78 [Ty 755 0378 [9° O T, £7(0)

278 900 Ty £ 15 0] 398 [Ty £7F O] 4178 [ 9O i, 7 5 O ]398 [Ty £ 0]

Proof. By using (2.3)) we can write

B8 g e

S+1 —% ts+1 s+1) n
0< p)Ly.s (t;7,p) drd
// mw H ke (57, ) drdp

=3J" Hf%fc Zjaﬂ [ Hf%

i#p

+aﬁ*fﬁ?ﬁ@>;ﬁ1fuﬂ1ﬁwﬂ
i#p i=1

Aol | B ACIEN/A1 | B0
i i#p i Li=1 J

Aol | A HOIRNA | FARG

ip Li=1 i

On some simplification, this completes the proof of Theorem O

Remark 2.7. For o = 3, Theorem [2.6] immediately reduces to Theorem Further, by applying Theorem
fors=0,a=p0=k=n=1and t =0>, we obtain Theorem 4 of [17, p. 206].

Theorem 2.8. Let (f;),_, , and g be continuous functions on [a,b]. Suppose that for any fized p €

(1,20}, (53 (7) 62 () = £3(0)g (1) (577 (1) = £ () 2 0,6 > 0,00 > 0, > 0,5 € RH{~1}\
{1}, (>~ >0, 71,p€ [a,t], t € (a,b], then we have

W [ 71570 12 [ O T 0]
178 |9 (O TTs, 7150 372 LTI S 0]
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Proof. The proof is quite similar to Theorem [2.5] provided if we replace the quantity
(4 ()= () by (£2()5" () = Fi(p)g (7).
O

Theorem 2.9. Let (f;),_, , and g be positive continuous functions on [a,b]. Suppose that for any fized

p e {12 n}, ()6 (0) = £0)g* (D) (5777 () = £577(p)) 2 0,0 > 0,0 > 0,¢ 2 3 > 0, 7,p,€
[a,t], t € (a,b], then the inequality

R [Ty £ 450 0] 152 [9° O Tl 740 + 372 [Ty £ 55032 [9° 0TI, £7°0)]
170 [0 (O Ty 17150 O] 278 [ Ty £ 0] + 378 [0 O TTiy £7 55 (8)] 170 T 78]

holds true.

>1

Proof. The proof is quite similar to Theorem provided if we replace the quantity
(4 () 9" () by (£ ()5 ()= £3(P)g" (7)) -
O

Remark 2.10. Again it is interesting to observe that, for « = 8 Theorem [2.9immediately reduces to Theorem
Also, by applying Theorem for s =0,aa =8 =k=n=1and t = b, we obtain the known results
[I7, Theorem 5, p. 207].

3. Special cases

The most important feature of (k, s)-fractional integrals is that they generalize some types of fractional
integrals (Riemann-Liouville fractional integral, k-Riemann-Liouville fractional integral, generalized frac-
tional integral and Hadamard fractional integral). These important special cases of the integral operator
i Jy are mentioned below:

1. For k = 1, the operator in (|1.3)) yields the following generalized fractional integrals defined by Katu-
gompola in [12]:

(?” ‘;(2)10[ /x(l‘r—f—l _ tr+1)a_1trf(7f)dt.

2. Firstly by taking k = 1, after that by taking limit » — —17 and by using L’hospital’s rule, the operator
in (1.3]) leads to Hadamard fractional integral operator [I1]. That is,

gy o EDTY T St
7”—1>H—nl+ ot f(t) N 7"—1>H—nl+ F(Ot) a (CET+1 - tr—l—l)l—a di

I r+1 O\
= li O [ —— dt
() /a ra{nﬁ 1) (a:’““ — t”“)
1 , r+1 1= gt
- T(a) /(z Uy r~1>1£n1+ <$T+1 - t”l> t
1 r+1 1= gt
= O lim ————) =
I'(«a) /a Uy <Hmi+ zrtl — tr+1> t

~ v [ (oe) 105 = ugolsce)

JIif (1) =

(see [13] p. 569, eqn. (3.13)]).
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3. If we take s = 0 in (|1.3)), the operator ([1.3), reduces to the k-Riemann-Liouville fractional integral
operator, which firstly defined by Mubeen and Habibullah in [20], this relation is as follows:

a_

T = g, e 0F o

4. Again, by taking s = 0 and k = 1, the operator (1.3 gives us the Riemann-Liouville fractional
integration operator:

R(0) = s [ =000

Now, by suitably choosing the values of parameters k and s the results presented in this paper may
generate some more known and possibly new inequalities involving the various type of integral operator.

4. Conclusion

In this paper, we introduced new classes of integral inequalities involving the (k, s)-fractional integral
operators. It is interesting to mention here that, whenever the (k,s)-fractional integral operators reduces
to the other-related operators (by suitably choosing the values of parameters k and s), the results become
relatively more important from the application viewpoint. We conclude this paper with the remark that
the fractional integral inequalities derived in Section [2| can fruitfully be used in establishing uniqueness of
solutions in fractional boundary value problems.
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